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Abstract

Consider the following one-player game played on an initially empty
graph with n vertices. At each stage a randomly selected new edge is
added and the player must immediately color the edge with one of r avail-
able colors. Her objective is to color as many edges as possible without
creating a monochromatic copy of a fixed graph F.

We use container and sparse regularity techniques to prove a tight
upper bound on the typical duration of this game with an arbitrary, but
fixed, number of colors for a family of 2-balanced graphs. The bound
confirms a conjecture of Marciniszyn, Spohel and Steger and yields the
first tight result for online graph avoidance games with more than two
colors.

1 Introduction

Consider the following one-player game played on an initially empty graph on
n vertices. In every round we insert a new edge chosen uniformly at random
among all non-edges of the graph. The player, henceforth called Painter, must
immediately color this edge with one of r available colors. Her objective is to
avoid a monochromatic copy of some fixed graph F for as long as possible.
We refer to this game as the online F-avoidance game with r colors.

We call Ny(F,r,n) a threshold function for the online F-avoidance game
with r colors if for every N < Ny(F,r,n) there exists a strategy for Painter
that survives for N rounds with high probability and if for every N > Ny(r, n)
every strategy fails to survive for N rounds with high probability. Note that
such a threshold function always exists [10, Lemma 2.1].

This game was first studied by Friedgut, Kohayakawa, Rodl, Rucifiski and
Tetali, who have shown in [4] that Ny(K3,2,1n) = n*/3 is a threshold for the
online triangle-avoidance game with two colors. In 2009 Marciniszyn, Spohel
and Steger proved the following lower bound
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Theorem 1.1 ([10]). Let F be a graph that is not a forest, and let v > 1. Then the
online F-avoidance game with r colors has a threshold Ny(F,r,n) that satisfies

N()(F, , 1’[) > nZ—l/W;(F),

where > (F) is given by
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In an accompanying paper they provide matching upper bounds in the
two color case for a large class of graphs, which includes cycles and cliques:

Theorem 1.2 ([11). Let F be a graph that is not a forest which has a subgraph
F_ C F with er — 1 edges satisfying

my(F_) <73 (F).
Then the threshold for the online F-avoidance coloring game with two colors is
No(F,2,n) = n> V/7a(F),

They conjecture that a similar result is true for all » > 3.

For three or more colors no tight upper bounds are known. The corre-
sponding offline triangle avoidance game (where Painter gets to see all N
edges at once) has a threshold given by N = n3/2 [13]. Clearly this upper
bound also applies to the online game. In [3] Belfrage, Miitze and Spohel con-
nected the probabilistic one player game to a deterministic two player game
originally introduced by Kurek and Ruciniski in [9]. In this version of the game
the edges are no longer presented in a random order but can be chosen by a
second player called Builder. They show that if there exists a winning strategy
for Builder which only creates subgraphs of density at most d, then n?~1/4 is
an upper bound for the threshold of the original probabilistic game.

This technique was used by Balogh and Butterfield in [1] to improve the
upper bound for the online triangle avoidance game to 1n3/2~¢ for some con-
stant ¢, > 0. Thus the thresholds of the online and offline games differ. Still
their upper bound of n?/3~¢ does not match the lower bound provided by
Marciniszyn, Spohel and Steger.

Our contribution is an upper bound, which matches the lower bound
Marciniszyn, Spohel and Steger, for an arbitrary number of colors. That is
we show the following:

Theorem 1.3. Let F be a 2-balanced graph that is not a tree which has a subgraph
F_ C F with er — 1 edges satisfying

ma(F-) < 7i3(F).
Then the threshold for the online F-avoidance game with r colors is

No(F,r,n) = n?~1/M(F),



The premise of our theorem is satisfied by a large class of graphs, which
includes cycles and cliques. The condition that F is 2-balanced is used only
for technical reasons. On the other hand the second condition is (in general)
necessary. In [10] the authors give an example of a graph (two triangles inter-
secting in a single vertex) for which the above threshold is incorrect.

To go from two to more colors we prove a generalization of the KER-
conjecture. For two colors the (unmodified) KLR-conjecture immediately tells
us that Painter has to color on the order of n”*-p‘*~ copies of F_ with the

majority color (where p =< n~1/ W%). In expectation a p-fraction of those copies
of F_ will form a copy of F which contains one edge colored in the secondary
color. The density of those edges is roughly n?r—2p¢r = n=1/"(F) 5o we may
expect them to form a copy of F. A.a.s. this is indeed the case and thus Painter
2—1/W§(F))

looses the game after w (n edges have been presented.

To generalize this argument to three colors we want to show that there exist
copies of F_ in the primary and secondary colors which share their missing
(non)-edge. These non-edges, if they appear later, will have to be colored with
the tertiary color and as before the 77, density is large enough to guarantee
that a.a.s. Painter will have to close a copy of F in the tertiary color.

To find the aforementioned copies we prove a variant of the KLR-conjecture,
which allows us find copies of F_ where the missing edge lies in some fixed
set of (non-)edges. The proof of this statement uses the container theorem in-
troduced by Saxton and Thomason [14] and independently by Balogh, Morris
and Samotij [2].

1.1 Preliminaries and Notation

Forn € Nlet [r] = {1,...,r}. Forsets V,V' and ¢ € [0,1] we write V' C, V
to denote that V' is a subset of V of cardinality at least ¢|V|. We say that a
statement holds asymptotically almost surely (a.a.s.) if it holds with probabil-
ity 1 — o(1). The underlying uncolored graph of the game follows the random
graph process (G(n, N ))1§N§(Z)f where the edges are added in an order se-

lected uniformly at random from the (3)! possible permutations. Let Gy, p
denote the binomial random graph on n vertices where every edge is present
with probability p independently of all others. If N < p(3) then the two mod-
els are equivalent in terms of asymptotic properties [6]. We will thus mostly
work with Gy, .

Let G be a graph and let R C V(H) denote an ordered subset of the
vertices. We call the pair (R, G) a rooted graph. We denote the number of
vertices of G with vg and the number of edges with eg. For a rooted graph
we set Tp g = v — |R| and erc = ec — eg(r)- For convenience we drop
the dependence on R if the set of roots is obvious from the context. That is
UG = U and g = eg . We write H Cr G do denote that H is a subgraph
of G with R C V(H) and H|[R| = G[R]. For a rooted graph (R, F) we denote
with F_ the subgraph of F obtained by removing all edges of F[R]. We write
(e, F) to indicate that the set of roots has cardinality two (this notation does
not imply that e € E(F)).

For two rooted graphs (R,G), (e, F) we denote with (R,G) x (e, F) the
graph obtained by attaching to every non root edge ¢’ of (R, G) a new copy



of F rooted in ¢’ (possibly removing the edge ¢’ if it is not present in F). In
general one can choose to orient the attached copies of F in two different ways.
For our purposes the actual choice does not matter so we fix one based on the
lexicographic ordering of the vertices.

For a collection of graphs (R, Gy), ..., (R, G;) which agree on R we denote
with |_|i-‘:1 (R, G;) the rooted graph obtained by joining pairwise disjoint copies
of Gy, ..., G together at their roots.

For graphs we define the following densities (by convention 0/0 = 0):

€G
d(G) = e m(G) = glcaéd(H)
e
#(6) = 5= m1(G) = maxd; (H)
eg—1
d2(G) = h m(G) = maxd,(H)
_ 8 ifr=1, _
(G H =1 5o M(G) =maxd;y(G,H)
on—2+1/mc) ST = HCG

We say that a graph G is (strictly) balanced with respect to a density function
if the maximum is attained (uniquely) by G. We say that G is balanced (1-
balanced, 2-balanced) if it is balanced with respect to m (my, my).

One can check (see [10]) that for every graph G we have

m(G) =m3(G) <m3(G) < --- < mh(G) < --- < my(G).

Furthermore if G is 2-balanced then it is also balanced with respect to 77, for
all r. It is also easy to check that for every graph G which is not a forest

and that if G is additionally 2-balanced then it is also strictly 1-balanced.
The density of a rooted graph is defined by

G
d(R,G) = Se m(R,G) —rgééd(RﬁV(H),H).

As in the unrooted case we call a rooted graph balanced if it is balanced with
respect to m.

Assume that there exists G’ C Gy, p such that G’ ~ G — G[R]. We say that
G’ is a copy of G — G[R] in G, p and that the vertices of G’ which correspond
to the roots of (R, G) span a copy of (R, G). Observe that the edges between
root vertices are immaterial. We will make heavy use of the following upper
bound due to Spencer on the number of rooted graphs spanned by vertices of
the random graph.

Theorem 1.4 ([15]). Let (R, G) be a rooted graph and suppose that t > m(R, G) and
p(n)=Q (n’l/t). Then a.a.s. in Gy, p every |R|-tuple of vertices spans (1 £ o(1))u
copies of (R, G) where y < n p°G is the expected number of such copies.

