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FORCING WITH ADEQUATE SETS OF MODELS AS SIDE
CONDITIONS

JOHN KRUEGER

ABSTRACT. We present a general framework for forcing on wo with finite con-
ditions using countable models as side conditions. This framework is based
on a method of comparing countable models as being membership related up
to a large initial segment. We give several examples of this type of forcing,
including adding a function on w2, adding a nonreflecting stationary subset of
w2 N cof (w), and adding an wi-Kurepa tree.

The method of forcing with countable models as side conditions was introduced
by Todorcevié¢ ([13]). The original method is useful for forcing with finite conditions
to add a generic object of size w;. The preservation of w; is achieved by including
finitely many countable elementary substructures as a part of a forcing condition.
The models which appear in a condition are related by membership. So a condition
in such a forcing poset includes a finite approximation of the object to be added,
together with a finite €-increasing chain of models, with some relationship specified
between the finite fragment and the models.

Friedman ([3]) and Mitchell ([I0], [T11]) independently lifted this method up to
wso by showing how to add a club subset of ws with finite conditions. In the process
of going from w; to ws, they gave up the requirement that models appearing in
a forcing condition are membership related, replacing it with a more complicated
relationship between the models. Later Neeman ([12]) developed a general approach
to the subject of forcing with finite conditions on ws. A major feature of Neeman’s
approach is that a condition in his type of forcing poset includes a finite €-increasing
chain of models, similar to Todorc¢evié¢’s original idea, but he includes both countable
and uncountable models in his conditions, rather than just countable models. Other
recent papers in which side conditions are used to add objects of size ws include
11, 21, ], and [14].

In this paper we present a general framework for forcing a generic object on ws
with finite conditions, using countable models as side conditions. This framework
is based on a method for comparing elementary substructures which, while not
as simple as comparing by membership, is still natural. Namely, the countable
models appearing in a condition will be membership comparable up to a large
initial segment. The largeness of the initial segment is measured by the fact that
above the point of comparison, the models have only a finite amount of disjoint
overlap. We give several examples of this kind of forcing poset, including adding a
generic function on we, adding a nonreflecting stationary subset of we Ncof(w), and
adding an w;-Kurepa tree. Since these three kinds of objects can be forced using
classical methods, the purpose of these examples is to illustrate the method, rather
than proving new consistency results.
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This is the first in a series of papers which develop the adequate set approach to
forcing with side conditions on wy ([7], [6], [8], [9]). While many of the arguments
appearing here could, with some work, be subsumed in the previous frameworks of
Friedman, Mitchell, and Neeman, this paper is important for presenting the basic
ideas of adequate sets in a way which provides a foundation for further develop-
ments.

The most important idea introduced in the paper is the parameter 8y n, which is
called the comparison point of models M and N. The definition of this parameter is
new and does not appear explicitly in previous work of other authors on the subject.
The comparision point Bs,n is the basic idea behind our method for comparing
models.

Sections 1-4 develop our framework for forcing with adequate sets as side con-
ditions. The main goal is to develop machinery for amalgamating conditions over
elementary substructures, which is used to preserve cardinals. The arguments we
give for amalgamation have substantial overlap with the arguments for cardinal
preservation of Friedman [3] and Mitchell [IT].

Sections 5-7 provide three examples of forcing posets defined with adequate
sets as side conditions. The most important of these are adding a nonreflecting
stationary subset of we and adding an w;-Kurepa tree. These applications have not
appeared previously in the literature on forcing with finite conditions.

Our framework can be considered as an alternative general approach to forcing
with finite conditions to that presented by Neeman [12]. There are some equiva-
lences between the approaches at the basic level. The countable models appearing
in a Neeman style side condition constitute an adequate set, and an adequate set
can be enlarged in some sense to a Neeman side condition. However, subsequent
directions and generalizations of the theory of adequate sets, such as those in [6]
and [9], are incomparable with the method presented in [I2]. For example, forcing
with adequate sets of models on H(A), where A > wq, preserves cardinals larger
than we, whereas adding a Neeman sequence of models in H(\) collapses H(A) to
have size ws. Also coherent adequate set forcing preserves CH ([9]), whereas posets
defined in the framework of [12] will always force that 2 > w;.

I would like to thank Thomas Gilton for reading an earlier version of the paper
and making comments and suggestions.

1. BACKGROUND ASSUMPTIONS AND NOTATION
We make two background assumptions and fix notation for the remainder of the
paper.

Assumption 1: 2“1 = ws.

So H(ws) has size ws.
Notation 1.1. Fiz a bijection m : we — H(w2).

The importance of assumption 1 is that it implies that countable elementary
substructures of (H (w2), €, 7) are determined by their set of ordinals. This allows us
to use countable sets of ordinals as side conditions, instead of countable elementary
substructures. An important consequence is that the forcing posets defined in this
paper have size ws, and hence preserve cardinals greater than ws.
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Assumption 2: There exists a stationary set J) C P, (w2) such that for all 8 < wa,
the set {a N B :a € Y} has size at most w;.

A set ) as described in assumption 2 is called thin. Friedman [3] introduced the
use of thin stationary sets in the context of forcing with models as side conditions
when he used such a set to construct a forcing poset with finite conditions for adding
a club to a fat stationary subset of we. Krueger [4] proved that the existence of a
thin stationary set does not follow from ZFC; for example, it is false under Martin’s
Maximum. On the other hand, if CH holds, then the set P, (w2) itself is thin and
stationary.

Note that if ) is thin and stationary, then so is the set {aN B :a € Y, B <
ws}. Hence without loss of generality we will assume that ) is closed under initial
segments. So for all 8 < ws, {aNB:a €Y} =YNPP).

Notation 1.2. Let A denote the structure (H(w2), €,m, ).

Since 7 : wy — H(ws) is a bijection, if N < A then N = 7n[N Nwsg]. Note that =
induces a definable well-ordering, and hence definable Skolem functions, for A. For
aset a C H(w2), let Sk(a) denote the closure of a under some fixed set of definable
Skolem functions for A.

Lemma 1.3. For a C we, Sk(a) Nwy = a iff Sk(a) = 7[a].

Proof. As just observed, Sk(a) = w[Sk(a) Nws2]. So if Sk(a) Nws = a, then
Sk(a) = m[a]. Conversely, if Sk(a) = 7[a], then 7[a] = Sk(a) = 7[Sk(a)Nws]. Since
7 is one-to-one, the equation 7[a] = 7[Sk(a) Nws] implies that a = Sk(a) Nwe. O
Lemma 1.4. Suppose a,b C wa, Sk(a) Nwe = a, and Sk(b) Nws = b. Then
Sk(a) N Sk(b) = Sk(anb).

Proof. By the previous lemma, Sk(a)NSk(b) = w[a]N7[b], which is equal to w[aNb]
since 7 is injective. So it is enough to show that w[a Nb] = Sk(a N'b). For this

it suffices to show that Sk(a N bd) Nws = aNb by the previous lemma. Clearly
anb C Sk(anNb) Nwe. Conversely, Sk(a Nb) Nwy C (Sk(a) N Sk(b)) Nwe =

(Sk(a) Nw2) N (SE(D) Nwe) =anb. O
Notation 1.5. Let C' denote the set of B < wa such that Sk(8) Nwa = f.
Clearly C' is a club.

Notation 1.6. Let A denote the set of B in wy N cof(wy) such that B is a limit
point of C.

Now we define the set X of models which will be used in our forcing posets.

Notation 1.7. Let X denote the set of M € Y such that Sk(M)Nwe = M and
forally € M, sup(CN~y) € M.

Note that X is stationary. If M € X, then by Lemma 1.3, Sk(M) = n[M]. We
will sometimes refer to elements M of X' as models, although when we do so we are
informally identifying M with Sk(M). The assumption that M is closed under the
function which maps v to sup(C'N+) is used in Lemma 2.11, which in turn is used
to prove Proposition 2.12.

Lemma 1.8. Let M and N be in X, and suppose that M € Sk(N). Then Sk(M) €
Sk(N).
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Proof. Recall that SE(N) < A= (H(w2),€,m ). Since M € X, Sk(M) = n[M].
But n[M] is definable in A from M as the unique set z such that for all z € M,
7(z) € z, and for all y € z, there is € M such that 7(x) = y. Hence Sk(M) =
w[M] € Sk(N). O

Lemma 1.9. Let M and N be in X, and suppose that M € Sk(N). Then every
initial segment of M is in Sk(N).

Proof. Since M € Sk(N) and M is countable, M C Sk(N). Let K be a proper
initial segment of M. Let v = min(M \ K). Then K = M N~. Since M and ~ are
in Sk(N), it follows that M N~y = K is in Sk(N). O

Next we relate elements of X with ordinals in A. Note that by Lemma 1.4, if
M € X and 8 € C, then Sk(M) N Sk(B) = Sk(M N ). The next lemma says that
if we cut off a set in X at an ordinal in A, then the resulting set is in X.

Lemma 1.10. If M € X and B € C, then M NG € X. In particular, if M € X
and B € A, then M NG e X.

Proof. The set M N isin Y since ) is closed under initial segments. Also Sk(M N
B) = Sk(M) N Sk(B). So Sk(M NpB)Nwy = (Sk(M)NSk(B)) Nwe = (Sk(M) N
LUQ) N (Sk(ﬂ) ﬂwz) =MnPg.

Now let v € M N B. Then sup(C N~vy) € M since M € X. But v < 8 implies
sup(CNy) <y < B. Sosup(CNy) e Mnp. O

The next result describes how we will use the assumption of the thinness of ).

Proposition 1.11. If 8 € we Ncof(w1), then Y N P(B) C Sk(B). In particular, if
M e X and B € A, then M N B € Sk(S).

Proof. Since B has cofinality w, it suffices to show that for all vy < 8, YN P(y) C
Sk(B). So fix v < . Then YN P(y) ={aN~:a € Y} has size at most wy by the
thinness of ). In particular, Y N P(y) is in H(w2). Note that Y N P(v) is definable
in A from v. Hence Y N P(y) € Sk(B).

Again by elementarity, there is a surjection ¢ : w1 — Y N P(y) in Sk(B). Since
w1 C Sk(B), it follows that Y N P(y) = glwi] € Sk(B). This completes the proof
that ¥ N P(8) C Sk(B).

Now if M € X and 8 € A, then by Lemma 1.10, M N S is in X N P(B). But
XN P(B) CYNPB) C Sk(B), so M NG e Sk(B). O

2. COMPARISON POINTS AND REMAINDERS

We introduce the idea of the comparison point Sur,n of models M,N € X.
One of the main consequences of the definition is that M and N will not share
any common elements or limit points past their comparison point. When we use
countable models as side conditions in our forcing posets, we will require that any
two models appearing in a condition are membership related below their comparison
point.

The definition of Sas, n is made relative to a particular stationary subset of Al

Notation 2.1. Fiz for the remainder of the paper a stationary set I' C A.

IFor the applications in the current paper, the special case I' = A will suffice. In order to
increase the flexibility of the method to future applications, we consider the more general case of
a stationary subset I" of A.
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Definition 2.2. For a set M € X, define I'ys as the set of B € I' such that
B =min(I'\ (sup(M N 5))).
In other words, 8 € 'y if 8 € T and
I'Nisup(M NB),B) =0.

If B € T'ps, then 3 is the least element of T' strictly larger than sup(M N 3).

The set I'ps is countable. The first element of T" is in I'j;. To produce other
elements of I"yy, if you take any ordinal v < wy and let 5 := min(T"\ (sup(M N+))),
then 8 € T'yy.

Lemma 2.3. If M C N are in X, then ')y CT'y.

Proof. Let v € I'pr. Then by definition, v = min(I"\ (sup(M N+))). Since M C N,
sup(M N+) <sup(N N+) <. Hence v = min(T"\ (sup(N N+))). O

Note that if 8 < v are in 'y, then M N[3,7) # 0. For M N~ cannot be a subset
of 8, since otherwise I' N [sup(M N v),7) contains 8 and so is nonempty.

Lemma 2.4. Let M and N be in X. Then I'yy NTU'y has a largest element.

Proof. The set I'yy N I'y is nonempty because it contains the least element of
I". Suppose for a contradiction that I'y; N 'y has no largest element, and let
v = sup(T'p NTx). Then v is a limit point of the countable set T'yy N T, and
therefore v has cofinality w.

Observe that if 5y < 5y are in I'pyy N T'y, then as noted before the lemma, both
M N [By,B1) and N N [By, 1) are nonempty. Thus + is a limit point of both M
and N. Let 8 be the minimal element of I" greater than or equal to . Since v has
cofinality w, v < 8. Now as « is a limit point of both M and N, it follows that

v <sup(M Np), v <sup(NnN7),
and by the choice of 8, T'N [y, ) is empty. Therefore
N fsup(M N B),B) =0, I'nisup(N N B),B) =0,
which implies that 5 € T'yy N T'ny. But this contradicts that 8 > v and v =
sup(T'pr NTy). O
We now introduce the comparison point Bys,ny of models M, N € X.

Notation 2.5. For M and N in X, let Sy, N denote the largest ordinal in I'prNI'y.

One of the most important properties of the comparison point of two models is
that the models have no common elements or limit points above it.

Proposition 2.6. Let M and N be in X. Let M’ := M Ulim(M) and N’ :=
N Ulim(N). Then M' NN’ C Bu.n.

Proof. Suppose that 7 is in M’ N N’. We will show that v < Sar,n. Let 8 be the
least element of T' which is strictly greater than . Since v € M’ and v < 3, we
have that

v =sup(M N (y+ 1)) < sup(M N B).
Similarly,
v =sup(N N (v +1)) < sup(N N g).
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By the choice of 3, TN (v, 3) = 0, and sup(M N B) and sup(N N 3) are of countable
cofinality and hence are not in I'. Therefore

I'Nisup(MNB),B8 =0
and

I'N [sup(N N B),B) = 0.
So 8 € I'ny N T' v, which implies that 8 < S, n by the maximality of Sy n. Since
v < 3, this proves that v < B n. O

The forcing posets we define later in the paper will contain countable models as
side conditions which are membership related below their comparison point. Sets
of models which satisfy this property will be said to be adequate.

Definition 2.7. Let A be a subset of X. We say that A is adequate if for all
M,N € A, either MﬁﬁM)N = NﬁﬁM)N, MﬁﬁM)N € Sk(N), OT'NQBMJV €
Sk(M).

Note that if M N B,y € Sk(N), then M NGBy n C N and sup(M N By n) € N.
Also by Lemma 1.8, Sk(M N Sy,n) € Sk(N), and by Lemma 1.9, every initial
segment of M N By n is in SE(N).

