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PIECE SELECTION AND CARDINAL
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Abstract

We study the effects of piece selection principles on cardinal arith-
metic (Shelah style). As an application, we discuss questions of Abe and
Usuba. In particular, we show that if A > 2%, then (a) I, is not (A, 2)-
distributive, and (b) I:’A — (I,jk)i does not hold.

1 Introduction

In [2] Abramson, Harrington, Kleinberg and Zwicker pointed out that many
large cardinal properties can be reformulated as flipping properties, which are
of the following type : One is given a family F' of subsets of a set X. The prop-
erty asserts that for some “flip” h € [] o p{A4, X \ A}, the h(A)’s satisfy some
intersection property (for instance the finite intersection property). “Intersec-
tion” is taken in a wide sense so that e.g. diagonal intersections are allowed.
Notice that with the family F is associated the family of all partitions of the
form {4, X\ A} \ {0} for A € F. A flip of F can now be seen as a piece selection
operation. Namely, for each partition {4, X \ A} \ {0}, we choose one piece,
either A or its complement.

For a typical example, let k be a measurable cardinal, and U be a (k-complete)
measure on k. For F' take the collection of all partitions of k into one or two
pieces. For each such partition, select the piece in U. Then the pieces chosen
have the property that the intersection of any less than x many of them is
cofinal in k. Notice that since U is k-complete, it does not matter whether
our partitions have one, two or more pieces, as long as the number of pieces
is less than k. By thus increasing the number of pieces, we obtain a natural
generalization of the original flipping properties. In this extended framework,
regularity of an infinite cardinal x can be expressed as the property that for any
partition of k into less than x many pieces, one of the pieces must be cofinal in .
The setting can be generalized by allowing J-partitions, and not just partitions.
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(Recall that for an ideal J on a set X, a J-partition of X is a subset @ of JT
such that

e AN B € J for any two distinct members A, B of Q.
e For any C € J*, there is A € Q with ANC € JT.)

This is a way to handle properties defined in terms of distributivity. For a
further generalization we relax the requirement that a piece has to be selected
in each partition. So for instance we’re given k¥ many partitions of x, and we
might be happy to pick one piece in k many partitions. Piece selection principles
of this type have been introduced in our joint paper [11] with Laura Fontanella.
Their study is continued in the present paper.

Our starting point is Solovay’s celebrated result [33] on strongly compact car-
dinals and the Singular Cardinal Hypothesis. This theorem can be revisited in
a number of ways. For instance it is shown in [22] that if cf(\) < x and there
is a weakly AT T-saturated, (cf(\))T-complete ideal on P, (A), then pp(A\) = AT.
In another direction, Usuba [35] established that if £ is mildly A-ineffable and
cf(A) > k, then A< = X, or equivalently (since s is inaccessible), there is a
cofinal subset of P,()) of size A (i.e. u(k,A) = A). Now it was noted [§] from
the very beginning that mild ineffability can be reformulated as a piece selec-
tion principle. We consider various weakenings of this principle and attempt to
compare their relative strengths. Some of these properties can be satisfied at a
weakly, but not strongly, inaccessible cardinal, or even at a successor cardinal.
So this part of the paper is a contribution to the age-old program of determining
what’s left of weak or strong compactness when inaccessibility is removed. As
the program developed, an impressive list of properties emerged, especially in
connection with weak compactness. Some of these properties can be tentatively
classified as weak (the tree property), of medium strength (our PS™) or strong
(the weak compactness of the infinitary language L, ). For others (e.g. our
PS), the situation is not so clear and further work is needed. Our version of
Solovay’s result reads as follows (see Proposition 3.4 and Observation 4.6).

THEOREM 1.1. Suppose that cf(\) < k and PS*((cf(X))T, k, \) holds. Then
cov(A, A, (cf(A)T,2) = AT,

In the remainder of the paper, which is devoted to applications, we still deal
with variants of mild ineffability, but this time inaccessibility of x is implied.
It is a central problem in the theory of P,()A) to determine how the infinite
Ramsey theorem generalizes in this framework. (Note that the theorem comes
in several versions, from the weak “{w} — (I])3” to the strong “I — (I})7,
for all finite n,m”). The study of partition relations on P,()\) is known to be
tricky business. Carr [6] mentions that “repeated efforts to obtain”

e {P.(M)}— (I:A)g implies k is mildly A-ineffable,

e r is mildly A-ineffable implies {P.(A\)} = (I,,)3



“failed miserably”. Johnson asked in [13] whether the (), 2)-distributivity of
I, » follows from the mild A-ineffabilty of k. This was answered in the negative
by Abe [I] who showed that if A<* = 2| then (a) I,; 1| A is not (), 2)-distributive
for any stationary A, and (b) I:)/\ — (I:/\)g does not hold. This led him to ask
whether A > k implies that (a) I, is not (A,2)-distributive, and (b) I:,A —
(I1,)3 fails. This was answered, again in the negative, by Shioya [32]. It should
be noted that his model is obtained by adding many Cohen subsets of x. In
fact it was shown in [I7] that if  is mildly A<*-ineffable and A<* < cov(Mj ),
then I:-,A — (I:)\)Z; holds for any n < w and any n < k. Since cov(M, ) <
cov(M, ) <0, < 2% it made us think that maybe it could be proved that if
A > 27, then (a) I, x is not (X, 2)-distributive, and (b) I7\ — (I},)3 fails.

Part of the difficulty with the ordinary partition relation on P, () stems from
the fact that C is not a linear ordering. To avoid this kind of pitfalls we chose to
work with weaker partition relations (note that by negating them, we will obtain
stronger results). Given an ideal J on P, () and a coloring of P.(\) X P,;(\), we
are looking for a color i and a set A in J* that is not necessarily i-homogeneous
(all pairs (a,b) from A x A with a C b have color 7), but at least i-homogeneous
mod J (meaning that for each a in A, the set of all b in A such that (a,b)

does not have color ¢ lies in J). We denote this particular partition relation by
{P.(\} ER (JT)2, where p denotes the number of available colors. Still weaker
partition relations are obtained in a similar fashion by coloring x x P, (\) (given

(a,b), we look at the color of (sup(aNk),b)) or k1 x P () (replace sup(a N k)
with sup(a N xT)). To denote the corresponding partition property, we use EN
K
(respectively, —{—)) Proofs involve the usual ingredients (k-normality, covering
K

numbers, etc., and indeed some proofs are slight modifications of proofs of earlier
results. Progress is achieved via a broader appeal to Shelah’s pcf theory.

Our efforts to prove the conjectures described above were only partially suc-
cessful. By combining Observation 8.1 and Propositions 6.19, 8.4 and 9.6, one
obtains the following.

THEOREM 1.2. Suppose that 2% < A, and let D € NS} \. Then selting
J = I, |D, the following hold :

(i) J*+ EN (JT)2 does not hold.
(i) J* EN (JT)3 does not hold.
(iii) J is not (A, 2)-distributive.
There is a wide wide gap between this and what we can establish (see Propo-

sition 5.32, Corollary 6.10, Observation 8.3 and Fact 9.5) under extra cardinal
arithmetic assumptions such as Shelah’s Strong Hypothesis (SSH).



THEOREM 1.3. Assuming SSH, the following hold :
(i) If 0. < X and cf(N) # &, then for any D € NS}, Is\|D is not (k,2)-

distributive and (I, x|D)* (I:A,wl) fails. If moreover k is weakly

Mabhlo, then for any D € NS, 5, (I, A|D)* + ey [I:)\]i fails.

(i) If 2% < X and cf(\) = &, then for any D € NS} \, I, A|D is not (x",2)-

I, .
distributive, and moreover (I, x|D)" N—:> [I;k]i fails.

On the positive side we have the following (see Corollary 9.2 and Fact 9.3).

THEOREM 1.4. Suppose that SSH holds and either cf(\) = k, or cf(\) < K
and A\t <y, or cf(\) > k and A <0,. Then the following hold :

Suppose that k is weakly inaccessible. Then IT IN IT]?, holds.
K, )\ R~ K

(ii) Suppose that k is weakly compact. Then I x is (IQ, 2)-distributive, and

I,
moreover I:)\ TA> (I:)\),% holds whenever 0 < n < k.

Concerning I, — (I : ,)3, it remains open whether it fails whenever 2% < A.
What we do know is that it fails if X is large enough. In fact as shown in 18],

{P.(\)} ELEN [I:)\] fails if A is large enough.

The article is organized as follows. Section 2 is devoted to piece selection prin-
ciples on P, ()), with emphasis on PS™*(7,x, ). It is shown that if cf(\) < &
and PST((cf(X))*,k, ) holds, then there is no remarkably good scale on A.
Section 3 is concerned with piece selection principles on k. It is observed that
the tree property TP(k) is one of them. We use scales to establish that if
cf(\) < &, then PST((cf(N)*t, K, A) implies PST((cf(N\))",AT). Section 4 is
devoted to Shelah’s covering numbers. It is shown that if A is singular and
PST((cf(X))T,AT) holds, then cov(, A, (cf(A))T,2) = AT, In Section 5 we give
cardinal arithmetic conditions under which for any club subset C' of P.(\), the

partition property (I, x|C)*" (I;r/\, p)? fails. This is continued in Section
6 where we deal with the stronger partition relations (I, x|C)™ (I:)\)2
and (I, \|C)T (I:/\)Q. Mild ineffability is the subject of Section 7. We

prove that if s is mildly A-ineffable and cf()\) # &, then cov(\, kT, k1, k) = A.
Section 8 contains results on the non-distributivity of I, »|C for a club subset
C of P;(\). Finally in Section 9, we deal with the remaining case, that is the
case when cf(\) = k, and explain why this case must be handled separately.



2 Piece selection

Throughout the paper x will denote a regular uncountable cardinal,
and ) a cardinal greater than or equal to k. We start with some definitions.

DEFINITION 2.1. For a set A and a cardinal 7, we set Pr(4) = {a C A :
la] <7} and [A]" ={z C A: |z| = 7}.

DEFINITION 2.2. By a partition of a set X we mean a subset Q of P(X)\{0}
such that:

e AN B = { for any two distinct members A, B of Q.

e UQ=X.

DEFINITION 2.3. An ideal on a set X is a nonempty collection .J of subsets
of X such that :

e AUB € J whenever A, B € J.
e P(A)C Jforall AeJ.
e X ¢.J.

Given an ideal J on X, we denote by J* the set {A C X : A ¢ J}, while J*
denotes the set {AC X : X\ A€ J}. Forany Ae J", welet JJA={BC X :
BnAeJ}.
We say that J is k-complete if for any collection Z of less than x many sets in
J,one has | JZ € J.
An ideal K on X extends J if J C K.
We let I, = ,,.,. P(a) and

Ien = UaGPR()\) P({be Pc(X) :a\b#0}).
An ideal J on k (respectively, P.())) is fine if it extends I,; (respectively, Iy x).
We let NSy, (respectively, NSy ») denote the nonstationary ideal on k (respec-
tively, P, ())).

DEFINITION 2.4. Let 7 be an infinite cardinal less than or equal to x. The
piece selection principle PS™(7, k, A\) means that given a partition Q, of P.()\)
with |Q4] < 7 for each a € P.(\), there is B € I:)/\ and h € [[,cp, (r) Qa such
that for any a,b € B, the set {c € h(a) Nh(b) : aUb C ¢} is nonempty.
PS*(1,k,\)) (respectively, PS(7,k,))) means that given a partition Q, of
P.(\) with |Q.| < 7 for each a € P,()\), we may find B € I}, and h €
[l.ep.(») Qa such that for any a,b € B, there is ¢ in B (respectively, in P, ()\))
such that aUb C ¢ and the two sets {c¢ € h(a)Nh(t) : t C ¢} and {d € h(b)NA(t) :
t C d} are nonempty.

