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CONVERGENCE ANALYSIS OF PROJECTED FIXED-POINT
ITERATION ON A LOW-RANK MATRIX MANIFOLD *

D. A. KOLESNIKOV ¥ AND I. V. OSELEDETSHY

Abstract. In this paper we analyse convergence of projected fixed-point iteration on a Rie-
mannian manifold of matrices with fixed rank. As a retraction method we use “projector splitting
scheme”. We prove that the projector splitting scheme converges at least with the same rate as
standard fixed-point iteration without rank constraints. We also provide counter-example to the
case when conditions of the theorem do not hold. Finally we support our theoretical results with
numerical experiments.
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1. Introduction. In many applications it is well-known that the solution of the
optimization problem can be approximated by low-rank matrices or tensors, i.e. it
lies on a certain manifold [2 [I]. Thus, instead of minimizing the full functional,
the framework of Riemannian optimization can be very effective in terms of storage
[13, 10]. There are different approaches for the optimization over low-rank manifolds,
including projection onto the tangent space [9] conjugate-gradient type methods [12],
second-order methods [4]. The manifolds of matrices with bounded ranks and ten-
sors with fixed tensor train and hierarchical ranks are of crucial importance in many
high-dimensional problems, and are examples of Riemannian manifolds with a very
particular polylinear structure. In this paper we consider the two-dimensional (ma-
trix) case and study the convergence of the projected gradient-type methods and
show that if the original method converges, its manifold version based on the so-
called projector-splitting method is guaranteed to converge at least with the same rate
and some additional conditions on the initial approximation. This is up to a certain
extent an unexpected result, since the standard estimates include the curvature of the
manifold. For the manifold of matrices of rank r, the curvature is given by 1/0min,
i.e. if the matrix is close to the matrix of a smaller rank, such estimates are useless in
practice. Our results show that the curvature is not important for the convergence.

Consider an iterative process

Xpp1 = ®(Xp), k=0,... (1.1)

where Y, € R™*™ and ® is a contraction with parameter 6. Then, X} converges
linearly to X,, for k — oo, i.e.

[ Xhp1 = Xaf| < 611Xk — Xo|,

for some matrix norm || - ||. Also we assume that the initial point and the final points
are on the manifold, i.e. and

XO,X* € M’I‘7 Mr = {X

rank X < 7‘} .
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From (1) we create the projected version as
Yk+1 :I(kaq)(yk)_yk)a k:Oa"'v (12)

where I(Z, H) is the projector-splitting integrator [9] which is known to be a retraction
to the manifold [4]. There are many other possible choices for the retraction, but in
this paper we consider only one of them and all the convergence estimates are proven
for the method (L.2]).

Our approach is based on the splitting the error || X — X,|| into two components.
The first component is a projection on the tangent space of the manifold at some
intermediate point and shows how close current point to stationary point in the sense
of Riemannian metric on the manifold. The second component is the projection on
normal space at the same point and is related to the manifold curvature. The typical
case convergence is presented at Figure[L.Tal However, much more interesting pattern
is possible. See Figure [[LI0l
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(a) Typical case convergence. (b) Stair case convergence.

In both cases, although the curvature influences only on but the convergence is
not worse than for the full case.

2. Projector-splitting integrator. The projector-splitting integrator was ori-
ginally proposed [6] as an integration scheme for the equations of motions of dynamical
low-rank approximation. However, the only information it requires, are two matrices,
Ap, A, at subsequent time steps. Thus it is very natural to consider it for the
discrete time problems, and moreover, it can be formally viewed as a retraction onto
the manifold of rank-r matrices. It is formulated as follows.