Suppose that {M, N} is adequate. Let us show that the way in which M and N
compare is determined by their intersections with wy. We claim that

MNBun € SE(N)iff MNw; < NNuw;.

Recall that wy < Ba,v and wy; € N. In the forward direction, suppose that M N
BN € Sk(N). Since wy < Bu,n, we have that M Nwy = (M N By,n) Nwy. As
M N Bu,n € SE(N), by elementarity

Mﬁwlz(MﬁﬂMﬂN)ﬁwl ESk(N)ﬁwlzNﬁwl.

Conversely, assume that M Nw; < N Nw;y. By the forward direction just proven, if
NNBu,n € Sk(M), then NNwy < M Nwy, which contradicts that M Nwy < NNwy.
On the other hand, if M N By, v = N N B, N, then

MNw = (MﬂﬁM,N)ﬂwl = (NﬂﬁM,N)ﬂwl = NNuwy,
which again contradicts that M Nw; < N Nw;. Hence the only possible way in

which M and N could compare is that M NGy, n € Sk(N), which proves the claim.
It easily follows from this claim that

MﬂﬁM)NZNmﬁM)N iff MNwi = NNuwi.

For the failure of the first statement implies that M Nw; and N Nw; are not equal
by the claim, and conversely if these ordinals are not equal then the claim implies
that either M N By, n € Sk(M) or NN Bu,n € Sk(N), depending on which ordinal
is larger.

If A is an adequate set and M € A, we say that M is €-minimal in A if for all
N e A, MNw; < NNw;i. Note that there always exists an €-minimal model in A,
if A is nonempty. Also by the previous two paragraphs, M € A is minimal iff for
all N in A, M N B n is either equal to N N Bar,v or in SE(N).

Now we introduce the idea of the remainder set, which describes the disjoint
overlap of models above their comparison point.
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Definition 2.8. Let {M, N} be adequate. Define the remainder set of N over M,
denoted by Rpr(N), as the set of B satisfying either:
(1) there is v > By,n in M such that § = min(N \ ), or
(2) NN B, is either equal to M N Bp n or is in Sk(M), and S = min(N \
Bu,N)-

Note that we do not explicitly require the ordinal min(N\ Sas,n) to be in Ry (N)
in the case that M N By N € SE(N).

Proposition 2.9. Let {M, N} be adequate. Then Rp;(N) is finite.

Proof. Suppose not, and let (5, : n < w) be a strictly increasing sequence of
ordinals in Rp(N). Let & = sup,, B,. Then & is a limit point of N. By the
definition of Rps(N), for each n we can fix v, € M N(B,, Bnt1). Then & = sup,, vn.
So £ is a common limit point of M and N which is above Sy, n, which contradicts
Proposition 2.6. (I

Lemma 2.10. Let {M, N} be adequate. Let 8 € Ry (N), and suppose that (B is
not equal to min(N \ Bar,n). Then there is v € Ry (M) such that f = min(N \ 7).

Proof. Suppose that 8 € Ry (N) and 8 is not equal to min(N \ Ba,n). Then by
the definition of Rp/(N), we can fix v* € M \ By, n such that 8 = min(N \ v*).
Since f is not equal to min(N \ Ba n), fix * € N \ Bar,n which is below 5. Then

Bun < B <" <B.
We claim that there exists some £ in Ry(M) with 8* < ¢ < 4*. Namely, let
& :=min(M \ 8*). Now let v be the largest such &, which is possible since Ry (M)
is finite. So
Bun < BT <y <yt <B.
Clearly there is no ordinal in N between v and ~*, since otherwise the least member

of M above it would be in Ry (M), contradicting the maximality of . Since 3 is the
least member of N above v*, and NN[y,v*] = 0, it follows that 8 = min(N\~v). O

We would now like to show that Rjs(IN) is always a subset of I" in the case when
I" = A. This follows from Proposition 2.12, which is proved using Lemma 2.11.

Lemma 2.11. Let M be in X, 8 € M, and suppose that

C 1 (sup(M N B), B) # 0.
Then 5 € A.

Proof. Since C N (sup(M N B), ) is nonempty, obviously sup(M N B) < B. This
implies that 8 has cofinality w;. For if 8 has countable cofinality, then easily by
elementarity, M N f is cofinal in §, which contradicts that sup(M N B) < B.

By the definition of A, to show that £ is in A it suffices to show that § is
a limit point of C. Suppose for a contradiction that § is not a limit point of
C. Then sup(C N B) < B. Since M € X, by the definition of X it follows that
sup(CNB) € M N . But by assumption, there is v € C with sup(M NB) <y < B,
which is a contradiction. (|

Proposition 2.12. Let {M, N} be adequate. Then Ry;(N) and Ry (M) are subsets
of A.
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Proof. We prove by induction on « that if a > By n is in Ry (N) U Ry (M), then
a € A. So let a be given, and assume that the statement is true for all smaller
ordinals. We handle only the case when a € Ry (M), since the proof of the case
when o € Rp(N) is the same except with the roles of M and N reversed.

First, suppose that & = min(M \ Bm,n). If @ = B v, then a € A by definition.
Otherwise

sup(M Na) < Bu,n < a.

So Bm,n € C' N (sup(M N a),«), which implies that & € A by Lemma 2.11.

Secondly, suppose that « is not equal to min(M \ B n), and o = min(M \ v)
for some v € N\ By, n. By Lemma 2.10, without loss of generality we may assume
that v € Rp(N). By the inductive hypothesis, v € A C C. Clearly

sup(M Na) <v < a.
So C' N (sup(M Na),a) # 0. By Lemma 2.11, o € A. O

3. ADEQUATE SETS OF MODELS

In this section we introduce methods for extending adequate sets of models to
larger adequate sets. The use of these methods for preserving cardinals in forcing
with models as side conditions will be demonstrated in the next section.

First we prove a couple of technical lemmas.

Lemma 3.1. Let M € X, 8 € T, and suppose that M C 8. Then I'py C g+ 1.
Therefore for all N € X, Byr,n < B.

Proof. Since M C B and cf(8) = wy, sup(M) < . Let v € T'ar be given. Then
sup(M N~y) < sup(M) < 8. Since § € I' and v = min(T" \ sup(M N ~)), it follows
that v < B. This proves that I'y; C S+ 1. In particular, if N € X, then by
definition, By N € Tar, so Bun < 6. O
Lemma 3.2. Let K,M,N € X, and suppose that M C N. Then By x < BN K-

Proof. Since M C N, I'py C I'y by Lemma 2.3. So I'yy NT'x C 'y NT'x. Hence
ﬂMﬂK:max(FMﬂFK) §max(I‘N mFK):ﬂN,K- O

The next two results show that if you start with an adequate set A, and add to
A models of the form M N 3, where M € A and § € T', then the bigger set is also
adequate.

Lemma 3.3. Suppose that {M, N} is adequate and 8 € I'. Then {M N 3, N} is
adequate.

Proof. Since M N3 C M, Byng,N < Bum,n by Lemma 3.2. Also since M N S C S,
Bumnpg, Ny < B by Lemma 3.1.

To show that {M N B, N} is adequate, we split into three cases depending on
how M and N compare.

(1) Suppose that M N Barn = N N Barn. Since Syng,n < Bar,n, we get that

M0 Buag,n = NN Brng,N-
As Bung.N < B,
(M N B) N Brng,n = M0 Bung,n = NN Bung,N-

(2) Suppose that M N Bar,n € Sk(N). Since Bynp.n < B, we have that (M N

ﬂ) ﬂﬂMﬁﬁ,N =Mn ﬂMﬂB,N- As ﬂMﬂB,N < ﬂM,N, it follows that M ﬂﬂMﬁﬁ,N is
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an initial segment of M N Sy n. But M N By n € Sk(N), so the initial segment
(M n ﬁ) n BMmﬁ,N =M N Brnp,N is in Sk(N)

(3) Suppose that N N By n € Sk(M). Then N N Bynp,n € Sk(M), since the
inequality Sang,n < B,y implies that N N Bang,n it is an initial segment of
N N By, n. By Proposition 1.11 and the inequality Sang,n < 5, we have that

NN Buvng,N € Sk(Brvng,n) € Sk(B).
So by Lemma 1.4,
NN Burng,n € SE(M) N SKk(B) = Sk(M N B).
O

Proposition 3.4. Suppose that A is adequate, A C B C X, and for all K € B\ A,
there is M € A and 8 € T' such that K = M N 3. Then B is adequate.

Proof. Tt suffices to show that for all K, L € B, the set {K, L} is adequate. By
Lemma 3.3 and the fact that A is adequate, this is true if at least one of K or L
is in A. So assume that K and L are both in B\ A. Fix M,N € Aand 8,y€T
such that K = M N B and L = NN+. Then {M N B, N} is adequate by Lemma
3.3. Hence {M N B, N N~} is adequate again by Lemma 3.3. O

The next result says that adding to an adequate set A a model whose Skolem
hull contains the elements of A results in an adequate set.

Proposition 3.5. Let A be adequate, and let N € X satisfy that A C Sk(N).
Then AU{N} is adequate. In particular, if M and N are in X and M € Sk(N),
then {M, N} is adequate.

Proof. Let M € A. Then M € Sk(N), which implies that sup(M) € N. Hence
Bum.n > sup(M) by Proposition 2.6. Thus M N By n = M € Sk(N). O

An essential part of the arguments for preserving cardinals in forcing with models
as side conditions will be to amalgamate conditions over elementary substructures.
In particular, this involves amalgamating adequate sets of models. Amalgamation
over countable models is handled in Proposition 3.9, and amalgamation over models
of size w; is handled in Proposition 3.11.

First we prove two technical lemmas.

Lemma 3.6. Let M and N be in X and let § € I'. If By,n < B, then BN =
Bmng,N-

Proof. Since By,n < 5,
sup((M N B) N Bun) =sup(M N B, N)-
Therefore
min( \ sup((M N B) N Bu,n)) = min(T" \ sup(M N Bu,n)) = Bum,n-
By the definition of I'ysng, we have that Sy v € I'nnp. It follows that Sy n is

the largest element of I'ysng N 'y, since it is the largest element of I'yy N I'y by
definition, and I'npng NIy € I'py N Ty by Lemma 2.3. So Sy, n = Bung,N- O

Lemma 3.7. Let M and N bein X andlet 3 € I'. If N C B, then Byr,n = Bmngs,N-

Proof. By the previous lemma, it suffices to show that Sy ny < B. This follows
from Lemma 3.1. (|
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We are ready to handle amalgamation of adequate sets over countable elementary
substructures.

Definition 3.8. Let A be adequate and N € X. We say that A is N-closed if for
al M € A, if M N By .n € SE(N), then M N By n € A.

Note that if A is adequate and N € X, then by Proposition 3.4, the set
AU{MnNBuyn:Me A, MNBun € SE(N)}
is adequate and N-closed.

Observe that a set A is adequate iff for all M and N in A, {M, N} is adequate.
Proposition 3.9. Let A be adequate, N € A, and suppose that A is N-closed. Let
B be adequate such that

ANSkE(N) C BC SE(N).
Then AU B is adequate.
Proof. Since A and B are each adequate, it suffices to show that for all M € A and
L € B, the pair {L, M} is adequate. So let M € A and L € B. As B C Sk(N), we
have that L € Sk(N).

In the easy case that M € Sk(N), we have that M € ANSk(N) C B. So L and
M are both in B. As B is adequate, we are done. Assume for the rest of the proof
that M € A\ Sk(N).

Since L € Sk(N), it follows that (a) 8r a < Bum,n by Lemma 3.2. So by Lemma

3'67 (b) /BL,M = /BL,Mﬁﬁz\/j,N'
As M and N are in A, the set {M, N} is adequate. We split the proof into three
cases depending on the type of comparison which holds between M and N.

(1) Assume that M N By nv = NN Bar,n. We will show that LN By € Sk(M).
Since L € Sk(N), LN By.n € SE(N), since L N By, N is an initial segment of L.
By Proposition 1.11, L N By, n € Sk(Ba,n). So

LN Bun € SE(N)NSk(Byn) = Sk(N N Bun)-
But since M N Bar,n = N N B, N, we have that
SK(N 1 Bar.n) = SK(M 1 Bar.n) C Sk(M).
So LNBu.n € Sk(M). Since B ar < B by (a) above, it follows that LN AL s €
SE(M).

(2) Assume that N N By n € Sk(M). We will show that L N By € Sk(M).
Since L € Sk(N), LN By.n € SE(N), since L N By, n is an initial segment of L.
By Proposition 1.11, L N By, v € Sk(Ba,n)- So

LNpBun € Sk(N) N Sk(ﬂMyN) = Sk(N N BM,N)-
But since N N By, n € Sk(M), we have that
Thus LN By n € SE(M). As Br.am < Ba,nv by (a) above, LN By € Sk(M).
(3) Suppose that M N By N € Sk(N). Since A is N-closed, M N Bar,n € A. So

MNBuny € ANSK(N) C B. Hence L and M N By n are both in B. As B is
adequate, it follows that L and M N Bp;,ny compare properly.
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We claim that

(M N0 Bu,nN) N Brvrsuy =M N Br e
As Br.v = Br,mnga. n by (b) above, we have that

(M N0 Bu,N) N BLvrsay = (M N Bar,n) N Bre
And since 81, pm < B, v by (a) above,
(M N Ba,n) NP,y =MNBr e

This proves the claim.
We consider the three possible comparisons of L and M N B, n. First, suppose
that

(M N ﬁM,N) N ﬁLmeBAI,N € Sk(L)
Then by the claim,
M N Br.m € Sk(L),

and we are done. Secondly, assume that
LN BL mrsuwx € SE(M N Bu ).
Since Br,m = Br,mnsa.n By (b) above, it follows that
LN Brm € SE(M N Bu,n) C Sk(M),
and hence L N Br ar € Sk(M), which finishes the proof. Thirdly, if
LN Br sy = (M0 Bar,n) N BL,MABM >
then by (b) and the claim,
LNBrv=MNBrum.
O

Next we handle amalgamation of adequate sets over elementary substructures of
size wq.

Definition 3.10. Let A be adequate, and let p € T'. We say that A is [-closed if
forall M € A, MN S € A.

Note that if A is adequate and § € T', then by Proposition 3.4, the set
AU{MnNpB: M e A}
is adequate and (-closed.

Proposition 3.11. Let A be adequate, B € T', and suppose that A is 5-closed. Let
B be adequate such that

ANP(B) CBCP().
Then AU B is adequate.

Proof. Consider N € A and M € B, and we will show that {M, N} is adequate. If
N C B, then N € ANP(B) C B, so both M and N are in B. Since B is adequate,
so is {M, N}, and we are done. Thus we will assume for the rest of the proof that
N e A\ P(B).
Since A is S-closed,
NNnpeAnP(p).