OBSERVATION 2.5. PS*(7,k,\) = PS*(1,k,\) = PS(1,k, ).
OBSERVATION 2.6. Suppose that PS*(k,k,A) holds. Then k is weakly

inaccessible.

a<k



Proof. Suppose otherwise, and let x = v*. For v < v < &, select a bijection
Jyiy—=v. Put A={a € P;(\):v Ca}. Fora€ Aandi<v,let Q) denote
the collection of all ¢ € P.()) such that a C ¢ and j(sup(cnr))+1(sup(aNk)) = i.
We may find B € I;/\HP(A) and 7 < v such that for any a,b € B, thereis tin B
such that aUb C t and the two sets {c € Q:NQ% : ¢ C c}and {d € QiNQ: : t C d}
are nonempty. Now pick a,b € B with sup(a N k) < sup(bN k). There must be
tin B withaUbCt, ce QiNQ: withtCcandde Qi NQi with t Cd. But
then

i j(sup(cﬁn))—i—l(sup(a N H)) = j(sup(cﬁn))—i—l(sup(t N ’i))
® Jsup(dnr))+1(SUP(b N K)) = J(sup(dnr))+1(sup(t N K)).
It follows that sup(a N k) = sup(t N k) = sup(b N k). Contradiction. O

OBSERVATION 2.7. Suppose that PS™(7,x,\) holds. Let A € I:)\, and for
each a € A, let Q, be a partition of the set {c € A : a C ¢} with |Qa| < 7.
Then there is B € I', N P(A) and h € [],c5 Qa such that for any a,b € B,
h(a) N h(b) # 0. '

Proof. Define ¢ : P,,(\) — Asothat x C ¢(z) for all z € P.(\). Forx € P, (\),
let T}, denote the set of all z € P,;()) such that « C z but ¢(z) \ z # 0, and set
Zy ={{z€P.(\):¢(x) Czand (2) e W} : W € Q) }-

We may find H € I:’)\ and k €[] (v (Zs U{T}) such that k(z) Nk(y) # 0

for any z,y € H.

Claim. Let x € H. Then k(z) € Z,.

Proof of the claim. Suppose otherwise. Pick y € H with ¢(z) C y, and
z € k(z) Nk(y). Then ¢(z) Cy C 2. This contradiction completes the proof of
the claim.

Now put B = ¢“H, and define f : B — H such that ¢(f(a)) = a for all a € B.

Notice that B € IZA N P(A). Let h € [[,cp Qa be such that for any a € B,
k(f(a)) ={z € Pa(N) : ¥(f(a)) € 2 and (2) € h(a)}.

Given a,b € B, we may find z in k(f(a)) N k(f(b)). Then a Ub = ¥(f(a)) U

Y(f(b)) C z CY(z), and moreover 1(z) € h(a) N h(b). O

rE Py

OBSERVATION 2.8. Suppose that PS™ (7, k,\) holds. Then for any cardinal
x with k < x <\, PST(1,5,x) holds.

Proof. Let x be a cardinal with x < x < A, and for each y € P.(x), let Q, be
a partition of P, (x) with |Q,| < 7. For a € P,(\), put
Wo={{ceP.(N):cNx€Z}:Z€EQuny}

Note that {cNx : ¢ € S} € Quny, for all S € W,. We may find B € I, and
h € Il.ep, (r) Wa such that for any a,b € B,

{ce h(a)Nh(b):aUbC c} #£0.
Set Y = {bnx:be B}. Notice that Y € I;&X. Select v : Y — B so that for any
y €Y, y=1(y)Nx and define k € [,y @y by k(y) = {cNx :c € h(y(y))}.



Now given z,y € Y, pick ¢ € h(¢¥(z)) N h(¥(y)) with ¥(x) Uy(y) C ¢. Then
clearly, z Uy C ¢ Ny, and moreover ¢ Ny € k(x) N k(y). O

Let us next recall some material concerning scales in pcf theory.

DEFINITION 2.9. Let A be an infinite set of regular cardinals such that
|A] < min A, and I be an ideal on A such that {ANa:ae€ A} C 1.

Welet [JA=T],caa For f,ge[[A welet f <;gif{ac A: f(a)>g(a)} €
I

Let 7 be a regular cardinal greater than sup A. An increasing, cofinal sequence
f={fa:a<m)in (ITA, <r) is said to be a scale of length m. If there is such
a sequence, we set tcf ([ A/1) = .

FACT 2.10. (|30, Theorem 1.5 p. 50]) Suppose that A is a singular cardi-
nal. Then there is a set A of regular cardinals such that o.t.(A) = cf(\) <
min A, sup A = X and tcf([] A/I) = AT, where I is the noncofinal ideal on A.

DEFINITION 2.11. Let f = (fa : @ < m) be an increasing, cofinal sequence
in ([T A, <r). An infinite limit ordinal 0 < 7 is a good (respectively, remarkably

good) point for f if there is a cofinal (respectively, closed unbounded) subset
X Cé6,and Z¢ € I for £ € X such that fz(a) < fe(a) whenever 8 < € are in X

and a € A\ (ZgUZ¢). § is a better point for f if we may find a closed unbounded
subset X of 0, and Z; € I for £ € X such that fz(a) < fe(a) whenever 8 < ¢ are

in X and a € A\ Z¢. § is a very good point for f if there is a closed unbounded
subset X of §, and Z € I such that fz(a) < fe(a) whenever 5 < £ are in X and
a€ A\ Z.

The scale f = (fo : @ < m) is good (respectively, remarkably good, better, very
good) if there is a closed unbounded subset C' of 7 with the property that every
infinite limit ordinal § in C such that c¢f(§) < sup A and I is not cf(d)-complete

is a good (respectively, remarkably good, better, very good) point for f

FACT 2.12. ([7], [20]) Let § < 7 be an infinite limit ordinal such that I is cf(9)-
complete (respectively, (cf(6))"-complete). Then § is a better (respectively, very

good) point for f.

We will show that if ¢f(\) < k and PST((cf(X))T, k, AT) holds, then there is no
remarkably good scale on .

DEFINITION 2.13. Given two infinite cardinals 7 and x such that 7 < x =
cf(x), we let EX (respectively, EX ) denotes the set of all infinite limit ordinals
a < x such that cf(a) = 7 (respectively, cf(a) < 7).

OBSERVATION 2.14. Suppose that tcf(][ A/I) = m, where
e A is an infinite set of regular cardinals such that |A| < min A,

o I is an ideal on A such that {ANa:a€ A} C1,



and f: (fo : @ < m) is an increasing, cofinal sequence in ([[ A, <r). Let x be
an infinite cardinal with x < (sup A)*. Then the following are equivalent :

(i) There is a closed unbounded subset C' of w such that for any regular infinite
cardinal 0 < x, and any 6 € CNEF, § is a remarkably good point for f.

(ii) There is a closed unbounded subset D of m such that for any e € P, (D),
there is g : e — I such that fo(a) < fa(a) whenever a < B are in e and

ae A\ (g() Ug(p))-
Proof. (i) — (ii) : By Proposition 8.11 of [21I] (we can take D = C).
(ii) — (i) : Easy (take C' = the set of limit points of D). O
PROPOSITION 2.15. Suppose that tcf([TA/I) = AT, where

o A is a set of reqular cardinals such that |A| < min{x, min A} and sup A =
A

o [ is an ideal on A such that {ANa:a€ A} C 1.
o PST(|A|T, Kk, AT) holds.

Let f = (fo:a < AT) be an increasing, cofinal sequence in (ITA,<r1), and let
S denote the set of all infinite limit points 6 < AT such that

. Cf(5) < K.
e J is not a remarkably good point for f
Then S is stationary in AT.

Proof. Suppose otherwise, and select a closed unbounded subset C of AT such
that any infinite limit ordinal § in C' of cofinality less than k is a remarkably
good point for f By Fact 2.14, for any e € P,(C), there is g. : e — I such
that f,(a) < fg(a) whenever o < 8 are in e and a € A\ (ge(®) U ge(B)). Pick
a bijection k : AT — C and for each nonempty b € P.(AT), ty € [[ cpp(A\
grp(@)). Put X = {z € P,(A\") :supz € z}. For x € X and a € A, set
Q% ={be X :x Cbandtp(k(supz)) = a}.
By Observation 2.7 we may find B € I;r)/\ N P(X) and h: B — A such that for

any x,y € B, Q’;(””) N QZ(‘U) # (). There must be H € I",, NP(B) anda € A
such that h takes the constant value ¢ on H. Put D = {k(supz) : x € H}.
Claim. Let a < 8 in D. Then f,(a) < faz(a).

Proof of the claim. Pick =,y € H with k(supz) = o and k(supy) = 5, and
be Q3 NQ;. Then ty(a) = a = tp(B). Thus a € A\ (gr(a) U gra(B)), and
therefore f,(a) < fs(a), which completes the proof of the claim.

By the claim, the function u : D — A defined by u(a) = fq(a) is one-to-one.
Contradiction. O



Let us observe that by replacing the hypothesis that PS*(|]A|*, s, AT) holds
with the stronger hypothesis that x is mildly AT-ineffable, we can actually prove
[20] that for cofinally many regular uncountable cardinals o < &, the set of all

points 6 € E3‘+ that are not remarkably good for f is stationary.
The conclusion of Proposition 2.15 entails the failure of a square principle of
the following type.

DEFINITION 2.16. Let # and x be two infinite cardinals such that § < y =
cf(x), and S € EX,. Then WWSi (S) asserts the existence of C,, for v < x such
that

b |Cv| <X;
° Cy C Py(7);

e if & € S, then there is a closed unbounded subset C' of « of order type
cf(a) such that C'Ny € Upec, P(D) for every v € C.

FACT 2.17. ([21]) Let A, I and 7 be such that
o A is an infinite set of regular cardinals ;
o [Al <minA ;
e supA < ;
o I is an ideal on A such that {ANa:ae€ A} C I ;
o tef([TA/I) =m.
Further let T be a collection of regular cardinals such that for any o € T,
e g <supA ;
o WWSS'PA(ETY holds.

Then there is an increasing, cofinal sequence f = (fo : a < m) in ([ A, <7)
such that for any o € T, and any ¢ € ET, ¢ is a better point for f.

PROPOSITION 2.18. Suppose that cf(\) < r and PST((cf(N\))T, k,AT)
holds. Then WWS§+ (E3‘+) fails for some regular cardinal o with cf(\) < 0 < k.

Proof. By Proposition 2.15 and Facts 2.10, 2.12 and 2.17. O

We next consider the two-cardinal version of the tree property.

DEFINITION 2.19. TP(k, \) asserts the following. Let s, C a for a € P,()\)
be such that for some C' € NS*,, we have [{s, N¢c : ¢ C a}| < & for all
¢ € C. Then there is S C A with the property that for every b € P, (M), there is
a € P;(\) such that b Ca and SNb=s,Nb.



FACT 2.20. (([37]) It is consistent relative to a supercompact cardinal that
T P(wa, Xx) holds for every cardinal x > ws.

OBSERVATION 2.21. Let s, C a for a € Py()\). Suppose that there is
Ce I;CA such that |{sqNc:c Ca}| <k forallc € C. Then |{s,Nd:d Ca}| <k
for all d € Po(N).

Proof. Suppose otherwise. Then we may find d € P.(\) and a; € P,()\) for
t < Kk so that

e d Caq,;foralli<k.
® 54, Nd # 5,; Nd whenever i < j < k.

Pick ¢ € C'with d C ¢, and let i < j < x. Then s,, Nc # s4; Nc, since otherwise
we would have s,; Nd = s,; Nd. Contradiction. [l

FACT 2.22. PS(k,k, ) implies TP(k, ).
Proof. By Proposition 5.4 of [11] and Observation 2.20. O

We will now see that if in the definition of PS™ we insist on selecting a piece from
every partition, then what we obtain is an apparently much stronger principle.

