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Abstract

In the literature, many control charts monitoring the median is designed under

a perfect condition that there is no measurement error. This may make the

practitioners confusing to apply these control charts because the measurement

error is the true problem in practice. In this paper, we consider the effect of

measurement error on the performance of the exponentially weighted moving

average (EWMA) control chart combining with the variable sampling interval

(VSI) strategy. A linear covariate error model is supposed to model the mea-

surement error. The performance of the VSI EWMA median control chart is

evaluated through the average time to signal. The numerical simulation shows

that the measurement errors have a negative influence on the proposed chart.
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1 | INTRODUCTION

Statistical process control (SPC) is widely used in monitoring industrial manufacturing processes. Its goal is to improve
product quality and to be sure that a process is in control. Among several techniques of SPC, a control chart is a useful
tool to achieve this goal by helping manufacturers in detecting timely the out-of-control conditions. A control chart
includes an upper control limit (UCL) and/or lower control limit (LCL) that allow defining whether or not a process is
in control. The sample characteristics of interest are plotted on the control chart, and the number of samples plotted
above the upper limit and/or under the lower limit is counted. Each type of control chart has its own rule to alarm a
signal when the process is out of control.

In the literature, several control charts have been introduced, and the related references are abundant. One can
name the Shewhart control chart as the first control chart designed by Dr. Shewhart.1 This chart is very popular in
SPC, and its wide application over a long period of time has motivated researchers to introduce many other control
charts with higher performance in detecting process shifts. There are three main kind techniques in these new control
charts, including new rules to alarm a signal such as the synthetic control chart (Hu et al.2 and Tran et al.3) and the
run rules control chart (Tran4); the adaptive strategies by changing parameters of the process such as the variable
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sampling interval (VSI) chart (Reynolds et al.5) and the variable sample size chart (Reynolds and Arnold6); and the
advanced charts by considering the memories of the chart like the cumulative sum (CUSUM) control chart (Brook and
Evans,7 Wu et al.,8 and Maravelakis9) and the exponentially weighted moving average (EWMA) control chart
(Maravelakis et al.10). In addition, researchers recently suggest combining the adaptive strategies with the advanced
control charts to provide new kinds of control charts like the VSI CUSUM control chart (Nguyen et al.11) and the VSI
EWMA control chart (Nguyen et al.12). In general, these new hybrid control charts significantly improve the perfor-
mance of the original charts.

The usual assumption used in many control charts is that there is no measurement error. However, this
assumption seems to be not realistic in practice because the measurement error does exist for every measurement
system no matter how good they are. Under the presence of measurement error, the performance of the control chart
differs from the performance of the corresponding chart without considering the measurement error due to the
change of the parameters of the model. This problem has been pointed out in various control charts by a lager
number; see, for example, Nguyen et al.,13-16 Linna et al.,17 Costa and Castagliola,18 Noorossana and Zerehsaz,19 and
Tran et al.20,21

Among several characteristics of interest from a process, the median is quite an important characteristic and the
median (denoted by eX ) chart is also a popular chart for monitoring the mean of a process. According to the discussion
in Castagliola et al.,22 the eX chart is interested in monitoring a process running for a long time because it is robust
against outliers or small deviations from normality. This property makes it more advantageous compared to the X chart
in such a case. The study in Khoo23 also points out that a sample median chart is suitable for detecting permanent shifts
in the process. In the literature, the EWMA eX chart is introduced by Castagliola.24 This study is then extended in Tran
et al.25 by combining the EWMA chart with the VSI strategy. The Shewhart-eX control chart is studied in Khoo.23 The
median control charts with estimated process parameters are also a major concern in several studies, such as
Castagliola and Figueiredo26 with the Shewhart-type chart, Castagliola et al.22 with the EWMA-type chart, Saha et al.27

with the run sum-type chart, and Khoo et al.28 with VSI EWMA-type chart. Tran et al.20 presents the performance of
the Shewhart chart for a normal process under a linear covariate error model. The synthetic eX control chart for
monitoring the process mean with measurement errors is studied in Tran et al.3

The goal of this paper is to investigate the performance of the VSI EWMA-eX control chart in the presence of mea-
surement errors. As cited above, the VSI EWMA-eX control chart has been designed in Tran et al.,25 and it is shown that
by combining with the VSI strategy, the VSI EWMA-eX leads to impressive performance in detecting process mean
shifts, and it improves significantly the performance of the EWMA-eX control chart. However, in this study, the authors
assumed that the characteristic of interest is measured exactly without error. To make the application of the VSI
EWMA-eX control chart more practical, it is necessary to consider the effect of measurement error on the chart's perfor-
mance. Similar to previous studies, we apply the linear covariate error model introduced in Linna and Woodall29 for
the measurement error.