As ANP(B) C B, NN € B. So both M and NN g are in B. Since B is adequate,
so is {M, N N g}.



12 JOHN KRUEGER

Note that since M C 3, we have that (a) Su,n = Bm,nnpg by Lemma 3.7. By
Lemma 3.1, M C S implies that (b) Sap.n < 5.
The rest of the proof will split into the three cases of how M and N N/ compare.

(1) Suppose that
M N Banng € SE(N N B).

Since far,N = Bam.nnpg by (a) above, it follows that
M0 BN € SE(NNB) C SE(N).
So M N By,n € Sk(N), and we are done.

We make an additional observation to handle cases (2) and (3). Since Syn =
Bum.nng by (a) above, and Sy, v < 8 by (b) above, we have that

(NNB)NPunng=(NNB)NBu,ny =NNPBun.

(2) Suppose that

(NNB)NBm,Nng =M N Buar,nng-
It follows that

NN Bun=(NNB)NBuNng=MNBunng =MNBun,
where the last equality holds by (a).

(3) Suppose that
(N n ﬁ) n /3M7Nﬂﬂ S Sk(M)
Since (N N B) N Bur,nng = N N Bu,n, we have that

NﬂﬁM)N S Sk(M)

4. FORCING WITH ADEQUATE SETS OF MODELS

We now present a simple example to illustrate how the results from the last
section can be used to preserve cardinals in forcing with adequate sets of models
as side conditions.

Recall the following definitions of Mitchell [IT]. Let Q be a forcing poset, g € Q,
and N a set. We say that ¢ is a strongly (N, Q)-generic condition if for any set
D which is a dense subset of the forcing poset N N Q, D is predense in Q below
q. The forcing poset Q is said to be strongly proper on a stationary set if for any
sufficiently large regular cardinal 6§ with Q C H(), there are stationarily many
countable N < H(6) such that for every condition p € N NQ, there is an extension
g < p which is strongly (N, Q)-generic.

Standard proper forcing arguments show that if Q is strongly proper on a sta-
tionary set, then Q preserves wi. More generally, let k be a regular uncountable car-
dinal. Assume that for any sufficiently large regular cardinal A > k with Q C H()\),
there are stationarily many N in P, (H (X)) such that NNk € x and every condition
in N N Q has a strongly (N, Q)-generic extension. Then Q preserves the cardinal
K.

Definition 4.1. Let P be the forcing poset whose conditions are finite adequate
sets. Let B< A if AC B.
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Proposition 4.2. The forcing poset P is strongly proper on a stationary set. In
particular, P preserves wi.

Proof. Fix 6 > ws regular. Let N* be a countable elementary substructure of H (9)
satisfying that P, 7, X € N* and N := N*Nws € X. Note that since X is stationary,
there are stationarily many such N* in P,, (H(#)). So to prove the proposition,
it suffices to show that every condition in N* NP has a strongly (N*, P)-generic
extension.

Observe that since m € N* and 7 : wa — H(ws2) is a bijection, by elementarity
we have that

N*N H(w2) = w[N* Nwsy] = 7[N] = Sk(N),

where the last equality holds by Lemma 1.3 and the fact that N € X implies that
Sk(N)Nwy = N. In particular, N* NP C Sk(N).

Let A € N*NP, and we will find an extension of A which is strongly (N*,P)-
generic. Define

B:=AU{N}.

By Lemma 3.5, B is adequate. So B € P, and clearly B < A. We will show that B
is strongly (N*,P)-generic, which finishes the proof. Fix a set F which is a dense
subset of N* NP, and we will show that F is predense below B.

Let C < B. We will find a condition in E which is compatible with C. To
prepare for intersecting with N*, we will first extend C'. Define

D = CU{MQﬁM)NZMEC, MQBMJ\[ESk(N)}

Then D is finite, adequate, and N-closed. Since D < C, it suffices to find a
condition in E which is compatible with D.

Define X := DN N*. Then X is in P. Since X is a finite subset of N*, X € N*.
Also note that since N* NP C Sk(N), X = DN Sk(N).

As F isdense in N*NP, wecan fix Y < X in E. Now E C N*NP C Sk(N). So
Y € Sk(N). Since Y € E, we will be finished if we can show that Y is compatible
with D.

We apply Proposition 3.9. We have that D is adequate, N € D, and D is
N-closed. Moreover, Y is adequate, and

DNSk(N)=X CY C Sk(N).

By Proposition 3.9, it follows that D UY is adequate. Hence D UY is a condition
below D and Y, showing that D and Y are compatible. ([

The preservation of ws involves amalgamating conditions over a model of size
w1. This argument sometimes shows that the forcing poset under consideration is
we-c.C., using the next lemma.

Lemma 4.3. Let Q be a forcing poset. Fix 0 > we with Q € H(#). Suppose
that there exists N* < H(0) of size at most wy with Q € N* such that the empty
condition is strongly (N*, Q)—genericﬁ Then Q is we-c.c.

Proof. Suppose for a contradiction that Q is not ws-c.c. By elementarity, we can
fix an antichain A of Q in N* such that |A| > ws. Since N* has size at most wq
and A has size greater than wy, we can fix a condition ¢ which is in A\ N*.

21¢ actually suffices that the empty condition is (N*, Q)-generic, in the sense of proper forcing,
which is a weaker assumption. But the lemma is stated in the form which we will use.
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Let D be the dense set of conditions which are below some condition in A. Then
D € N* by elementarity. Again by elementarity, N* N D is a dense subset of the
forcing poset Q N N*.

Since the empty condition is strongly (N*, Q)-generic, N* N D is predense in the
forcing poset Q. In particular, we can find w € N* N D which is compatible with
the condition g. By the definition of D, there is some u € A such that w < w,
and since w € N*, by elementarity there is such a u in N*. Since w is compatible
with ¢, and w < wu, it follows that w and g are compatible. But v € N* N A
and ¢ € A\ N*, hence u # q. So g and u are distinct conditions in A which are
compatible, contradicting the fact that A is an antichain. ([l

We use Proposition 3.11 to prove that P preserves ws.
Proposition 4.4. The forcing poset P is wa-c.c.

Proof. Let 6 > wy be regular such that P € H(#). Fix N* < H(0) of size wy such
that P,7, X € N* and B* := N* Nwy € I'. Note that this is possible since T" is
stationary. Since m € N* and 7 : ws — H(ws) is a bijection, by elementarity we
have that

N* N H(wz) = n[N* Nw,] = 7[B"] = Sk(B"),
where the last equality holds by Lemma 1.3 and the fact that §* € I implies that
Sk(B*) Nwe = B*. In particular, N* NP C Sk(5*).

We will prove that the empty condition is strongly (N*,P)-generic. By Lemma
4.3, this implies that P is ws-c.c., which finishes the proof. So fix E which is a dense
subset of N* NP, and we will show that F is predense in P.

Let B € P be given. We will find a condition in E which is compatible with B.
First we extend B to prepare for intersecting with N*. Define

C:=BU{Mnp*: M e B}.
Then C' is finite, adequate, and [*-closed. Since C' < B, it suffices to find a
condition in E which is compatible with C'.
We claim that
N*NC =CnP(BY).
On the one hand, N*NC C C N P(8*) since N* Nwy = B*. Conversely, by
Proposition 1.11,
CNP(B*) CXNP(B*)CSk(8*) C N*,
soCNP(B*)CN*NC.
Let X := N*NC. Then X is a finite subset of N*, and so is in N*. Also X € P.
Since F is a dense subset of N* NP, we can fix Y < X in E. Since
Y e ECN*NP C Sk(8*),

we have that Y € Sk(8*). We will prove that Y is compatible with C, which
completes the proof.
We apply Proposition 3.11. We have that C' is adequate, g* € IT', and C is
B*-closed. Also, Y is adequate, and
CNPB)=N"NC=XCY CP(B").
By Proposition 3.11, Y U C' is adequate. So Y U C is in P and is below Y and C,
which proves that Y and C' are compatible. (I

Note that P has size we, and so preserves cardinals larger than ws as well.
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5. ADDING A FUNCTION

In this section we define a forcing poset for adding a generic function from ws to
wo using adequate sets of models as side conditions.

We assume for the remainder of this section that I' = A. It follows from Propo-
sition 2.12 that if {M, N} is adequate, then Rp;(N) CT.

Definition 5.1. Let P be the forcing poset whose conditions are pairs (f, A) satis-
fying:

(1) f is a finite partial function from wy to wa;

(2) A is a finite adequate set;

(3) for all M € A and o € dom(f), if M N [a, f(a)] # 0, then o, f(a) € MB
Let (9,B) < (f,A) if AC B and f C g.

If p=(f,A), we will write f, := f and A, := A. It is easy to see that if (f, A)
is a condition, f' C f, and A’ C A, then (f’, A’) is a condition.
Let F be a P-name for the set

U{r:3pec =1}

Note that for any ordinal a@ < we and any condition (f, A), we can extend (f, A)
to a condition (g, B) which includes « in the domain of g. For example, let g :=
fU{{a,a)} and B := A. Consequently, P forces that F is a total function from ws
to ws.

We will show that P preserves wi and ws. Note that since P has size wa, it
preserves all cardinals larger than ws as well.

Proposition 5.2. The forcing poset P is strongly proper on a stationary set. In
particular, P preserves wi.

Proof. Fix 6 > wy regular. Let N* be a countable elementary substructure of
H(0) satisfying that P,m, X € N* and N := N*Nwy € X. Note that since
X is stationary, there are stationarily many such N* in P,,, (H(#)). To prove the
proposition, it suffices to show that every condition in N*NP has a strongly (N*, P)-
generic extension.

Observe that since # € N* and 7 : wa — H(ws2) is a bijection, by elementarity
we have that

N*N H(w2) = w[N* Nws] = 7[N] = SE(N),

where the last equality holds by Lemma 1.3 and the fact that N € X implies that
Sk(N)Nwy = N. In particular, N* NP C Sk(N).

Fix p € N* NP. Then as just noted, p € Sk(N). Define

q:= (fp, Ap U{N}).

It is trivial to see that ¢ is a condition, using Proposition 3.5, and clearly ¢ < p.
We will prove that g is strongly (N*,P)-generic, which finishes the proof. So fix a
set D which is a dense subset of N* NP, and we will show that D is predense below

q.

3For ordinals o and S, if we let o be the smaller and o the larger of o and 8, then (e, B]
denotes the closed interval [/, a’].
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Let » < ¢ be given. Our goal is to find a condition in D which is compatible
with r. First let us extend r to prepare for intersecting with the model N*. Define
s so that fs := f, and

Ay = A, U{M N Byn : M € Ay, M0 Basy € Sk(N)}.

We claim that s is a condition. Requirement (1) in the definition of P is trivial.
For (2), A is adequate by Proposition 3.4.

(3) Consider a model in As\ A, and o € dom(f,). Then by definition this model
has the form M N Bu,n, where M € A, and M N By, v € Sk(N). Assume that

(M N Barn) N e, fr(a)] # 0.

We will show that o and f,(«) are in M N Syr,y. Let o be the smaller and o
the larger of o and f,(«). Since M N By, v meets the interval [o/,a”'], clearly
o < BM,N-

Since M N B, n intersects the interval [a, fr.(«)], obviously M does as well. As
r is a condition, it follows that o/ and o are in M. But we observed above that
o < Bun. Hence o/ € M N By N.

To show that o” € M N BN, it suffices to show that o/ < fan. Since
M N Bun € SE(N), it follows that o' € N. Therefore N N [, fr-(a)] # 0. Since
N € A, and r is a condition, we have that o € N. Therefore o € MNN C B, n,
so o < Bum,n. This completes the proof of (3), and with it the proof that s is a
condition.

We will show that there is a condition in D which is compatible with s. Since
s < r, this implies that there is a condition in D which is compatible with r, which
finishes the proof.

Define u by
w:=(fs N Sk(N), A; N Sk(N)).
Note that v € N* NP C Sk(N). Define

R(N) == J{Ru(N): M € A},

Then R(N) is a finite subset of N, and therefore is in N*. So we have that N € X,
u € Sk(N), and R(N) C N. Since X € N*, by the elementarity of N* we can fix
K € N* satisfying that K € X, u € Sk(K), and R(N) C K.

Define v by letting f, := f,, and
A, :=A, U{K}U{KN(:(e€R(N)}.

Note that v is in N*. We claim that v is a condition. Requirement (1) in the
definition of P is trivial. For (2), since u € Sk(K), A, C Sk(K); so the set A, is
adequate by Lemmas 3.4 and 3.5.

It remains to prove requirement (3) in the definition of P. The proof will take
some time. Let o € dom(f,). Recall that f, = fi, = fs N Sk(N). We need to show
that any model in A, which meets the interval [o, f,(«)] contains a and f,(«).
Since f, = f, and w is a condition, clearly this requirement is satisfied for models
in A,. So it suffices to show that the requirement is satisfied by K and K N, for
all ¢ € R(N).

Since w is in Sk(K), so is f, = f,. Hence o and f, () = fu(a) are in K. So K
satisfies the requirement.
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Consider a model KN¢, where ¢ € R(N). By the definition of R(N), fix M € A,
such that ¢ € Rps(N). Suppose that

(K N¢)Nle, fola)] # 0.
We will show that @ and f,(«) are in K N ¢. Since ¢ € Rp(N), by the definition
of remainder points,
Bm,n <C.
Let o/ be the smaller and «” the larger of a and f,(«). Then clearly o < ¢, so
o’ € KN(. Since o € K as observed above, we will be done if we can show that
o’ < (.
Su;fpose for a contradiction that ( < o”. Then we have that

o <(<a.
Since Bar,n < ¢, it follows that
By <.
We claim that
Mnl[d, "] =0.
If MNa,a"] # 0, then since f,(a) = fs(a), s is a condition, and M € Aj, it
follows that o/’ € M. But this is impossible, since then we would have that

" e MNNC Bun <,

which contradicts our assumption that ¢ < o”.

We will get a contradiction to our assumption that ¢ < o’ by separately consid-
ering the two cases that Sy, v < o and o < Bu,N-

First, assume that Sy v < . Recall that ¢ € Ry (N). Since the ordinals
o/ < ¢ arein N, it obviously cannot be the case that ¢ = min(N \ Sar,n). So by the
definition of remainder points, there is v > By, v in M such that ¢ = min(N \ ).
Since o/ € N, it must be the case that o/ < v < (. Hence M meets the interval
[/, @], which contradicts the claim above that M N [¢/, o] = 0.