DEFINITION 2.23. For a fine ideal J on P, (\), the ideal extension principle
IE(7,k, A, J) means that given a partition @, of P.(\) with |Q,| < 7 for each
a € Py(X), there is h € [[ ¢ p, (n) Qo and an ideal K on P, () extending J such
that ran(h) C K*.

OBSERVATION 2.24. IE(w, k, ), J) holds.

Proof. Let Q, be a finite partition of P,;(A) for a € P.()\). Select a prime ideal
K extending J. For each a € P, ()), there must be W, € Q, with W, € K*.
Now define h € [[,cp, (») Qa by h(a) = W. O

FACT 2.25. ([25] There is a partition of P,()\) into A<" sets in I:,A'
OBSERVATION 2.26. The following are equivalent :
(1) IE(1, K, A, I x) holds.

(i) Given a partition Qq of Pe(N\) with |Qq| < 7 for each a € Pg()), there is
h € [aep,(r) @a such that for any a,b € Pi(}), there is ¢ € h(a) N h(b)
with aUb C c.

Proof. (i) — (ii) : Trivial.

(ii) — (i) : Assume that (ii) holds, and let Q, be a partition of P.(\) with
|Qa] < 7 for each a € P,(\). By Fact 2.25, we may find a partition T of P, (\)
into A<" sets in I:)\. Let (T, : w € Pc(\)) be a one-to-one enumeration of 7.
Pick a bijection F' : Py(A\) — P,(P.(N\) \ {0}. For w € P,(\) and = € Ty, put
W = {Naer(w) k(@) : k € [loepw) @at- We may find g € [[,cp, (ny We such

10



that for any z,y € P, (A), thereis z € g(x)Ng(y) with xUy C z. For w € P, (\)
and z € Ty, let ky € [],cp(,) @a be such that g(z) = (¢ p(y) ka(a).

Claim 1. Let v,w € P.,(\), z € Ty, y € Ty, and a € F(v) N F(w). Then
kz(a) = ky(a).

Proof of Claim 1. Suppose otherwise. Then k;(a) Nk, (a) = 0. Since g(x) C
ky(a) and g(y) C ky(a), it follows that g(x) N g(y) = 0. This contradiction
completes the proof of the claim.

Put h = UIGPN(A) k.. Using Claim 1, it is easy to see that h € [[ Q..

Claim 2. Let e € P,(P.(\)) \ {0}. Then N, h(a) € I:)\.
Proof of Claim 2. Let e = F(w). Now given s € P,()), pick z € T}, with
s C x. There must be z € ﬂaeF(w) ky(a) with  C z. Then clearly, s C z, and

moreover z € [, h(a). This completes the proof of the claim and that of the
observation. g

3 Piece selection at s

In this section we concentrate on the case A\ = k.

DEFINITION 3.1. Given an infinite cardinal 7, we let PST(r, k) assert the
following: For § € &, let Q3 be a partition of x\ 8 with |Qg| < 7. Then there is
a cofinal subset B of k and h € HﬁeB Qs such that for any «, 8 € B, we have

h(a) N h(B) # 0.

PS*(1, k) (respectively PS(t,k)) asserts the following: For 8 € &, let Q3 be a
partition of x \ 8 with |Qs| < 7. Then we may find a cofinal subset B of x and
h € [, @p such that for any o, 8 € B, there is ( in B (respectively, in k)
such that max{«, 8} < ¢ and we have h(a) N h(¢) # 0 and h(B) Nh(C) # 0.

OBSERVATION 3.2. The following are equivalent :

(i) PST(1,k).

(i) PST(7, K, k).
Proof. (i) — (ii) : Suppose that (i) holds. For b € P.(k), let @, be a
partition of the set {¢ € P.(k) : b C ¢} into less than 7 many pieces. For

b € P.(k), put pp, = |Qp| and let (Q} : i < py) be a one-to-one enumeration of
Q. Now for 8 < k and i < pg, set WZ; = Q% N k. We may find a cofinal subset
Bof k and h € []4¢, pp such that for any «, 8 € B, we have W(g(a)mwg(ﬁ) £ 0.
Then clearly, B € I+, and moreover Q™) n QZ(B) # ) for all o, B € B. O

KyK)

(ii) — (i) : By Observation 2.7. O
OBSERVATION 3.3. (i) PS*(r, k) implies PS*(7, Kk, k).
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(ii) PS(r, k) implies PS(t, K, k).
Proof. Argue as for Observation 3.2. (]
COROLLARY 3.4. PS(k,k) implies TP(k, k).
Proof. Use Fact 2.22. (]

PROPOSITION 3.5. (i) Suppose that X is regular and PS™ (7, k, \) holds.
Then PS™ (7, ) holds.

(ii) Suppose that cf(\) < k and PS™((cf(N))*, K, X) holds. Then PS*((cf(X))T,AT)
holds.

Proof. (i) : For o < A, let Q4 be a partition of A\ « into less than 7 many
pieces. For a € A, put p, = |Qa| and let (Q%, : i < pa) be a one-to-one
enumeration of Q. Now for a € P () and i < psupa, set

Wi={ce P\ :aCcandsupce QL .}
We may find B € I/, and h € [[,cp Psupa such that for any a,b € B, we

have W2 n th(b) # (. Put A = {supa : a € B}, and pick ¥ : A — B so
that sup(y(e)) = « for all & € A. Notice that A € I)". Given a, 3 € A, pick

cE Wg((;p)(a)) N Wg((g)(ﬁ)). Then clearly, supc € QZW"” N Qg(w(ﬁ)).
(ii) : Put cf(\) = 0. For £ < AT, let W, be a partition of AT\ § into at most
o many pieces. For & € AT, put pe = |We| and let <W£‘5 10 < pe) be a one-
to-one enumeration of We. By Fact 2.10, we may find an increasing sequence
(Ai © i < o) of regular cardinals greater than x with supremum A, and an
increasing cofinal sequence (f, : a < A7) in (J[,., Ai, <*), where f <* g just
in case [{i < o : f(i) > g(i)}| < 0. For a € P.(\), define x, € [];., Ai by
Xa(?) = sup(a N A;). Define s : P;(\) — AT by : s(a) = the least a such that
Xa <* fa. Fora € P;(\) and § < o, let QJ denote the collection of all ¢ € P, (\)

such that a C ¢ and s(c) € Wf(a). We may find B € I;r)/\ and h € [[,cp Psa)

such that for any a,b € B, we have QZ(G) N Qg(b) £ ().

We inductively define a,, € B for n < A1 so that s(am,) < s(an) whenever
m < n < AT. Suppose that a,, has been defined for each m < n. Putting
v = sup{s(am) : m < n}, we select a, € B so that ran(fy+1) € a,. Now let
m < n < AT be given. There must be some ¢ in Q") N Q4*). Then clearly,
s(c) > max{s(am), s(an)}, and moreover s(c) € whtam) o yyhlan) O

S(GM) 5(an) :

DEFINITION 3.6. Given an infinite cardinal x, the Almost Disjoint Set
principle ADS, asserts the existence of a cofinal subset y, of x of order-type
cf(x) for each a < x such that for each nonzero 8 < x*, there is k € [, 5 va
with the property that (ys \ (k(9)) N (ya \ (k(e)) = @ whenever § < a < .

It is known [21I] that if there is a remarkably good scale on x, then ADS, holds.
Thus the following is closely related to Proposition 2.15.
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PROPOSITION 3.7. Let x be a singular cardinal such that PS™T((cf(x))T, x)
holds. Then ADS, fails.

Proof. Let y, be a cofinal subset of x of order-type cf(x) for each a@ < x7.
Suppose that for each nonzero 8 < x*, there is kg € Ha<5 Yo With the property

that (ys \ (kg(0)) N (ya \ (kg()) = 0 whenever § < a < 8. For o < x* and
€ € Ya, let Q5 denote the set of all y such that @ < v < xT and ky41(a) = £&. We

may find B € [x*]X" and h € [1.cp ¥a such that Qg(é) N QA £ ) whenever
J,a € B. Now given § < a < xT, pick v € Qg(é) N QM. Then clearly,

ky41(6) = h(6) and ky11(a) = h(a), and consequently (ys\(h(5))N(ya\(h(a)) =
(). Contradiction. O

Let us now turn to the tree property.

DEFINITION 3.8. The tree property TP (k) asserts that any tree of height
k each of whose levels has size less than « has a k-branch.

FACT 3.9. (i) ([37) TP(k) and TP(k,k) are equivalent.
(i) ([34]) Let T be an infinite cardinal such that <7 = 7. Then TP(rT) fails.

TP(k) can be recast as a piece selection principle.

OBSERVATION 3.10. The following are equivalent:
(i) TP(k).

(i) Let (Qo : o < K) be a sequence of partitions of k into less than k many
pieces with the property that Qg C UWeQa P(W) whenever a@ < 8 < k.
Then there is h € [] ., Qa such that |h(a)h(B)| > 2 whenever a < B <
K.

a<k

Proof. (i) — (ii) : Suppose that (i) holds, and let (Qq : @ < k) be as in (ii).
Consider the tree (T, <r), where

e "=, Ly, where L, consists of all g € [[,,,1{A € Qo : |A] = 2}
such that ¢g(8) C g(«) whenever o < 8 < 7.

o f <7 gjustincase f Cyg.

(ii) — (i) : Suppose that (ii) holds, and let T' = (x, <r) be a tree of height
x with each level L, of size less than x. Consider the sequence (Qq : a < k) of
partitions of x defined by : Qn = {Q5, : € € Ly}, where

Qi ={Cen:(<ru{gu{nenr:&<rn}. -

This can be used to reformulate T'P(x) in terms of partitions relations.

OBSERVATION 3.11. The following are equivalent:
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(i) TP(x).

(il) Suppose that F : k X k — Kk has the following property : if B < v <J <k
are such that F(5,v) = F(5,0), then F(a,y) = F(a,d) for all a < B.
Then there is A € [k]" such that one of the following holds :

o F(B,7) # F(B,8) whenever B <y < § are in A.
o F(B,7) = F(B,8) whenever B <y < § are in A.

Proof. (i) — (ii) : Assume that (i) holds, and let F' be as in (ii). For a < &,
consider the equivalence relation ~, defined on k by : 8 ~, < if and only if
either y = 8 < o, or 8,7 > a and F(§,8) = F(&,7) for all £ < a. Let Q, be
the set of all equivalence classes with respect to ~,.

Case 1 : There is < & such that |@Q,| = k. Pick A € [k \ (7 + 1))]* so that
[ANH| < 1forall H € @, Nowif§ <y < ¢ are in A, we must have
F(B,v) # F(B,9), since otherwise we would have F(n,~v) = F(n,?).

Case 2 : |Q.] < k for all @ < k. Then by Observation 3.10, we may find
h € [lyc, Qo such that |h(a) N A(B)| > 2 whenever a < 8 < k. It is simple to
see that {h(«) : a < k} C [k]". Furthermore, h(8) C h(a) whenever a < 8 < k.
Now inductively define an increasing sequence (o : i < k) of elements of % so
that for any j < &, o € h((sup{e; : @ < j}) + 1). Then clearly, F(a;,a;) =
F(a;, ar) whenever i < j < k < k.

(ii) — (i) : Assume that (ii) holds, and let (Q, : & < k) be as in (ii) of
Observation 3.10. For a < &, let (Q%, : i < |Q4|) be a one-to-one enumeration
of Qn. Define F : k X k — k by : F(a,) = i just in case 8 € Q!. There
must be A € []" and f € [[,c 4 |Qal such that F(3,v) = f(3) whenever 5 < v

are in A. Then A\ (8+1) C Qg(’@) for all g € A. It easily follows that the
conclusion of (ii) of Observation 3.10 holds. O

QUESTION. Is it consistent that T P(x) holds, but PS(k, ) fails ?

We return to ideal extension, but this time for ideals on k.

DEFINITION 3.12. We let L, denote the infinitary language which allows
conjunctions and disjunctions of less than x many formulas, and universal and
existential quantification over finitely many variables.

