arXiv:1504.06238v2 [math.PR] 9 Aug 2016

The graph structure of a deterministic
automaton chosen at random: full
version

Xing Shi Cai, Luc Devroye
School of Computer Science, McGill University of Montreal, Canada,
xingshi.cai@mail.mcgill.ca

lucdevroye@gmail.com

September 10, 2018

An n-state deterministic finite automaton over a k-letter alphabet can be
seen as a digraph with n vertices which all have k labeled out-arcs. Grusho
[20] proved that whp in a random k-out digraph there is a strongly connected
component of linear size, i.e., a giant, and derived a central limit theorem.
We show that whp the part outside the giant contains at most a few short
cycles and mostly consists of tree-like structures, and present a new proof of
Grusho’s theorem. Among other things, we pinpoint the phase transition for
strong connectivity.

Keywords: random digraphs; deterministic finite automaton

1 Introduction

1.1 The model and the history

The deterministic finite automaton (DFA) is widely used in computational complexity
theory. Formally, a DFA is a 5-tuple (@, X, 6, qo, F'), where ) is a finite set called the
set of states, X is a finite set called the alphabet, 6 : @ x ¥ — (@ is the transition
function, gy € @ is the start state, and F' C () is the set of accept states. If ¢o and F
are ignored, a DFA with n states and a k-alphabet can be seen as a digraph with vertices
[n] ={1...,n} in which each vertex has k out-arcs labeled by 1, ...,k (a k-out digraph).
Note that such a digraph can have self-loops and multi-arcs. For a basic introduction to
DFA and its applications, see [37].



Let D, denote a digraph chosen uniformly at random from all k-out digraphs of n
vertices. Equivalently D, is a random k-out digraph of n vertices with the endpoints
of its kn arcs chosen independently and uniformly at random.

When k = 1, D, is equivalent to a uniform random mapping from [n] to itself, which
has been well studied by Kolchin [27], Flajolet and Odlyzko [18], and Aldous and Pitman
2]. In D, 1, the largest strongly connected component (SCC) has expected size O(y/n),
and so does the size of the longest cycle. However, as shown later, for k > 2, the largest
scc has expected size O(n).

From now on we assume that k£ > 2. Let S, (the spectrum of v) be the set of vertices
in D, that are reachable from vertex v, including v itself. In 1973 Grusho [20] first
proved that (|Si| —vxn)/ory/n converges in distribution to a standard normal, where v,
and oy, are explicitly defined constants.

Given a set of vertices S C [n], call S closed if there are no arcs that start from vertices
in S and end at vertices in §¢ = [n] \ S. Let G, be the set of vertices in the largest
closed scC in D,, . (If the largest closed SCC is not unique, let G,, be the vertex set of the
largest closed SCC that contains the smallest vertex-label.) We call G,, the giant. Grusho
also proved that |G, | has the same limit distribution as |S;| by showing that with high
probability (whp) G, is reachable from all vertices and that |S;|—|Gn| = 0,(v/n) (see [22]
for the notation). His proof relies on a result by Sevast’yanov [35] which approximates
the exploration of &7 with a Gaussian process.

In 2012 Carayol and Nicaud [10] proved a local limit theorem for |S;| by analyzing the
limit behavior of the probability that |S;| = s for an s close to vgyn. Their proof depends
on a theorem by Korshunov [28] which says that conditioned on every vertex having
in-degree at least one, the probability that S; = [n] tends to some constant. Carayol
and Nicaud derived a simple and explicit formula of this constant from their theorem.
(The same formula is also proved by Lebensztayn [29] with a more analytic approach
using Lagrange series.)

Lately the simple random walk (SRW) on D, ; has gained some attention for its
applications in machine learning. Addario-Berry, Balle, and Perarnau [1] studied the
stationary distribution of the SRW by analyzing the distances in D,, ;. They proved
that the diameter and the typical distance, rescaled by logn, converge in probability
to explicit constants. Angluin and Chen [3] studied the rate of the convergence to the
stationary distribution of the SRW. They also suggested an algorithm for learning a
uniformly random DFA under Kearns’ statistical query model [26].