In the second case, assume that o’ < Byr,n. Then o € (N N B n) \ M, which
implies that M N Bay,n € Sk(N), since the other two kinds of comparisons of M
and N would imply that o/ € M. By the definition of Ry (), there is v > Sy N
in M such that ¢ = min(N \ 7). Since Sa,ny > ¢/, this implies that 7 is in the
interval [/, @], which again contradicts that M N [a/,a”] = §). This contradiction
shows that o” < ¢, which completes the proof that v is a condition.

Since D is dense in N*NP and v € N* NP, we can fix w < v in D. We will show
that w and s are compatible, which finishes the proof. Since D C PNN* C Sk(N),
we have that w € PN Sk(N). Define

2= (fwU fs, Aw U As).
We claim that z is a condition. Then clearly z < w, s and we are done. We check

requirements (1), (2), and (3) in the definition of P.

(1) We show that f,, U fs is a function. Let o € dom(f,,) Ndom(fs), and we will
prove that f,(a) = fs(a). Since a € dom(f,,) and w € N, it follows that o € N.
Hence N N [a, fs(a)] # 0, which implies that «, fs(a) € N, since s is a condition.
So the ordered pair (o, fs(a)) is in N* N f,. But

N*ﬁfS:Sk(N)mfs:fu:fvgfw-
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Therefore f,(a) = fs(a).
(2) Since Ay is N-closed, the set A, is adequate by Proposition 3.9.

(3) Let M € A, and « € dom(f,), and suppose that M N[a, f,(a)] # 0. We will
show that « and f,(«) are in M. Since w and s are conditions, it suffices to consider
the cases that (A) M € A, and a € dom(f), or (B) M € Ay and o € dom(fy).

(A) M € Ay, and o € dom(fs). As w € Sk(N), also M € Sk(N). So M C N.
Since M meets the interval [a, fs(a)] and M C N, also N meets the interval
[a, fs(a)]. Since s is a condition, it follows that « and fs(«) are in N. Hence the
pair (o, fs(«)) is in fs N Sk(N). But

fsﬁSk(N) - fu:fv c fw'
So fs(a) = fuw(c). Since w is a condition and M € A,,, it follows that «, fs(a) € M.

(B) M € As and o € dom(f). Then o and f,(«) are in N. Let o be the
smaller and o the larger of @ and fy,(«).

Suppose that there is v € M N [«, fu ()] such that v > By n. We will get a
contradiction from this assumption. Since o/ <=, o/ € N, v € M, and v > fBm,n,
it follows that o/ < v by Proposition 2.6. Let ¢ = min(N \ 7). Then ¢ € Ry;(N)
and ¢ € (o/,a”"]. Since R(N) C K, we have that ¢ € K. Therefore

KNla, fu(a)] # 0.

Since K € A, and w is a condition, it follows that o’ and o’ are in K. But now
o < ¢, s0a € KN(. Hence

(KN Q)N e, fule)] # 0.

Since KN¢ € A, and w is a condition, it follows that o/’ € KN(¢, and in particular,
o' < ¢. But this is impossible since ¢ < .

It follows that the nonempty intersection M N[, fy,(v)] is a subset of Bar,n. So
clearly

(M 0 Bu,n) N [, fu(@)] # 0.
Note that this also implies that o' < B, n-
If M NBu,n € Sk(N), then

MﬂﬂMJvEASﬁSk(N):AugAU CA,,

so M N BunN € Ay. Since w is a condition, « and f,(«) are in M N By, N, and
hence in M. So in this case we are done.

Otherwise N N Bar,n is either equal to M N Bar,n or in Sk(M). In either case,
NNBun € M. If & < By, then a and fy, () are both in N N By, N, and
hence in M, and we are done. So assume that o/ < Sy ny < o, and we will get a
contradiction.

Let ¢ = min(N \ Bar,n). Then ¢ € Ry (N), and o < ¢ < . Since R(N) C K,
it follows that ¢ € K, and hence K meets the interval [«, f,(a)]. Since w is a
condition, it follows that o’ € K. So o/ € K N, which implies that K N ¢ meets
the interval [a, fy,(c)]. Since w is a condition and K N ¢ € A, it follows that
o' € KN¢. In particular, o < ¢. But this contradicts that ¢ < a”. O

Proposition 5.3. The forcing poset P preserves ws.
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Proof. Let 0 > ws be regular. Fix N* < H(f) of size w; such that P, 7, X € N*

and 8% := N*Nwy € I'. Note that since I' is stationary in wg, there are stationarily

many such N* in P,,(H(6)). So to prove the proposition, it suffices to show that

any condition in N* NP has a strongly (N*,P)-generic extension. Fix p € N* NP.
Observe that since 7 € N* and 7 : wy — H(ws) is a bijection,

N* N H(wsz) = n[N* Nwy] = w[B*] = Sk(B*),

where the last equality holds by Lemma 1.3 and the fact that 8* € I implies that
Sk(8*) Nwe = B*. In particular, N* NP C Sk(5*).

Fix K € X with 8* € K and p € Sk(K). Then p € Sk(K) N Sk(8*) =
Sk(K N B*). Define ¢ by letting f, := fp, and

Ay =A, U{K}U{KNp*}.

Note that A, is adequate by Proposition 3.5 applied to A, and K and Proposition
3.4 applied to A, U{K} and g*. It follows that ¢ is a condition, and easily ¢ < p.

We claim that ¢ is strongly (N*,P)-generic. So fix a set D which is a dense
subset of N* NP, and we will show that D is predense below ¢q. Fix r < ¢, and we
will show that r is compatible with some condition in D.

We claim that if @ € dom(f,) and one of a or f.(a) is below §*, then they
are both below g*. For let o be the smaller and o the larger of a and f(«),
and assume that o/ < 8*. Suppose for a contradiction that o’ > §*. Then since
ﬁ* € Ku

KN a, fr(a)] # 0.
So a, fr(a) € K, since r is a condition. Hence o' € K N 8*. But then

(KN B%) N e, fr(@)] # 0.

Since r is a condition, we have that o/’ € K N #*. In particular, o/’ < 8*, which
contradicts that o/’ > 8*.

We extend r to s to prepare for intersecting with N*. Define s by letting fs := f»
and
As:=A, U{MNB": M e A,}.
We claim that s is a condition. Requirements (1) and (2) in the definition of P are
easy, using Proposition 3.4. For (3), suppose that a € dom(f,), M € A,, and

(M N B%) N e, fr(a)] # 0.
Then obviously M N [a, fr(a)] # 0, so a and f,(«) are in M since r is a condition.
Let o be the smaller and o the larger of o and f,.(«). Since M N §* meets the
interval [a, f-(a)], clearly o/ < B*. By the claim in the preceding paragraph, it
follows that o’ < 8*. So a, f.(a) € M N B*.

We will find a condition in D which is compatible with s. Since s < r, it follows
that there is a condition in D which is compatible with r, completing the proof.

Let
v = (fs N Sk(B"), As N Sk(B")).
So f, = fs N (B* x %), and by Proposition 1.11, 4, = A; N P(8*). Clearly v is a
condition and v is in N*.
Since D is dense in N*NP, fix w < v in D. Then w € N*NP C Sk(8*). We
will show that w is compatible with s.
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Let
2= (fw U fs, Aw U As).
We will prove that z is a condition. Then clearly z < w, s, which completes the
proof. We check requirements (1), (2), and (3) in the definition of P.

(1) Let o € dom(f) Ndom(fs). Then o < *. Thus fs(a) < S* by the claim
above. Hence
<O‘7f5(a)> € fs N Sk(ﬁ*) = fv Cc fw-
o {(a, fs(a)) € fu, that is, fs(a) = fu(«). This shows that f,, U f is a function.

(2) A, is adequate by Proposition 3.11, since A is 5*-closed.

(3) Let M € A, and « € dom(f,,), and assume that

Mo, fu(a)] # 0.
We will show that o and f,(c) are in M. Since w € N*, the ordinals « and fy, ()
are less than 8*. So
(MO B*) N e, ful)] # 0.
But
Mng*e A;NSk(B*) = A, CA,.
So M N g* € Ay,. Since w is a condition, the ordinals « and f,,(«) are in M N g*,
and hence in M.
Now let M € A,, and « € dom(fs), and suppose that

M O [e, fs(@)] # 0.
We will show that o and fs(«) are in M. Since M C 5*, the smaller of « and fs(«)
is below 8*. By the claim above, this implies that o and fs(«) are both below 5*.
Hence
(a, fs(a)) € fs N SK(B™) = fo C fu-
Therefore fs(a) = fu(a). Since M € A,, and w is a condition, we have that o and
fs(a) = fu(a) are in M. O

6. ADDING A NONREFLECTING STATIONARY SET

We now give an example of a forcing poset using adequate sets of models as side
conditions for adding a more complex object. We define a forcing poset which adds
a stationary subset of ws N cof(w) with finite conditions which does not reflect A

Definition 6.1. Let P be the forcing poset whose conditions are triples (a,x, A)
satisfying:
(1) a is a finite subset of way N cof (w);
(2) x is a finite set of triples {a,v, ), where « €T and v < 8 < «;
(3) A is a finite adequate set;
(4) if (o,7, 8) and {a, 7', ') are distinct triples in x, then [v,8) N[y, 5") =0;
(5) ifE€a, M e A, sup(MNE) =&, and M\ £ # 0, then € € M;
(6) suppose that M € A, a € M, and (a,7,8) € z; if M N [y,B] # 0, then
v, B8 € M;if MN [y, [3]—(2) thensup(Mﬂoz) <.
Let(by, B) < (a,z,A) ifaCbh,x Cy, and A C B.

4The classical way of adding a nonreflecting set is by initial segments, ordered by end-extension.
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If p = (a,x, A) is a condition, we write ap, := a, z, =z, and A, = A.

We give some motivation for the definition. The first component of a condition
approximates a generic stationary subset of wy N cof(w). Let S be a P-name such
that P forces

S={¢:FJpecGctca,l
For each o € T', let ¢, be a P-name such that P forces

¢a={7:3p €GB (0,7, 5) € zp}.
We will show that ¢, is forced to be cofinal in «. Property (5) in the definition

of P will imply that S does not contain any limit points of ¢q, and thus S N a is
nonstationary in a.

We first prove that P preserves w; and ws and forces that S is stationary. Since
P has size wo, it also preserves cardinals larger than we. We then analyze the limit
points of the ¢’s and show that S does not reflect.

Note that if (a,z, A) is a condition, My,..., M € A, and f1,...,B; € T, then
(a,x, AU {M; N B1,..., M, N Br}) is a condition. For requirements (1)—(4) are
immediate using Proposition 3.4, and (5) and (6) are preserved under taking initial
segments of models.

Proposition 6.2. The forcing poset P is strongly proper on a stationary set, and
forces that S is stationary.

Proof. Let E be a P-name for a club subset of wy. Fix a regular cardinal § > ws
with P and F in H(f). Let N* be a countable elementary substructure of H(6)
which contains P, E, 7 and satisfies that N := N* Nwy € X. Note that since X is
stationary, there are stationarily many such N* in P, (H(9)).

Observe that since m € N* and 7 : wa — H(w2) is a bijection, by elementarity
we have that

N*N H(w2) = w[N* Nwsy] = 7[N] = Sk(N),

where the last equality holds by Lemma 1.3 and the fact that N € X implies that
Sk(N)Nwy = N. In particular, N* NP C Sk(N).

Let p € N*NP. We will find an extension of p which is strongly (N*,P)-generic.
Let £&* := sup(N Nwsz). Define

q:= (ap U {5*}7 Tp, Ap U {N})
It is easy to check that ¢ is a condition, and ¢ < p. We will prove that ¢ is strongly
(N*,P)-generic.

If this argument is successful, then clearly P is strongly proper on a stationary
set. Let us note that this argument also shows that P forces that S is stationary.
For given a condition p, we can find N* as above such that p € N*. Let ¢ < p be
strongly (N*,P)-generic. Since ¢ is strongly (N*,P)-generic, by standard proper
forcing facts, g forces that N*[G] N On = N NOn. As E € N*, q forces that

£ = sup(N* Nwsy) = sup(N*[G] Nwy) € E.
Since ¢ also forces that &* € S, this shows that ¢ forces that £ NS is nonempty.
Towards proving that g is strongly (N*,P)-generic, fix a set D which is a dense

subset of N* NP. We will show that D is predense below q. Let r < g be given,
and we will find a condition in D which is compatible with r.
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We extend r to prepare for intersecting with N*. Define s by letting as := a,,
Ts = T, and

Ay = A, U{M N Byn : M € Ay, M0 Basy € Sk(N)}.

Then A, is N-closed (see Definition 3.8). By the comments preceding the proposi-
tion, s is a condition, and clearly s < r. Since s < r, we will be done if we can find
a condition in D which is compatible with s.

Define
u:= (as N Sk(N),zs N Sk(N), As N SE(N)).
Note that  is in PN Sk(N), and clearly s < u.

Let Z be the set of models in A, of the form M N B, n, where M € A, and
M\ Buar,n # 0. Note that for such an M, the ordinal sup(M N By, n) is not in M.
For otherwise, as Sy n has cofinality wq, sup(M N Bar,n) would be in M N BN,
which is impossible since M is closed under successors. The set Z is in N* because
it is a finite subset of A,.

The condition s satisfies the property that s < u, and for all K € Z, there is
M € A; such that K is a proper initial segment of M and sup(K) ¢ M. By the
elementarity of N*, we can fix a condition v < w in N* such that for all K € Z,
there is M € A, such that K is a proper initial segment of M and sup(K) ¢ M.

Since D is dense in N* NP, we can fix w < v in D. We will show that w and s
are compatible, which finishes the proof. As D C N* NP C Sk(N), we have that
w € PN SEk(N). Define

2= (ay U as, Ty Uz, Ay U Ay).

We claim that z is a condition. Then clearly z < w, s, and we are done. We verify
that z satisfies requirements (1)—(6) in the definition of P.

(1) and (2) are immediate, and (3) follows from Proposition 3.9, since A, is
N-closed.

(4) Let {(a,v,8) € zy and (a,7',8’) € x5 be distinct. Then a € N. If NN
[v/, B8] # 0, then v/, 5’ € N since s is a condition. So in that case,

<O‘77/7ﬁ/> € xsN Sk(N) = Ty Q Ty g T

Hence [v,8) N[y, 8) = 0, since w is a condition.
Otherwise N N[y, 3] = 0. Since @ € N and s is a condition, sup(N Na) < v'.
But S € NNa,so 8 <sup(NNa) <. So clearly [v,3) N[y, 3") = 0.

(5) Suppose that € € as, M € Ay, sup(M NE) =&, and M\ € # 0. We will show
that £ € M. Since M € Sk(N), M N¢ is in Sk(N), since it is an initial segment of
M. So sup(M N¢) =¢ isin N. Hence

E€asNSE(N) =ay, Cay C ay.