Given a rank-r matrix in the form Ay = UpSoV, Uy Uy = V' Vo = I, and
a direction D, it provides the retraction of Ay + D back onto the manifold by the
following steps:

Algorithm 1: The projector splitting retraction
Data: AQ = U()S()VOT, D
Result: A; = U1‘5'1V1T
U1, Sl = QR(U()S() + DV());
S’ =8 — UlTDVEJT;
Vi, ST = QR(VoS"T + DTU,Y);

Note that the QR-factorizations in the intermediate steps are non-unique, but the
final result U5, V;" does not depend on it. For the details we refer the reader to [9].
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We will denote the result of Algorithm [0 as I(Ag, D). Define 7(X) as the tangent
space of X € M, The following Lemma provides a new interpretation of the projector-
splitting integrator as a projection onto the tangent plane in some intermediate point.

LEMMA 2.1. Let rank Ag = UsSoVy', Uy Up = Vo'V = I, D € R™™. Then,
I(Ao, D) = Pr(x)(Ao + D), 1(Ao, D), Ag € T(X). (2.1)

where X is some matriz of rank r.

Proof. Tt is sufficient to select X = U;SV,' for any non-singular S, and U; is
defined as in the Algorithm (). Note from the construction, that both the initial and
the final points lie in the tangent space 7(X). O

3. Decomposition of the error into the normal and tangent parts. Let
us write one step of the iterative process (L2) as

Yi = (Yo, (Yp) — o). (3.1)
Using the projector form (2.1) we have
Y1 = Prx)(®(Y0)),

and the error can be written as

E1 =Y1 — X, = Prx)(®(Yo) — ®(X4)) + Prx)(Xs) — X.. (3.2)
Due to the contraction property we can bound

12(Y0) — @(X.)| < 6| Eoll-
It is natural to introduce the notation
Prix)(Xs) = Xu = =Py (X.),

since it is the normal to the tangent space component of X, at point X. Thus the
error at the next step satisfies

el = | En|® = 2 + 1.
From the definition it is easy to see that
er = [|Prex) (2(Y0) — ®(X.))[| < [[@(Yo) — D(X.)]| < eo.

The estimate for the decay of £, = HPTL(X)(X*)H is much less trivial.

4. Estimate for the normal component of the error. From the definition
of the error we have

and ||H| < deg. Since Y and X, are on the manifold, they admit factorizations
Y =UpSoV,', X.=U.S.V.,

where U,,V,,Uy and Vj are orthonormal. If £y is small, one can expect that the
subspaces spanned by columns of V and V, are close; however, the estimates depend
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on the smallest singular values of X.. The following Theorem gives a bound on the
normal component.

THEOREM 4.1. Let X, = U,S.V,", where V,'V, =UJU, =1,, q<r and H
is an n X m matriz, Vo be an m X r matriz with orthonormal columns and Uy be any
orthogonal basis for the column space of the matriz (X, + H)Vy. Then, the norm of
PL(X.) defined as

PYHX,) =T - U UNHX.(I-VWV). (4.1)

can be bounded as

I1PH(X)l < | H ]| tan £(Vo, Vi)l (4.2)
Proof. First, we find an r X r orthonormal matrix @ such that
Q= (V. V)Q=[T 0.y, (4.3)

where matrix U has size q X q. Since the multiplication by the orthogonal matrix @
does not change the projector

VoVy' = (Vo) (Vo@) T,

we can always assume that the matrix ¥ is already in the form (£3]). Since U; spans
the columns space of (X, + H)Vy, we have

(U)X Vo + HVy) = X, Vo + HVj. (4.4)

From this equation we have

X.Vo =UU) X, Vo + U U HVy — HVy = US.V, Vo = U, [& 0]. (4.5)
Introduce the matrix Vo(q) comprised of the first ¢ column of the matrix V5. From
&3] we have

U.S. 0 = U,U] XV + ,uTHV® — HV?.
Thus,
U.S, = U0y — HV DG, (4.6)
Note, that

[P = (T = T X = VoVl < I = U)X = Vi V™) D)
and from (@4 it follows also that
(I = U)X + 1)V ()T = 0.
For simplicity, denote

PH(X.) = (I = L U)X (I = Vi (V).
4



Then,
PHX.) = (I - DU )X. — (I - U)X VD (V)T =
= (I - UDX. + (I — U ) HVO (V)T
Replacing U,.S, in ([L1) by ([G]) we get
Pfx) = (= DUNOUY,T + (= U HV (7))
=(I- UlUlT)HVO(‘I) (%(Q))T —(I- UIUIT)H%(Q)(I}—IVJ (4.8)
= - UlUlT)HVO(Q)(%(Q))T _ \/1\171‘/,?).