If p is below the density of (R, G) then the following easy to show upper
bound will suffice:



Lemma 1.5. Suppose that (R, G) is a balanced rooted graph and that t < m(R, G).
Then there exists a constant D(t) such that for p < n=! with probability 1 — o(1)
no set of |R| vertices in Gy, spans more than D copies of G.

Proof. Let us first prove that the balancedness of (R,G) implies that t <
m(R’,G) for all R with R € R’ € V(G). As (R,G) is balanced we have
for q= m—l/m(R,G)

nvG IRl g6 ~¢cr o(1)

nve IR gec—¢clry — =
nIR=IR| ¢RIk~ Q(T)

and thus m(R’,F) > m(R,F) > t.
Now the probability that a fixed set of roots spans C pairwise edge disjoint
copies of (R/,G) is at most

(n°rcpR6)C = (n’e(”)c =o0(n"%),

provided that C is large enough depending on t and vg. Using the union
bound we conclude that a.a.s. for every R” O R no set of |R’| vertices spans
more than C pairwise edge disjoint copies of (R’, G).

Fix a set of roots R C V(Gy,p) and a maximal set of edge disjoint copies of
(R, G) spanned by R. Every other copy of (R, G) spanned by R must intersect
these copies in some set R D R. By induction R’ spans at most a constant
number of copies of (R’, G) and since the number of choices for R’ is a constant
the total number of copies of (R, G) spanned by R is a constant as well. O

The final density of interest is a generalization of the 2-density to rooted
graphs. For t > 0 we define

7o—1

da(R, G, t) = { "o~
00 otherwise.

if oG — 2 — teG[R] > 0,

And
R,G,t) = d>(RNV(H),H,t).
ma( ) = maxda( (H), H,t)

GH_CI;[R] >1

The motivation for this definition is given in Section 1.1.2.

1.1.1 Szemerédi’s regularity lemma for sparse graphs

Our proof relies heavily on the sparse regularity lemma and related concepts.
The required definitions and theorems are briefly stated below. A more in
depth introduction to the topic can be found in [5].

Definition 1.6. A bipartite graph B = (U U W, E) is called (g, p)-regular if for all
U c.Uand W C. W,

[EQU, W) IE|
jwrwejufiwi

< ep.

We write (¢)-regular in case p equals the density |E|/(|U||W]).



The original regularity lemma of Szemerédi allows us to partition arbitrary
graphs into a constant number of (g, 1)-regular pairs. Kohayakawa[7] and
Rodl (unpublished) independently introduced an analogue of Szemerédi’s reg-
ularity lemma which gives meaningful results for p — 0. The generalization
works for a class of graph which do not contain large dense spots.

Definition 1.7. Let G = (V,E) be a graph and let 0 < 11, p < 1. We say that G is
(1, p)-upper-uniform if for all disjoint sets U,W C, V

[E(U,W)| < (1 +n)plU[[W].

We can now state Szemerédi’s regularity lemma for sparse graphs. We use
the second version presented in [7].

Definition 1.8. A partiton (Vi)g of the vertex set V is called an (e, p)-regqular parti-
tion with exceptional class Vy if |Vi| = |Vao| = -+ = |Vk|, [Vo| < en, and, with the
exception of at most ek? pairs, the pairs (V;, Vi), 1 <i<j<kare g p)-regular.
Theorem 1.9 (sparse regularity lemma). For any ¢ > 0 and mg > 1, there are
constants = n(e,my) > 0 and My = My(e, mg) > mg such that for any p > 0,
any (n, p)-upper-uniform graph with at least my vertices admits an (¢, p)-regular
partition (Vi)i-‘:o with exceptional class Vi such that mg < k < M.

The (g, p)-regularity of a pair does not imply any lower bounds on its
density. In fact the empty graph is (g, p)-regular for alle > 0,0 < p < 1.
Still it is not hard to show that if G has density at least ap then, for #, ¢ small
enough, we find at least one pair V;, V; which is (¢, p)-regular with density at
least ap/2 (and thus (2¢/a)-regular).

1.1.2 A KLR type statement for rooted graphs

Fix a graph F and let (Vi)iev( r) denote pairwise disjoint sets of size . We call
a graph G on the vertex set U;jcy(p)V; (F, e)-regular if for every {i,j} € E(F)
the pair (V;, V;) is (¢)-regular. We denote with G(F,n,m,¢) the class of (F,e)-
regular graphs G for which for every i,j € V(F)

|E(V, V)| = {m if {i,j} € E(F),

] 0 otherwise.

A partite copy of F in G is a set of vertices {v; € V;: i € V(F)} such that
{vi,vj} € E(G) whenever {i,j} € E(F). In [8] Kohayakawa, Luczak and Rodl
conjectured that almost all graphs in G(F,n,m,¢) contain a partite copy of F.
This conjecture, known as the KER-conjecture, was recently proven in full by
Saxton and Thomason [14] and independently by Balogh, Morris and Samotij
[2]. The following counting version is due to Saxton and Thomason.

Theorem 1.10 (KER conjecture, weak counting version [14]). Let F be a graph
and let B > 0. There exists u(B) > 0 such that for n sufficiently large and m >
u 2= 1/m(E) the number of graphs in G(F,n, m, ) which do not contain at least
1 (m/n>)eFnF partite copies of F is at most

()



Our main tool will be a slight generalization of this theorem: we want to
count only those copies of F which satisfy some additional constraints. These
constraints take the form of a partite hypergraph on a subset of the vertex
partitions. For a rooted graph (R, F) we denote with R(R, n) the class of par-
tite |R|-uniform hypergraphs on the partitions Vi, ..., Vig|. Fix Gg € R(R,n)
and G € G(F-,n,m,e). We denote with T(G, Gg) the multi-hypergraph on
Vi,...,V|g| which contains an edge ¢ € E(Ggr) with multiplicity k if G con-
tains exactly k partite copies of F_ which contain all vertices from e.

For our theorem to work we require that the edges of Gr are roughly
distributed like partite copies of F[R] in a random |R|-partite graph. This
notion is formalized in the following two definitions.

Definition 1.11. We say that Gg € R(R, n) is (F,q, ¢)-lower-regular if all tuples of

subsets V{ Ce Vy,..., V|/R‘ Ce V|g| induce at least g°FIR] HieR’Vi/’ edges.

Definition 1.12. We say that Gg € R(R,n) is (F,q)-upper-extensible if for every
induced subgraph F' C F[R] the degree of all tuples from XiGV(F,)) Vi is at most
qu[R]*EP’nW—UF/.

With these definitions at hand we can state our generalization of Theorem 1.10.

Theorem 1.13. Let (R, F) be a rooted graph. For every B > 0, A > 1 there exists
a(A,B), u(B) > 0 such that for every q(n) = o(1) the following holds:

For n large enough suppose that m > a~'n2~1/m(RF.~108,9) gnd that G €
R(R,n) is (F, Aq)-upper-extensible as well as (F,q, u)-lower-regular. Then the
number of graphs G in G(F—,n,m,u) for which T(G,Gg) contains fewer than
a(m/n?)F-gerRIn?r edges is at most

ﬁm nz C€F—CF[R]
" .

The proof follows the proof of the KER conjecture presented in [14] and is
deferred to Section 3.

2 Proof of Main Theorem

We will assume that F is a fixed 2-balanced graph which contains an edge
e € E(F) such that my(F — e) < m3(F). This fixes a rooted graph (e, F). Based
on the choice of ¢ we now define the classes F!, F2,... of rooted graphs. F!
consists of a singular rooted graph: an edge rooted in its endpoints. For k > 2
we define

Fk = {|_|(e,F) x (e, F) | Vi: (e, F) € ]—'<l},
i<k

where F=i .= U]-<l-]-'f. It is useful to observe that every F* & F¥ k> 2 can

be built by starting with a copy of F and then repeatedly attaching a copy of

(e, F) to some edge. Since F is 2-balanced this implies that F* is 2-balanced

with the same 2-density (see Lemma 2.16).



If Painter employs the greedy strategy then all edges colored with her k-

th favorite color will span a copy of the densest graph from F*. We will
ultimately show that, for some F* € F <k Painter will have to color a linear
fraction of all edges which span a copy of F* with the k-color (up to a permu-
tation of the colors). To this end let us define the notion of a dangerous copy of
Fr.
Definition 2.1. Let F* € F*. We say that an r-coloring of F* is dangerous if
the k — 1 copies of F— whose roots were identified in the construction of F* are all
monochromatic and colored with pairwise different colors. We say that F* is danger-
ous if it is colored with a dangerous coloring. We say that F x (e, F* ) is dangerous if
all attached copies of F* are colored according to the same dangerous coloring.