Since w is a condition, it follow that £ is in M.

Now assume that £ € a,, M € A, sup(M NE) =&, and M\ £ # 0. We will
prove that £ € M. Suppose for a contradiction that £ ¢ M. Since sup(M N¢) =&
and £ € N, it follows that £ < Sa,n by Proposition 2.6. But £ € N\ M. So the
only comparison between M and N that is possible is that M N By n is in SE(N),
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since the other comparisions together with the fact that & < By,n would imply
that & € M. Therefore
MﬂﬂMJv S AsﬁSk(N) =A,CA, CA,.

So MQBM,N € Ay,

If min(M \ &) < Bum,n, then & € M N Bay,n since w is a condition, which is a
contradiction. Therefore min(M \ &) > Bu,n. So M N By,n € Z. Tt easily follows
that M N By, n = M NE, and hence

sup(M N Bu,v) = sup(M NE) =&

By the choice of v and the fact that M N Sy, n is in Z, there is L € A,, such that
M N B, N is a proper initial segment of L and sup(M N Bar,n) = € is not in L. But
then L € Ay, £ € ay, sup(LNE) =&, and L\ € is nonempty. Since w is a condition,
¢ € L, which is a contradiction.

(6) Suppose that M € A,, a € M, and {(a,v,8) € xs. Since M € Sk(N),
a € N. Suppose that N N[y, 3] # 0. Then 7,3 € N, since s is a condition. Hence
(o, 7, 8) € xs NSk(N) =z C yy C .

Since w is a condition, it follows that M and («,~, ) satisfy requirement (6).
Suppose on the other hand that N N[y, 8] = 0. Then since s is a condition,
sup(N Na) < v. Hence

sup(M Na) <sup(NNa) <7,

so again (6) is satisfied.

Now suppose that M € Ag, « € M, and {(«,7,8) € z,. Then a € M N N,
so a < By~ by Proposition 2.6. If N N BN is either equal to M N B, v or in
Sk(M), then N N S,y € M, and hence «, § € M, which proves (6).

Assume that M N By, n is in SE(N). Then

M0 BuN € AsNSE(N) = A, C A, C Ay
If M N[y, B] # 0, it follows that
(M N Bun) N [y, Bl # 0,

since v < 8 < a < Bum,nN. Since w is in a condition, v, 5 are in M N By, N, and
hence in M. Otherwise M N [y, 3] = B. Then obviously

(M N Bun)N [y, B =0.
So sup((M N Ba,n) Na) < . But since a < B, it follows that
(MNBun)Na=MnNa,
so sup(M Na) < 7. O
Proposition 6.3. The forcing poset P is ws-c.c.

Proof. We will use Lemma 4.3. Let § > wy be regular. Fix N* < H(f) of size w;
such that P,7, X € N* and 8* := N* Nwy € I'. Note that since I' is stationary,
there are stationarily many such models N* in P,,, (H(6)).
Observe that as 7 € N* and 7 : we — H(ws) is a bijection, by elementarity we
have that
N*N H(ws) = 7[N* Nwe] = w[8%] = Sk(B"),
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where the last equality holds by Lemma 1.3 and the fact that * € T' implies that
Sk(8*) Nwg = B*. In particular, N* NP C Sk(8*).

We will prove that the empty condition is strongly (N*,P)-generic. By Lemma
4.3, this implies that P is ws-c.c. So fix a set D which is a dense subset of N* NP,
and we will show that D is predense in P.

Let r € P be given. We will find a condition in D which is compatible with
r, which completes the proof. We extend r to prepare for intersecting with N*.
Define s so that as := a,, x5 := x,, and

A=A, U{MNB* : M e A}

Then easily s is a condition, and s < r. Since s < r, we will be done if we can find
a condition in D which is compatible with s.
Define
w:= (as N Sk(B%),xs N Sk(B*), As N Sk(8Y)).
In other words, a, = xs N B*, x, = 2, N (B*)3, and by Proposition 1.11, A, :=
As N P(B*). Let Z be the set of models in A, of the form M N B*, where M € A,
and M \ 8* is nonempty. Since Z is finite, it is a member of N*.

The condition s satisfies that s < wu, and for all K € Z, there is M € A such
that K is a proper initial segment of M and sup(K) ¢ M. By elementarity, we can
fix v < w in N* satisfying that for all K € Z, there is M € A, such that K is a
proper initial segment of M and sup(K) ¢ M.

Since D is dense in N* NP, fix w < v in D. We will show that w and s are
compatible, which finishes the proof.

Since D C PN N* C Sk(B*), we have that w € Sk(5*). Define

2= (T UZg, Ty U g, Ay U Ag).

We will prove that z is a condition. Then clearly z < w, s, and we are done. We
verify requirements (1)—(6) in the definition of P.

(1) and (2) are immediate, and (3) follows from Proposition 3.11 using the fact
that A is B*-closed.

(4) Let {,7,8) € =z, and (a,7',0') € zs be distinct. Then o < B*. So
v < B < a< p*. Hence
<avﬂylaﬂl> €xsN Sk(ﬂ*) = Ty g Ty g T -
So [v,8) N[y, 8) =0, since w is a condition.

(5) Suppose that M € A,, & € as, sup(M NE) = & and M\ £ # (. Then
M € N*, so that sup(M) < p*. Therefore £ < 5*. So

E€asNSKk(B") =ay Cay C ay.

Since w is a condition, it follows that £ € M.

Now assume that M € A, £ € ay, sup(M NE) =&, and M \ € # . We need to
show that £ € M. Since £ € a,, € N*, we have that £ < §*. Also by Proposition
1.11,

Mnp e A;NSk(B*)=A, C A, C A,.
So if (M N B*)\ £ is nonempty, then £ € M N §* since w is a condition.

Otherwise M N B* = M N and M \ §* is nonempty. So M N B* is in Z. By the
choice of v, there is M’ € A, such that M N B* is a proper initial segment of M’
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and sup(M N B*) = & ¢ M’. But then M’ \ £ is nonempty and sup(M’' N¢) = &.
Since w is a condition, £ must be in M’, which is a contradiction.

(6) Suppose that M € A, a € M, and {(«,v,3) € 5. Then M € N*. Since
aeM,a<f* s0oy<f<a<p* Hence

(@,7,B) € 2, N SK(B") =2y C Ty C T

So (6) holds for M and («,, 8), because w is a condition.

Now assume that M € A,, o € M, and (a,7,8) € xy. Then a < f*. So
a € M N B*. Suppose that M N [y,8] # 0. Then (M N B*)N[y,H0] # 0. Since
Mnpg*e Ay, v, 6 arein M N B* and hence in M, since w is a condition.

Now suppose that M N [y,8] = 0. Then (M N B*) N [v,8] = 0. Therefore
sup(MNp*)Na)<y. Bt (MNB*)Na=MnNa. Sosup(MNa) <. O

It remains to prove that P forces that S does not reflect. Towards that goal, let
us first analyze the limit points of the sets ¢, for a € T

Lemma 6.4. Let a be in I' and let € < . If p forces that € is a limit point of ¢q,
then there is some M € A, such that sup(M N§) =& and o = min(M \ §).

Proof. Suppose for a contradiction that p forces that £ is a limit point of ¢,, but
there is no M € A, as described. Note that for all (a,v,5) € zp, if v < & then
B < &, since otherwise p would force that ¢ is not a limit point of ¢,.

Without loss of generality, we may assume that there exists M € A, such that
a and € are in M. For otherwise we can easily extend p by adding such a set M.

We claim that there is no M € A, such that &« € M, sup(M N¢&) < &, and
MN[¢, a) # 0. For suppose that there was such an M in A,,. Since p forces that &
is a limit point of ¢, we can find ¢ < p such that («, 7, 8) € x4 for some v, 8 < ¢
where v > sup(M N¢). But then M N[y, 5] = 0 and v < sup(M Na), contradicting
property (6) in the definition of P for ¢ being a condition. So if M € A,, o € M,
and sup(M N§) < &, then sup(M N &) = sup(M N a).

We can now conclude that ¢ has cofinality w. For by assumption there exists
M € A, such that o and { are in M. If cf(§) = wi, then M € A4,, a € M,
sup(M N &) < £ since M is countable, and M N [¢,a) # 0 since & € M, which
contradicts the claim.

Define sets Ag, A1, and As by

Ay ={MecA,:a¢ M},
Ay ={MeA,:ae M, sup(MNa) <},
Ay:={M e A,:ae M, sup(MNE) =&}
By the claim, A, = AgUA; UA,. By our assumption for a contradiction, if M € A,
then M N [£, a) # 0.

Note that if M, N € A; U Ay, then a € M NN, which implies that a < 8y, n by
Proposition 2.6. In particular, if M € A; and N € Ay, then M N« € Sk(N). For
in that case

sup(M Nea) <€ <sup(NNa) <a<Bun,
which implies that M N By, n € Sk(N), since the other two types of comparison
between M and N are clearly impossible.

Observe that As is nonempty. For by assumption there is M € A, such that o
and £ are in M. But £ has countable cofinality, so by elementarity sup(M N¢) = &.
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Let M be €-minimal in As. Let o* = min(M \ £). Then £ < a* < a. Fix vy < &
in M which is large enough so that for all N € Ay, sup(N Na) < v, and for all
(0, ¢, B) € zp, if ¢ <& then (, 5 < . Now define ¢ by

q:= (ap7 Tp U {{a,v,0)}, Ap).
We will prove that ¢ is a condition. Then clearly g forces that £ is not a limit point
of ¢4, and ¢ < p, which is a contradiction.

Requirements (1), (2), (3), and (5) in the definition of P are immediate. For (4),
consider («, ', 8') € z,. If v/ < &, then by the choice of 7, we have that v/, 5 < ~.
So [y, ") N[y, ) = 0.

Suppose that v/ > ¢ If M N [y,3] # 0, then v/,3 € M. Hence v > a*
by the minimality of a*. Therefore [y,a*) N [y/,8) = 0. On the other hand, if
M N[y, B8] =0, then since p is a condition,

/

af <sup(M Na) <~

So again [y,a*) N[y, 8") = 0.

For (6), suppose that N € A, and &« € N. Then N cannot be in Ag. If N € Ay,
then sup(N Na) < v by the choice of v, so N N [y, a*] = 0 and sup(N Na) < v as
required.

Suppose that N € Ay. Then by the e-minimality of M, either M N By, v equals
N N Bu,n or is in SE(N). In either case, M N Sy,ny € N. Since « € M N N,
o < By,n. So v and o are in M N By, v, and hence in V. [l

Proposition 6.5. The forcing poset P forces that SNa is nonstationary in o, for
allaeT.

Proof. Fix a € T'. First let us see that PP forces that ¢, is unbounded in «. Let
p € P and consider ¢ < «. Since « has cofinality wq, we can find v < « such that (1)
¢ <7, (2)sup(M Na) <~foral M e Ay, and (3) v/, 8" < v whenever (a,7', ')
is in 2. Define ¢ by

q:= (ap,zp U{(a, 7,7+ 1)}, 4p).
It is easy to check that ¢ is a condition, and clearly q forces that ¢, contains a point
above (.

Now suppose that p forces that ¢ is a limit point of ¢,. We will prove that p
forces that £ is not in S. This argument shows that P forces that S is disjoint from
the club of limit points of ¢,, and hence is nonstationary in «.

Suppose for a contradiction that there is ¢ < p such that ¢ forces that ¢ is in S,
Then g forces that there is a condition u in G such that ¢ € a,. Fix s and u such
that s < ¢ and s forces that u is equal to w. Then £ is in a,. Since s forces that
wisin G, s and u are compatible. Fix ¢t < s,u. Then £ € a,, C a;. So € € a; and
t <p.

Since t forces that £ is a limit point of é,, by Lemma 6.4 there is some M € A,
such that sup(M N¢) = ¢ and o = min(M \ §). So we have that £ € a;, M € Ay,
sup(M N¢&) =&, and M\ € # 0. By (5) in the definition of P, ¢ must be in M. But
a = min(M \ §) implies that £ is not in M, and we have a contradiction. (]

Note that in the case I' = A, PP forces that S N C does not reflect to any ordinal
in wo Ncof(w1), since any such reflection point would be in A since it is a limit point
of C' with cofinality w;.
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7. ADDING A KUREPA TREE

In our last application of the paper, we define a forcing poset which adds an
wi-Kurepa tree with finite conditions.

Recall that an w;-Kurepa tree is a tree with height wq, all of whose levels are
countable, which has more than w; many branches of length w;. Such a tree can
be forced using classical methods.

The conditions in our forcing poset for adding an w;-Kurepa tree will include
a finite tree on wy;. We begin by reviewing the relevant ideas and notation about
finite trees, and prove some basic lemmas which will be useful when analyzing the
forcing poset.

Definition 7.1. By a finite tree on wy we mean a pair T = (|T|, <r) satisfying:
(1) |T| is a finite subset of w1;
(2) <t is an irreflezive, transitive relation on |T|;
(3) ifa,b<r c, then either a=b, a <t b, or b <r a;
(4) a <r b implies that a < b.
Given finite trees T and U on w1, we say that U end-extends T if |T| C |U| and
<y N (|T|x|T]) = <7.

Given a finite tree T on w; and an ordinal o < w1, let
Tla=(TINa, <rN (axa)),

T\a=(T|\a, <r N ((i\e)x (@ \a).
Note that T' | « and T\ « are themselves finite trees on wy.

Definition 7.2. Suppose that S and T are finite trees on w1 and o < wy. Assume
that [T|Na = 0 and |S| C a. Let X be any set of minimal nodes of T and let
g: X — |S]| be any function.

Define S ®x. 4T as the pair (U, <y), where

Ul =|s|ulT],

and x <y y if either x <p y, x <g y, or there is a € X such that v <g g(a) and
asry.

The purpose of this definition is to amalgamate the trees S and T' in such a way
that for all a € X, a is the immediate successor of g(a).

Lemma 7.3. Let S, T, o, X, and g be as in Definition 7.2. Then S ©x 4T is
a finite tree on wy which end-extends S and T. Moreover, the maximal nodes of
S @x,gT are the mazximal nodes of T' together with the mazimal nodes of S which
are not in the range of g.

Proof. The proof is straightforward. (]

The next lemma will be useful for amalgamating conditions in our forcing poset
for adding a Kurepa tree.

Lemma 7.4. Let T be a finite tree on wy and let « < wy. Suppose that S is an
end-extension of T | «a such that |S| C a. Let X be a set of minimal nodes of T \ «,
which includes all minimal nodes of T \ o which are not minimal in T. If a € X is
not minimal in T, let a* be the immediate predecessor of a in T .