The rest of the paper is organized as follows. In Section 2, we provide briefly the linear covariate error model and
the distribution of the sample median eX . Sections 3 and 4 present the implementation and the design of the VSI
EWMA-eX control chart. The effect of measurement error on the proposed control chart's performance is investigated in
Section 5. An illustrative example based on the data form the production process of milk bottles is given in Section 6.
Finally, Section 7 is for some concluding remarks.

2 | A BRIEF REVIEW OF THE LINEAR COVARIATE ERROR MODEL AND
SAMPLE MEDIAN DISTRIBUTION

A brief review of the linear covariate error model (suggested in Linna and Woodall29) and the sample median distribu-
tion is presented in this section. To monitor the quality of characteristic X, suppose that a set of samples {Xi,1,Xi,2,… , Xi,

n} of size n is taken at the sampling period i= 1,…. We assume that Xi,j are independent and identically distributed from
a normal distribution, Xi,j �N μ0 + δσ0,σ20

� �
, where δ represents the standardized shift size. The process is considered to

be in control when δ= 0; otherwise, it is is considered as out of control. The in-control μ0 and σ0 are assumed to be
known. Due to the measurement error problem, the true value Xi,j is impossible to obtain. Instead, we can only obtain
the observed value fX∗

i,j,1, X
∗
i,j,2,…, X

∗
i,j,mg where X∗

i,j,k is the kth measurement of the item j at the sampling time i and
m≥ 1 is the number of repeated measurements per item. As suggested in Linna and Woodall,29 we have a linear covari-
ate model as
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X∗
i,j,k =A+BXi,j + εi,j,k,

where A and B are two constants estimated from phase I data and εi,j,k �Nð0,σ2MÞ is a normal random error, which is
independent of Xi,j.

Let X
∗
i,j denote mean of m quantities fX∗

i,j,1, X
∗
i,j,2,…, X

∗
i,j,mg, that is,

X
∗
i,j =

1
m

Xm
k=1

X∗
i,j,k

=
1
m

Xm
k=1

ðA+BXi,j + εi,j,kÞ

=A+BXi,j +
1
m

Xm
k=1

εi,j,k:

ð1Þ

Then, X
∗
i,j follows a normal distribution with mean

μ∗ =EðX∗
i,jÞ=A+Bðμ0 + δσ0Þ, ð2Þ

and standard variation

σ∗ = σðX∗
i,jÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2σ20 +

σ2M
m

r
: ð3Þ

We now define the sample median of the mean values fX∗
i,1, X

∗
i,2,…, X

∗
i,ng corresponding to subgroup i= 1,2, …, as

eX∗
i : =

X
∗
i,ððn+1Þ=2Þ if n is odd,

X
∗
i,ðn=2Þ +X

∗
i,ðn=2+ 1Þ

2
if n is even,

8>>><>>>: ð4Þ

where X
∗
i,ð1Þ, X

∗
i,ð2Þ,…, X

∗
i,ðnÞ

n o
is the ordered sample of the mean values for each subgroup i= 1,2,…. According to the

discussion in Tran et al.,20 the sample size n is usual to assume to be an odd value when working with the sample
median. In the rest of the paper, we will consider the case where n is odd. For this case, the cumulative distribution

function (c.d.f.) FeX∗ðxjnÞ of the sample median eX∗
i is defined as (see Castagliola and Figueiredo26)

FeX∗

i

ðxjnÞ =Fβ Φ
x−μ∗

σ∗

� �
n+1
2

,
n+1
2

����� �

=Fβ Φ
x−A−Bðμ0 + δσ0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B2σ20 +
σ2M
m

q
0B@

1CA n+1
2

,
n+1
2

����
0B@

1CA,
ð5Þ

where Φ(x) is the c.d.f. of the standard normal distribution and Fβ(x|a, b) is the c.d.f. of the beta distribution with
parameters ða,bÞ= n+1

2 , n+1
2

� �
.