1.2 Our results and a sketch of proof

A digraph can be uniquely decomposed into scCs which form a directed acyclic graph
(DAG) through a process called condensation that contracts every SCC into a single vertex
while keeping all the arcs between sccs [5]. The condensation DAG of D, is denoted
by 'Dﬁ’ K

Let G5 = [n] \ Gn, ie., G is the set of vertices that are outside the giant. The
structure of Dﬁ, . depends on D, ;[G¢], the digraph induced by G¢. Our analysis shows
that in D, x[G5] the total number of cycles and the number of cycles of a fixed length



both converge to Poisson distributions with constant means. So the number of cycles
and the length of the longest cycle are both O,(1) (see [22]). Furthermore, these cycles
are vertex-disjoint whp. Therefore, almost every vertex in G¢ is a SCC itself and Df; k1S
very much like D,, ;, with the giant contracted into a single vertex.

The d-core of an undirected graph is the maximum induced subgraph in which all
vertices have degree at least d. Similarly the d-in-core of a digraph can be defined as
the maximum induced sub-digraph in which all vertices have in-degree at least d. Let
O,, denote the set of vertices in the one-in-core of D,, ;. Note that G,, C O,, since a SCC
induces a sub-digraph with each vertex having in-degree at least one. Also note that
cycles cannot exist outside O,,, for otherwise they contradict the maximality of O,,. Now
assume that every vertex can reach G,,, which happens whp by Grusho [20]. Then D, ;
can be divided into three layers: the center is G,; then comes O, \ G,, which consists
of cycles outside G,, and paths from these cycles to G,; the outermost is OF = [n]| \ O,,
which is acyclic.

Figure 1: Three layers of D, ;: the giant G,; the one-in-core O,,; and the whole graph.

Since there cannot be many vertices in cycles outside the giant, the middle layer
O, \ G, must be very “thin”. Thus if we can prove (|0, | — vxn)//n converges to a
normal distribution, then we can also prove it for |G,|. The event |O,| = s happens if
and only if there is a set of vertices S with |S| = s such that: (a) D,, x[S], the sub-digraph
induced by S, has minimum in-degree one (surjective) and there are no arcs going from
S to 8¢ (closed), which we refer to as S being a k-surjection (since D,, ;[S] is equivalent
to a surjective function from [ks| to [s]); (b) D, x[S¢] is acyclic. The probability of (a)
can be computed by counting the number of surjective functions. And we are able to
show that the probability of (b) converges to a constant. Note that for a fixed set S
(a) and (b) are independent because they depend on the endpoints of two disjoint sets
of arcs. Thus we can get the limit of P {0, = S}. Since the one-in-core of a digraph
is unique, P{|On| = s} = > sc(u5/=s P{On = S} Thus we can finish the proof by
computing the characteristic function of (|O0,| — vxn)/y/n.

Note that although our formula for P {|O,,| = s} is inspired by and resembles Carayol
and Nicaud’s formula for P {|S;| = s}, we actually prove the result from scratch without



relying on previous work. Since we are able to derive explicit expressions of all the
constants in our formula, the computation of the characteristic function becomes quite
simple. Furthermore, to our knowledge this is the first self-contained proof. Thus in
Section 2 we prove:

Theorem 1 (Central limit law). Let Z denote a standard normal random variable.
Then as n — oo,

maxye[n] ‘S”U| — VN 4

|On| — VN d —)Z,
O'k\/ﬁ

—Z
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where vy and oy, are constants defined by
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and T 1s the unique positive solution of 1 — 1./k —e™™ = 0.
Remark. Equivalently, v, is the unique positive solution of 1 — v, = e *** and
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Let G(n,m) be a Erd6s—Rényi random graph, i.e., a graph chosen uniformly at random
from all graphs with n vertices and m edges [16]. It is well-known that for & > 1,
|IC. .| —the size of the largest component in G(n,m = nk/2)—is (vx + o(1))n whp.
Moreover, (|CP...| — vkn)/+/n also converges in distribution to a normal random variable
with variance o7 (see, e.g., Durrett [14]). Intuitively, this is because the in-degree of a
vertex in D, ; has asymptotically a Poisson distribution of mean k. Thus a backward
exploration process from vertex in D,, ; is approximately a Galton-Watson process with
survival probability vy, as is the exploration process starting from a vertex in G(n,m =

nk/2).