(4.7)

To estimate the norm, note that
IPFooll < IHI(VZ)T = &1V,
Introduce the matrix
B = (VO(Q))T _ \’I\/flv*T'
We have
1 X (I = VoVl = I1(Xs = Yo) (I = VoV )| < || X — Yol
Replacing X, by U,S.V," we have
. (V. = 9V = [0V, = B() ).
Thus,
X, — Yo

Oq

V. =BT <
Introduce the matrix C' = V,T — \TJ(VO(q))T. Then,
X, — Yol?

2
Iq

IC)? = jocT|| = |1 - ¥¥T|| <

Then, we have

[ X — Yol

Oq

sinf <

whereas we require to bound
sin 6
V1—sin?6

Let W = UAVT be the singular value decomposition of U. From the definition of the
angles between subspaces we have

tanf =

A=cosZ(V., Vo(q)) =cos Z(V,", Vo),
therefore
IBII? = [ cos™ £(V,T, Vo) = 1| = || tan® Z(V.T, Vo),

which completes the proof. O



5. Error estimate. Theorem . Ilshows that the normal component can decay as
a tangent component squared. Unfortunately, convergence of the projector splitting
method in general is not guaranteed. In section [6] we give the example for which
sequence Y}, converges to a matrix different from X,. In this section we derive sufficient
conditions for convergence of projector splitting method.

We consider one step of the projector splitting scheme.

LEMMA 5.1. Let us denote the initial point Yo = UgSoV,', the next step point
Yy = U151V, and the fived point X, = U.S,V,". We assume that S, is a diagonal
matriz:

r

.

S, = E SKeKE
k=1

where sy is the k-singular value and ey, is the corresponding vector from the standard
basis. Let us denote

cos? ¢ri = |UU; User |, cos? grik = |lef V.'ViViT |13,
sin® gLk = |(I — UU; ) User |7, sin® ¢rie = |lex V. (I — ViV;")||3.

Assume that

(Yo = Xul3 4+ > sisin® drok < s (5.1)
k=1

Then the next inequality holds:
V1 = X% < 6%|Yo — Xu |5t

T
r > s2sin® grok 59
2 2 2 .2 k=1 (5.2)
+(0711Yo — Xl — E 5% Sin” ¢R1k T - .
k=1 sp— > sisin grok — Y. s7sin’ dpik
k=1 F=1

Proof. Without the loss of generality we can assume that

Ur = [Omi)w} » Vo= [0<mi>xr} '

Then we use the following block representation of Yy, ®(Y),Y: and X.,:

DY 0 D! D2
YO = [JOSO‘/OT = |:D§ 0:| 7(1)(}/0) = |: 01 Df]i:| 5

D} Dj By E
v = (3 o —vsar [ £

Therefore,

Vi = X% = 1D1 = Evll% + 1Dy — Eallf + || Bsll% + || EallF <
< (ID1 = Brll% + 11Dy — Bl + || Bsll% + [|1D3 — Eall%) + (I EallE) =
= [|@(Y0) — XullF + (1 = DU )Xo (I = VoV )II% <

<8Yo — X3 + (I = U1 U)X (I = VoV )|[3-
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We want to estimate ||(1 — UyUy) X« (I — VoVo)||%. For that purpose we exploit con-
traction property of ®:

102U (2(Yo) = X7 + (I = ThUT ) (@(Yo) — X[l =
= [(®(Y0) — X7 < 6°1Yo — X.|1 7,
1U:U7 (X0 = VAV 5 + 1T = U)X VoV 17 < 8210 — Xl
(I = LU ) (XVoVo 17 = 1 = WU (X (T =[5 <
<07 Yo = Xullf — (X = Vi3

Then the inequality (B]) transforms to

Y skl = U )User |3l VoVo! l5—

k=1

= sill( = U0 ) Userllef V. (I = ViViD|3 < (5:3)
k=1

< Yo = Xullf = D sillUserl Flled V. (I = Vi )1Z
k=1

Using (??) we have

T

ks
> " sin® L1 k57 (cos” rok — sin® prik) < 67(|YVo — XoullF — D sisin® gru .
k=1 k=1

Inequality (B guarantees that

T T

2 .2 2 2 2
E Sk SIn” Prok — E sk 8in” Qp1k < Sy,
k=1 1

0 < max (cos? — sin? .
1§k§r( ®Ro,k PR1,k)

Therefore

T

2 . 2 .9
E 53 8in” @r1.% sin” Pro.x <
=1

r 2
< (P1¥o ~ Xull3= X0 s sin 6 ) iy — SR
prt 1<k<r cos2 (bRO,k — sin (le,k
T
r > s2sin® grok
< (1% — XulB— Y st sin? frea ) ———=2 ; .
k=1 s2— Y stsin® grok — Y spsin® grik
h=1 h=1

i.e. (B2) is proven. O
For convenience we introduce new variables:
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Yi — X2 1 < ,
Pk = M, =5 sisin® ¢ gy, (5.4)
T k=1

s =62, 5
ST

Now we can formulate the connection between the subsequent steps:

(Spk - Qk+1)qk

Pr+1 < spg + )
1—qr — qr+1

0 < qry1 < spx. (5.5)
We can derive upper estimate for pg:

THEOREM 5.2. Assume that 0 < s <1,0<¢gg<1,0< pg.
s

Consider py,qr, k € N that satisfy (BA)). Assume that 4(1_1)70(10)21 — < 1. Then
the next inequalities hold:
» k
0
JLUIS ﬁskv 0 < c(s,p0,q0) <1— ZQk < Spr—1 + Qr—1, (5.6)
C« (S, Do, 40 =0
where
Po s 2
c«(8,P0,q0) =

Cl-gl-s 1y S1oage o

Proof. The parameter c. (s, po, go) is the positive solution of the equation:

s 1
Yy .
01 - c*(87p07q0)

C*(57p07qo) =1- qo —
We will use mathematical induction to prove ([LG). The base case follows from
0< C*(57p07qo) <1

Po
Cx (57p07 qo) ’

IN

Po c«(8,10,90) <1 —qo.

Consider the inductive step. Assume that (5.6) holds for every i < k for some k.
Then,

(Spk - (Jk+1)(Jk

Pk+1 < Spr + W =
—qk — 1
) * (5.7)
— — 4k dk+19k Pk
= SDk - S ST g
=g —ak+1 1 —aqr — Q1 1— =
dk+14k . .
We can expect that the term T is sufficiently smaller than the py4;1 and
— 4k — qk+1

decays as p7 41 due to g ~ pg. Finally,

k+1
5Pk S +po

Drt+1 < 1_ (M) ﬁ (1 - ﬂ) ) (5.8)




k
It is easy to prove that in the case > ¢; <1 we have

7=0
k ‘ k41
(1_M) <1-3 g
=0 1=q =0
J= J=
It leads to
k+1 k+1
s" " Po S Dbo
Dk+1 < k < (5 p0.00)
1 _ Z q] b) b)
=0
therefore
p s - p
0 0 7
c«(8,00,90) =1 —qo — =1—qo—s ———s <
( ) c«(5,p0,q0) 1 =5 ,;C*(Sapoa%)
k41 k41
Sl—qo—Sij Sl—qu <1—qx — spr.
j=0 =0
The inductive step is proven. O
The final estimate is
N .
P < Po g — Po o (1—qo)?*1—s
"7 (s, 0, qo) 1—qo Po 3

g PO 7
(1-q)*1-s

Note that if the condition 4 Po 5

—_— 1d hold, then th diti
(1—q0)21—s< oes hold, then the condition

spo + go < 1 does hold as well.
COROLLARY 5.3. Define Yy as in (L2), X, si and sin® oOrok as in Lemmalidl
Assume that the next inequality holds