3 | IMPLEMENTATION OF THE VSI EWMA- eX CONTROL CHARTS WITH
MEASUREMENT ERRORS

As in the EWMA-type chart, the observed characteristics of interest eX∗
i are not monitored directly. Instead, we monitor

its EWMA sequence

DUC TRAN ET AL. 3



Z∗
i = ð1−λÞZ∗

i−1 + λ eX∗
i , i=1,2,…, ð6Þ

where λ is a smoothing parameter that can be assigned a value in [0,1] and the initial value Z∗
0 = μ∗0 =A+Bμ0. Adjusting

the value of λ helps to change the memory of the EWMA charts to handle certain sizes of faults. The VSI EWMA-eX
control chart consists of the UCL, the LCL, the upper warning limit (UWL), and the lower warning limit (LWL), which
are defined as follows.

LCL = A+Bμ0−K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

2−λ
B2σ20 +

σ2M
m

� �s
, ð7Þ

UCL = A+Bμ0 +K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

2−λ
B2σ20 +

σ2M
m

� �s
, ð8Þ

LWL = A+Bμ0−W

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

2−λ
B2σ20 +

σ2M
m

� �s
, ð9Þ

UWL = A+Bμ0 +W

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

2−λ
B2σ20 +

σ2M
m

� �s
, ð10Þ

where K> 0 is a control coefficient used to specify the width of the control limits and W(0 <W< K) is an warning
coefficient used to determine the width of the warning limits in the VSI-type chart. The closer to 0 is the warning limit
coefficient W, the smaller is the warning region.

The proposed control chart is adaptive with respect to the time interval in which a sample is taken. The sampling
interval varies depending on the information from the most recent sample collected. In particular, random samples are
collected in intervals of variable length according to the function:

hðiÞ= hS if Z∗
i−1 2RS,

hL if Z∗
i−1 2RL,

�
ð11Þ

where h(i) is the time practiced to take the ith sample and hS and hL represent the “short time” and “long time”
interval, with the corresponding regions RS and RL. Figure 1 shows a graphical view of the VSI EWMA-eX chart. It is
divided into three regions:

• The central region, that is, [LWL,UWL]. When the control statistic Z∗
i falls within this region, the next sample should

be taken after a “long time” interval hL, because there is no evidence to say that the process is being shifted.

FIGURE 1 Three regions of the variable sampling interval (VSI)

exponentially weighted moving average (EWMA)-eX control chart. LCL, lower

control limit; LWL, lower warning limit; UCL, upper control limit; UWL, upper

warning limit
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• The warning region, that is, [LCL,LWL)[ (UWL,UCL]. If the control statistic falls into this region, the next sample
should be taken faster, after a “short time” hS, because the process seems to be shifting into out-of-control
conditions.

• Out-of-control regions, that is, (−∞,LCL) [ (UCL, +∞). A signal from the chart is given to alarm that the process is
out of control.

4 | DESIGN OF OPTIMAL VSI EWMA- eX CONTROL CHARTS WITH
MEASUREMENT ERRORS

The performance of the VSI EWMA-eX control chart is evaluated by the measure of average time to signal (ATS). It is
the expected value of the time after the process starts until the first signal. When the process is in control, it is denoted
by ATS0. Conversely, when the process is out of control, it is denoted by ATS1. For any VSI-type chart, the smaller the
value of the ATS1, the better the performance of the control chart. In this study, the ATS is calculated by using the
Markov chain method which is proposed by Brook and Evans7 (see Appendix A1).