Section 3 studies the part of D,, ; outside the giant, which determines the structure of
Dji .. and supports the proof of Theorem 1. Our results are summarized in two theorems,
where all our logarithms are natural:

Theorem 2 (Cycles outside the giant). We have:
(a) Let L, be the length of the longest cycle in D, x[GE]. Then L, = O,(1).
(b) Let C, be the number of cycles in D, [G:]. Then

d o 1
n— Pol | log ———— ],
Cp— Ol(ogl—ke—Tk)

where Poi(x) denotes the Poisson distribution with mean x.



(c) Let C,p be the number of cycles of length { in Dy, ;[GS]. Then for all fized £ > 1,

C, ei Poi <(k67k)e) )

14

Theorem 3 (Spectra outside the giant). Let S, = S, NGE, i.e., S, is the spectrum of
v in Dy x[GE]. Let dist(v,u) be the distance from v to u, i.e., the length of the shortest
directed path from v to u. Then

(a) P{Uyegelarc(D,x[S}]) — [S,] = 1]} = o(1), where arc(-) denotes the number of arcs.
In other words, whp every spectrum in D, ;[GS] is a tree or a tree plus an extra arc.

S!|. Let A, = (k — 1) (i)k_l. Then

(b) Let S, = maxyege s

S », 1
logn ~log(1/\x)

(c¢) Let W, = max,cge minyeg, dist(v,u), i.e., the mazimum distance to G,. Then

L R
log,. logn
(d) Let M, be the length of the longest path in D, ;[GS]. Then

M, » 1
logn  log(e™/k)

(e) Let D, = max,cge maxyes, dist(v,u). Then

D, 7 1
logn  log(e™/k)

The rest of the paper gives some other results regarding this model. Section 4 shows
that D, ; exhibits a phase transition for strong connectivity. Section 5 extends some of
our results to simple k-out digraphs. Section 6 analyzes the typical distances in D, 4
with a technique called path counting, which is very different from the method used by
Addario-Berry et al. in [1]. Section 7 suggests some extensions of this model.

Remark. Lemma 9 shows that |O0,| — |G,| = O,(1). The intuition is that a digraph
with minimal in-degree and out-degree at least one is likely to have a large scc. This
phenomenon is also observed in D(n,p), which is a random digraph of n vertices with
each possible arc existing independently with probability p. Pittel and Poole [33, thm.
1.3] showed that in D(n,p) the (1, 1)-core—the maximal induced sub-digraph in which
each vertex has in-degree and out-degree at least one—differs from the largest SCC in
size by at most O((logn)®), whp. This intuition is also used for studying the asymptotic
counts of strongly connected digraphs (see Pérez-Giménez and Wormald [34], Pittel [32]).



2 The size of the one-in-core

2.1 The law of large numbers for the one-in-core
To prove Theorem 1, we first need to narrow the range of |0, to close to vyn.

Theorem 4 (Law of large numbers). For all fized § € (0,1/2),

P10, ¢ 7.y <

where T,, = [ypn — n'/?+0 ypn + nt/2+9],
Thus |O,|/n % vy, which gives the theorem its name.

Let K, be the number of k-surjections of size s in D,, ;. Then it suffices to show that
P {ngﬂn K, >1} < (14 0(1))/n. As argued in the introduction, for a set of vertices
S to be the one-in-core, it must also be a k-surjection, i.e., every vertex in D, x[S], the
sub-digraph induced by &, must have minimum in-degree one (S is surjective), and there
are no arcs going from S to 8¢ (S is closed). Thus

P{S is a k-surjection} = P {S is surjective | S is closed} P {S is closed} .
Computing the limit of the two factors shows that:

Lemma 1. We have

And for s € T,

where

k
and v = (%) (e™ —1).