Ly, is weakly compact if any set of k sentences from L, without a model has
a subset of smaller size without a model.

DEFINITION 3.13. For a fine ideal J on k, IE(T, k, J) means that given a
partition Qo of k£ \ a with |Q,| < 7 for each o € k, there is h € [],¢,. Qa and
an ideal K on k extending J such that ran(h) C K*.

OBSERVATION 3.14. Suppose that L., is weakly compact. Then IE(k, &, I,;)
holds.

Proof. For a < k, let @, be a partition of x \ a with |Q.| < k. Consider
the L., language with one unary predicate S and constant symbols ca for
A€ Uyep Qa- Let X consist of the following sentences :
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* Vacq, Slca) for each v < .

e —(S(cag) ANS(ca,)N---ANS(ca,)) whenever 0 < n < w, Ag, A1, -, A, €
Ua<;~;QO¢ and AgNA;N---NA, =0.

Notice that for 0 < 8 < &, ﬂa<5 kg(a) # 0, where kg : B — K is defined by
kg(c) = the unique A € Q, such that g € A. It easily follows that any subset
of ¥ of size less than « is satisfiable. Hence so is X itself, and there must be
h € [[,c, Qa with the property that for each e € P, (k) \ {0}, Nyee M) is
nonempty. In fact, (. h(«) € I7. Suppose otherwise, and let § <  such that

Nace () € 0. Then (,cqh(a) = 0, where d = e U {¢}. Contradiction. O

Boos [4] showed that if « is weakly compact, then in the extension obtained by
adding kT many Cohen reals, L, is still weakly compact. Thus IE(k, &, I,;)
(and hence PS™(k, k)) may hold without s being inaccessible.

QUESTION. Is it consistent that PS™(x, \') holds for every cardinal X' > &,
but « is not inaccessible ?

DEFINITION 3.15. For an infinite cardinal 7, the transversal property PT (k, T)
means that for any size x family of sets of size less than 7 without a transversal
(i.e. a one-to-one choice function), there exists a subfamily of size less than &
without a transversal.

FACT 3.16. ([27]) It is consistent (relative to infinitely many supercompact
cardinals) that PT(k,w1) holds for every regular infinite cardinal k greater than
the least fized point of the aleph function.

OBSERVATION 3.17. Suppose that IE(t, &, I;) holds. Then so does PT(k, ).

Proof. Let (X, : o < k) be a sequence of sets of size less than 7 with the
property that for any nonzero 8 < &, there is a one-to-one kg in [, 5 Xa-
Pick a one-to-one function j : (J, . Xoa — k. For a < s and i € j“X,, set
Al ={yer\a: jkyi(a)) =i}. There must be h € [, _, j“X, such that
Al ﬁAZ(B) # () for all o, B < k. Define g € [],,. . Xa so that j(g(a)) = h(x).
We will show that g is one-to-one. Thus let a < § < k. Select v in AZ(O‘)QAZ(@.
Then j(ky4+1(a)) = h(e) and j(ky+1(8)) = h(B), which gives kyy1(e) = g(cv)
and ky11(8) = g(B). It follows that g(a) # g(B). O
Let PT~(k, ) mean that for any size x family of sets of size less than 7 with the
property that any subfamily of size less than x has a transversal, there exists a

subfamily of size k with a transversal. Then by the proof of Observation 3.17,
PS*(r,k,7) implies PT~ (k, ).

QUESTION. Is it consistent that PS™ (k, k) holds, but I E(k, k, I,;) fails ?

QUESTION. What is the least possible value of x at which PS™(k, k) (re-
spectively, PS*(k, k), PS(k, x)) may hold ?

a<k
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4 Covering numbers

In this section we study the consequences of PS* in terms of cardinal arithmetic
(in the sense of Shelah).

DEFINITION 4.1. Given two infinite cardinals p < o, u(p,o) denotes the
cofinality of the poset (P,(o), Q).

FACT 4.2. (Folklore) Let p < o be two infinite cardinals. Then o<P =
max(20, u(p, o)}

DEFINITION 4.3. Given four cardinals p1, p2, p3, p4 with p1 > pa > p3 > w
and ps > pg > 2, cov(pi, p2, p3, pa) denotes the least cardinality of any X C
P,,(p1) such that for any a € P,,(p1), there is Q € P,,(X) with a C |J Q.

Note that u(p, o) = cov(a, p, p, 2).
FACT 4.4. (|30, pp. 85-86], [19]) Let p1, p2, p3 and ps be four cardinals such
that py > p2 > p3 > w and p3 > pg > 2. Then the following hold :

(1) If p1 = p2 and either cf(p1) < pa or cf(p1) > ps3, then cov(p1, p2, p3, pa) =
cf(p1).

(i1) If either p1 > pa, or p1 = pa and py < cf(p1) < ps, then cov(p1, p2, p3, Pa) >
P1-

(ili) cov(p1, p2, p3, pa) = cov(ps, p2, ps, max{w, pa}).
(iv) cov(py, pa, ps, ps) = max{py, cov(p1, p2, p3, pa)}.

(v) If p1 > p2 and cf(p1) < pa = cf(ps), then
cov(p1, p2, p3, pa) = sup{cov(p, p2, p3, p1) : p2 < p < p1}.

(vi) If p1 is a limit cardinal such that py > p2 and cf(p1) > ps, then
cov(p1, p2, p3, pa) = sup{cov(p, p2, p3, p4) : p2 < p < p1}.
(vii) If pg > ps > w, then
cov(p1, p2, p3, pa) = sup{cov(p, p2, p", pa) 1 pa < p < p3}.

(vii) Ifps < p2 = cf(p2), w < pa = cf(pa) and py < p3™, then cov(p, p2, ps, pa) =
P1-

(ix) If p3 = cf(ps), then either cf(cov(p1, p2, p3, pa)) < pa, or ct(cov(pr, p2. p3, pa)) >

p3-

(x) Suppose that ps > cf(p2) > ps and cf(ps) # ct(p2). Then cov(pi, p2, ps3, pa) =
cov(pi1, p, p3, pa) for some cardinal p with ps > p > ps.

FACT 4.5. (i) ([30, Remark 6.6.A p. 101]) Let x be a singular cardinal.
Then cov(x, X (cf(x)) ", ef () > x™ if and only if cov(x, x, (cf(x))*,2) >

+

X"
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(i) ([30, p. 99], [19])) Let x be a singular cardinal. Suppose that cov(x, x, (¢f(x))",2) >
xt. Then we may find yo € P+ (x) for a < xt such that for any
nonzero 3 < x*, there is a one-to-one h € Ha<,@ Yo

Note that if f = (f, : @ < 7) is an increasing, cofinal sequence in (] 4, <r),
then by a result of Shelah [30, Theorem 5.4 pp. 87-88], m < cov(sup A, sup A4, | 4|1, 2).

OBSERVATION 4.6. Let x be a singular cardinal such that PS*((cf(x))™, x™)
holds. Then cov(x, x, (cf(x)),2) = x™.

Proof. Suppose otherwise. Put o = cf(x). By Fact 4.5, we may find y, €
P,+(x) for @ < x* such that for any nonzero 8 < x™, there is a one-to-one
hg € [loyepYa- For a < xT, let (yi, : i < [ya|) be a one-to-one enumeration of
Yo, and set Q°, = {6 € T\ a: hgr1(a) =y }. There must be B € [xT]X" and
9 € Ilucp [Wal with the property that Qf}“’ N Qg('v) # () whenever o,y € B.
Then clearly, the function ¢ : x* — y defined by t(a) = y%*) is one-to-one.
Contradiction. O

Neeman [29] established the consistency relative to large cardinals of the ex-
istence of a singular strong limit cardinal x of cofinality w such that TP(x™)
holds and 2X > x*. Note that
X = XCf(X) < max{cov(x, X, (Cf(X))+= 2),2°X} = cov(x, X, (Cf(X))+7 2) < 2%,

and therefore by Observation 4.6, PS™*((cf(x))*, x") fails. In Neeman’s model,
there is both a very good (and hence remarkably good) scale of length x* on
X, and a scale of length xT on  that is not good (so that approachability
fails, and in fact [2I] there is a regular uncountable cardinal o < x such that

EX" ¢ Ix*;x)).
To get the most out of Observation 4.6 we will vary the value of \. We will thus
be able to use the following results of pcf theory.

FACT 4.7. ([19)) Let o, k, p and v be four infinite cardinals such that cf(o) =
0 <k ando <cf(u) =p <v. Suppose that

e cov(k,pt,pt,0) < kT for every cardinal p with o < p < min{k, u}.
o cov(x, X, 0",0) = xT for every cardinal x with k < x <v and cf(x) = 0.
Then cov(v, pi, 1, 0) < v,

OBSERVATION 4.8. (i) Let m and u be two regular cardinals such that
w<7m<k<pu< N Suppose that
o cither cf(A\) <, or cf(\) > p.
o u(pt k) < KTT for every cardinal p with w < p < K.

e cov(x, X,w1,2) = x* for every cardinal x with k < x < X and cf(x) =
w.
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Then cov(A, p, g1, ™) = A.

(ii) Let m and p be two regular cardinals such that wy < m < k < p < A
Suppose that
o cither cf(\) <, or cf(A) > p.
o cov(k, pT,pT,w1) < kT for every cardinal p with wy < p < k.
e cov(x, X, w2, w1) = xT for every cardinal x with k < x < X and
cf(x) = ws.
Then cov(A, p, p, ™) = .
Proof. We prove (i) and leave the similar proof of (ii) to the reader. By Fact
4.4 ((i) and (ii)), cov(r, p, u, ™) > 7 for every cardinal 7 > p. Furthermore by
Fact 4.7, cov(v, p, p, ) < u(p,v) < vt for any cardinal v with p < v < A.
Case 1 : A = u. Then by Fact 4.4 (i),
A < cov(\ p, py ) < u(p, A) = A
Case 2 : A is the successor of some cardinal o > u. Then by Fact 4.4 (i),
A < cov(A, gy, ) < ulp, A) = max{A u(p, o)} = A
Case 3 : cf(A) < w. Then by Fact 4.4 (v),
A < cov(A, p, p, ™) = sup{cov(v, p, i, ™) < v <A} < A
Case 4 : A is a limit cardinal with p < cf()). Then by Fact 4.4 (vi),
A < cov(A, p, pr, ) = sup{cov(v, p, p, ) 1 pp S v < AP <A

FACT 4.9. ([9])
(i) Letw be a regular cardinal such that k < m < X. Then u(k, \) < max{u(k, ), u(m, \)}.

(ii) Suppose that X is a limit cardinal. Then
u(k, A) = max{cov(A, A, K, 2),sup{u(k, x) : & < x < A}}.

OBSERVATION 4.10. Suppose that

o cf(N\) =w.

o u(pT, k) < KTT for every cardinal p with w < p < K.

o cov(x, X, w1,2) = xT for every cardinal x with Kk < x < X and cf(x) = w.
Then u(k, \) = cov(A, A, w1, 2).
Proof.

Claim 1. Let x be a cardinal with k™ <y < A. Then u(wi, x) < u(k, X)-
Proof of Claim 1. By Facts 4.4 and 4.9 (i),

u(wi, x) < max{u(ws, k), u(k, x)} = u(k, x),
which completes the proof of the claim.

Claim 2. u(k,\) = u(wy, A).
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Proof of Claim 2. By Observation 4.8 (i), cov(A, \,w1,w1) = A. Hence by
Claim 1,
u(k, A) < u(wy,cov(A, A\ wi,wi)) = ulwr, A) < u(k, N,
which completes the proof of the claim.
Claim 3. u(w, \) = cov(A, A, wy, 2).
Proof of Claim 3. By Claim 1 and Facts 4.4 and 4.9 (ii),
u(wy, A) = max{cov(A, A\, w1, 2), sup{u(w, 7) : w1 <7 < A}} = cov(, A, wi, 2),
which completes the proof of the claim and that of the observation. O

5 Unbalanced partition properties

Let us start with partitions of Pg(A\) x Py (A).