Assume that Painter has crated a dangerous copy of (e, F* ) where F* € F.
If e appears as an edge in a later round then Painter will be forced to color it
with one of the remaining  — k + 1 colors or close a monochromatic copy of
F. In particular if F* € F" and Painter creates a dangerous copy of F x (e, F¥)
then Painter cannot color the inner copy of F (if it were to appear) without
creating a monochromatic copy of F. The following Lemma states that Painter
cannot avoid such dangerous copies of F x (e, F*).

Lemma 2.2. Fix a function p = p(n) satisfying n="/™(F) < p < n=1/M(F) log n.
Then there exists constants ¢,C > 0 such that a.a.s. after Cn*p rounds there either
exists a monochromatic copy of F or we find a graph (e, F*) € F" such that Painter

Up* _p  €px
2 _)

e
has created cn®F (n ! dangerous copies of F x (e, F¥).

In other words at least a constant fraction of the copies of F x (e, F*) are
dangerous (for some F* € F"). Assuming the above Lemma the main result
follows from a second moment argument similarly to the one presented in
[11]. For completeness we restate the proof below. We shall also require the
following proposition, whose proof we defer to Section 2.2.

Proposition 2.3. All rooted graphs (e, F*) € F" satisfy
m(F x (e, F*)) < i5(F).

Proof of main theorem. We pause the game after m = ©(n?p) rounds. Exploit-
ing the asymptotic equivalence between Gy, and G, we consider the result-
ing graph to be distributed like a Gy,,.

For a graph G let the random variable X; denote the number of copies
of G in Gpp. Let F* denote the graph guaranteed by Lemma 2.2 and define
F:= Fx(eF*) and F. := F x (¢, F*). By Lemma 2.2 Painter has created

M = Q(X; ) dangerous copies of F_. We now consider these M copies to

be fixed and for i € [M] denote with F; the missing inner copy of F of the i-th
copy of F_. Observe that F; and F;j are not required to be disjoint and may in
fact be identical.

Observe that if Painter is forced to color one of the F; in a future round
then she must close a monochromatic copy of F and thus loose the game. We
now show that indeed a.a.s. one of the F; appears within the next ®(n?p)
rounds.

Let Z; denote the event that F; appears and let Z = Zf\ﬁ 1 Zi. We have

E[z] = Mp = O(E[Xp_| ) = O(E[X;]) = w(1),



where () follows from Proposition 2.3. Furthermore
Var[Z] = E[zz} —E[z]?
=) E[2iZ)] ~E[Z]E[Z)]
]

_ 2er—eg 2e
=) X pereop
GCF ij
erlF[ﬁFjNG

S Z MG pZGF—GG,
GCF
eg>1

where Mg denotes the number of pairs of F* whose (missing) inner copies of
F intersect in a copy of G.

Fix G C F and let H denote a graph obtained as the union of two copies
of F_ whose (missing) inner copies intersect in a copy of G. Let T denote
their intersection and T the graph obtained by adding the missing edges of
the inner copy of G to T. Observe that Ty C F and thus by Proposition 2.3
E[Xr, ] = w(1).

We have

E[x || E[x; [y
E[X}] = © WFT] e % :o<E[xﬁ_}2pec).

Since for every G C F the number of choices for H is constant we have (over

2
the first ® (n?p) rounds) E[Mg] = o (E [Xﬁ_} peC> and thus by first moment
2
method Mg = o <E {Xﬁ_} peG) a.a.s.

This implies (over the second set of ©(n?p) rounds) Var[Z] = o(E[ZF)
and thus Z > 1 a.a.s. O

2.1 Proof of Lemma 2.2

Fix a function p = p(n) which satisfies n=1/"(F) < p < n=1/"(F) logn. We
will divide the game into a constant number of phases. In each phase we
sample a copy of the binomial random graph G, and present its edges to
Painter in random order (edges already presented in a previous phase are
ignored). A.a.s. in each phase at most ®(n?p) edges are presented. Denote
with G,’;p the colored graph after k phases. We implicitly assume that G,’;p
does not contain a monochromatic copy of F.

As a main step in the proof we will show that for every set S of at most
r — 2 colors Painter must create a graph G € G(Ky, 1, m, €) monochromatic in
some color from [r] \ S after a constant number of phases. In general we cannot
expect that m = Q(n?p) (for example a greedy Painter will only produce a sin-
gle color class with this density). Instead we will require that m = @ (nF pr*)
for some F* € FISI*1. To retain some control on these graphs we introduce
the concept of an F*-spanning subgraph.



Definition 2.4. For a rooted graph (e, F*) € F* we say that a subgraph G C G,’;p
is F*-spanning if for every edge e € E(G) there exists F*(e) ~ F* in G’,g,p such that

1. the endpoints of e are the roots of (e, F*(e)),
2. all non root vertices of F*(e) lie outside of V(G) and,
3. F*(e) and F*(¢') are edge disjoint for all ¢ € E(G) \ {e}.

We shall see later that an F*-spanning subgraph behaves like a G;,; with

q = n°~2p° in the sense that we obtain bounds on its maximum degree
as well as exponential upper bounds on the number of edges between linear
sized vertex sets.

We are now in a position to state the main Lemma of this subsection.

Lemma 2.5. Fix a set S of at most v — 2 colors and an integer t > 2. Then there exist
a positive integer k and a constant § > 0 such that for every e > 0 there exists 1 > 0

such that for p = w (n_l/mg(F)) a.a.s. in G’n‘/p we find a subgraph G € G(Ky, i, m, €)
which is monochromatic in some color from [r] \ S and F*-spanning in Gﬁ,p where
F* € FEISHL i > yntr per* and 7 > nn.

Furthermore for every choice of i, m and graphs F* € F=ISI*1 and G with
|E(G")| = w(n) the probability that the statement nominates i, m, F* and G 2 G’

is at most
(ﬂ)IE(G/)I
128 '

It is crucial that in the probability bound we loose only a constant factor
(the J) independently of the requested regularity (as opposed to the density
of G which depends on 7 (¢)).

The next lemma states that this is the density guaranteed by Lemma 2.5
has the right order of magnitude in the sense that if we forbid |S| colors then
the resulting graph should have high enough density for Painter to loose the
game with r — || colors.

Lemma 2.6. Every F* € FF satisfies

0P 2y —eps /5 (F) > n— 1/ ()

7

provided that k < r.

Proof. The proof proceeds by induction on k. The singular graph in F! con-
sists of a single edge and thus the statement holds for k = 1.
For k > 2 let Ff, ..., F_; denote the graphs used during the construction

of F* € F*. Writing p; = n~1/"(F) we have

Upx —2  CF* vp—2 vpx—2 eP].* ep—1 () vp—2 . ep—1
' gt = p [ [ (T Ty = p [ [ 2, @

i<k i<k

where (*) follows from the induction hypothesis.
By definition of 71, we have

vp—2 .€F .
P i 2 Prei

10



and thus (1) is at least

Prnpr—i/pr—i-f-l = Pr—k+1-

i<k
[l

We will give a detailed proof of Lemma 2.5 below. Before that we will walk
through the main argument and state a number of auxiliary lemmas.
Assume that (by induction) we have found graphs G1, G, ..., Gy with

Gieg(F m0(n V™m0 ),

which are monochromatic in pairwise different colors. Assume furthermore
that G, is Fi-spanning for some F' € F' and that the partitions V;, V, corre-
sponding to the missing edge of F- = F — {{a,b}} are the same for all G;.
Through repeated application of Theorem 1.13 we will be able to count the
number of copies of | |;<(e, F-) in J;<x G; (Where the i-th copy of F_ is to be
from G;).

We expect to find roughly

"2 anp—zn—(ep—l)/m;—"“(m — 2 H n 11"::;” _ n2—1/ﬁ;_‘k(F)+1/W§_(F)
i<k i<k n1/my ()

)
such graphs. The 2-density of F is strictly above 5 (F). Since F is 2-balanced
we have my(F) = m(e, F) = m(e, F-) and Lemma 1.5 implies that every pair
from V; x V}, spans at most a constant number of copies of (e, F-). Thus the
number of pairs in V; x V;, which span a copy of F_ in each of the graphs G;
is of the same order of magnitude as (2).
Out of these pairs roughly n?~1/ N E) will appear as actual edges if we
present Painter with another set of n?p edges. If Painter wants to avoid a
monochromatic copy of F then she is forced to color these edges with colors
distinct from those used in Gy, ..., Gr. Furthermore since all the G; were Fi-
spanning these edges all span a copy of

| [(e, F) x (e, F') = F* € F*1.
i<k
We are below the 2-density of F* (which equals that F) and therefore the

following Lemma tells us that this edge set can be turned into an F*-spanning
subgraph by discarding a negligible number of edges.