When samples are taken at fixed intervals of time (FSI), the ATS is simply a multiple of the ARL. The sampling
interval hF is fixed, and we have

ATSFSI = hF ×ARLFSI: ð12Þ

Because of the variation of the interval sampling in the VSI-type chart, the ATS is defined as

ATSVSI =EðhÞ×ARLVSI, ð13Þ

where E(h) is the expected sampling interval value.
The design of the proposed control chart is defined by finding related parameters that minimize the ATS1. To make

a fair comparison with the FSI charts, we suppose that the in-control values of both the average time to signal ATS0
and the average sampling interval E0(h) are the same as ARL0 and hF. Without loss of generality, we assume that hF= 1
time unit in the FSI-type chart. Moreover, according to the discussion in Nguyen et al.,12 the short sampling interval hS
and the warning coefficient W are fixed. Thus, the design of the VSI EWMA-eX control chart is now to find an optimal
combination of parameters λ∗, K∗, and h∗L which minimize the out-of-control ATS for predefined values of ATS0, W,
and hS and specific values of n, δ, m,B, and η. In particular, the optimization problem consists in finding the optimal
parameters λ∗, K∗, and h∗L such that

ðλ∗,K∗,h∗LÞ= argmin
ðλ,K,hLÞ

ATSðn, λ, K,W , hL, hS, δ, B, m, ηÞ, ð14Þ

subject to the constraint

E0ðhÞ= 1,

ATSðn,λ,K,W ,hL,hS,B,m,η,δ=0Þ= ATS0:
ð15Þ

5 | NUMERICAL RESULTS

In this section, we present the optimal parameters λ∗, h∗L , and K∗ of the VSI EWMA-eX control chart and the
corresponding ATS1 for some scenarios of other parameters. The following specific values are considered in our
simulation:

• The shift size δ 2 {0.1, 0.2, 0.3, 0.5, 0.7, 1.0, 1.5, 2.0}.

DUC TRAN ET AL. 5



• The sample size n 2 {3, 5, 15}.
• The warning limit coefficient W 2 {0.2, 0.6}.
• The precision error ratio η 2 {0, 0.1, 0.3}.
• The number of repeated measurements per item m 2 {1, 5, 10}.
• The slope in the linear covariate model B 2 {0.8, 1, 1.2}.

The optimal parameters (λ∗, K∗, and h∗L) and the corresponding ATS1 of the VSI EWMA-eX control chart in the pres-
ence of the measurement error are given in Tables 1–3. Some conclusions can be drawn from these results as follows.

• Given the values of other parameters, the optimal values (λ∗, K∗, and h∗L ) depend on η. However, when δ≤ 0.2, this
dependence is insignificant as the values of λ∗, K∗, and h∗L are almost the same as δ≤ 0.2. If δ> 0.2, the values of
(λ∗, K∗) decrease whereas the values of h∗L increase when η increases. For example, with n= 5, B= 1, m= 1, hS= 0.1,
W= 0.2, and δ= 0.3 in Table 2, we have (λ∗, K∗,) = (0.0837, 1.4212) and h∗L =2:9729 when η= 0, whereas (λ∗, K∗) =
(0.0783, 1.4108) and h∗L =2:9845 when η= 0.3.

• In general, the precision error ratio η has a negative effect on the chart's performance. The value of the ATS1
decreases when η increases. For example, given n= 3, η= 0.28, m= 1, δ= 0.1, W= 0.6, and hS= 0.1 in Table 1, we
have ATS1 = 128.6 when η= 0.1 and ATS1 = 135.5 when η= 0.3.

• The choice of the short sampling interval hS effects the value of ATS depends on hS. In particular, the smaller value
of hS leads to smaller values of ATS1. For example, when δ= 0.2, n= 15, W= 0.6, η= 0.28, m= 1, and B= 1 in
Table 3, we have ATS1 = 16.4 for hS= 0.1 and ATS1 = 18.1 for hS= 0.5. However, when δ⩾1:5, the increase of hS leads
to the decrease of the ATS1.

• The influence of the warning coefficient W on the performance of the proposed chart depends on the shift size δ. In
general, when δ⩽0:3 , the smaller value of W leads to the smaller value of the ATS1, whereas the opposite is true
when δ> 0.3. For example, we have ATS1 = 103.3 when W= 0.2 and ATS1 = 107.1 when W= 0.6 given that n= 5, B
= 1, m= 1, hS= 0.5, η= 0.28, and δ= 0.1 in Table 2.

• The value of the ATS1 reduces as B increases. For example, when n= 15, η= 0.28, m= 1, δ= 0.1, W= 0.6, and hS=
0.5, we have ATS1 = 54.3 for B= 0.8 and ATS1 = 51.7 for B= 1.2; see Table 3.