DEFINITION 5.1. Given two collections X and Y of subsets of P;(\), an

ideal J on P, (), and a cardinal p with 0 < p <k, X TN (JF, p)? means that
for any F : P,(\) x P;(\) — 2 and any A € X, there is either B € J* N P(A)
such that {b € B : F(a,b) # 0} € Y for all a € B, or an increasing sequence
(ci 29 < pyin (A, C) such that F(c;,¢;) = 1 whenever ¢ < j < p.

OBSERVATION 5.2. Let J be a fine ideal on P;(\). Then J* KR (JF,w)?
holds.

Proof. Fix F : P,(\) X P;(\) = 2 and A € J". Define ¢ : P,(\) x P(4) —
P(A) by

P(a,X)={be X :aCband F(a,b) = 1}.
Case 1 : There is Y € J* N P(A) such that ¢(a,Y) € J for all a € Y. Then
clearly, F'(a,b) = 0 whenever ¢ isin Y and b is in Y \ ¢(a,Y") with a C b.
Case 2 : For each X € J* N P(A), there is ax in X such that ¢(ax,X) € J*.
Inductively define X, for n < w by :

[ XQ = A.
o X1 =1¢(ax,,Xn).

Then clearly, {ax, : n < w} C A. Moreover, if m < n < w, then ax,, C ax,
and F(ax,, ,ax,) = 1. O

DEFINITION 5.3. For anideal J onaset X, M AD(J) (respectively, M AD4(J))
denotes the collection of all Q@ C J* such that

e AN B € J (respectively, AN B = ()) for any two distinct members A, B of
Q.

e For any C € JT, thereis A€ Q with ANC € J™.
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Let p and v be two nonzero cardinals. J is (p,v)-distributive (respectively,
disjointly (p, v)-distributive) if given A € J¥, and Q, in M AD(J) (respectively,
MADg(J)) with |Qa| < v for a < p, there is B € J*NP(A) and h € [, Qa
such that B\ h(a) € J for every o < p.

OBSERVATION 5.4. Suppose that J is a (0, 2)-distributive ideal on a set X,
where 6 is an infinite cardinal. Then J is (0,0)-distributive.

Proof. Let A € Jt, and Q, € MAD(J) with |Q,| < 6 for a < 6. Put
Z =Uycp Qa- There must be B € JTNP(A) and h € [[1,c ,{W, X \ W} such
that B\ h(W) € J for every W € Z. Now given a < 6, we have Q, € MAD(J),
so there is a (unique) W € Q, such that h(W) = W. O

OBSERVATION 5.5. Suppose that J* (J*,0%)? holds, where J is a k-
complete, fine ideal on P.()\), and o is an infinite cardinal. Then J is disjointly
(o, A<F)-distributive.

Proof. Let A € JT, and Q, in MADy(J) for a < 0. For a < o, put
X% = P.(A\)\UQa, and let (X! : 0 < i < |Qq|) be a one-to-one enumeration
of Qu. Define g : 0 x Pg(A\) = A<" so that for any a € P.()\) and any a < o,
a € X4 Now define F : P,(\) x P.(\) — 2 by : F(a,b) = 1 if and
only if there is @ < o such that g(o,a) # g(,b), and for the least such «,
g(a,a) > g(a,b).

Case 1: Thereis B € Jt, and Z, € J for a € B such that F(a,b) = 0 whenever
a,b € B and b ¢ Z,. Assume toward a contradiction that there is v < ¢ such
that {B\ X! : 0 < i < |Q4]} C JT, and let o denote the least such . Let
h € Tlgealk : 0 < k < |Qgl} such that {B\Xg(ﬂ) : 3 < a} C J. There
must be 0 < i < j < |Qq| such that {BN X, BN XJ} C J*. Pick a in
(BNX)\UpeaB\X5P), and bin (BAXE)\ (ZaUU g o (B\ X5P)). Then
F(a,b) = 1. Contradiction.

Case 2 : There is an increasing sequence (as : § < o) in (A, C) such that
F(ay,as) = 1 whenever v < § < o. We will show that this is contradictory.
For this we inductively define {, < o for @ < o so that g(a, ae,) = g(a, as)
whenever &, < § < 0. Thus suppose that {3 has been defined for each § < a.

Claim. There is £ < o such that g(«, ag) = g(o, as) whenever £ < § < o™.

Proof of the claim. Suppose otherwise. Inductively define ~, for n < w so
that

o 70 = sup{és A < a}.
® Yn+l > Tn and g(ava’7n+1) 7& g(a7a’7n)'

Then g(o,ay,) > g(o,ay,) > g(o,a,,)---. This contradiction completes the
proof of the claim.

Using the claim, we let &, = the least £ < o such that g(o,ae) = g(a, as)
whenever £ < § < ot.
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Finally pick v, d so that sup{¢, : n < o} <y <d < o™. Then g(n,as) = g(n, as)
for all n < o. Hence F'(a~, as) = 0, which yields the desired contradiction. [

The remainder of the section is devoted to partitions of k X P, (A).

DEFINITION 5.6. Given two collections X and Y of subsets of P.(\), an
ideal J on Py ()\), and a cardinal p with 0 < p < &, X = (J*, p)? means that

for any F : k X P;(\) = 2 and any A € X, there is either B € J* N P(A) such
that {b € B: F(sup(anNk),b) # 0} € Y for all a € B, or an increasing sequence
(ci 21 < pyin (A, C) such that F(sup(c; Nk),c;) =1 whenever ¢ < j < p.

OBSERVATION 5.7. X L (J*,p)? implies X 5 (J*, p)2.
OBSERVATION 5.8. Assuming J is fine, the following are equivalent :
(i) X L (JF, p)? holds.

(i1) For any G : k X Py(\) = 2 and any A € X, there is either B € JTNP(A)
such that {b € B : G(sup(ank),b) # 0} € J for alla € B, or an increasing
sequence {(¢; : i < p) in (A, C) such that sup(c; N k) < sup(c; N k) and
G(sup(c; N k), ¢c;) =1 whenever i < j < p.

Proof. (i) — (ii) : Given G : K X P;(A) — 2 and A € X, define F :
kX Po(A) = 2 by : F(a,b) =1 if and only if G(a,b) =1 and a < sup(a N k).
(ii) — (i) : Trivial. O
DEFINITION 5.9. Anideal J on P ()) is k-normal if for any A € J* and any
f: A — k with the property that f(a) € a for all a € A, thereis B € JTNP(A)

such that f is constant on B.
We let NS | denote the smallest x-normal, fine ideal on Py ().

DEFINITION 5.10. We let Q, » denote the set of all a € P,()) such that

a Nk is an infinite limit ordinal.
FACT 5.11. ([25]) Q.. € (NSQ/\)*.

DEFINITION 5.12. An ideal J on P, (\) is a weak m-point if for any A € J+
and any f: xk — J, there is B € J* N P(A) such that BN f(«a) € I, 5 for every
a € R.

J is a weak x-point if for any A € JT and any g : K — P.(\), there is B €
JTNP(A) such that g(sup(ank) C b for all a,b € B with sup(ank) < sup(bNk).

OBSERVATION 5.13. (i) I\ is a weak m-point.
(ii) Any weak x-point is fine.

(i) If J is fine and k-normal, then it is both a weak mw-point and a weak x-point.
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DEFINITION 5.14. Given a collection X of subsets of P.(\), an ideal J
on P.(\), and a cardinal p with 0 < p < K, X % (J*,p)? means that for
any F' : k X P;(\) — 2 and any A € X, there is either B € J+ N P(A)
such that F(sup(a N k),b) = 0 whenever a,b € B are such that ¢ C b and
sup(a N k) < sup(bN k), or an increasing sequence (¢; : @ < p) in (A, C) such
that sup(c; N k) < sup(c; N k) and F(sup(c; Nk),c;) =1 whenever ¢ < j < p.

FACT 5.15. ([16]) Let p be an uncountable cardinal less than or equal to K,
and X = {a € Q. : cf(anNk) < p}. Then X =5 (JT,p)? fails.

OBSERVATION 5.16. Suppose that JT Z (J*,p)? holds, where J is both

a weak m-point and a weak x-point, and p is a cardinal with 0 < p < k. Then
<

JT = (J*, p)? holds.

K

Proof. Use Observation 5.8. (|
OBSERVATION 5.17. Suppose that J+ ER (J*,p)? holds, where J is a

k-normal, fine ideal on P.()\), and p is a cardinal with w < p < k. Then
{a€Qpr:cflank) <p}eld.

Proof. By Fact 5.15 and Observations 5.13 and 5.16. (]

J
Let us now concentrate on J© = (J T, k)2,
K

OBSERVATION 5.18. Suppose that {P.()\)} =N (JT,K)? holds, where J is

a k-complete, fine ideal on P,(X\). Then k is weakly compact.

Proof. Given f : k X k — 2, define F : £ X P;(A\) = 2 by : F(a,b) =1 if and
only if a < sup(bN k) and f(a,sup(bNk)) = 1.

Case 1 : There is B € J* such that T, € J for all @ € B, where T, = {b €
B : F(sup(a N k),b) # 0}. Proceeding by induction, define a, € A for a < &
so that for any 3 < «a, aq ¢ T,, and sup(ag N k) < sup(a, N ). Then clearly,
f(sup(ag N k),sup(aq Nk)) = 0 whenever § < a < k.

Case 2 : There is an increasing sequence {(¢; : i < k) in (A, C) such that
F(sup(c; N k),¢j) = 1 whenever ¢ < j < k. Then given i < j < k, we have
sup(c; N k) < sup(c; N k) and f(sup(c; N k), sup(c; Nk)) = 1. O

DEFINITION 5.19. Given an ideal J on P.()\), we let J [ k denote the set
of all X C x such that {a € P,(\) : sup(anNk) € X} lies in J.

DEFINITION 5.20. An ideal J on k is weakly selective if for any A € J+
and any partition @ of A into sets in J, there is B € Jt N P(A) such that
|[BNW| <1 for every W € Q.

OBSERVATION 5.21. (i) J | & is an ideal on k.
(i1) If J is fine, then so is J | k.
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(iii) If J is k-complete, then so is J | k.

(i) If J is both a weak mw-point and a weak x-point, then J | k is weakly
selective.

(v) If J is fine and k-normal, then J | k is normal.
(vi) J | k C K | k for every ideal K on P, (\) extending J.
FACT 5.22. ([28]) NS.» | k= NS,.

DEFINITION 5.23. Given an ideal J on a set X, we let cof(J) denote the
least size of any B C J such that J = (Jz.pz P(B).

Assuming that J is s-complete, but not x*-complete, we let cof(.J) denote the
least size of any B C J such that for any A € J, there is b € P, (B) with A C (Jb.

DEFINITION 5.24. The dominating number 0,, denotes the least size of any
F C "k with the property that for any g € "k, there is f € F such that
g(a) < f(a) for every a € k.

We let 9, denote the least size of any F' C ®k with the property that for any
g € "k, there is € P.(F') such that g(a) < sup{f(«): f € z} for every a € k.

FACT 5.25. (i) ([14]) cof(NS,) = 0.
(ii) (126]) cof (NSy) = s

OBSERVATION 5.26. (i) Let J be a k-complete, fine ideal on x such that
cof(J) < A. Then J = (I, A|A) | & for some A € I:’)\ N P(Q.n)-

(ii) Suppose 0, < X. Then NS, = (I, A|C) | K for some C € NSy -

(iii) Let J be a r-complete, fine ideal on r such that cof(J) < X\. Then
J = (IualA) T K for some A € I:)\ such that (A,C) and (P.(\),Q)
are isomorphic.