Lemma 2.7. Suppose that F is a 2-balanced graph and that Fy, F, ~ F intersect in
at least one, but not all edges. Then n%F p°F > n"hVRphYR provided that p =

O(H—l/mz(F)),

Proof. For a graph H write Xy = n%Hp®d. Let G = Fy N F. Since F is 2-
balanced and vg, vg > 2 we have

Xr B p er—1 XG p eg—1
np (n—l/mz(F)) and oy = rmm )

11



For p = o(n_l/V”Z(F)) we obtain

X X X eg—er
: =—f:—G>(7p ) — w(1),
XF1UF2 % XF n—l/WQ(F)

G

as desired. O

Finally we will want to apply the sparse regularity lemma to this F*-
spanning subgraph. For this we need it to be upper-uniform, which is con-
firmed in the following lemma.

Lemma 2.8. Suppose that p = w(n_l/WE(F)). Let (e, F*) € F='~1. Then for every
7 > 0 a.a.s. every F*-spanning subgraph G of G(n, p) with at least yn vertices is
(17, n¥F =2 p°r* ) -upper-uniform.

Proof. The lemma follows from the following extension of the standard Cher-
noff bound:

Theorem 2.9 ([12]). Let X, ..., Xy, be a sequence of not necessarily independent
Bernoulli-distributed random variables which satisfy Pr[\;es Xi] < q/°! for all sub-
sets S C [n]. Then for 0 < e <1

Pr < gnae/3,

Y Xi > (1+e)qn
i=1

For fixed vertex sets V4, V> Q,Yz V let G € G(Gy,p) denote a (canonical)
(e, F*)-spanning graph in G, which maximizes the number of edges between
V1 and V,. For e € E(K;[V3, V3]) let X, denote the indicator random variable
for the event e € G. We have for every set S

S
Pr < Pr[Sis (e, F*)-spanning in Gy p| < (nUF* *2ng*)‘ l.

A Xe

eesS

And thus by Theorem 2.9
PI'UEG(Vl, V2)| > (1 + 77)‘\/1 ‘ ‘V2|nvF*—2peF*i| < 6_8(”1}17*}751:*)'

Since

Lemga 2.6 2-/mNE) 5

n’(}[:* pEF*
a union bound over at most 4" choices for V; and V, proves the Lemma. O

We thus obtain an F*-spanning graph G € G(Kj, i, ©®(n"F p°),e). Re-
peating the argument a constant number of times (by exposing more edges
inside one of the two partitions of G) one can obtain a monochromatic graph
Git1 € G(K, 1, ©(n"F p°F* ), e) as required to finish the induction.

This argument can be repeated as long as |S| < r —2. One could hope
to iterate one more time and find a graph G, € Q(Ff,ﬁ,(a(n%l/m%(f?)),s).

This approach is bound to fail. The density of G, is (in general) not above
the 2-density of F_ so we cannot hope to find copies of F_ in G;. Instead we

12



find graphs Gy, ..., G,_1, where G; € G (F x (e,F-), 1,0 (nz_l/W_M(F)), g) ,
whose inner partitions agree and use Theorem 1.13 to show directly that many
vp-tuples span copies of F x (e, F-) in all the G;.

Before formalizing the above we need two more auxiliary lemmas. The first
one asserts that the density of G; is indeed large enough to apply Theorem 1.13.

Lemma 2.10. Suppose that F is a 2-balanced graph, which contains an edge e such
that my(F — {e}) < m5(F). Then for all r > k > 2

715 (F) > my(e, F, 41 /75 (F) — 1/7i(F)),
715 (F) > my(V(F), F x (e, F), +1/75(F) — 1/75(F)).

Secondly Theorem 1.13 requires the (hyper)-graph to be upper-extensible.
For us this hypergraph will consist of all pairs (all vp-tuples) which already
span a copy of F_ (of F x (e, F-)) in all graphs Gy, ..., G;. By Theorem 1.4 it
suffices to show that we are above the rooted density of the corresponding
graphs:

Lemma 2.11. Let F* € F* where k > 2. Then

my (F*) < s (F)
and for every Vo C V(F)
m(Vo, (Vo, F) x (e, F*)) < s (F).

We can now state the proof of Lemma 2.5.
Lemma 2.5. Fix a set S of at most r — 2 colors and an integer t > 2. Then there exist
a positive integer k and a constant § > 0 such that for every e > 0 there exists 7 > 0
such that for p = w (n_l/WE(F)) a.as. in G, we find a subgraph G € G(Ky, i, m, €)
which is monochromatic in some color from [r] \ S and F*-spanning in Gfl,p where
F* € FBIH1 m > ynr poe and 71 > yn.

Furthermore for every choice of i, m and graphs F* € F=ISI*1 and G’ with
|E(G")| = w(n) the probability that the statement nominates i, m, F* and G 2 G’

is at most
(ﬂ)IE(G’)I
125 '

Proof. The proof follows by induction on |S| and t. For t = 2 and S = @ we
apply the sparse regularity lemma (Theorem 1.9) to the majority color class
(in that case F* = (e, ¢) is just an edge - the unique graph in F1).

t step: Fix t > 2 and a set S. We will apply the induction hypothesis (for
t < 2and S < S) K = rt|F=ISI*1| times. Let k,4" denote the absolute
constants guaranteed for ¢ <— 2. Denote with ¢; the value which we will
use for ¢ in the i-th application of the induction hypothesis and let 77;(¢;)
denote the guaranteed constant. Our choice for ¢; will depend only on
the constants ¢;, 17; where j > i and on the requested e.

Apply the induction hypothesis once to G’,ﬁip for t < 2 and obtain an
(e1)-regular graph G; € G(Ky, i1, my,e1). Let Vi C V(G) denote one

13



of its vertex partitions. We then ask painter to color another Gk but
we look only at the subgraph induced by V; (which is dlstrlbuted like

|v1\p)- Since |V;| > mn we have p = (\vl\ 1/75( )) and thus

we can apply the induction hypothesis a second time to obtain an (e3)-
regular graph G, whose edges are fully contained in V;. We repeat this
procedure K times and obtain a sequence of sets V; D V, D -+ D Vg
and nested graphs Gy, ..., Gk, where G; € G(Ky,7i;,m;, €;). Every such
G; nominates a color and a graph F;" € .7-"<|S|Jrl out of at most 7|F< 5|41
choices. By the pigeonhole principle we may thus fix a subset T C [K]
of size t such that all graphs G; with i € T nominate the same color and
the same graph F* € F=ISI+1,

Let 71 := 7ig denote the size of the vertex partitions of Gg. We arbitrarily
pick sets V; of size 7i such that

vl gV(Gl) \ Vl/

Vk CV(Gk) \ Vk.

Finally set Vk;1 = Vk. These sets are pairwise disjoint and for every
pair i < j we have V C Vi1 C V. Therefore the sets V;, V are subsets
of the two part1t10ns of G and for ¢; small enough, dependmg on ¢,
Nis1,- - -, 1k, the induced bipartite graph G; [V, V;] is (¢/2)-regular with
at least half the density. Let
m = min|E(Gi[Vi, Vi])
i<j

and pick for every i,j € T, i < j a subgraph G;; C G;[V;,V;] with
exactly m edges u.a.r. among all subgraphs with m edges. By Lemma 2.6
we have

m = Q(n"F pr) > n®" v P e B >n

and thus these graphs G; ; will be (¢)-regular with high probability. Since

>n[]m and m> g’ p't
ic[K]
we may set
G:= U Gij € G (K¢, 11, m,€).

ijeT

i<j
Furthermore we claim that the graphs F*(e) guaranteed by the invoca-
tions of the induction hypothesis are pairwise edge disjoint. This is
because for e € E(G;) the graph F*(e) has no edges inside V;, but for
j > i the graphs F*(¢’), ¢’ € E(G;j) lie completely inside V;. Thus G is
F*-spanning.
Finally we have to calculate the probability that G’ C G for some graph
G’ with w(n) edges. To do so fix /i, m and the sets V; among 29(")

14



possibilities. We may assume that all edges of G’ go between the sets
V. Since G is the (disjoint) union of random subgraphs of G;[V;, V;] and
|E(Gi[Vy, V}])| > 7*(m;/2ii?)whose density is at least half as large as the
density of G; the probability that G’ C G is then at most

o B . |E(G'[V,,V}])]
11 PV Vi € Gilv, V] (Wﬁ;})l)

, . |GV, 7))
< —lT
<11 <ﬁ25’\E(Gi[Vi/V‘M>
|

i<jeT

< 11 (35

i<jeT

Allowing some room for a union bound over the choices for 7, m and
the sets V; we may fix & = 6'/3, 1 = nx I Tiex " and k = KK'.

S step: Fix a nonempty set S of at most » — 2 colors and assume that the
statement holds for all sets containing fewer than |S| colors. Our goal is
to show that then the statement holds for S and ¢t = 2.