Yo — X.||
- 2
<53 — kzl si sin? ¢R0,k>

Then the sequence Yy converges to X, and the following inequality holds

4 <1

i — X.| < (6, Yo, X.)||Yo — X.[6",

where
L G
(1= (52~ 3 stsin® om.)
e .
2 - 5
(1—62) (s% — kz;l 57 sin” ¢R0,k>
9



This estimate guarantees if the initial point is close enough to the fixed point then
the projector splitting method in the worst case has the same convergence rate as the
fixed-point iteration method. Also the estimate requires that the distance between
the initial point and the fixed point is less than the smallest singular value of the fixed
point s,.. In the next section we give the example for which this condition do not hold
and the projector splitting method does not converges to the true solution.

6. Counter-example. Consider the case n =2, r = 1. We will need the follow-
ing auxiliary result:
LEMMA 6.1. Let the mapping ® : R?*2 — R2*2 be defined as

O(Y) =X, +0||Y - X.||pX 1,
6.1
= Dx=09. oy

Let us consider §, dy, Qmaz and s that satisfy

1
0<d<l, 1<&+6, do=—,
V1—462 (6.2)

1 dmazx 2 S
0 < Gmaz, 0<s, 542 (1 + 52d§) =07 52d2”

Denote the set
Q= {{p,q}lﬂép, 0 < ¢ < Gmaa, %Ss}

and the function

14 6%p q

. 2 — s -
f'Q_)RO,-i-v f({p7Q})_ N q 15 54d$(1+p) )
52d2(1 +p)
and
_\.,.‘_/
Then

f(Q)cQ, veeQ, li_>m ™ (z) = {0,0}.

4
Proof. Tt is important to note that 1 < §4d? = 52 because of the choice of
d(@I). Let us denote f({p,q}) = {p1,q:1}. Then
q q
= < <
q1 546&(1 +p) = 546@ <4 < Gmax, (63)

and therefore
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Qo 1 < 1
¢ FE(L+p)

B ) 2 (A ) -
62d3(1+ p) 5242
- (- ) () > (P ) 0 55) >

Finally we have

@ 9/0%dE g
p1 ~ p/otdz  p

The statement f(Q2) C € follows from (G.3)) and (6.4). Also the following inequalities
hold

1+6%p

1

. q
p pl14— 1
+62d3(1+p)

q1 1
1] <2 < )
< g — 04d?

The inequalities (@) guarantee linear convergence of f*"(x) to {0,0} for every = € Q.
O

LEMMA 6.2. Let contraction mapping ® is defined as in lemma [61 Let us
consider parameters §,d,, contraction mapping ® and the set Q and the function f
that satisfy condition of lemmalGdl. Let us denote the set of rank-1 2 X 2 real matrices
M>1(R), ¢r(X) - right angle for rank-1 2 x 2 matriz X and

My, = (XIX € Moy (R),sin(6r(X)) > 0),

wiatyy o R w0 = [ agronin | .
Assume that

Yo = (cos éro sinro) so (Son ggg) e (Q), y
Yi = I(Yo, ®(Yo) — ¥o) = (cosgu1 sindu1) so (00 ) o0

Then the following equalities hold
(Y1) = f(x(Y0)), ctg®br1 < ctg’dra. (6.7)

Proof. We will use the equivalent form of Algorithm [II

U1,8" = QR((Ao + D)Va), (6.8)