Proof. (i) : Pick B C J with |B| = cof(J) such that for any B € .J, there
is b € P.(B) with B C |Jb. Select v C A\ k with |v| = |B|, and a bijection
h :v — B. Let A be the set of all a € Q,  such that a Nk ¢ h(«w) for all
acvna.

Claim. Let X € J*. Then {a€ A:anre X} eI,

Proof of the claim. Fix ¢ € P;()). Pick 6 € X\ (U ecpne h(@)) with cnk C 0.
Set a = d U (¢ \ k). Then clearly, v N ¢ = v Na. Moreover, ¢ C a and a € A,
which completes the proof of the claim.

By the claim, A € I, and moreover (I, x|A) | £ C J. For the reverse inclusion,
fix X € J. We may find e € P,.(v) such that X C Uaece M(@). Then ank ¢ X
for all ¢ € A with e C a. Hence X € (I, A|4) | &.

(i) : By Fact 5.11, 5.22 and 5.25 and the proof of (i).

(iii) : Let B, v and h be as in the proof of (i), and let A be the set of all
a € P, (X) such that
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e sup(aNk) € a.

e sup(aNk) ¢ h(a) for all @ € vNa.

Claim. Let X € J*. Then {a € A:sup(ank) e X} e I],.

Proof of the claim. Given ¢ € P,()), pick 6 € X \ (Uyecyne M(@)) with
sup(cNk) < d. Set a = cU{d}. Then clearly, ¢ C a, a € A and sup(a N k) =6,
which completes the proof of the claim.

By the claim, A € I',, and moreover (I, z|A) | £ C J. For the reverse
inclusion, proceed as in the proof of (i). Finally, define ¢ : P.(\) — &k and
Y1 Po(X) = Pe(X) by ¢(a) = the least § > sup(ank) such that 0 & (J, e nq M),
and ¢¥(a) = aU{p(a)}. It is easy to see that ¢ is an isomorphism from (P, (A), C)
onto (A4, C). O

Iw,k

Notice that if (A,C) and (P.(A), C) are isomorphic and, say, {P.(\)} —=

(I;C)\7 x)? holds, then so does {A} INTA> (IfA,m)Q.

K

DEFINITION 5.27. Given a collection W of subsets of k, an ideal K on «, and
a cardinal p with 0 < p < k, W — (KT, p)? means that for any f : x x x — 2
and any A € W, there is either B € K™ N P(A) such that f(«,8) = 0 for
any @ < ( in B, or an increasing sequence (7y; : i < p) in (A4, <) such that
f(vi,7v;) =1 whenever ¢ < j < p.

PROPOSITION 5.28. Suppose that J* L (JT, k)2 holds, where J is both a
weak m-point and a weak x-point. Then (J [ k)T — ((J | k)*,k)? holds.

Proof. Let X € (J | k)" and f: k X K — K be given. Put A = {a € P,()\) :
sup(a N k) € X}, and define F : Kk x A — 2 by : F(a,b) = 1 if and only if
a <sup(bNk) and f(a,sup(bNk)) = 1.

Case 1 : There is B € Jt N P(A), and Z, € J for a € B such that F(sup(a N
k),b) = 0 whenever a,b € B and b ¢ Z,. Set T = {sup(aNk) : a € B}. For
a € T, pick a, € B with sup(a, N k) = a. There must be S € J* N P(B) such
that for any o € T, and any a,b € S with sup(aNk) = a <sup(bNk), b ¢ Z,,.
Now put Y = {sup(bNk): b€ S}. ThenY € (J | k)" N P(X). Given a < 3
in Y, we may find a,b € S such that sup(a N k) = @ and sup(bN k) = . Then
b¢ Z,,. Since aq,b € B, it follows that

0 = F(sup(aq NK),b) = f(a,sup(bNk)) = f(a, B).

Case 2 : There is an increasing sequence (a5 : 6 < k) in (A4,C) such that
F(sup(ay N k),as) = 1 whenever v < 6 < k. Then clearly by definition of F,
given v < § < K, we have sup(a, N k) < sup(as N ), and moreover f(sup(a, N
K),sup(as N k)) = 1.

DEFINITION 5.29. We let NWC,, denote the set of all A C s such that
{A} — (NS, k)? does not hold.
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FACT 5.30. (i) ([3]) Assuming k is weakly compact, NWC\, is the smallest
normal ideal K on r such that K+ — (K, k)2.

(i1) ([B]) The set of all those cardinals less than k that are not inaccessible
belongs to NWC\,.

(i1i) ([16]) Let J be a w-normal, fine ideal on Py(\). Then JT ER (J*, k)2
holds if and only if J | k extends NWC,.

FACT 5.31. ([26], [19]) The following are equivalent :
(1) 0 <X =cov(\, kT, kT, K).

(ii) I; A|C is k-normal for some C € NST -

Notice that by Shelah’s Revised GCH theorem [3I, Conclusion 1.2], for any
uncountable strong limit cardinal 7, there is 6 < 7 with the property that if
6 <k <7 <\, then cov(\, kT, kT, k) = \.

PROPOSITION 5.32. Suppose 0, < A = cov(A\, kT, kT, k). Then the follow-
ing hold.

(i) Let o be an infinite cardinal. Then for any D € NS}, \, J* % (J*t,oh)?
does not hold, where J =TI, z\|[{a € DN Q. :cflank) <o}.

(it) For any D € NS} , and any X € NSFNNWC,, J* ER (J*,k)? does
not hold, where J = I, x\|{a € D :sup(ank) € X}.

Proof. (ii) : Assume toward a contradiction that J* ER (J*,k)? holds. By
Fact 5.31, there is C' € NS} such that I, x|C is k-normal. Put K = J|(C'N
Q..2). Then clearly, K is x-normal and K+ EiN (K*,k)? holds. Hence by

Observation 5.21 and Proposition 5.28, K | k is a normal, fine ideal on k such
that (K | k)* — ((K | k)%, x)? holds. By Fact 5.30, it follows that X € K | k.
Contradiction.

(i) : Proceed as in the proof of (ii), but this time appeal to Observation 5.17.
O

6 Balanced partition properties

We now turn to stronger partition properties that (in the case when cf(\) # k)
will imply that cov(\, kT, kT, k) = A.
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DEFINITION 6.1. Given 2 < n < w, two collections X and Y of subsets
of P;(\), an ideal J on P,()), and a cardinal p, X RN (JT)p means that for
any F : (P;(\))" — p and any A € X, there is i < p, B € J* N P(A), and
Z, €Y for a € B such that F(ay, a2, -+ ,a,) =i whenever a1,as, - ,a, € B
and Gm41 & Zg, U Zg, U---UZ,, for 1 <m < n.

x5 (J*)2 means that for any F : k X P,(\) = p and any A € X, there is
i< pand B € JtNP(A) such that {b € B : F(sup(aNk),b) #i} €Y for all
a € B.

OBSERVATION 6.2. (i) Suppose that J* L (J¥)2 holds. Then J*+ L
(J )2 holds for every n with 0 < n < w.

(i) X L (J7)2 implies X % (J+)2.

(iii) Suppose that J is fine and (k,2)-distributive. Then J* ER (JT)2 whenever
0<p<k.

OBSERVATION 6.3. Suppose that {P.()\)} EN (JT)Z holds, where p is an
infinite cardinal and J is a fine ideal on Py(\). Then PS™(p™, k,v) holds for
any cardinal v with k < v < \.

Proof. Let v be a cardinal with k < v < A, and for € P,(v), @, be a partition
of P,(v) with |Q.| < p. For z € P.(v), let (Q5 : £ < |Q.]) be a one-to-one
enumeration of Q. Define F': P,(A) x P,(\) — p by : F(a,c) = £ if and only
if cnv e Q5. There must be £ < p and B € J* such that T, € J for all
a € B, where T, = {c€ B: F(a,c) #¢}. Set X = {aNv:a € B}. Notice that
X e I,IU. Given z,y € X, select a,b € B such that t = aNv and y = bNv.
Pick ¢ € B\ (T, UTp) such that a Ub C ¢. Then obviously, z Uy C cNw.
Moreover, cNv € Q5N ij. O

OBSERVATION 6.4. Suppose that {P.()\)} ER (JT)2 holds, where J is a
k-complete, fine ideal on P(\). Then the following hold :

(i) Assume cf(X\) # k. Then cov(\, kT, kT k) = .

(ii) Let 7 be a cardinal with k™ < 7 < X. Then u(x™,7) equals 7 if cf(7) > K,
and 7T otherwise.

Proof. For any cardinal v such that K < v < A and cf(v) = w, we have that
PS*(wy,vT) holds by Proposition 3.5 and Observation 6.3, and hence that
cov(v,v,wi,2) = v by Observation 4.6. Furthermore by Observation 5.18, &
is inaccessible. Now for (i), apply Observation 4.8 (i). To obtain (ii), appeal to
Facts 4.4 and 4.7 if cf(7) < k, and to Observation 4.8 (i) otherwise. O

The remainder of the section is, just like the end of the previous section, devoted
to negative partition relations.
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DEFINITION 6.5. Given two collections X and Y of subsets of P;(\), an
ideal J on P, (\) and two nonzero cardinals o and p, the square bracket partition

relation X [J*]2 means that for any F': 0 x P;(A\) — p and any A € X,

there is B € J* N P(A) and & € p such that {b € B: F(sup(anNo),b) =£¢} €Y
for all @ € B.

DEFINITION 6.6. For any cardinal x with & < x <X, we let SX, = {a €
P.(N\) :lany| =]ankl|}.
FACT 6.7. ([18))
(i) Suppose that k is weakly inaccessible and 2% < X\ = cov(\, k+, 5T, k). Then
{CnS),} % [I:)\]i fails for some C € NS}

(i) Suppose that k is weakly Mahlo and 0, < X, and let A be the set of all
a € SD " such that a Nk is a regular infinite cardinal. Then there is
D € NS 2 and F i 5 x Pg(X) — A with the property that for any B €
(NSE )*ﬁP(AﬁD) and any & € X, one may find a,b € B with aNk < bNk
and F(aNk,b) =¢&.

OBSERVATION 6.8. Suppose that k is weakly Mabhlo, o, < A, and J is a
k-normal, fine ideal on P.(\) such that g+ L = [J*]3 holds. Then ANC € J

for some C € NS} |, where A denotes the set of all a € SD "\ such that aN kK s
a regular infinite cardmal

Proof. Suppose otherwise. Then clearly, A € NS:_’A Now let D € NS} | and
F : k x P;(\) = A. Since {AN D} ER [J*]3 and J is s-normal, there must

be Be JTNP(ANDNQ, ) and € € A such that F(a N k,b) # & whenever
a,b € B are such that a Nk € b. This contradicts Fact 6.7. O

COROLLARY 6.9. Suppose that 9, < X\ and J+ L (JT)2 holds, where J is
a k-normal, fine ideal on P,(\). Then S:,NA nceJ for some C € NS}, |

Proof. By Observation 5.18 and Fact 5.30, « is weakly compact, and moreover
the set of all a € P.()) such that a N« is an inaccessible cardinal lies in J*. O

COROLLARY 6.10. Suppose that k is weakly Mahlo and 0, < X\ = cov(\, kT, kT, k).
Then for any D € NS} \, J* = J [J*] does not hold, where J = I, )\|(DﬁS: ")

Proof. Assume toward a contrad1ct1on that there exists D € N 5’:7 A such that
Jt 5 [J*)3 holds, where J = L.|(D N SY). By Fact 5.31, we may find
C e NS:V)\ such that I, |C is k-normal. Put K = J|C. Then clearly, K is

k-normal, and moreover K EiSN — (K1)2 holds. This contradicts Observation
6.8. O

A similar result will be obtained as a variant of Proposition 5.32 (ii).
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PROPOSITION 6.11. Suppose that J+ (J)3 holds, where J is a k-
normal, fine ideal on P.()\). Then (J | k)t — ((J | k)7)? holds.