Similarly to what we did in the induction step for t we apply the in-
duction hypothesis |S| times in a nested fashion. As before let k’, ¢’
denote absolute constants for which the induction hypothesis holds for
t < vp — 1 and all subsets of S. Denote with ¢; the value which we
will use for ¢ in the i-th application of the induction hypothesis and let
1i(¢;) denote the guaranteed constant. Again ¢; will depend only on ¢;,
11, where j > i. Crucially ¢; will not depend on the requested ¢ and ¢g
will be an absolute constant. Finally for the i-th invocation we will pick
S as the set of colors of Gy,...,G;_q (thus S + @ fori = 1).

As before we obtain monochromatic graphs Gy, ..., G| S| such that G; €
G (Kop—1,7j,mj,€;) and V(G;) C Viq for Vj = V and where V; is an
arbitrary partition of G;.

Assume that one of the G; is monochromatic in a color from [r] \ S. The
. o +—2 eps
density of G; is in @(nvF i peF i ), where the constant does not depend

on ¢ (since €1, ..., €|s| do not depend on ¢). Furthermore by Lemma 2.8
G is (0(1),;1va 72(|S\k/ p)H )—upper—uniform. Thus we can apply the
sparse regularity lemma (Theorem 1.9) to G; and obtain a graph from

G(Ky, 7, m,e) whose density is of the same order as the density of G;
and we are done.

Otherwise all of the G; are monochromatic in distinct colors of S. We
want to show that in V5| there are many pairs of vertices which span
a copy of (¢, F_) in each of the G;. To this end we define the auxiliary
directed graphs A;. Let Ay denote the complete directed graph on V.
Fori =1,...,|S| the vertex set of A; is V; and we connect two vertices
x #y € Viif (x,y) € E(Aj_1) and if (x,y) span a partite copy of F_ in
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G; (partite with respect to the non root vertices, x and y lie in the same
partition).

Define (e, F*) := Lic|s(e, F) x (¢, F) € FISI#1 By definition of Aps|
every edge e € E(A\S|) spans a copy of (e, F_) in each of the G;. Fur-

thermore since every edge of G; spans a copy of (e, F*) the edge e spans
a copy of (e, F*). Finally observe that since the G; are monochromatic
in pairwise different colors of S the edge ¢ (if it would be presented to
Painter in some later round) has to be colored with some color from
[r]\ S.

We will need the following auxiliary claim about the density of Ajg
whose proof we defer.

Claim 2.12. For every integer i < |S| and x > 0 and small enough €1, ..., ¢€;
there exists y(k,€1,...,€;) > 0 such that a.a.s. for all disjoint and equi-sized
subsets X,Y Cy V; the induced bipartite subgraph A;[X, Y| contains at least

7|1X]]Y| ]—[;:1 p; edges, where

-1
— vpr =2 epe\ T
p]-:nvF 2(;1/ p/) .

We invoke the claim for i < |S| and x <— 1/4 to lower bound the number
of pairs x,y € V5| which span a dangerous copy of F* by

n
P‘ 2 ,)//n’(}[:*pﬁl:*fl >> - >> -,
2\ 2 ]11 l p p

2
g (’VIS ’) i Lemma 2.6 n2~ 1/ " (F)
where 7 is the constant guaranteed by the claim and " = (T; 171-)2 /8 is
an absolute constant, which in particular does not depend on e.

We then present another Gy, to Painter. Painter will be forced to color
at least a p/r-fraction of the edges in Ag with some color from [r] \ S
(or create a monochromatic copy of F). Thus we obtain a monochro-
matic set of o/n?F pF /r edges which all span a copy of F*. Next we
remove all edges whose copies of F* intersect. Lemma 2.7 together with
Markov’s inequality implies that with probability 1 — o(1) we remove
only o(n“F* p°F*) edges.

So we are left with a (e, F*)-spanning set of at least o/n%F p°r* /2 >
n edges E/. By Lemma 2.8 E’ is (o(1),n?"~2((|S|k' 4+ 1)p)“*")-upper-
uniform. Therefore we may apply the sparse regularity lemma to E’ and
obtain a graph from G(Kjy,7,m,e) whose density is a constant fraction
of the density of E’.

Finally the probability that a fixed set of s edges is (e, F*) spanning is
at most (n%F~2((|S|K' +1)p)F)°. Since m/ii> = Q(n%~2p°r) (not
depending on ¢) the probability bound holds for some ¢.

It remains to prove Claim 2.12. We proceed by induction on i. Ay is
complete and thus the base case i = 0 holds vacuously. So leti > 1
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and fix some x > 0. Denote the lower bound on the density of A; 1
guaranteed by the induction by

71/—r z+l( )
or1n)

j<i
We define B = (8’ /(3e)) - and

Hl
A== e,
g TTi_y 1)

Let u(B) and a(A, B) denote the constant guaranteed by Theorem 1.13
when invoked with (R,F) < (e¢,F), B < p and A < A. Fix disjoint
equi-sized sets X,Y C, V;. Write m = [|X||Y|m;/(277)] and pick any
subgraph G; C G; from G(F_,|X|,m, ) such that its partitions which
correspond to the roots of F_ are X and Y (taking suitable vertex sets
and a random subset of m edges from each partition succeeds with prob-
ability 1 —2-90m)),

If T(G', Aj_1[X,Y]) contains at least

() ra=e(erm)

edges, then since by Lemma 1.5 every edge e spans at most a constant
number of copies of F_ the density of A;[X,Y] is of the correct order of
magnitude.

Otherwise we want to apply Theorem 1.13 with G + G’ and Gy +
A;_1[X,Y] (viewed as an undirected graph) and g < g. To apply Theorem 1.13
it suffices to check the following:

1. The number of edges in G’ is in

Qn ~log, q),

. i Lemma 2.10
( UF[* ngi*) LEmga 2 6 n2—1/m2 +1(F) - nz_]/mz(G,F

since for n large enough —log, g < 1/, "*1(F) — 1/miy(F).

2. If we invoke the induction hypothesis with say x < x#;u then
A;_1[X,Y]is (F, u,q)-lower-regular.

3. To see that it is also (F, Aq)-upper-extensible observe that every
edge of A;_; spans a copy of of (¢, F*) := | J;i(e, F-) X (e, Ef). So
for upper uniformity it suffices to bound the number of copies of
F’* spanned by a single vertex. But our p is such that we are above
the 1-density of F/* (Lemma 2.11). Thus this number is concen-
trated around its expectation (Theorem 1.4), which is upper bounded
by

Ve —1 E/* H<lp]
n = =n] ] <X = AqlX].
j<i H]gﬁ]
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Therefore we can apply Theorem 1.13 and G’ must come from a set of at

most N o\ e e m
F_ _ ) _
m |X‘ < gm €|X| < gm 2€ni
P ( m ) =P ( m =P m;
graphs. But then for our choice of B the probability that G’ C G; is in
o(1).
O

The proof of Lemma 2.2 proceeds similarly to the proof of Claim 2.12 from
the previous lemma. The only difference is that we replace A; with the hyper-
graph of vp-tuples which span a copy of F x (e, F-) in each of the graphs G;.

Lemma 2.2. Fix a function p = p(n) satisfying n=V/"™(F) <« p <« n=1/M(F) log n.
Then there exists constants ¢c,C > 0 such that a.a.s. after Cn*p rounds there either
exists a monochromatic copy of F or we find a graph (e, F*) € F" such that Painter

Upx _p  €px e
o2 ,)

has created cn®F (n ! dangerous copies of F x (e, F*).

Proof. Lett = vp — 1 and let k, § be such that Lemma 2.5 holds for all S C [r],
|IS| <r—2. Letey,..., &1 denote constants whose value we will determine
later in reverse order (that is ¢; will depend on €;11,...,&,_1.)

We ask Painter to color an instance of Gﬁ,;r Applying Lemma 2.5 with
t < t, S < @, e + &1 we obtain a constant 71 (¢1), a graph F € Fland an F-
spanning graph G; € G(Ky, i1, my, €1) monochromatic in some color s;. Pick
one of the vertex partitions of G; arbitrarily and call it V;. We now present
Painter with a second instance of wa but only consider the subgraph induced
by Vi which is distributed like a Gﬁw. Invoking Lemma 2.5 a second time
with € «— &y and S «+ {s;} we obtain a second graph G, € G(K;, i, my, €3).
We repeat this procedure » — 1 times and obtain

1. sets V=V, D Vi D--- D V,_qsuch that |V;| > #;|V;_4]| fori € [r —1],
2. graphs ;' € F=' wherei € [r—1],
3. monochromatic graphs G; C G(Ky, 71, m;, €;) C GZ/’;[VI-_ﬂ in pairwise

different colors, where i; = |V;|, m; > n;fi’ i pi such that G; is Fr-
spanning in G;ﬁ,[Vi,l].

Furthermore for every graph G’ with w(n) edges we have

. |E(G")]
PriG C Gl < | —= )
r[G' C G| < <5ﬁlz>

Observe that this probability is over the phases (i —1)-k+1,...,i-k and that
G; is fixed after the first i - k phases.