V1,5 = QR((4g + D"UL).
11



Let us consider Yy = UpSoV,', do = ||Yo — X.||r and Vp = (Z?ﬁgﬁg). Then

*00) = (0 5do)+ U105 = QR (i ro))

08 drg > | (6.9)

52d3 sin ¢R0

1

Vi, S =
b QR 22 in2 (
1+ (62dg — 1) sin” ¢pro

Finally we get:

1
U8V, = ( cos PRro

i , coS ¢ 6%d2 sin ¢ 6.10
ddy sm¢R0) 1+ (622 — 1) sinZ dro ( RO 0 ro) )

It is important to note that cos? ¢r1 < cos? pr1 < cos? pro in case 1 < dd, (and
our choice of § provides that). The equality (G.10) guarantees if 0 < sin® ¢ro then
0 < sin® ¢g1. So

o 5 cos? ¢ ro 2 cos? ¢ ro 2
@t =8+ (1- o) o) -
cos? pro + 62d2 sin® gppro cos? pro + 62d2 sin® gppro
_ cos? pro + (54d6l sin® D Rro _ 2 cos? pro B 1+ 52d3
 cos? pro 4 02d2 sin® ro cos2 ¢ro + 02d2sin® pro 1+ ctg?Pro/(62d3)
(6.11)

Let us denote pg = d3/d? — 1 and gy = ctg®(¢ro). Then

d% - 1 1+ 52d3 -

d2 d2 \1+ctg?or/(62d3) N

1 ( 1+ 62d3 L L+ X

d_z 1+ qo/(02d3) T 1 9 o (6.12)

’ TR+ p0)
ctg®(¢ro) o

= Ct 2 = = .

q1 ctg (d)Rl) 52d(2J 52dz(1 +p0)

It completes the proof of ([@1). O

THEOREM 6.3. Let the mappings ®, 7 and the set ) are defined as in lemmalG.2
Let us consider matriz Yo € 7w 1(2) and the projector splitting integrator 1(A, D)
that is defined by ([@). Then the sequence Yy, = I(Yi—1, ®(Yi—1) — Yi—1) converges to
Yi=d.X,.

Proof. We apply Lemma

(Vi) = f(n(Yi-1)) = f*(n(Yo))

and then, using Lemma [6.], we have
lim 7(Y3) = lim f**(x(Yp)) = {0,0}.
k—o0 k—o0

Lemma guarantees that squared cotangents of left and right angles go to zero, so
lim Y, =Y.. 0O

k— o0

REMARK 6.1. Note that the condition 1 < 62465 (it requites § > 0.8) significantly
restricts the usage of Theorem [6.3. But our numerical experiments show that the
projector splitting method might not converge in computer arithmetics in the case this
condition does not hold.
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7. Numerical examples.

7.1. Typical case. We consider the ”linear” contraction mapping

O RV SRV (X)) =X, + QX — X,),

where X and X* are rank-r n X m matrices, Q is a linear operator (on matrices),
n=m=40,r =7, ||Q] < 0.8 let us denote singular values of X, as 0;,1 < i <r. The
typical case corresponds to o1/0, &~ 10. It shows that the orthogonal part converges
quadratically.

0
10 »—x Simple iteration
1072 e—e (rthogonal projection |
1041 e—e Tangent projection
_1075F
2
| 1078
10710 -
10—12 -
10—14 -
—16 L
10770 10 20 30 40 50

Iteration

Fig. 7.1: Convergence rates for typical case.

7.2. Stair case. The stair case corresponds to the same n, m,r and exponen-
tially decaying singular values o, = 10*=2¥, 1<k <7, o1/0, = 10'2. The results
are shown on the Figure The orthogonal component decays quadratically until
the next singular value is achieved. Meanwhile, the tangent component decays lin-
early, and once it hits the same singular value, the orthogonal component drops again.
The steps on the ’stair’ correspond to the singular values of X,.