Proof. By the proof of Proposition 5.28. (]

OBSERVATION 6.12. Given a k-complete, fine ideal J on k, the following
are equivalent:

(i) J is (k,2)-distributive.

ii) Let 0 < n < K, and Qo € MADy(J) for a < n be such that Qg C
B

Uweo, P(W) whenever a < B < 1. Then there is B € J* N P(A) and

h e ﬁ(Kn Qq such that B\ h(a) € J for all o < k.

Proof. (i) — (ii) : By Observation 5.4.

(ii) — (iii) : Suppose that (ii) holds. We claim that  is inaccessible. Suppose
otherwise, and let v be the least cardinal such that 2 > k. Let (X¢ : £ < k) be a
sequence of pairwise distinct subsets of v. For § < v, put A ={{ <r:0 € X}
and A} = £\ A. Now let Qo = {x}, and for 0 < & < v, Qo = {Ns<a Alg(é) :
ke *2ynJt. Then |, h(a)] <1 forall b €[], , Qa, which yields the
desired contradiction.

Now suppose that A € J* and for o < k, W, € MADgy(J) with |W,| < 2. For
a < kK, let

a<v

To ={Np<a 9(B) 1 g € [lg<a W N JT.
There must be B € J*NP(A) and f €[], ., To such that B\ f(a) € J for all
a < k. For a <k, let go € [[5<, W5 be such that f(a) =<, ga(B). Then
it is easy to see that |J,., 9o € [[5<, Ws. Moreover, B\ (U, 9a)(8) € J for
all 6 < k. ([l

DEFINITION 6.13. Given an ideal J on &, 2 < n < w, a collection X of
subsets of x and an ordinal p, X — (J*)/" means that for any F : " — p and
any A € X, there is i < p and B € JT N P(A) such that F(ay, a0, ,ap) =i
whenever oy < as < -+ < a,, are in B.

FACT 6.14. Given a k-complete, fine ideal J on k, the following are equivalent

(i) J©T— (J1)3.
(i) J* — (J*)p whenever 0 <n <w and 0 < p < k.
(iii) J is (k,2)-distributive and weakly selective.
Proof. By Theorem 9 in [12] and Observation 6.12. O

DEFINITION 6.15. « is completely ineffable if there exists a normal, (x,2)-
distributive, fine ideal on x.

FACT 6.16. Suppose that « is completely ineffable. Then there exists a smallest
normal, (k,2)-distributive, fine ideal on k.
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Proof. By the proof of Corollary 3 in [12] and Observation 6.12. O

DEFINITION 6.17. We let NC1I,; denote the smallest normal, (k, 2)-distributive,
fine ideal on k if k is completely ineffable, and P(x) otherwise.

PROPOSITION 6.18. Suppose 0, < XA = cov(A, k+, k7, k). Then for any
D e NS}, and any X € NS N NCI,, J* ER (J)3 does not hold, where
J=I,\{a € D:suplank) e X}.

Proof. Assume toward a contradiction that there are D € N Spand X €
NS+NNCI, such that J* 2L (J+)2 holds, where J = sa|{a € D :sup(ank) €

X}. By Fact 5.31, there is C' € NS, such that I, x|C' is xk-normal. Put

K = J|C. Then clearly, K is k-normal, and moreover K™ Ei (K*)2 holds.

Hence by Observation 5.21, Proposition 6.11 and Fact 6.14, K | k is a normal,
(k, 2)-distributive, fine ideal on k. It follows that X € J [ k. Contradiction. O

PROPOSITION 6.19. Suppose that 0., < X\ and cf\) # k. Then the following
hold :

(i) For any D € NS} ,, J* EN (JT)2 does not hold, where J = I x\|(D N
SE,N,\)-
(it) For any D € NS}, and any X € NS NNCI,, J* ER (J7)2 does not
hold, where J = I, x|[{a € D :sup(anNk) € X}.
Proof. By Observation 6.4, Corollary 6.10 and Proposition 6.18. O

In contrast to this, by a result of Usuba (see the proof of Theorem 1.9 in [36]), it
is consistent relative to a large cardinal that “x is not subtle, but I : v : N
holds for any n < w and any n < K”.

7 Mild ineffability

DEFINITION 7.1. « is mildly A-ineffable if, given s, C a for a € P.()),
there exists S C A with the property that for any b € P, ()), there is a € P, ()\)
such that b Ca and SNb=s,Nb.

We will establish that if & is mildly M-ineffable and cf(\) # &, then cov(\, k¥, kT, k) =
A. We need some preparation.

FACT 7.2. ([])

(i) If k is mildly A-ineffable, then it is mildly v-ineffable for any cardinal v
with k < v < \.

29



(i) k is maldly k-ineffable if and only if it is weakly compact.
FACT 7.3. ([11]) Suppose that k is inaccessible. Then the following hold :
(i) & is mildly A-ineffable iff TP(x,\) holds iff TP~ (k,\) holds.

(i1) k is mildly \<"-ineffable iff PS™(x,r, ) holds iff PS*(k,k, ) holds iff
PS(k, K, \) holds.

FACT 7.4. ([8]) The following are equivalent :
(i) K is mildly A-ineffable.

(i) Given Wy C Pg(X) for o < A, there is h € [[ o\ {Wa, Pe(X) \ Wa} such
that (e, M) € I::)\ for every nonempty e € Pq(\).

ace

OBSERVATION 7.5. Suppose that k is mildly A-ineffable, and for each a <
A, let Qo be a partition of Pe(\) into less than k many pieces. Then there is
h €],y Qa such that (. h(a) € I:,A for every nonempty e € P (\).

Proof. By Fact 7.4, we may find h € [[yy¢ Qe {W, P.(\) \ W} such that
Niwes h(W) € I:,A for every nonempty = € Pi(|J,c) Qo). Now given o < A,
we have Ny cq. (Pe(A) \ W) = 0, and consequently Qo Nran(h) # 0. O

TP(k,A) may be reformulated in the same way.

PROPOSITION 7.6. The following are equivalent :
(i) TP(k,\).

(ii) For each o < A, let Qu be a partition of {x € P.(\) : a € x} into less
than k many pieces. Suppose that

HNaca9(a) 1 g € [laca @a}l <&
for any nonempty d € P,(\). Then there is h € [],.\ Qa such that
Nace P() € I;CA for every nonempty e € Py(X).

(i1i) For each oo < A, let Qq be a partition of {x € Py(A) : @ € x} with |Qu] < 2.
Suppose that
HNaca9(@) 1 9 € [loea Qatl <x
for any nonempty d € P(\). Then there is h € [],.\ Qa such that
Nace P() € I:)\ for every nonempty e € Pg(\).

Proof. (i) — (ii) : Assume that TP(x, ) holds. Let Q, be a partition of

{z € P;()\) : « € =} into less than x many pieces for & < & such that
KMaca9(@) 1 g € [aeaQall <&

for any nonempty d € P.(\). For a < A, let (Q% : € < |Q.]) be a one-to-one

enumeration of Q,. Select a bijection f : kK x A = A. For a € P,(\), define

te : a — 2 as follows. Given & < k and a < X such that f(§,«) € a, we let

ta(4(€,)) =1 just in case a € a and a € Q5. For ¢ € P,(\), let A, denote the
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collection of all & < A such that f(&, «) € ¢ for some & < . Let C be the set of
all ¢ € P,;(A) such that A. C c. Note that C'€ NS}, ;.
Claim 1. Let ¢ € C. Then [{ty|c:c Ca}| < k.

Proof of Claim 1. Suppose otherwise, and let a; € P, () for i < k be such
that

e ¢ Caq; for all i < k.
® iy, |c # ta,;|c whenever i < j < k.

For i < k, define k; : A. — k so that a; € Qii(a) for all « € A.. Now
given i < j < K, we may find « € A, and £ < k such that f(§,«) € ¢ and
ta, (f(§, @) # ta,(f(§,@)). Then it is easy to see that k;(e) # kj(«). Hence,
k; # k;. This contradiction completes the proof of the claim.

By Claim 1, we may find T : A — 2 such that for any v € P.()\), there is
a € P.(\) with v C a and T|v = t4|v.
Claim 2. Let o < A\. Then T'(f (£, a)) = 1 for some & < |Qq]-

Proof of Claim 2. Suppose otherwise. Pick v € P,(X) such that {a} U
{f(§, @) : £ < |Qal} C v. There must be a € P,()\) such that v C a and
Tlv = ty|v. Then a ¢ QF, for all £ < |Q,|. This contradiction completes the
proof of the claim.

Claim 3. Let o < A\. Then {{ < A: T(f(§,a)) =1} < 1.

Proof of Claim 3. Let &;,£2 < X be such that T'(f(&1,a)) = T(f(&, @) = 1.
Pick v € P,(X) such that {«, f(&1, @), f(§2,a)} C v. There must be a € P, ()
such that v C @ and T|v = t,|v. Then a € Q% N Q%. Hence & = &, which
completes the proof of the claim.

Using Claims 2 and 3, define H € [],_, |Qa| by H(a) = the unique £ < |Qq]
such that T(f(§,@)) = 1. Now given e,w € P,(\) \ {0}, set v = eUw U
{f(H(a),a) : a € e}. We may find a € P.(\) such that v C a and T'|v = t,|v.
Then clearly,

o wCa.

LS ﬂaee Qg(a).
(i) — (iii) : Trivial.
(iii) — (i) : Assume that (iii) holds. Let ¢4 : @ — 2 for a € P, () be such that

Htald:d C a}| < k for all d € P,()\). For a < X and i < 2, let Q°, be the set of
all a € P, ()\) such that a € a and t,(a) = 1.

Claim. Let d € P,(\) \ {0}. Then
{Naea (@) 1 u € [Thea{Qa: Qat} < &
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Proof of the claim. Suppose otherwise. Pick g¢ : d = 2 for £ < & so that

Naca Q‘Z;’(") # Nacd Q‘Zf(a) whenever 7 < £ < k. For § < x with (1,4 Q‘Zf(a) +

0, pick as € Naeq Q‘gf(a). Notice that to |d = ge. Thus [{ts.|d : § < K}| = k.
This contradiction completes the proof of the claim.

By the claim, we may find 7' : A — 2 such that (., QZ(” € I:-,A for every
nonempty e € P.()\). It remains to observe that for any e € P,()\) \ {0} and
any a € [\ e, QL we have tale = Tle.

O

DEFINITION 7.7. Given a set P and a k-complete ideal J on P, we denote
by IE2(J) the following statement : Suppose that for each p € P, there is a
partition @, of P with |@Q,| < k. Then there is h € HpeP @, and a k-complete
ideal K on P extending J such that ran(h) C K*.

OBSERVATION 7.8. Suppose that k is mildly A-ineffable and X\ is regular.
Then IE?(Iy) holds.

Proof. For each a < A, let W, be a partition of A with |[W,,| < k. For a < A,
put
Qoa={{a € P;(\) :supa €T} :TecW,}.
By Observation 7.5, we may find h € [[, ., W, such that
{a € P.(\) :supa € N, h(a)} € I:,A
for every nonempty e € P, (\). It is easy to see that (0, k() € I for all
e € P,(\)\ {0}. O

Note that if A is weakly compact, then by Fact 7.2 and Observation 7.8, IE2 (1))
(in fact TE3(Iy)) holds. Thus the converse of Observation 7.8 does not hold.

OBSERVATION 7.9. Suppose that r is mildly A-ineffable. Then cov(v,v, (cf(v)*t,2) =
vt for each singular cardinal v with k < v < \.

Proof. Given a singular cardinal v with k < v < A, & is mildly v"-ineffable by
Fact 7.2, so PS™*((cf(v)*, v™) holds by Observation 7.7, and therefore cov (v, v, (cf(v))*,2) =
v+ by Observation 4.6. O

FACT 7.10. ([38]) Suppose that cf(N\) > k and & is mildly A-ineffable. Then
ASE = .