• When m increases, the ATS1 decreases significantly, especially when δ is small. For example, with the same value of
n= 3, W= 0.2, hS= 0.1, B= 1, η= 0.28, and δ= 0.1, we have ATS1 = 130.6 when m= 1 and ATS1 = 124.6 when m=
10. That is to say, taking multiple measurements per item, in each sample, is an efficient strategy to compensate for

the effect of measurement errors in the VSI EWMA-eX control chart.

• The sample size n has a strong influence on the chart performance: the larger the sample size n, the smaller the value
of ATS1. For example, in Tables 1 and 2, with hS= 0.1, m= 1, B= 1, W= 0.2, δ= 0.1, and η= 0.1, we have ATS1 =
124.8 when n= 3 whereas ATS1 = 88.3 when n= 5.

We also make a comparison between the performance of the VSI EWMA-eX control chart in the presence of mea-
surement errors with the performance of other control charts in the same conditions in the literature, involving the
Shewhart-eX control chart (Tran et al.20) and the synthetic eX control chart (Tran et al.3). The compared results show that
regardless of the presence of measurement errors, the VSI EWMA-eX control chart leads to the best performance. For
example, given the value of n= 3, B= 1,m= 1, η= 0.1, and δ= 0.1, we have ARL1 = 335 in the Shewhart-eX control chart
(tab. 1 in Tran et al.20), ARL1 = 319.8 in the synthetic eX control chart (tab. 3 in Tran et al.3) compared with ATS1 =
12.48 (for the case hS= 0.1, W= 0.2 in Table 1 in this study).

6 | ILLUSTRATIVE EXAMPLE

In this section, we illustrate the implementation of the VSI EWMA-eX control chart under the presence of measurement
errors. We consider a real context from the production process of milk bottles introduced in Castagliola et al.22 This
context is also widely applied in the literature; see, for example, Tran et al.25 According to Castagliola et al.,22 the
weight Y (in milliliters) of each bottle in the production process is the quality characteristic of interest. The weight Y is
supposed to follow a normal distribution with parameters ðμ0,σ20Þ. From phase I data, it is estimated that μ̂0 = 500:023
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and σ̂0 = 0:9616. In the implementation of the proposed chart, we suppose a sample of the size n= 5 is taken for each
subgroup, and we choose the value of ATS0 equal to 370.4. Similar to Tran et al.,20 we assume η= 0.28, A= 0, B= 1,
and m= 1 for the parameters of the linear covariate error model. We also consider a shift of 0.5σ0 in the mean as an
alarm that the process is out of control. Then, with the sampling interval hS= 0.5 and W= 0.2, the optimal parameters
(λ∗, K∗) are λ∗= 0.1467 and K∗= 1.4989. From the formulas (7)–(10), we obtain

LCL =500:0230−1:4989

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:1467

2−0:1467
1+ 0:282
� �r

× 0:9616= 499:6019,

UCL =500:0230+ 1:4989

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:1467

2−0:1467
1+ 0:282
� �r

× 0:9616= 500:4441,

LWL =500:023−0:3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:1467

2−0:1467
1+ 0:282
� �r

× 0:9616= 499:9387,

UWL =500:023+ 0:3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:1467

2−0:1467
1+ 0:282
� �r

× 0:9616= 500:1073:

We simulate phase II data from a normal distribution. In particular, the first 10 subgroups are simulated from

Nðμ̂0, σ̂20Þ, and the last 10 subgroups are simulated from Nðμ̂0 + 0:5∗σ̂0, σ̂20Þ, that is, with a shift of the size δ= 0.5, lead-
ing to higher milk weight. The simulated phase II data are presented in Table 4. The rightmost two columns of the

Table 4 show the corresponding sample median values eT∗
i and the EWMA sequence Z∗

i , whereas the second and the

third columns present the corresponding sampling interval and the total time. Figure 2 plot the VSI EWMA-eX control
chart in the presence of measurement errors corresponding to the phase II data set in Table 4. As can be seen from this
figure, from sample 13, the process is detected to be out of control (corresponding to the bold values in Table 4).