Numerical experiments show that the projector splitting method has “component-
wise” convergence. Until the first j singular components of the current point converge
to the first j singular components of the fixed point, the last 7 — j components of the
X} are “noisy” and do not contain useful information.
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10!

10-1 »—x Simple iteration
s e—e (Orthogonal projection
10 _ |
e—e Tangent projection
-5 L |
10 M
5 1077 g
M o100 A
107" 1
1078 i
1071 8
—-17 I I I I
1077, 10 20 30 10 50

Iteration

Fig. 7.2: Convergence rates for staircase.

7.3. Counter-example case. For the following experiment we consider “non-
linear” contraction mapping

B(X) = X. + 3| X - X[ X,

where X is a 2 x 2 matrix, X, = ((1) 8), X, = (8 (1)) , 0 = 0.5. It shows that

original projector splitting method fails and converges to another stationary point.
Nevertheless this stationary point is unstable and to show that we introduce a per-
turbed projector splitting method:

Yk{;e_qt _ I(}/]fert7 (I)(Yk;:nert) _ Yk;:nert + Rk)7

where Ry is a n X m matrix with elements taken from the normal distribution
N (0, mﬁ”@(ylfert) — Y“"||). The convergence is shown at Figure [7.3}
14



10*
10?
10°

»—x Simple iteration
e—e Projector splitting
e—e Pert. projector splitting

1072

107
1076

Error

1078
10—10
10"
10—14
10716 ‘ ’ ‘ ‘

0 10 20 30 40 50
Iteration

Fig. 7.3: Convergence rates for ’bad functional’

8. Related work. Projector splitting method arises naturally as a numerical
integrator for dynamical low-rank approximation of ODE [9] [§] and was originally
proposed in [6]. In this paper we focused on the properties of the projector splitting
method as the retraction onto low-rank manifold [I]. It was compared with another
retraction methods in the survey [2].

Close results about convergence in the presence of small singular values were
obtained in [5]. The problem formulation is as follows. Let X (¢) be the solution of
the ordinary differential equation (ODE):

X(t) = F(t,X(t)), X(0)=Xo, X(t)eR™™, te0,7),
||F(t,X1)—F(t,X2)|| SL, VXl,XQ ERnXm, Vte [O,T],
|F(t,X)| < B, VX eR™™, vt € [0,T).

We want to obtain approximation to stationary point X,: F(¢, X.) = 0. We seek for
low-rank approximation Y (t) to X (¢t) and Y (¢) satisfies the modified ODE:

Y(t) =PY)F(t,Y(t), Y(0)=Yy, rankY(¢t)=r,

where P(Y'(t)) is a projector onto the subspace determined by Y (¢). [B, Theorem
2.1] states that numerical approximation ?(t) is stable despite the presence of small
singular values of Y (t). However, this result cannot be directly applied to optimization
problems and F' should satisfy certain restrictions.

Another close result is a guaranteed local linear convergence for alternating least
squares optimization scheme in convex optimization problems [I1]. Also local con-
vergence results are obtained for modified alternating least squares scheme, such as
maximum block improvement [7] and alternating minimal energy [3], but for these
methods the low-rank manifold changes at every step.
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9. Conclusions and perspectives. Our numerical results show that the stair-
case is a typical case for linear contraction mappings. However, conditions of the
proved theorem cover only convergence at the last “step” on the stair. We plan to
formulate conditions for the contraction mapping ® for which “component-wise” con-
vergence as for stair case is guaranteed. Our current hypothesis is that the “extended”
mapping @,,(X, X.) should also satisfy the contraction property for X,. It will be
very interesting to explain the nature of the stair case convergence.

Another important topic for further research is to determine a viable “a-poste-
riori” error indicator, since we do not know the orthogonal component. This will allow
to develop rank-adaptive projector splitting based scheme.

The main conclusion of this paper is that projected iterations are typically as fast
as the unprojected ones. We plan to generalize the paper results for tensor case.
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