Proof. Since x is inaccessible by Fact 7.2, it follows from Fact 4.2 and Obser-
vations 4.8 (i) and 7.9 that A<" = u(k, \) = A. O

Usuba [35] asked whether A<® = AT whenever & is mildly A-ineffable and cf(\) <
k. The following provides a partial answer to this question.

PROPOSITION 7.11. (i) Suppose that w < cf(\) < k, and £ is mildly
v-ineffable for every cardinal v with k < v < X. Then A<® = \T.
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(i1) Suppose that w = cf(N\), and k is mildly v-ineffable for every cardinal v
with K <v < A. Then A" = cov(\, A\, w1, 2).

Proof. (i) : x is inaccessible by Fact 7.2, so by Facts 4.2 and 4.7 and Observation
7.9, AT < A<F =k, \) < AT
(ii) : Use Observation 4.10. O

PROPOSITION 7.12. Suppose that k is mildly A-ineffable and cf()\) # k.
Then cov(\, kT, kT, k) = .

Proof. Since k is inaccessible by Fact 7.2, the result follows from Observations
7.9 and 4.8 (use (i) if ¢f(\) # w, and (ii) otherwise). O

FACT 7.13. ([I1]) The following are equivalent:
(i) & is mildly \<"-ineffable.
(ii) For any set P of size A\<* and any k-complete ideal J on P, IE*(J) holds.

Suppose that k is the successor of a singular limit of A-compact cardinals. Then
by a result of Magidor and Shelah [27], x has the tree property, and in fact, as
shown in [10], TP(x, \') holds for every cardinal X' > k. We modify the proof
so as to obtain the following which improves a result of [I1].

PROPOSITION 7.14. Suppose that kK = vt, where v is a singular limit of
mildly A\<"-ineffable cardinals. Then PS(k,\) holds.

Proof. Set 0 = c¢f(v), and select an increasing sequence (v; : i < o) of mildly
A<"-ineffable cardinals with o < vy and sup{y; : i < 0} = v. Suppose that for
each a € P.()\), Q, is a partition of P, (A\) with |Q,| < v. For a € P,()), pick
an onto function 1, from Q, to v, and let W2 denote the set of all ¢ € P, ())
such that p = the least r such that ¢ € |Jv,“r. By Fact 7.13, we may find
t : P.(A) — o and a yp-complete ideal K on P, () extending I,; » such that
{Wé(a) :a € P;(\)} C K*. There must be S € K* and p < ¢ such that ¢
takes the constant value p on S. Thus WP N WP € I'", for all a,z € S. Define
g:S%xS = P.()) so that aUz C g(a,z) and g(a, z) € WP NWP. Further define
h:8x8 — v, xv,so that g(a,z) € Yg(a) Nz (B), where h(a,z) = («, B).
For a € S and (a, ) € v, X 1, put T{*P) = {zr € §:h(a,z) = (o, 8)}. By
Fact 7.13, we may find u : S — v, X v, and a v,q1-complete ideal G on P, ()
extending I, »|S such that {T;(a) :a € S} C G*. There must be A € GT and
(e, B) € vp X vp such that u is constantly («, §) on A. Pick X € I:)\ NP(A) so
that A\ X € I7,. Set B= X if A\ X € GT, and B = A\ X otherwise. Now

given a,b € B, pick z € T.*? n Tb(a”@) N (A\ B) with aUb C x. Then clearly,
g(a,x) € Yo (a) N, (B) and g(b, x) € () N (B). O
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8 Distributivity

OBSERVATION 8.1. Given a k-complete, fine ideal J on P,;(\), the following

are equivalent :
(1) J is (A<",2)-distributive.

(i) Given A€ Jt and F : A x A — X% with the property that |[{F(a,b) : b €
A} <k for alla € A, there is B € Jt N P(A) and h : B — <" such
that {b € B : F(a,b) # h(a)} € J for all a € B.

(iii) J* EN (J*)p holds whenever 2 <n < w and 0 < p < k.

(iv) J* L (J5)3 holds.
Proof. (i) — (ii) : Use Observation 5.4.

(ii) — (iii) : Assume that (ii) holds. Tt is readily seen that JT Z (J*H)?
(and hence J+ L (J*,k)2) holds. By Observation 5.18, it follows that  is
weakly compact (and therefore inaccessible). Now to prove (iii), we proceed
by induction on n. For n = 2, the assertion easily follows from (ii). Suppose
now that the assertion has been verified for a certain n. Fix A € J* and
F: A" — p where 2 < p < k. For b € A, let T, denote the collection
of all functions ¢ from (AN P(b))"~! to p. Notice that |Ty| < x. Define G :
A X A = Upea Ty as follows. Given (b,c) € A x A, let G(b,c) be the element
t of Ty defined by t(ai, - ,an—1) = F(a1, - ,an—1,b,¢). We may find B €
JtNP(A), h € [lyep Ty, and X; € J for b € B such that G(b,c) = h(b)
whenever b,c € B and ¢ ¢ X;,. Define H : J,c5((ANP(b)" ! x {b}) — p by
H(ay, -+ ,an_1,b) = h(b)(ay, -+ ,an_1). There must C € J* N P(B), i < 2,
and Y, € J for a € C with

{beP.(N):a\b#£0}CY,
such that H(ay, - ,an—1,a,) = i whenever ay,--- ,a, € C and a1 ¢ Yo, U
-UY, forl <m < n. Fora € C, put Z, = X, UY,. Then clearly,

QAm —

F(ai, - ,ang1) = G(an, ang1)(a1, -+ ,an-1) = h(an)(a1, -~ ,an_1) = H(ay,---

i whenever a1, ,ap+1 € C and a1 € Zo, U---UZ,, for 1 <m < n.

(iii) — (iv) : Trivial.

(iv) = (i) : Assume that (iv) holds. Then by Observation 5.18, « is inaccessi-
ble. Now let A € J*, and W, C P.()) for a € P;()\). Define F: Ax Ax A — 2
by : F(a,b,c) =0 if and only if {d Ca:be Wy} ={d C a:ce Wy}. There
must be B € JT N P(A), i <2, and Z, € J for a € B such that F(a,b,c) =i
whenever a,b,c € B, b ¢ Z, and ¢ ¢ Z, U Zy. Given a € B, we may find
C € J* NP(B) such that {d Ca:be Wy} ={d Ca:ce Wy} whenever
d C a and b,c € C. Tt easily follows that ¢ = 0. Now fix d € P,()\). Pick
a € B with d C a, and b € B\ Z,. Then either B\ (Z, U Z;) C Wy, or
B\ (Z,U Z) C Py(\)\ Wy. O
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Note the similarity with Fact 7.3 (ii) or Fact 7.12. One could indeed argue
that (A<",2)-distributivity of J (respectively, mild A<"-ineffability of x) makes
more sense (or is more natural) than (A,2)-distributivity (respectively, mild
A-ineffability). However the question of Abe mentioned in the introduction
concerns (A, 2)-distributivity (and not (A<",2)-distributivity) of I, x, so let us
focus on (), 2)-distributivity.

PROPOSITION 8.2. Suppose that J is a (k,2)-distributive, k-normal, fine
ideal on Py(\). Then J | k is (k,2)-distributive.

Proof. Let X € (J | k)*, and W, C k for a < k. For a < k, set T, = {a €
Qe :anNk e Wa}. Wemay find h €[], {Ta, Px(A\)\To}, Be JTNP({ac
Qur:anNk € X}), and Z, € J for a < £ such that B\ Z, C h(a) for all o < &.
Define k € [[ o AWa, 5\ Wa} by : k(a) = Wy, if and only if h(a) = T,. Put
S={aeB:Vacank(a ¢ Z,)} andY = {aNk:aec S} Itis easy to see
that Y € (J | k)T N P(X). Furthermore Y \ (¢ +1) C k() for all a < k. O

OBSERVATION 8.3. Suppose that 0, < A = cov(\, k1, kT, k). Then for any
D e NS}, and any X € NS N NCIy, I.x[{a € D :sup(aNk) € X} is not
(k, 2)-distributive.

Proof. Given D € NS*, and X € NSF N NCI,, set K = I,,|[{a € D :
sup(a N k) € X}. Assume toward a contradiction that K is (k,2)-distributive.
By Fact 5.31, there is C' € NS}, , such that [, \|C is k-normal. Put J = K|C.
Then clearly, J is x-normal and (k, 2)-distributive. Hence by Observation 5.21
and Proposition 8.2, J | k is a normal, (k,2)-distributive, fine ideal on x. Tt
follows that X € J [ k. Contradiction. O

PROPOSITION 8.4. Suppose that 9, < X and cf(\) # k. Then for any
D e NS}, and any X € NS N NCIy, I, z[{a € D :sup(aNk) € X} is not
(A, 2)-distributive.

Proof. By Fact 7.4, Proposition 7.12 and Observation 8.3. O

9 The case cf(\) =&

By Fact 4.4, if ¢f(\) = &, then cov(\, k™, k%, k) > A. Thus a different approach
is needed in case cf(\) = k.

PROPOSITION 9.1. Let J be a k-complete, fine ideal on Pg(\) such that
cof(J) < max{0,,u(k™,\)}. Then the following hold :

(i) Let Ay € J* for a < K be given such that A, C Ag whenever B < a < k.
Then there is C € J such that C'\ A, € I, x for all a < k.
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(ii) Suppose that k is weakly compact. Then given W, C Py()) for a < k,
there is C € J* and h € [], ., {Wa, P<(X\) \ Wa} such that C\ h(a) € I,; »
for all a < k.

Proof. (i) : The proof is a straightforward modification of that of Proposition
2.7 in [23].

(ii) : Assume that x is weakly compact, and let W, C P, (\) for a < k. There
must be h € [], ., {Wa, Pc(A) \ Wa} such that A, € J* for all @ < &, where
Ao = Ng<o P(B)- By (i) we may find C' € J* such that C'\ Ay € Iy for all
a < k. Then clearly, C'\ h(«) € I, for every o < k. O

COROLLARY 9.2. Suppose that k is weakly compact, and let J be a k-
complete, fine ideal on P.()\) such that cof(J) < max{0.,u(k*,\)}. Then the
following hold :

(i) J is (k,2)-distributive.
(i) J* %) (JT)2 holds for any nonzero cardinal p < k.

Proof. Use Observation 5.4. O

FACT 9.3. ([I8], [27]) Suppose that k is weakly inaccessible, and let J be a
k-complete, fine ideal on P.(\) such that cof(J) < max{0.,u(kT,\)}. Then

T+ 225 (T2, holds,

To obtain a negative partition relation, we will go one cardinal up and work
with partitions of kT x P, (\).

DEFINITION 9.4. Given 2 < n < w, two collections X and Y of subsets of
P.(N), an ideal J on P, ()), and a cardinal p, X % (J*)?2 means that for any

F: kT x P;(\) = pand any A € X, thereis i < p and B € J* N P(A) such
that {b € B: F(sup(ank™'),b) #i} €Y for all a € B.

FACT 9.5. ([18]) Suppose that the following hold :
o « is weakly inaccessible.
o cf(N\) = k.
o 2F <\
o u(k™,7) <\ for any cardinal T with k < T < \.

Then {C'N Sé‘)\} I:—:> [I:)\]i fails for some C'€ NS ;.

PROPOSITION 9.6. Suppose that cf(\) = r and 2% < A. Let D € NS}
and J = I, \|(DN S} ). Then the following hold :
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(i) JT KR (JT)2 does not hold.
(i) J is not (A, 2)-distributive.
Proof. (i) : By Observations 5.18 and 6.4 and Fact 9.5.

(ii) : Suppose otherwise. Then A<® = X by Fact 7.10, since x is mildly -

ineffable by Fact 7.4. Hence J+ -5 (J¥)2 holds by Observation 8.1, which
contradicts (i). O
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