Let Ag denote the complete directed vp-uniform hypergraph on V = V.
We identify the edges of Ay with a (hypothetical) copy of F in V (depending
on the automorphisms of F different (directed) edges might represent the
same copy of F). Now for i € [r —1] let A; denote the directed vp-uniform
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hypergraph on V; C V;_; where e € E(A;) ife € E(A;_1) and additionally the
edges of e (when viewed as a graph F(e) ~ F) are the roots of pairwise edge
disjoint copies of F_ in G;.

Define
Fr = (e F) x (e F) € F,

1

j<i
_ Vpx—2 eps CF1
pi = nF 2(n i PPI'*) ,
Upx —2 epx —1
‘71 = H pl =n Plﬁl p Fi*+1
jeli]

Since G; is F*-spanning the edges of F(e) (for e € A;) are not only roots of
pairwise edge disjoint copies of F_ but even of (still pairwise edge disjoint)
copies of F_ x (e, F;"). Furthermore these copies are disjoint from those certi-
fying membership in Ay, ..., A;_1. Thus for every e € E(A;) the edges of F(e)
are the roots of pairwise edge disjoint copies of (Fj;1) _.

Claim 2.13. Suppose that Xy,..., Xy, € V; are mutually disjoint and of size fi.
Then Ai[X1, ..., Xop], when viewed as a undirected hypergraph from R(V (F), 1), is
(F, (n/1)"Fq;)-upper-extensible provided that i < r — 1.

Proof of claim. qp = 1 and thus the claim holds vacuously for i = 0. Fori > 1
fix some o C V(A;). If there exists e such that ¢ C e € E(A;) then o fixes
some V' C V(F) and the degree of ¢ is at most the number of copies of
(V',F) x (e, (F},;) _) rooted in ¢. By Lemma 2.11

m(V', (V' E) x (e, (Ffy1) ) <71, (F) <7T5(F)

and thus by Theorem 1.4 this number is concentrated around its expectation
er—e

which is at most nUF_‘V/‘qu Y as required for the upper-extensibility of

Aj. O

Claim 2.14. For every integer i < r —1 and x > 0 and small enough e, ...,¢;
there exists y(k,e1,...,€;) > 0 such a.a.s. for all pairwise disjoint equi-sized sets
X1,..., Xop Cx Vi the number of directed edges in E(A;[X1,..., Xo;]) is at least
X"t

Invoking the claim for i = r — 1 and say ¥ = 1/(2vg) proves the Lemma.

To prove the claim we will proceed by induction on i. For i = 0 the
statement holds vacuously with ¢ = 1 since Ag is complete. For i > 1 we fix
equi-sized and pairwise disjoint sets X1, ..., Xy, Cx V; of size 7i. Define

52 ep(ep—1)
m= | and B= <L) .
2epii? depe

Let u = u(p) be given by Theorem 1.13 (invoked with (R, F) <« (V(F),F x
(e,F-))) and let o' = y(x#;u, €1,...€;_1) denote the constant guaranteed by
the induction hypothesis. Finally define

1
v (K [Tje ’7]‘) "

A=

19



F x (e, F_) is t-partite and thus for ¢; small enough depending on y we can,
using standard techniques, find a graph G! C G; from G(F x (e, F-), 1, m, )
such that the vertex partitions corresponding to to the vertices of the (missing)
inner copy of F are the sets Xy, ..., Xq,.

If the number of edges in T(G], A;_1[X1, ..., Xo.]) is at least

m \er(ep—1) (el e ¢ e e
®((ﬁ) foEter(vr Z)qiil) = ®(PiP”UF%‘E1) = O(n"q;"),

then we are done, since by Lemma 2.16 (V(F), F x (e, F-)) is balanced with
density m;(F) and thus Lemma 1.5 the multiplicity of all edges is at most a
constant.

Otherwise we invoke the induction hypothesis with x < x;u to deduce
that A;_1[Xq,..., Xo;] is (F, g, u)-lower-regular where g = 7/g;_1. We have

1\ vF gi-1
N g < —=21 4
<”) T e~

and therefore by Claim 2.13 the hypergraph A;_1[X, ..., Xo,| is (F, Aq)-upper-
extensible. Finally

— Q(nvﬁ'* peF[*) Lemg;a 2.6 21/ (E) Lemrrgz 2.10 21 /ms(V(F) Fx(eF)a)
= p2~1/ma(V(E) Ex(eF)q)

and thus we may apply apply Theorem 1.13 with g < g, G < G; and Gg <
Ai_1[Xj, ..., Xo;] to deduce that G/ is from a set graphs of size at most

=2\ er(ep—1) o meep-(ep—1)

m m

_o\ meep(ep—1)
< g (eZem?)

- fll2 m-ep-(ep—1)
- 2(51711 !

Since m > 1 a union bound over the 2©(") choices for the sets X1,..., Xy
together with the bound

.\ EC)]
Pr[G' C Gj| < <Eﬁ5>

from Lemma 2.5 guarantees that a.a.s. no such subgraph G/ exists. O

F

2.2 Auxiliary Lemmas

In Section 2 we stated a number of auxiliary statements without proof (namely
Proposition 2.3, Lemma 2.10 and Lemma 2.11). The proofs of these statements
are somewhat technical and are given in this section.

We start with the proof of Lemma 2.10 for which we need the following
simple bound.
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Lemma 2.15. Every graph F on at least 3 vertices and with at least one edge satisfies
my(F) < 2m(F).

Proof. One checks that the statement holds for all graphs on 3 vertices. If F is
2-balanced and contains at least 4 vertices then

el ¢ 9% _ou(p) < 2m(F).

m2(F):v—2 —v-—-2 " v

Otherwise let F/ C F denote a graph that attains the m, density of F. By
the above
my(F) = my(F") < 2m(F") < 2m(F).

O

Lemma 2.10. Suppose that F is a 2-balanced graph, which contains an edge e such
that my(F — {e}) < m5(F). Then for all r > k > 2

715 (F) > my(e, F,+1/75 (F) — 1/7 (F)),
715 (F) > my(V(F), F x (e, F), +1/75(F) — 1/75(F)).

Proof. Write p = n~V/M(F) and g = n~V/M(D)+1/M(F) The first inequality is
equivalent to
min 1% " 2ptF gt FIRI > 1.
(RE"C(eF) N
7 >1

Fix such a rooted graph (R, F’). If [R| < 1then F' C F — {e} and eprg) = 0.
Since p > n~V5(F) > y=1/m(F~{e}) e have

nZiF/—ZpeF/—l Z 1

Otherwise [R| = 2 and without loss of generality ep/r) = 1 and ep =
err — 1. We rewrite the above as

n‘UF/—ZpeF/ n‘UF/—ZpeF/

17 U = y=2/ma(F)

‘(JP/—Z eF/—Z

n p

—k—
By definition of 715 we have n%F ~2p°r > n~1/™ '), Together with

2/ m(F) Lemrrgz 2.15 L/m(F) > nl/ﬂ’g‘l(F)

this implies the desired bound.
The second inequality is equivalent to

min nOH 2 pPH g HIR] > 1,
(R,H)C(V(F),Fx(eF)) -
zy>1

For e € E(F) let F, C H denote the graph isomorphic to a subgraph of F
which is attached to the root e in H. There must exist at least on edge ¢’ such
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that F, contains at least one non root edge. For such an edge we apply the
first inequality to obtain

nUFe/ _ZPEFEI _eFE/[e’] _1que/[€/] 2 1.

Thus the minimization is at least
nUHIR]-2 H nYFe U] pﬁpg TCF,[e] qﬁpg le] .
e€E(F)\{e'}

If for some e € E(F) we have vp,] < 1 then F, is isomorphic to a subgraph
of F_ and
1 VFe " UFe|e] peFe_eFe[f] que[t’] > nUFeflnge > 1,

since we are above the 1-density of F_. In particular if H does not contain at
least two root vertices then we are done. If vp, [, = 2 then

UF, -2 €F,
VE, —UF, (] 1,€Fe —€F,le] A€ -2 1 __ hte Tpie
n ke H[E]p F H[L’]q Fele] 2 nUFg png q — W
o~ 1/ (F) y n—1/m(F) o /)
— n .
n-V/my(F) = y=1/ma(F) =
Thus the original minimization reduces to
min nUF/*2n7(€F/*l)/m2(F)
F'CF
ZIF/ZZ
which is at least 1 by definition of m;,(F). O

Proposition 2.3 concern the density of graphs in the class F*. Every graph
F* € F* (for k > 2) can be constructed by starting with a copy of F and
repeatingly attaching copies of (e, F) to some edge. Since F is 2-balanced
one may expect that graphs constructed by this procedue will be also be 2-
balanced. The following lemma establishes that this is indeed the case.

Lemma 2.16. Suppose that G and H are two 2-balanced graphs such that G N H is
a single edge. If G and H both have 2-density d then G U H is also 2-balanced with
density d.