TABLE 4 Phase II dataset (SI: sampling interval)

Sample SI Total time Phase II (Xij) eX∗
i Z∗

i

1 1.63 1.63 501.4833 500.1706 499.9020 498.8775 499.6307 499.9020 500.0052

2 1.63 3.26 500.1050 499.9799 498.6100 501.0395 498.8064 499.9799 500.0015

3 1.63 4.89 499.5145 501.4646 501.1188 501.3637 499.7332 501.1188 500.1654

4 0.5 5.39 499.5620 499.8151 500.2803 500.7398 497.1229 499.8151 500.1140

5 0.5 5.89 499.7502 499.8326 499.0275 499.8758 499.8762 499.8326 500.0727

6 1.63 7.52 498.5258 499.6318 500.6597 500.4488 499.8711 499.8711 500.0432

7 1.63 9.15 499.8433 500.9569 500.0851 499.6945 498.8933 499.8433 500.0138

8 1.63 10.78 499.4935 499.7990 501.0783 500.8580 500.4979 500.4979 500.0849

9 1.63 12.41 500.2730 500.9816 499.2352 500.5186 498.6644 500.2730 500.1125

10 0.5 12.91 500.8658 502.7562 499.4933 501.3502 499.5705 500.8658 500.2230

11 0.5 13.41 501.1827 500.6837 501.3678 500.0807 502.1853 501.1827 500.1931

12 0.5 13.91 502.1790 500.6295 500.1285 499.6191 502.1439 500.6295 500.2571

13 0.5 14.41 501.3198 503.0769 502.9001 501.9779 498.7582 501.9779 500.5096

14 0.5 14.91 501.7116 499.0937 501.5189 501.9622 501.3381 501.5189 500.6577

15 0.5 15.41 501.6141 500.1646 502.7406 501.7982 501.1249 501.6141 500.7980

16 0.5 15.91 500.9030 499.9101 498.3796 501.3495 501.8195 500.9030 500.8134

17 0.5 16.41 497.5061 500.1663 501.0336 501.0758 497.7357 500.1663 500.7184

18 0.5 16.91 499.8274 499.9869 500.5583 500.3271 500.5652 500.3271 500.6610

19 0.5 17.41 499.5205 499.9218 500.1015 502.3268 501.0534 500.1015 500.5790

20 0.5 17.91 501.1493 502.6016 498.8458 500.9987 499.9475 500.9987 500.6405
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7 | CONCLUDING REMARKS

In this paper, we have investigated the effect of measurement error on the VSI EWMA-eX control chart. The obtained
results show that the measurement error has a negative influence on the proposed chart performance. These negative
impacts can be reduced by increasing either the sample size n or the number of multiple measurements per item. We
have also compared the performance of the VSI EWMA-eX control chart with other median charts in the literature in
the same condition of the presence of measurement errors. It is shown that our proposed control chart in this study
leads to better performance compared with the others.
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APPENDIX A

In order to calculate the ATS of the VSI EWMA-eX control chart in the presence of measurement errors, we use a
Markov chain method proposed in Brook and Evans.7 By this method, the control limit [LCL, UCL] is divided into
2p+ 1 equal-length subintervals (Hj−Δ, Hj+Δ], j 2 {− p,… ,0,… , + p}, centered at

Hj =
UCL+ LCL

2
+ 2jΔ where Δ=

UCL−LCL
2ð2p+1Þ :

Using formulas (7) and (8) for LCL and UCL, we obtain

Hj =A+Bμ0 + 2j
K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

2−λ B2σ20 +
σ2M
m

	 
r
ð2p+1Þ , ðA1Þ

Δ=
K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

2−λ B2σ20 +
σ2M
m

	 
r
ð2p+1Þ : ðA2Þ

Each subinterval (Hj−Δ, Hj+Δ], j 2 {− p,… ,0,… , + p}, represents a transient state of a Markov chain. For each j 2
{− p,… ,0,… , + p}, if Z∗

i 2 ðHj−Δ,Hj +Δ� , then the Markov chain is in the transient state j for sample i. If
Z∗
i =2ðHj−Δ,Hj +Δ�, then the Markov chain reached the absorbing state (−∞, LCL] [ [UCL, +∞). We assume that Hj

is the representative value of state j. Let Q be the (2p+ 1, 2p+ 1) submatrix of probabilities Qj, k corresponding to the
2p+ 1 transient states defined above, that is,

Q=

Q−p,−p … Q−p,−1 Q−p,0 Q−p, + 1 … Q−p, + p

..