Let g : X — |S| be a function satisfying that for all a € X :
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(1) if a is not minimal in T, then a* <g g(a), and {t € |T| : a* <s t <g
g(a)} =0;
(2) if a is minimal in T, then {t € |T|:t <g g(a)} = 0.
Let U :=S&x 4 (T'\ ). Then U is a finite tree on wy which end-extends S and
T. Moreover, the mazimal nodes of U are the maximal nodes of T\ a together with
the maximal nodes of S which are not in the range of g.

Proof. By Lemma 7.3, U is a finite tree on wy which end-extends T\ o and S, and
the maximal nodes of U are the maximal nodes of T'\ « together with the maximal
nodes of S which are not in the range of g. It remains to show that U end-extends
T.

Suppose that z <y y, where 2,y € |T|. We will show that x <7 y. If z and
y are below «, then = <g y, since U end-extends S and |T' [ a| C |S|. Since S
end-extends T | «, it follows that x <p y. If z and y are both at least «, then
x <y since U end-extends T\ c.

Assume that £ < a < y. Then by definition, * <g g(a) and a <7 y for some
a € X. Now a cannot be minimal in T, because otherwise by assumption (2),
{t e |T|:t <s g(a)} =0, contradicting the choice of x. So by assumption (1), =
and a* are both below g(a) in S and hence are comparable. But by assumption
(1), we cannot have a* <g z, therefore z <g a*. Since S end-extends T | « and z
and a* are in T | «, it follows that x <p a*. Therefore z <7 a* <7 a <7 y, which
implies that z <7 y. (]

Given a model M € X, let T | M denote T' | (M Nw1) and let T\ M denote
T\ (M Nwi). Note that if M € X and g € T, then M Nw; = (M N B) Nwi, so
TIM=T[(MNg)and T\ M =T\ (Mn B).

We are now ready to define our forcing poset for adding an wi-Kurepa tree.
While the definition of the forcing poset is fairly simple, unfortunately the proofs
of the preservation of w; and wsy are quite involved.

Definition 7.5. Let P be the forcing poset consisting of triples (T, F, A) satisfying:
(1) T = (|T|,<r) is a finite tree on wy;
(2) F is an injective function from the maximal nodes of T into wa;
(3) A is a finite adequate set;
(4) if M € A, a and b are distinct mazimal nodes of T, and F(a) and F(b) are
in M, then for any c which is below both a and b in T, ¢ is in M.
Let (U,G,B) < (T, F,A) if U end-extends T, A C B, and whenever a is mazimal
in T, then there is b which is mazimal in U such that a <y b and F(a) = G(b).

Ifp=(T,F,A), then welet T}, :==T, F, := F, and A, := A.

Note that if p is a condition, Mi,..., My, € Ap, and B1,...,8r € TI', then
(Tpy Fpy Ay U{M1 N B1,..., My N Bi}) is a condition. For requirements (1), (2),
and (3) in the definition of P are immediate, and (4) is preserved under taking
initial segments of models.

The proofs that P preserves w; and wy will take some time. Let us temporarily
assume that P preserves w; and ws, and show how the forcing poset P adds an
wi-Kurepa tree. Note that since P has size ws, it preserves cardinals larger than wo
as well.
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Observe that for any ordinal a < wi, there are densely many ¢ with a € |Ty|.
Indeed, given a condition p, if « is not already in |T}|, then let

Ty = (|| U {a}, <1,),

and extend F, to F, by letting F,(«) be any value not in the range of F,. Then
easily ¢ = (T}, Fy, Ap) is a condition below p.

Let R be a P-name such that P forces that R is the set of pairs (a, 3) for which
there exists p € G such that o <r, B. Let T be a P-name for the pair (w1, R). It
is straightforward to prove that P forces that T is a tree which end-extends T, for
all p € G.

The next two lemmas will establish that P forces that 7" is an wi-Kurepa tree.

Lemma 7.6. The forcing poset P forces that each level of T is countable.

Proof. Suppose for a contradiction that there is a condition p and an ordinal o < wy
such that p forces that « is the least ordinal such that level a of T is uncountable.
Then p forces that the set of nodes which belong to a level less than « is countable.
As a result, it is easy to see that there exists g, 7y, and b satisfying:

(1) ¢ <p;

(2) beTy;

(3) b=+ w;

(4) ¢ forces that b is on level o in T}

(5) ¢ forces that any node of 7' on a level less than « is less than .

Note that for any & with v < & < b, ¢ forces that & is not below b in T. For
otherwise as b is on level a by (4), £ would be on a level less than «, and hence
below v by (5).

Choose an ordinal a such that v < a < b and a is different from any ordinal in
|T,|, which is possible since |T;| is finite. Define T;. by letting |T;.| = |Ty| U {a}, and
letting x <7, y if either:

(1) = <7, y, or

(2) v <7, band y = a, or

(3) x=aand b <7, y.
In other words, we add a so that it is an immediate predecessor of b. Easily T, is
a tree which end-extends T,. Also T, and T} have the same maximal nodes.

Let r = (T,, Fy, Ay). We claim that r is a condition. Requirements (1), (2), and
(3) in the definition of P are immediate. For (4), let M € A, and suppose that d
and e are distinct maximal nodes of T, F,.(d) and F,.(e) are in M, and ¢ <7, d,e.
Note that d, e € |T,], since T, and T, have the same maximal nodes.

If ¢ € |T,|, then ¢ € M since g is a condition. Otherwise ¢ = a. Since b is
the unique immediate successor of a, and d and e are distinct, we must have that
b <r. d,e. But then b € M since ¢ is a condition. Since a < b, a € M because
M Nwq is an ordinal.

So indeed r is a condition. Clearly r < g. But this is a contradiction since a >
and r forces that a is below b in 7. O

Lemma 7.7. The forcing poset P forces that T has wy many distinct branches.

Proof. For each i < wo, let b; be a name such that P forces that a € b; iff for some
p € G, there is a maximal node b of T}, such that a <7, b and Fj,(b) = i. We will
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prove that [P forces that (bZ © i < ws) is a sequence of distinct branches of T' each of
length w; .

Let G be a generic filter on P, and let T := TC and b; = bZG To show that b; is
a chain, suppose that « and § are in b;, and we will show that they are comparable
inT.

Fix p and ¢ in G such that there are maximal nodes b and ¢ of T}, and T, above
a and 3 respectively such that F,(b) = Fy(c) =i. Fix r in G below p and ¢. By
the definition of the ordering on P, there are maximal nodes b’ and ¢’ above b and
¢ respectively in T, such that F,.(b') = F,(b) = i and F,.(¢') = Fy(c) = i. Since F,
is injective, b’ = ¢’. Hence a and f8 are below the same node in T}, and therefore
since T; is a tree, they are comparable in 7., and hence in 7T

To show that b; has length wy, it is enough to show that there are cofinally many
« in w; which are in b;. By a density argument, it suffices to show that whenever
p € P and v < wy, there is ¢ < p and a > + such that a is a maximal node of T},
and Fy(a) = i.

Fix a such that v < a < w; and « is larger than all the ordinals in |Tj,|.
If there does not exist a maximal node b in T, such that F,(b) = 4, then let
T, = (|Tp|U{a}, <1,) and F, = F, U{(a,i)}. Then q = (T,, Fy, Ap) is as desired.

Now suppose that there is a maximal node b in T}, such that F,(b) = ¢. Then
define T, by adding o as an immediate successor of b. Extend F}, to F; by letting
F,(a) = i. It is easy to check that ¢ = (T}, F,, Ap) is a condition, and clearly ¢ is
as desired.

Finally, we show that if ¢ # j then b; and b; are distinct. The argument in the
previous two paragraphs shows that given a condition p, we can extend p to q so
that there are maximal nodes a and b of T, such that F,(a) = i and F,(b) = j.
Then ¢ forces that a € b; and b € b;.

We claim that ¢ forces that a ¢ bj This implies that ¢ forces that b; #+ 5j, which
finishes the proof. Otherwise there is r < ¢ and a maximal node ¢ of T;. such that
a <r,. ¢ and F,.(c) = j. Since r < g, there is a maximal node d of T, such that
b <p. dand F.(d) = F,(b) = j. As F, is injective, ¢ = d. But then a and b are
both below ¢ in T;., which implies that they are comparable in T;.. Hence they are
comparable in T} since 7T} end-extends Tj. This is a contradiction since a and b are
distinct maximal nodes of Tj,. (|

We now turn to showing that P preserves wy and ws. For the preservation of wy,
it will be useful to first describe a dense subset of conditions which will help in the
amalgamation argument.

Lemma 7.8. Let p be a condition and let N € A,. Then there exists r < p
satisfying:
(1) T; has no maximal nodes which are less than N Nwy;
(2) the function which sends a minimal node of T, \ N to its immediate prede-
cessor in T,., if it exists, is injective and its range is an antichain.

Proof. Let c1,...,cn, denote the maximal nodes of T, which are below N N w;.
Choose distinct ordinals (i, ..., 8, in wy which are larger than N Nw; and larger
than all ordinals appearing in T),.

We define ¢ = (T,, F,, A,) as follows. Extend T}, to T, by placing 3; as the
immediate successor of ¢;, for each i = 1,...,m. Let F (8;) := Fy(c;), for each
i =1,...,m. If a is a maximal node of Tj different from the §;’s, then a is
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a maximal node of T, and a > N Nuws; in that case, let Fy(a) := Fp(a). Let
Agq = Ap. The proof that ¢ is a condition below p is straightforward, and ¢ clearly
satisfies (1).

We further extend ¢ to r which satisfies both (1) and (2). Let X be the set of
minimal nodes of T, \ N which are not minimal in Tj,. For each a € X, let a’ be the
immediate predecessor of a in T,. Now choose for each a € X some ordinal g(a) in
N larger than o’ and different from the ordinals in T;. We also choose the values
for g so that g is injective. This is possible since |Ty| is finite. Let S be the tree
obtained from Tj, | N by adding g(a) above & for each a € X.

Now clearly Ty, N Nwi, S, X, and g satisfy the assumptions of Lemma 7.4. So
we can define T, as the tree S ®x 4 (T, \ N), which amalgamates S and T;. Since
T, has no maximal nodes below N N wy, every maximal node of S is in the range
of g. By Lemma 7.4, it follows that T, and 7T, have the same maximal nodes. So
we can define F,. := Fj,. Let A, := A,.

Since T, and T, have the same maximal nodes and Ty, satisfies property (1), also
T, satisfies property (1). For property (2), if a is a minimal node of T, \ N which
is not minimal in 7)., then a¢ € X, and the immediate predecessor of a in T, is g(a).
Since g(a) and g(b) are distinct and incomparable in T}, for any distinct a and b in
X, it follows that T, satisfies property (2).

It remains to show that r = (T, F;., 4,) is a condition. Requirements (1), (2),
and (3) in the definition of P’ are immediate. For (4), let M € A, and suppose that
¢ <r, a,b, where a,b are maximal in T, and F,.(a), F,.(b) € M. We will show that
cis in M. Since T, and T} have the same maximal nodes, a and b are in Tj,.

First, assume that c is in |T,|. Then since T} end-extends Ty, ¢ <7, a,b. Since
M € A, and A; = A,, we have that M € A,. Also F, = Fy, so Fy(a), Fy(b) € M.
Since q is a condition, it follows that ¢ € M.

Secondly, assume that ¢ is not in |T,|. Then ¢ = g(z), for some z € X. By the
definition of T}., we have that x <7, a,b. Note that it is impossible that z is equal
to a or b, since otherwise a and b would be comparable, which contradicts that a
and b are distinct maximal nodes of T,. So in fact x <7, a,b. Therefore by the
previous paragraph, x € M. Since ¢ < z and z € M Nwy, it follows that c € M. O

Proposition 7.9. The forcing poset P is strongly proper on a stationary set.

Proof. Fix 6 > wy regular. Let N* be a countable elementary substructure of
H(6) satisfying that P,m, X € N* and N := N*Nwy € X. Note that since
X is stationary, there are stationarily many such N* in P, (H(#)). To prove the
proposition, it suffices to show that every condition in N*NP has a strongly (N*, P)-
generic extension.

Observe that since # € N* and 7 : wa — H(ws2) is a bijection, by elementarity
we have that

N*N H(w2) = w[N* Nws] = 7[N] = SE(N),

where the last equality holds by Lemma 1.3 and the fact that N € X implies that
Sk(N)Nwy = N. In particular, N* NP C Sk(N).

Fix p € N*NP. Then as just noted, p € Sk(N). Define

q = (Tpa vaAp U{N}).

Then easily ¢ is a condition, and ¢ < p. We will show that ¢ is strongly (N* P)-
generic. Fix a set D which is a dense subset of N* NP, and we will show that D is
predense below g.
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Let » < g be given. We will find a condition in D which is compatible with
r. Applying Lemma 7.8, we can fix v/ < r satisfying that T,» has no maximal
nodes below N Nwy, and the function which sends a minimal node of T, \ N to its
immediate predecessor, if it exists, is injective and its range is an antichain.

We extend 7’ to prepare for intersecting with N*. Define s by letting T := T},
Fs .= F,/, and

Ay = A U{MQBMJV M e A, MﬁﬁM)N S Sk(N)}

By the comments after Definition 7.5, s is a condition, and obviously s < 7.
Moreover, it is easy to see that s satisfies properties (1) and (2) of Lemma 7.8,
since 7’ does. As s < r, we will be done if we can find a condition in D which is
compatible with s.

Let Mj, ..., M} enumerate the sets M in A, such that M N B, v € Sk(N) and
M\ Bu,n # 0.

To find a condition in D which is compatible with s, we first need to find a
condition in N* which reflects some information about s.

Main Claim. There exists a condition v € N* satisfying;:

(1) there is an isomorphism o : Ty — T,, which is the identity on T [ N;

(2) forally e Ts\ N andi=1,...,k, o(y) > M; Nwy;

(3) if  is maximal in Ts and Fs(z) € N, then F,(o(x)) = Fs(x);

(4) there are Lq,..., Ly in A, such that L; end-extends M; N B, N for each
i=1,...,k;

(5) for each maximal node a of Ty and each i = 1,...,k, if Fy(a) € M; \ N,
then F,(o(a)) € L; \ (M; N Bas, N );

(6) AsNN*C A,.