Similarly if (R,G) and (R, H) are balanced rooted graphs of density d with
V(G)NV(H) = R then (R, GU H) is balanced with density d.

Proof. Let p = n~'/% and pick an induced subgraph F C G U H with er > 1.
Write G’ = F[V(G)] and H' = F[V(H)]. Without loss of generality we have
eqr > 1and

nZiF—ZpeF—l — nUG/_zpeG/_lan/_vH/ﬁG/peH’_eH/ﬂG’ >1
since d = my(H) > my(H) > m(H) and since H' N G’ is either an edge, a
vertex or empty. Thus my(G U H) < d. Furthermore

nUGuH*2p€cuH*1 — nUc*2p€c*1an72perl —1.1

7

which implies m,(G U H) = d and that G U H is balanced with respect to the
2-density.
The second claim can be proved in a similar fashion. O
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Thus every F* € Fk where k > 2, is 2-balanced with 2-density mjy(F).
Similarly F x (e, F*) is 2-balanced (and thus balanced)

Proposition 2.3. All rooted graphs (e, F*) € F" satisfy
m(F x (e, F*)) <5 (F).
Proof. Fix F* € F', where r > 2 . As noted above F x (¢, F*) is balanced.
Therefore it suffices to check that
eF

U (eF*) 3~ CFx (e, /T (F) _ oF (nUP*—Zn—CP*/W;_(F))

2.6
( > )n'UFn_eF/W%(F) > 1.

O

It remains to prove Lemma 2.11. To do so we require two more auxiliary
lemmas.

Lemma 2.17. Let (R, G), (e, H) be rooted graphs. Suppose that (e, H) is balanced
and that for some t > 0

mi(H —e) <t,
_ ey 1
-2 -
H™ T = TR, G)
Then
m(R,(R,G) x (e, H—¢)) <t

Proof. Let p = n~ /! and let (R,F) = (R,G) x (e, H —e). It suffices to show
that o Rl
min 7% " IRIpe > 1, 3
(R,F")C(R,F) e = ®)
Fix a graph (R, F’) C (R, F) which attains the minimum. Let Hy, ..., Hy ~
H — e denote the (canonical) copies of H — ¢ in F and write H] = F' N H;. The
above term can be rewritten as

n?Fnc—IRI H nUHlf_vaﬁGper‘
iek]

If for some i we have vy € {0,1} then t > m;(H —e) > m(H —e)

implies
nUHfUH;mcpeH; >1.

We may thus assume that for such i we have H, = H; N G.

Otherwise vy = 2. If t > m(e, H) then the above bound holds as well
and in particular (3) is satisfied. If t < m(e, H) then, since (e, H) is balanced,

/=2 /
the minimum of n i “p™ is attained for H! = H;. Thus the minimization
reduces to
min 1% (nUH*2P€H*1)EG/ = min n% (nUH*%(EH*l)/t)EGI
(R,G)C(RG) (R,G)C(RG)
> min nPntc/MRG) =1

~ (R,GC(RG)
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Lemma 2.18. Let r > 2 and suppose that G is a 2-balanced graph with density at
least 1. Then

1 1 \7!
R,G)<v—-1 —— =] .
P (K)o 1< ()~ i)
Proof. m(R,G) is monotone increasing under edge addition. Thus for the first
inequality it suffices to consider the case G = K,. We have

® -5 _ G -Ch

mRKo) == R S o—-1)

=v—1.

For the second inequality we use 775 (G) < my(G) and the fact that since G
is 2-balanced it is also balanced to obtain

1 1 1 1 v v—2

m(G) %(G) ~m(G) maC) e e—1 @)

Maximizing (4) subject to v < e we see that the maximum is attained whenever
v = e. Thus the above is at most
v—2 1

v—1 ov—-1

Lemma 2.11. Let F* € F* where k > 2. Then
my (F*) < it (F)
and for every Vo C V(F)
m(Vo, (Vo, F) x (e, F*)) < 75 (F).
Proof. Let F* € F. We have

Lemma 2.6
>

1 0Fs =1 —eps /TS (F) -1/ (F) 5

and thus d; (F*) < 75 (F). F* is 2-balanced and thus strictly 1-balanced. There-
fore we obtain the inequality

mi(F) < my(F*) = di(F*) < g (F),

which proves the first part of Lemma 2.11.

For the second part we want to apply Lemma 2.17 with (R, G) < (W, F),
(e,H) « (e,F*) and t < 7i5(F) — ¢, where & > 0 is a small constant such
that m (F*) < 75 —e. Since F* is 2-balanced (e, F*) is also balanced. We

have choosen ¢ such that m;(F*) < t. The final premise of Lemma 2.17 is
established by

epr — 1 Lemrga 2.6 1 1 Lemma2.18 1

W) — mA(F) w(E) . m(%o)

Up*—z—

Thus we can apply Lemma 2.17 which proves the last property.

24



3 Proof of Theorem 1.13

The proof of the theorem follows the proof of the KLR-conjecture by Saxton,
Thomason in [14] and relies on their container theorem:

Definition 3.1. Let G be an r-graph of order n and average degree d. Let T > 0.
Givenv € V(G) and 2 < j <r, let

dD(v) = max{d(c) : v € ¢ C V(G),|v| = j}.
If d > 0 we define 6; by the equation
50 nd =Y dV)(v).
4
Then the co-degree function 6(G, T) is defined by

5(G, 1) = 201 é(sjz(@l).
]:

If d = 0 we define 6(G, T) = 0.

Theorem 3.2 ([14], Corollary 3.6). Let £ be an r-graph on the vertex set [n]. Let
0 < &7 < 1/2. Suppose that T satisfies 6(E,7T) < €/12r!. Then there exists a
constant ¢ = c¢(r), and a function C: P([n])° — P[n] where s < clog(1/e), with
the following properties. Let T = {(Ty,...,Ts) € P([n])°: |T;| < ctn}, and let
C={C(T): T €T} Then

1. for every I C [n] for which e(E[1]) < et’e(E) there exists T = (Ty,...,Ts) €
T NP(I)° withI C C(T),

2. e(€[C]) < ee(&) forall C € C.

For a graph F we denote with Kr , the vp-partite graph with vertex parti-
tions Vi, ..., Vo, of size n, such that Kr ,[V;, Vj] is complete if {i,j} € E(F) and
empty otherwise.

For a rooted graph (R, F) and Ggr € R(R,n) we denote with £(Gg, F)
the hypergraph whose vertices are the edges of Kr_, and whose edges form
(when seen as subgraphs of Kr_ ;) a partite copy of F_ whose roots induce an
edge in Gg.

To proof Theorem 1.13 we will apply Theorem 3.2 to £(Gg, F). The first
step is to obtain a bound on the co-degree function.

Lemma 3.3. Let (R, F) be a rooted graph with ep > 1. Let 0 < y,q(n) <1 < A.
Then for n sufficiently large every hypergraph Gg € R(R,n) which is (F, Aq)-
upper-extensible satisfies

IRI(Ag)cFiR
5(&(Gg, F), —1,,~1/m(R,F,~10g,(1)) | < e 2@%7%
(£ ) <72 T

Proof. Let o denote a set of vertices of £ = £(Gg, F). We identify ¢ with the
set of edges from Kr_, which it represents. If the degree of ¢ is non zero this
set of edges is a graph F’ C Kr_, which is isomorphic to some subgraph of
F_. The degree of F’ is the number of ways we can extend F’ to a partite copy
of F_ in Kr_ ,, whose roots form an edge in Gg.

25



Since G is (F, Aq)-upper-extensible we have
d(Pl) < pVF O (Aq)eF[R]_eP[RﬂV(P’)]'

For j > 2 and an edge ¢ € E(Kr_,) the quantity d/)(e) is the maximum of
d(F') over all F/ with e € F/ and |F/| = j. Thus

d(j)(e) < nUF—UFj (Aq)eF[R]—eF[Rmv(Fj)]

where
F;= argmax n °F(Aq) FIR.
F'CF
e(F')—e(F'[R])=j
Observe that F;[R } F[RN ( 7)]. Lett = —log,(q) and T = y~1p=1/m(REL)
Using ms(R, F t)>dy(RN F), F, t) we obtain
1

(-1)
L i1 1/my(RE)
/= = ( ’ )

< i1 (nl/dz(RﬂV(Fj),Fj,t)) (j-1)

:,)/] 1nUF] 2(,7 P] ]

The number of edges in & is |E(Gg)|n?F~IRl. Thus for j > 2 we have

. Vr—70r. e —er. e —er.
B ‘Zed(])(e) § eF_,.qzn U (Ag) TR IR 7]‘71”“{‘14 FIRIZCFIR] ger(g)
I tilep |[E(E)| = ti~lep |E(Gg)|nvr—IRl  — |E(GR)|

Finally we obtain

2 nIR\(Aq)eP[R]
£,7) 527030 < op 2%, 1A9) 7
o Z TTE(GR)]

as claimed. O

Having bounded the co-degree function we can obtain a collection of con-
tainers for £(Gg, F) which do not induce many edges in £(Gg, F). Viewing
our contains as subgraphs of Kr_, this means that they contain few copies
of F_ whose roots induce an edge in Gg. To prove a KER-type statement
we want our containers to be sparse subgraphs of Ky ,,. The following two
lemmas establish that if Gr is lower-regular then the containers obtained by
Theorem 3.2 are indeed sparse.