. ..
. ..

. ..
. ..

. ..
. ..

.

Q−1,−p … Q−1,−1 Q−1,0 Q−1, + 1 … Q−1, + p

Q0,−p … Q0,−1 Q0,0 Q0, + 1 … Q0, + p

Q+1,−p … Q+1,−1 Q+1,0 Q+1,+ 1 … Q+1,+ p

..

. ..
. ..

. ..
. ..

. ..
. ..

.

Q+ p,−p … Q+ p,−1 Q+ p,0 Q+ p, + 1 … Q+ p, + p

0BBBBBBBBBBBBB@

1CCCCCCCCCCCCCA
: ðA3Þ

By definition, we have Qj,k =PðZ∗
i 2 ðHk−Δ,Hk +Δ�jZ∗

i−1 =HjÞ or, equivalently, Qj,k =PðZ∗
i ≤Hk +ΔjZ∗

i−1 =HjÞ−
PðZ∗

i ≤Hk−ΔjZ∗
i−1 =HjÞ. Replacing Z∗

i = ð1−λÞZ∗
i−1 + λeX∗

i , Z
∗
i−1 =Hj and isolating eX∗

i gives

Qj,k =P eX∗
i ≤

Hk +Δ−ð1−λÞHj

λ

� �
−P eX∗

i ≤
Hk−Δ−ð1−λÞHj

λ

� �
=FeX∗

i

Hk +Δ−ð1−λÞHj

λ

����n� �
−FeX∗

i

Hk−Δ−ð1−λÞHj

λ

����n� �
:

From (5), (A1), and (A2), it can easily be proven that

Qj,k =Fβ Φ
ð2k+1−2jð1−λÞÞK

ffiffiffiffiffiffiffi
λ

2−λ

q
λð2p+1Þ −

Bδσ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2σ20 +

σ2M
m

q
0B@

1CA n+1
2

,
n+1
2

����
0B@

1CA
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−Fβ Φ
ð2k−1−2jð1−λÞÞK

ffiffiffiffiffiffiffi
λ

2−λ

q
λð2p+1Þ −

Bδσ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2σ20 +

σ2M
m

q
0B@

1CA n+1
2

,
n+1
2

����
0B@

1CA:

Let us denote η= σM
σ0

the precision error ratio. The probability Qj, k can be rewritten in the form

Qj,k =Fβ Φ
ð2k+1−2jð1−λÞÞK

ffiffiffiffiffiffiffiffiffi
λ

2−λ

r
λð2p+1Þ −

Bδffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 + η2

m

r
0BBB@

1CCCA n+1
2

,
n+1
2

����
0BBB@

1CCCA

−Fβ Φ
ð2k−1−2jð1−λÞÞK

ffiffiffiffiffiffiffiffiffi
λ

2−λ

r
λð2p+1Þ −

Bδffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 + η2

m

r
0BBB@

1CCCA n+1
2

,
n+1
2

����
0BBB@

1CCCA:

ðA4Þ

Let q= (q−p,… , q0,… , qp)
T be the (2p+ 1) vector of initial probabilities associated with the 2p+ 1 transient states,

where

qj =
0 if Z∗

0 =2ðHj−Δ,Hj +Δ�,
1 if Z∗

0 2 ðHj−Δ,Hj +Δ�:
�

ðA5Þ

Then, similar to Tran et al.,25 the ATS1 can be calculated by the following expression:

ATS1 =qTðI−QÞ−1g, ðA6Þ

where g is the vector of sampling intervals corresponding to the discretized states of the Markov chain and the jth
element gj of the vector g is the sampling interval when the control statistic is in state j (represented by Hj), that is,

gj =
hL if LWL<Hj <UWL,

hS otherwise:

�
ðA7Þ

Also, the average sampling interval of the VSI EWMA-eX chart is given as

EðhÞ= qTðI−QÞ−1g

qTðI−QÞ−11
: ðA8Þ
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