We prove the claim. Let aq,...,q, and B, ..., B, list the elements of |Ts| N N
and |Ts| \ N respectively in ordinal increasing order. Define sets Py, ..., Py which
are subsets of {1,...,n} by letting j € P; if 8, is maximal in T and F,(3;) € M;\N.
Let S be the set of j € {1,...,n} such that §; is maximal in T and F5(8;) € N.
For each j € S let §; := F,(B;), which by definition is a member of N. Let ¥ be
an integer which codes the isomorphism type of the finite structure

(|TS|5<T37Q15' o aamvﬂla' .- 7[371)

The objects s, B1, ..., Bn, and M1, ..., My witness that thereisv € P, v1,...,vn,

and Ly, ..., L satisfying:
(i) 71,-..,7n is an increasing sequence of ordinals larger than aq, ..., a;, and
larger than (M1NBa, N)Nwi, - .., (MrNBar, N )Nwy such that the structure

(lT’U|7<Tv7alu'"70[777,7/717"'7777,)

has isomorphism type ;
(ii) L1,...,Lk arein A, and for each i =1,...,k, L; end-extends M; N S, n;
(iii) for eachi=1,...,k, j € P; iff 7; is maximal in T, and F,(v;) € L; \ (M; N
BM«;,N);
(iv) for all j € S, «; is maximal in T, and F,(7y;) = &;;
(v) AsNN*C A,.
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Now the parameters which appear in the above statement, namely, P, a1, ..., am,
MO By, Ny, My 0 By Ny w1, 2, Pry oo, P, S, <§J :j€85), and As N N*, are
all members of N*. So by the elementarity of N*, we can fix v € P, v1,...,vn, and
Lq,..., L which are members of N* and satisfy the same statement.

Let us show that v is as required. We know that v is in N* NP. Requirement
(4) in the claim follows from (ii), and (6) follows from (v).

Define o : Ty — T, by letting o(«;) := «; for i = 1,...,m, and o(8;) := ~; for
j=1,...,n. Then by the choice of ¥, ¢ is an isomorphism, and ¢ is the identity
on T | N. Thus (1) holds. (2) follows from (i). It remains to prove (3) and (5).

For (3), suppose that x is maximal in T and F,(x) € N. Fix j such that z = 3;.
Then j € S, by the definition of S. Also o(z) = ;. By (iv),

FU(O-(:E)) = Fv(/yj) = gj = FS(BJ) = Fs(x)

For (5), let @ be a maximal node of Ts, and suppose that Fy(a) € M; \ N for
some i = 1,...,k. Fix j such that a = 3;. Then j € P;, by the definition of P;. So
by (iii), y,; is maximal in T, and

Fy(v5) € Li \ (M; 0 B N)-
But v; = o(8;) = o(a). So
FU(U((I)) cL; \ (Ml N BMZ',N)'

This completes the proof of the main claim.

Since D is a dense subset of N* NP, we can fix w < v in D. We will show
that w and s are compatible, which completes the proof. We define a condition
z=(T,, F,, A,), and prove that z < w, s.

First, let A, := A; U A,,. Note that A, is adequate by Proposition 3.9.

Secondly, we apply Lemma 7.4 to amalgamate the trees T), and Ts. Let X be
the set of all minimal nodes a of Ty \ N such that either a is not minimal in T, or
there is a maximal node d with a <r, d and F,(d) € N. Note that in the second
case, d is unique, since otherwise by (4) in the definition of P, @ would be in N.
For each a in X which is not minimal in T, let a* be the immediate predecessor
of a in Ts. Recall that since s satisfies property (2) of Lemma 7.8, a* and b* are
distinct and incomparable for different a and b.

We define an injective function g : X — |T,,| which will satisfy the assumptions
of Lemma 7.4, namely, that:

(a) for all @ € X, if @ is not minimal in T, then o* <gp, g(a), and {t € |T}| :
a* <r, t<r, g(a)} = 0;
(b) if @ is minimal in Ty, then {t € |T| : t <p, g(a)} = 0.
So fix a € X, and we define g(a).

Case 1: There does not exist a maximal node d of T, such that a <r, d and
Fy(d) € N. Then by the definition of X, a is not minimal in Ts. Let g(a) = a*.
Clearly, requirements (a) and (b) are satisfied.
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Case 2: There exists a maximal node d of Ty such that a <r, d and Fs(d) € N.
Then d is unique, as observed above. By (3) in the main claim,

Fy(o(d)) = Fy(d).

Since w < v, by the definition of the ordering on P there is a unique maximal node
ot (d) of T,, above o(d) such that

Fu(o™(d)) = Fy(o(d)).
Let g(a) = o0 (d). Then by the above equations,

Fi(d) = Fu(g(a)).
Let us check that g(a) satisfies requirements (a) and (b).

(a) Assume that a is not minimal in Ts. Then a* <, a <7, d, so a* <r, d.
Since a* <7, d and ¢ is an isomorphism which is the identity on 7T | IV, we have
that

o(a*) =a" <p, o(d).
Since w < v and o(d) <, 07 (d) = g(a), we have that
a/* <Tw U(d) STw g(a’)7

and hence a* <, g(a), which proves the first part of (a).
For the second part of (a), suppose for a contradiction that there exists ¢ in T}
such that

a* <, t <r, g(a).

Since g(a) € N Nwy, also t € N. As T, end-extends Ts | N and a* and t are in
Ts | N, we have that a* <, t.

Now

t=o(t) <, g(a) = o™ (d).

Since also o(d) <7, ot (d), we have that o(t) = t and o(d) are comparable in
T, since Ty, is a tree. Hence they are comparable in T, since T;, end-extends T,
and ¢ and o(d) are in T,,. But o(d) is maximal in T, since ¢ is an isomorphism.
Therefore o(t) =t <p, o(d). It follows that ¢ <7, d, since ¢ is an isomorphism.
But ¢t is in N and d is not in IV, so t <7, d.

Now a and t are distinct nodes below d in T, and t < N Nw; < a. So t <, a,
since T is a tree. Hence we have that

a* <7, t <, a,

which contradicts the fact that a* is the immediate predecessor of a in T5.
(b) Suppose that a is minimal in Ts. Assume for a contradiction that ¢ € |T}|
and

t <z, g(a) = o (d).
Since o(d) <, o7 (d), we have that ¢ and o(d) are comparable in T,,. But ¢ and

o(d) are in T, so they are comparable in T, since T, end-extends T,. As o(d) is
maximal in T),, we have that

o(t) =t <p, o(d).

Since o is an isomorphism, it follows that ¢ <7, d. Since also a <7, d and ¢t <
N Nw; < a, we have that ¢ <7, a. This contradicts the assumption that a is
minimal in T%.
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This completes the proof that g satisfies the assumptions of Lemma 7.4. It is
easy to check by cases that g is injective, using the fact that the map which sends
a minimal node a of Ts \ N to its predecessor a* in T, if it exists, is injective.

Let T, := T, ®x,g (Ts \ N). Then by Lemma 7.4, T, end-extends T, and Tj.
Moreover, the maximal nodes of T, are the maximal nodes of T together with the
maximal nodes of T,, which are not in the range of g. Note that since s satisfies
property (1) of Lemma 7.8, any maximal node of Ty is at least N Nwy, and so is
not also a maximal node of T,,.

Thirdly, we define the function F,. Let a be a maximal node of T,. Then as just
mentioned, there are two disjoint possibilities. First, suppose that a is a maximal
node of T. In this case, let F,(a) := Fs(a). Secondly, suppose that a is a maximal
node of T,, which is not in the range of g. In this case, let F,(a) := Fy(a).

This completes the definition of z. We will be done if we can show that z is a
condition, and z < w, s. The proof that z is a condition will take some time. So
let us temporarily assume that z is a condition, and show that z < w;, s.

We already know that T, end-extends T, and Ts. Also A,,As C A,, by the
definition of A,.

To show that z < s, let ¢ be maximal in Ts. Then ¢ > N Nwy, since s satisfies
property (1) of Lemma 7.8. So ¢ is still maximal in T, and F,(c) = Fy(c). This
proves that z < s.

To show that z < w, let ¢ be maximal in T,,. If ¢ is still maximal in T, then
then F,(c) = F,(c), and we are done. Otherwise ¢ is in the range of g. Hence
¢ = g(y), for some minimal node y of T \ N.

There are two possibilities, based on the case division in the definition of g. First,
assume that case 1 in the definition of g holds. Then ¢ = g(y) = y*, which is the
predecessor of y in T. Since y* <7, y, it follows that

o(y") =y" <z, o(y),
since ¢ is an isomorphism which is the identity on Ts [ N. As T, end-extends
T,, we have that ¢ = y* <p, o(y). But this contradicts the assumption that c is
maximal in T5,.
Secondly, assume case 2 in the definition of g. Then there is a maximal node
d of Ts \ N such that F,(d) € N, there is y which is minimal in T, \ N such that
Yy STS d7

and

Fy(c) = Fy(o™(d)) = Fy(a(d)) = Fs(d),
where the last equality holds by (3) of the main claim. Then d is maximal in T,
¢ <r, d, and Fy,(c) = F.(d), as required. This completes the proof that z < w.

In order to prove that z is a condition, we verify requirements (1)—(4) in the
definition of P. (1) is clear, and for (3), we have already observed above that A, is
adequate.

(2) Let us prove that F, is injective. Since w and s are conditions, F, is injective
on the maximal nodes of T, and F; is injective on the maximal nodes of T, which
are not in the range of g. So the only nontrivial case to consider is when d is maximal
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in Ty and d’' is maximal in T,, but not in the range of g. Then F,(d) = F,(d) and
F,(d") = F,,(d"). We will show that F,(d) # F,(d'), that is, that F,(d) # F,(d').

Since w € N*, F,,(d') € N. So if Fs(d) ¢ N, then F,,(d') # Fs(d), and we are
done. Assume that Fi(d) € N. Let a be the unique minimal node of Ts \ N with
a <7, d. Since Fs(d) € N, by case 2 in the definition of g,

g(a) = 0" (d).
But
Fu(g(a)) = Fu(o"(d)) = Fy(0(d)),
and by (3) in the main claim,

So Fy(g(a)) = Fs(d).

Since d’' is maximal in T}, it is not in the range of g; hence d’ # g(a). Since
F,, is injective, Fy,(d') # Fy,(g(a)). So by the definition of F, and the fact that
Fy(g9(a)) = Fs(d), we have

F.(d) = Fy(d') # Fu(g(a)) = Fs(d) = F.(d).
So F.(d") # F.(d), as required.

(4) Let M € A,, and assume that a and b are distinct maximal nodes of T, such
that F,(a), F,(b) € M. Let ¢ <r, a,b. We will prove that ¢ € M.

If either of a or b are in M, then so is ¢ because M Nwy is an ordinal. So assume
that neither a nor b is in M.

Let us first handle the case when ¢ is not in N. Then neither are a and b, since
N Nws is an ordinal and c is less than a and b. So a, b, c are in Ts. If M € Ay, then
we are done since s is a condition. If M is not in A, then M is in A, and hence
in Sk(N). Since Fs(a) and Fs(b) are in M and M C N, F,(a) and Fs(b) are in N.
By requirement (4) of s being a condition, it follows that ¢ € N, which contradicts
our assumption that c is not in N.

For the remainder of the proof we will assume that ¢ is in N. If N N By N is
either equal to M N Sy v or in Sk(M), then

ceNNuw = (NQBMJ\[)Q(Ul C M,
so ¢ € M and we are done. Thus for the remainder of the proof we will assume
that M N By, N € SE(N).
Case A: F,(a), F,(b) € N. Then

FZ(CL),FZ(Z)) eMNN C MﬂﬁMyN.
Note that there are @’ and b’ maximal in T}, such that

a <r, a, b <1, b, F,(a') = F.(a), and F, (V') = F.(b).
Namely, if a is in N, then let @’ := a, and if b is in N, then let & := b. If a is not
in N, then let @’ := o (a), and similarly with b. Then a’ and V' are as desired.
Since a’ and b’ are maximal in Ty,, c € N, and T, | N = T,,, we have that
c<r, a,b.

Also note that since F,(a) # F(b), also Fy,(a’) # Fy,(b'), which implies that o’ # b'.
Therefore ¢ cannot equal @’ or V', since a’ and & are incomparable. So ¢ <r, a’,b'.
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Since Fy,(a'), Fyy (b)) € M N Bar,n, it follows that ¢ € M N Bas, N, by requirement (4)
of w being a condition. So ¢ € M, and we are done.

Case B: a and b are in Ty \ N, and at least one of F,(a) or F,(b) is not in N.
Without loss of generality, assume that F,(b) ¢ N. Since F,(b) € M, it follows
that M is not in Sk(N), and hence M is in As. Fix i such that M = M;.

Fix z and y minimal in Ts \ N which are below a and b respectively. Note that
as ¢ < N Nwi, we have that ¢ <7, z,y. If x = y, then z <7, a,b. It follows that
x € M, since s is a condition. Since ¢ < z, this implies that ¢ € M, and we are
done.

So assume that x # y. Then g(x) # g(y), since g is injective. As ¢ <7, x,y,
and g(z) and g(y) are the immediate predecessors of x and y in T, we have that
¢ <r. 9(2),9(y). So ¢ <1, g(z),9(y).

We claim that ¢ is below o(z) and o(y) in T,,. Note that ¢ and o(x) are compa-
rable in T,,. For in case 1 of the definition of g, g(z) = z* <p, o(x), and in case
2, o(z) <r, g(z); both of these cases imply that ¢ and o(z) are comparable in T,.
Similarly, ¢ and o(y) are comparable in Ty,.

But x and y are incomparable in Ts. So o(z) and o(y) are incomparable in T,
since ¢ is an isomorphism, and hence are incomparable in T,,. This implies that

¢ <, o(z),0(y),
since any other relation of ¢ with o(z) and o(y) would yield that o(z) and o(y) are
comparable in Ty,.

Now o(z) <7, o(a) and o(y) <7, o(b), since ¢ is an isomorphism. As T, end-
extends Ty, o(z) <p, o(a) and o(y) <7, o(b). But ¢ <r, o(x),o(y), as just noted.
Therefore

¢ <r, o(a),o(b).
We claim that F,,(c(a)) and Fy,(o(b)) are in L;. As w is a condition, this implies
that ¢ is in L; Nwy; = M Nwy, which finishes the proof.

By our assumption,

Fy(b) € M; \ N.
By (5) of the main claim,

Fy(o(b)) € L;.
For a, there are two possibilities. If Fy(a) ¢ N, then

Fs(a) € M; \ N,
which by (5) of the main claim implies that

Fy(o(a)) € L;.