Lemma 3.4. Let (R, F) denote a rooted graph. For every § > 0 there exists ¢ > 0
such that for all p > 6 the following holds. Suppose that Gg € R(R,n) is (F,q,¢)-
lower-regular and that the bipartite graphs of G C Kp_ ,, are (e)-regular with density

at least p then
[E(T(G,Gr))| = (1 = &)p g FRin’

Proof. Observe that the density p is at least 6, which is a constant. There-
fore G is a (dense) regular graph and standard counting arguments apply.
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We only sketch of the proof: using standard arguments we find roughly
nPF=IRIpCFVENR] tuples in X ieV(F)\RVi whose common neighborhoods into
the partitions Gg are roughly as large as expected (in particular they are of
linear size). Thus for ¢ small enough the (F, g, ¢)-lower-regularity of Gg guar-
antees that every one of these tuples extends to roughly n/RlIp®F~¢FIV(F)\RIgFIR]
copies of F_ whose roots form an edge in Gg. Every such copy of F_ con-

tributes on edge to the multi-hypergraph T(G, Gg) and we obtain the desired
bound. O

Lemma 3.5. Let (R, F) be a rooted graph with ep_ > 1. Let § > 0 be small
enough and let A > 1. Then there exists c,e(5), R(6),v(d, A) such that the fol-
lowing is true. Suppose that T(n),q(n) € o(1) satisfy T > ¢~ In~1/m2(RF,~log, q),
If Gr € R(R,n) is (F, Aq)-upper-extensible and (F,q, )-lower-regular then for n
large enough there exists a collection C of subgraphs of Kp_,, such that

1. for every G C Kg_, for which e(T(G,Gpy)) < et -q°FIRIn%F there exists
Ti,...,Ts € G with G C C(Ty,...,Ts) € C, e(T;) < ctn® and s <
clog(A°FIRI /¢),

2. for every C € C there exists {i,j} € E(F_) and equitable partitions V; =
VitU---UV,and V; = Vi1 U--- UV, wherer < R(J) such that for at least

1%/ 2ep_ pairs x,y € [r] we have e(C[Vix, Vj,]) < 8|Vixl|Viy|.

Proof. The constants ¢, (), R(i),e(, 4, R) and (e, A) will be determined

later. Let &/ = eqFIRnlRl/e(GRr) and £ = £(Gg, F). Since Gy is (F, Aq)-upper-
extensible we can invoke Lemma 3.3 to obtain the bound

2 nIR\(Aq)é‘p[R] 2 ¢ AFIR)
) < yep 2P =T — qep 2
(51 T) = Yer_ €(GH) Yer_ P

For (e, A) small enough we obtain

/
&)<
which is what we need to apply Theorem 3.2 with £ < &, ¢ « €, T «+
T,7 < ep_ to obtain a collection of containers C. We will now show that these
containers (when viewed as subgraphs of Kr_,) satisfy the conditions of our
Lemma.
Solet G C Kp_, with

e(T(G,GR)) < et gFRIn%F = ' n’F~Rlg(Gg) = €' 1% ¢(E).

Define I = E(G) and observe that e(€[I]) = ¢(T(G,Gr)) and thus e(E[I]) <
¢'1°-e(€). Therefore we obtain Ty,...,Ts € G C C(Ty,...,Ts) € C with
e(T;) < tv(€) = ctn? and s < clog(1/¢'). Since Gy is (F, Aq)-upper-
extensible we have

1\ e(Gg) ACFIR
1°g<§>—1°g(m)§1°g( e )

which proves the bound on s.
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It remains to show that every C € C contains a sparse partition (in the
sense of 2.). To this end, for u small enough depending on J, consider a p-
regular partition of C which refines the initial partition (Vi)iev( F)- For every

i we obtain a partition V; = V;; U--- UV, for some r < R(y). Now consider
C=C [Vl,x1 U---u va,xUF:| for some x € [r]“F. For ¢ small enough depending

on R, u the |R|-graph Grx = Gr[V(Cy)]] is (F, i, q)-lower-regular. Thus if all
pairs in Cy are p-regular with density at least 6 then by Lemma 3.4 for p small
enough depending on ¢

n\°r
e(T(Cx, Gryx)) = (1 —6)8° R (z) '

But e(T(Cy, Grx)) is at most
e(£[C)) < €e(&) = n”IRle(Gr) = en?Fg°FIR,

which is a contradiction for € small enough depending on R, é.

Thus for every x there exists {i,j} € E(F) such that C {Vi/xi, Vj,x]} is either
sparse or not pi-regular. By the pigeonhole principle at least an 1/ep-fraction
of the x nominate the same edge {i,j} and every pair V;,, V;; is nominated
by at most r°#~2 different x. Finally at most an p-fraction of these pairs is not

p-regular. Therefore we have found i, j such that at least 7%/ (2ef_) of the pairs
Vi., V. have density at most .

The proof of Theorem 1.13 now follows from a standard counting argu-
ment:

Theorem 1.13. Let (R, F) be a rooted graph. For every B > 0, A > 1 there exists
a(A,B), u(B) > 0 such that for every q(n) = o(1) the following holds:

For n large enough suppose that m > a~'n2~1/m(RF.~108,9) gnd that G €
R(R,n) is (F, Aq)-upper-extensible as well as (F,q, u)-lower-regular. Then the
number of graphs G in G(F—,n,m,u) for which T(G,Gg) contains fewer than
a(m/n?)F-gerRIn?r edges is at most

ﬁm nz C€F—CF[R]
" .

Proof. The proof will require a number of constants which will be fixed during
the proof. Their dependencies are as follows: §(B), €(6), R(6), v(6, A), $(A,¢),

(5, 7), ale, v, 1), p(e R).
We invoke Lemma 3.5 with § < J, A < A and obtain constants ¢, £(9),
R(d) and y(4, A).
Fix T = nym/n? For a small enough depending on v and 1 we have
T > ¢~ Ip1/m(RE~10g,9) and for a small enough depending on ¢ and ;7 we
have
eT°F- g FRInF > a(m/n?)°F- g FIRInF,

Therefore for y < e small enough Lemma 3.5 guarantees the existence of a con-
tainer Ty,...,Ts € G C C(Ty,..., Ts) with s < clog(AIkl/¢) =: § whenever
G € G(F-,n,m, ) does not satisfy e(T(G, Gr)) > a(m/n?)"= g FRInr.
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To count all such graphs G we fix T = (Tj,...,Ts) and then pick G C
Kr_, ua.r among all graphs with exactly m edges in each bipartite graph.
Following [14] we define the following events

Er: ThU---UT; CGCC(T)and G € G(F_,n,m, ),
Fr-Thu---UTs CG,
Gr: GCC(T)and G € G(F_,n,m, ).

We firstly show that )7 Pr[Fr] < 2. Note that this is the expected number
of tuples T C G. The maximum number of tuples T C G is at most

§fep m\®
LTI < (o) (20)
T mi<s \ Tl cTn

R o2
§ seer mn Sctn
< () (Goer)

cthn?
B o eep \
— (e (%25
<2m,

for 17 small enough depending on &.
Secondly we show that Pr[Gr | Fr] < (B/2)" and thus

Y Pr[Er] =) Pr[Gr | Fr]Pr[Fr] < p",
T T

which implies the Theorem.

For fixed T and C(T) let {i,j} € E(F-) and V; = V;;U---UV;, and
Vi = Vi1 U---UV;, be given by property (2) of Lemma 3.5. For y(R) small
enough we use the (j)-regularity of G[V;, V;] to require

2
(GViw Vial| 2 (1 =) (5) 25 = m /27

for every x,y € [r] while |C[Vj,, V]| <6 (%)2 for at least ?/2er  choices of
x,y. Let C' =UC [Vi,x/ V]X] where the union runs over r2/2er_ sparse pairs.
We have |C’| < én?/2er_ and for G to be ()-regular we require |G N C'| >
m/4er_. We conclude for #(7y, ¢) small enough

PI'[GT ‘ FT] S PI‘HGQC" > TYZ/4EF7 ‘ FT}
< PrU(G— T)NC'| > m/4er_ —§CT7’12:|
< PrH(G—T)ﬂC" > m/6er_|

2

(5% m N\ m/6ep_ /6 B m

< (GG <o < (5)
ber_

for 7(8) and d(B) small enough. O
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