Otherwise Fs(a) € N, so Fs(a) € MNN C M N Bu,n. But M N By,n C Ly, s0
FS(CL) S Lz

Case C: At least one of a or b is not in T \ N, and at least one of F.(a) or F.(b)
is not in N. Without loss of generality, assume that a is not in 75 \ N. Then a
is in T,. It follows that F,(a) = Fy(a), which is in N. Therefore F,(b) ¢ N. In
particular, b is in Ts \ N. Also since F,(b) € M \ N, M is not in Sk(N). So M is
in As. To summarize, a is in Ty, bis in Ts \ N, M is in Ay, and F.(b) ¢ N.
We have that
FZ(G) eMNN C MﬂﬁM)N.
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Since F,(b) € M\ N, M \ B, n is nonempty. Fix i = 1,...,k such that M = M,.
Let y be the minimal node of Ts \ N below b.

Subcase C(i): There is a maximal node d in Ts above y such that Fs(d) € N.
Note that d # b, since Fs(b) = F,(b) ¢ N. By the definition of g, we have that

9(y) = o (d) and Fy(g(y)) = Fi(d).

We claim that ¢ <r, g¢(y). Since ¢ <7, b, y <r, b, and ¢ < y, it follows that
¢ <r, y. Since g(y) is the immediate predecessor of y in T, we have that ¢ <7, g(y).
But T, end-extends Ty, so ¢ <7, g(y).

So we have that ¢ <, a, g(y). Since y <r, d and o is an isomorphism, o(y) <7,
o(d). So

o(y) <z, o(d) <1, 0™ (d) = g(y).
As ¢ and o(y) are both below g(y) in T, they are comparable in T,,.

We claim that ¢ <7, o(y). Suppose for a contradiction that o(y) <r, c. Since
¢ <r, a, it follows that o(y) <7, a. Now y <7, b implies that o(y) <7, o(b), and
hence o(y) <7, o(b). Since w < v, we can fix a maximal node o™ (b) of T}, which
is above o(b) such that F,, (ot (b)) = F,(c(b)). Then o(y) <r, ot (b).

Recall that M = M; and L; end-extends M N Bar,n. By (5) of the main claim,
since Fy(b) € M \ N, we have that

Fy (o™ (b)) = F,(0(b)) € L;.
Also as observed at the beginning of case C,
Fy(a) = F.(a) € M N Bun C Li.
Since o(y) <, a,0"(b), by requirement (4) of w being a condition it follows that
o(y) € Ly Nwy.
But L; end-extends M N S, n and wy < Bur,n. Therefore
o(y) € LiNwy = M; Nws.

But this contradicts (2) of the main claim.
This contradiction completes the proof that ¢ <, o(y). It follows that

c<r, o(y) <7, o(b) <1, ot (b),
so ¢ <, o7 (b). Also we are assuming that ¢ <7, a. Now

Fy(a) = F.(a) € M N Pu,N C L,
and by (5) of the main claim,

Fy(ct (b)) = F,(o(b)) € L;.
Since ¢ <r,, a,0(y), by requirement (4) of w being a condition, we have that
ceLiNw =MNws.

This completes the proof that ¢ is in M.
Subcase C(ii): There is no maximal node d of Ts above y such that Fs(d) € N.
Then by the definition of g, g(y) = y*, where y* is the predecessor of y in Ts. Now

¢ is below b in T, and hence below y. Since g(y) = y* is the immediate predecessor
of y in T,, ¢ <r, g(y). Therefore ¢ <1, g(y). Hence

c<r, 9(y) =y" =o(y") <, o(y) <r, o(b) <1, 0 (b),
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where ot (b) is the maximal node of T, above o(b) such that F, (o (b)) = F,,(c™(b)).
So
c<r, a,0"(b).
By property (5) of the main claim, since F,(b) € M \ N,
Fy(ot (b)) = F,(a(b)) € L; \ M.

But F,(a) € M. It follows that a # o (b). Since Fy,(a) = F.(a) € MNBu,n C L;
and F,, (o7 (b)) € L;, by property (4) in the definition of P we have that

ceL;Nw =MnNuws.
So ¢ € M, and we are done. O
Proposition 7.10. The forcing poset P is wa-c.c.

Proof. We will use Lemma 4.3. Let § > wy be regular. Fix N* < H(#) of size w;
such that P, 7, X € N* and 8* := N* Nwy € I'. Note that since I' is stationary,
there are stationarily many such models N* in P,,, (H(6)).

Observe that as m € N* and 7 : we — H(ws) is a bijection, by elementarity we
have that

N* N H(wz) = n[N" Nw,] = 7[B*] = Sk(B"),

where the last equality holds by Lemma 1.3 and the fact that * € I" implies that
Sk(8*) Nwg = B*. In particular, N* NP C Sk(8*).

We will prove that the empty condition is strongly (N*,P)-generic. By Lemma
4.3, this implies that P is ws-c.c. So fix a set D which is a dense subset of N* NP,
and we will show that D is predense in P.

Let ¢ be a condition. We will find a condition in D which is compatible with ¢.
First, we extend ¢ to prepare for intersecting with N*. Define r by letting T := Tj,
F, = F,, and

A=A, U{MNB" : M e A}
By the comments after Definition 7.5, r is a condition, and clearly r < q.

We will show that there is a condition in D which is compatible with r. Since
r < g, it follows that there is a condition in D which is compatible with ¢, which
completes the proof.

Note that since w; is a subset of N*, the tree T;. is actually a member of N*.

Let M, ..., My list the elements M of A, such that M \ 5* is nonempty. Define
Py, ..., Py which are subsets of |T,.| by letting a € P; iff a is maximal in 7, and
F.(a) € M;\ B*. Let S be the set of maximal nodes a of T} such that F,.(a) < 8*.
For each a € S, let &, := F,(a).

To find a condition in D which is compatible with 7, we first need to find a
condition in N* which reflects some information about r.

Main Claim: There exists a condition v € N* satisfying;:
(1) T, =Ty
(2) if a if maximal in T, and F,.(a) < 8*, then F,(a) = F,(a);
(3) there are Lq,...,L; in A, such that L; end-extends M; N B* for all i =
1,...,k;
(4) if a is maximal in T, and F,.(a) € M; \ 5%, then F,(a) € L; \ (M; N 5*);
(5) A-NP(B*) C A,.
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We prove the claim. The objects r and My, ..., My witness the statement that
there exists a condition v and L, ..., Ly satisfying:
(i) T, =Ty
(i) if a € S, then F,(a) = &g;
(iii) there are Lq,..., Ly in A, which end-extend My N B*,..., M} N 3%;
(iv) forall a € |Ty| and i = 1,...,k, a € P, iff a is maximal in T, and F,(a) €
Li \ (M; N 3%);
(v) A, NP(B*) C A,.
Now the parameters which appear in the above statement, namely, T, S, (&, :
a€S), Ming*....,M,Npg* Pp,..., P, and A, N P(5*), are all members of
N*. By the elementarity of N*, we can fix a condition v and Ly, ..., Ly which are
members of N* and satisfy the same statement. It is easy to check that v satisfies
the properties listed in the main claim.

Since D is dense in N* NP, we can fix w < v in D. We will show that » and w
are compatible, which finishes the proof.

We will define a condition z = (T, F., A.), and then show that z < w,r. Let
A, = A UA,.

Note that T, is an end-extension of T, = T,. Let us describe how to extend
T, to T,. In addition to having the original nodes of T),, we will also split above
certain nodes of T}, as follows.

Let Z be the set of maximal nodes a of T, such that F,.(a) > 8*. For each a € Z,
let a™ be the unique maximal node above a in T, such that F,(a) = F,(a’). Now
add above at two immediate successors ag and a;. This describes the tree T,.

Define F, as follows. Let b be a maximal node of T,. Then either b is equal to ag
or ap for some a € Z, or b is maximal in T),. In the second case, let F,(b) := F,(b).
In the first case, we let

F.(ap) := Fy(a™) and F,(a;) := F,(a).
Note that F;(ap) < f* and F(a1) > g*.

This completes the definition of z. Let us prove that z is a condition. Require-
ments (1) and (3) in the definition of P are immediate, using Proposition 3.11. For
(2), the proof that F, is injective splits into a large number of cases, each of which
is completely trivial. So we leave the straightforward verification to the reader. It
remains to prove (4).

(4) Suppose that M € A,, and ¢ and d are distinct maximal nodes of T, such
that F,(c) and F,(d) are in M. Let e <7, ¢,d. We will show that e € M.

Case 1: First assume that F,(c), F,(d) < 8*. Then c is either maximal in T, or is
equal to ag for some a € Z, and similarly with d. It is easy to check that in each
of these four cases, the node e is below two maximal nodes of T, which F,, maps
into M N B*. Since M N g* € A, and w is a condition, it follows that e € M N 5*.
Hence e € M.

Case 2: Now assume that F,(c), F,(d) > p*. Then ¢ = a; and d = by, where a and
b are distinct nodes in Z. Since e is below ¢ and d, e is comparable with both a
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and b. As a and b are incomparable in T, and hence in T,, we cannot have that a
or b is below e, since that would imply that a and b are comparable. Hence

e <r, a,b.
Since F,(c) € M\ 8*, we can fix i such that M = M,;. Then
F.(a) = F,(a1) = F.(c) € M; \ *
and
F.(b) = F.(b1) = F.(d) € M; \ 8".
By (4) of the main claim,
Fz(ao) = Fw(aJr) = FU(CL) (S Lz
and
Fz(bo) = Fw(b+) = Fv(b) € L.
As e is below a and b, obviously e <7, ag,bp. By Case 1, e € L; Nw; C M.
Case 3: Assume that F,(c) > g* and F,(d) < p*. Then ¢ = a; for some a € Z,
and d is either equal to by for some b € Z or is maximal in T,,. Then
F,(c) = Fy(a1) = Fr(a).
Since F,(c) € M \ 8*, we can fix i such that M; = M. Then
F.(a) = F,(c) € M; \ B*.
By (4) of the main claim,
F.(ag) = Fy(a™) = F,(a) € L; \ (M N B*).
Note that d is not equal to ag. For otherwise F;(d) € L;\(MNA*), which contradicts
our assumption that F,(d) € M N B*.

Now e <7, ¢ = a; implies that e <7, a™. But if e = a™, then a™ <r, d, which
implies that d = ag, which we just showed is not true. So e <7, a™. As observed
above, F,(a™) € L;.

If d is maximal in T}, and not equal to any by, then

Fuld) = F.(d) € MO B" C L.
Since e <7, at,d, and F,(a™) and F,,(d) are in L;, then since w is a condition,
e€L;,Nw; C M.

So e € M, and we are done.

The other possibility is that d is not maximal in T, and d = by for some b € Z.
We observed above that d # ag. Therefore a # b. So a™ # b*. Since e is below ag
and bg, we have that e <7 a™,bT. Since a™ and b™ are distinct maximal nodes of
Ty, they are incomparable, and hence e <7, a™,bT. But F,(a*) € L;, and

Fy(bT) = F.(bo) = F.(d) e M N 3* C L.
Since w is a condition, it follows that
e€L;,Nw; C M.
So e € M, and we are done.

Case 4: The case when F,(d) > 8* and F.(c) < 8* is the same as case 3, with the
roles of ¢ and d reversed.
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This completes the proof that z is a condition. Now we show that z < w,r.
Obviously T, end-extends T, and 7)., and by definition, A, and A,, are subsets of
A..

To show that z < w, let ¢ be maximal in T,,. If ¢ remains maximal in T, then
F.(c) = Fy(c), and we are done. Otherwise ¢ = a™ for some a € Z, and ag and a;
were added above c. By definition,

F.(ap) = Fy(a™) = Fy(c).

This proves that z < w.

To show that z < r, suppose that d is maximal in 7T;.. There are two cases
depending on whether F,.(d) < 8* or F,.(d) > f*. Assume first that F,.(d) < 8*.
Then by (2) of the main claim, F,.(d) = F,(d). Let d* be the unique maximal node
of T\, above d such that F,,(d*) = F,(d). Then by the definition of T, d* is still
maximal in T,, and

F,(d%) = F,(d%) = F,(d) = F,(d).

Now assume the other case that Fy.(d) > *. Then d € Z, and by the definition of
T, and F,, d; is a maximal node of T, above d, and

F.(d1) = F,(d).

This proves that z < 7. O

REFERENCES

[1] U. Abraham and J. Cummings. More results in polychromatic Ramsey theory. Cent. Eur. J.
Math., 10(3):1014-1016, 2012.

[2] M. Dzamonja and G. Dolinar. Forcing O, with finite conditions. Ann. Pure Appl. Logic,
164(1):49-64, 2013.

[3] S.D. Friedman. Forcing with finite conditions. In Set Theory: Centre de Recerca Matematica,
Barcelona, 2003-2004, Trends in Mathematics, pages 285-295. Birkhduser Verlag, 2006.

[4] S.D. Friedman and J. Krueger. Thin stationary sets and disjoint club sequences. Trans. Amer.
Math. Soc., 359:2407-2420, 2007.

(5] P. Koszmider. On strong chains of uncountable functions. Israel J. Math., 118:289-315, 2000.

(6] J. Krueger. Coherent adequate sets and forcing square. Fund. Math., 224:279-300, 2014.

[7] J. Krueger. Strongly adequate sets and adding a club with finite conditions. Arch. Math.
Logic, 53(1-2):119-136, 2014.

[8] J. Krueger. Adding a club with finite conditions, part II. Arch. Math. Logic, 54(1-2):161-172,
2015.

[9] J. Krueger and M.A. Mota. Coherent adequate forcing and preserving CH. J. Math. Log.,
15(1), 2015.

[10] W. Mitchell. Adding closed unbounded subsets of wp with finite forcing. Notre Dame J.
Formal Logic, 46(3):357-371, 2005.

[11] W. Mitchell. I[w2] can be the nonstationary ideal on Cof(wi). Trans. Amer. Math. Soc.,
361(2):561-601, 2009.

[12] I. Neeman. Forcing with sequences of models of two types. Notre Dame J. Form. Log.,
55(2):265-298, 2014.

[13] S. Todorcevié. A note on the proper forcing axiom. In Aziomatic set theory (Boulder, Colo.,
1983), volume 31 of Contemp. Math., pages 209-218. Amer. Math. Soc., Providence, RI,
1984.

[14] B. Velickovié¢ and G. Venturi. Proper forcing remastered. In J. Cummings and E. Schim-
merling, editors, Appalachian Set Theory: 2006-2012. London Mathematical Society Lecture
Notes Series. Cambridge University Press, 2013.



FORCING WITH ADEQUATE SETS OF MODELS AS SIDE CONDITIONS 43

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NORTH TEXAS, 1155 UNION CIRCLE #311430,
DENTON, TX 76203
E-mail address: jkrueger@unt.edu



	1. Background Assumptions and Notation
	2. Comparison Points and Remainders
	3. Adequate Sets of Models
	4. Forcing with Adequate Sets of Models
	5. Adding a Function
	6. Adding a nonreflecting stationary set
	7. Adding a Kurepa Tree
	References