Theorem 4 follows immediately. The proof of Lemma 1 is postponed to the appendix.
(The two functions f(z) and g(x) are also studied by Carayol and Nicaud [10].)

2.2 The central limit law of the one-in-core

In this section we prove the part of Theorem 1 about |O,|. The rest of the theorem
appears as corollaries in Section 3. Let 00,, = |O,| — vxyn. Then 00, takes values in
[n] — ven = {s : yyn + s € [n]}. As Theorem 4 shows, whp 00, < n'/?*® for all fixed



d € (0,1/2). Thus it suffices to consider only the probability that 00, takes value in
the set

jn = ({n] . an) N [_n1/2+5,n1/2+5} :
for some fixed § € (0,1/2). Thus the characteristic function of 90, /y/n is

o) = > eNVPLO0, =st+ > ™VIP{00, = s}
s€([n]—vEn)\TIn s€Tn
=o(1)+ > _ e"NV"P {00, = s}.
s€Tn

Let S be a set of vertices with |S| = vyn + s for some s € 7,,. Recall that O,, = S if
and only if S is a k-surjection and D, ;[S¢| is acyclic, two events that are independent.
By Theorem 5 in Section 3.2, P{D,, ;[S°] is acyclic} ~ 1 — ke ™. Also recall that K,
counts the number of k-surjections of size x. It follows from Lemma 1 that

P{00, = s} = > P{0,=8}

SCIn]:|S|=vipn+s

= Z P{S is a k-surjection} x P{D,,x[S] is acyclic}

SCln]:|S|=vEn+s

~ (1= ke ™)EK nis
EET L) [ 2

where K, f(z) and g(x) are defined as in the previous subsection.
If s € J,, then Lemma A6 in the appendix shows that

e 2) = (150 (2)) s

s s |s|3
f(n+3) —exp{—za,gnz} 0 (7)

Therefore, choosing ¢ small enough, e.g., § = 1/9, we have

and

Z eIV {90, = s}

1 1 , 52
~ Z ezts/\/ﬁ exp{ —
s€Tn \ 271—0]% \/ﬁ 2051

] exp{ 2
Y

— o(1) + exp ("2; ) |




Thus the characteristic function of 90, /v/n converges to exp(oit?/2), the characteristic
function of o, Z. It follows from the central limit theorem that 00, /y/n converges to
orZ in distribution. Note that using the estimates of this section, we actually have a
local limit theorem for |O,,|.

3 The structure of the directed acyclic graph

3.1 De-randomizing the giant

Since a SCC induces a sub-digraph in which each vertex has in-degree at least one, a
closed scc is also a k-surjection. Lemma 1 implies that whp all k-surjections are of sizes
in Z, = [ypn —n'/? ypn+n'/?+%]. When this happens, as v, > 1/2 (Lemma A1), there
exists one and only one closed scC and it is G,,. And if G, is the only closed scc, then
every vertex must be able to reach it. This can be summarized as:

Lemma 2. Whp |G,| € Z,, and G, is reachable from all vertices.

Since e”™ =1 — 7,/k = 1 — 14, the above lemma implies that whp ||GS| — e ™n| <
n!/2+3_ Thus the structure of D,, 1[G], the sub-digraph induced by G¢ = [n]\ G,,, should
be close to that of a sub-digraph induced by a fixed set of vertices whose size is close to
e~ "™n. Formally, we have:

Lemma 3. Let f,, be a sequence of integer-valued functions on a sequence of digraphs.
Let X be an integer-valued random variable. If there exists a sequence €, — 0 such that

sup || fa(Duk[Vi)): X1y < én,
VnCln]:|Vn|€Tn

where V. = [n]\'V,, and || -, -||,, denotes the total variation distance, then

Proof. Define the event F,, = [|G,| € Z,]. Let m be an integer, let V,, C [n] be a fixed set
of vertices with |V,| € Z,,. Recall that since v, > 1/2, |V,,| > n/2 for large n. Thus the
event [G,, = V,] depends only on the induced sub-digraph D, x[V,,], which is independent
of D,, x[V5]. Therefore the two events [G, = V,] and [f,,(D, x[VS]) = m] are independent.
Using this observation and Lemma 2, we have

P{/a(DnxlG]) = m}
= P{[fa(DnxlGr]) = m| N EG} + P{[fu(DnrlGr]) = m| N En}
= 0(1) + Z P {fn(IDn,k[VS]) =m | Gn = Vn} P {gn = Vn}

VnC[n):|Vn|ELn
<o)+ Y (P{X=m}+e,)P{G, =V}
VnCln]:|Vn|€Ln

< o(1) + P{X = m}.



Similarly we have P{f,(D,x[G;]) = m} > P{X =m} 4 o(1). Since this applies to all
integers m, f,,(Dnx[GE]) 4 X, O

Corollary 1. Let &, be a sequence of sets of digraphs. If there exists a sequence €, — 0
such that
sup P{D,x[Vs] & &} < en,

Vo Cln]:|Va|ETn

then whp D, x[GS] € &,.

Proof. This follows from the previous lemma by taking X = 1 and f,, to be the indicator
function that a digraph is in &,. [

The rest of this section proves Theorem 2 and Theorem 3. But instead of working
on G¢ directly, we prove similar theorems on fixed sets of vertices, and then apply the
above lemma or its corollary to get the final result.

3.2 Cycles outside the giant

In this subsection, we show the following:

Theorem 5. Let w, — oo be an arbitrary sequence. There exists a sequence &, = o(1)
such that for all fized sets of vertices V,, C [n| with |V,| € I, we have:

(a) Let L} be the length of the longest cycle in Dy x[VS]. Then P{L! > w,} < e,.
(b) The probability that Dy, x[VS] contains vertez-intersecting cycles is at most &,,.

(¢) Let C};, be the number of cycles of length € in Dy [V5]. Let Xy = Poi((ke™™) /().
Then for all fixed ¢, CZ,é’XfHTV < e,

d) Let C* be the number of cycles in D, ,[V¢]. Let X = Poi(log —2=). Then
n ) n 1—ke "k
|Cr, Xy < €n. As a result, |P{C} =0} — (1 — ke ™)| < 2¢,.

Theorem 2 follows from the above theorem and Lemma 3. Our proof is inspired by
Cooper and Frieze’s work on the directed configuration model [12]. Note that the
Cooper-Frieze model is different from that studied by us. In their model, both in-
degrees and out-degrees are predetermined, whereas we require all out-degrees to be k
but the in-degrees are random.

The intuition behind Theorem 5 is that when two cycles share vertices, they contain
fewer vertices than arcs. So if we fix the “shape” of a pair of such cycles, the number of
ways to label them times the probability that they both exist is o(1). Thus whp cycles
in V¢ are vertex-disjoint and the total number of cycles has a distribution close to a sum
of independent indicator random variables.

In the following proof, instead of finding the exact ¢,, we derive implicit o(1) upper
bounds for probabilities and total variation distances which only requires that |V,,| € Z,.

Lemma 4. Let C; = > i<t<w, Cng- Then P {Cr#Cr} =o(1).



Proof. Define (z)y = x(x —1)---(x — ¢+ 1). Then the number of all possible cycles of
length ¢ is (|V¢])¢k¢/¢. (Note that we are also considering the labels on arcs, which makes
the counting easier.) And the probability that such a cycle exists is n=*. Recalling that
Vel € [e™n — n'/2+ e~ 4 nl/2+%] we have

14
= (01 = Vi () < (e (140 (o)) g

Since ke™™ = k — 74 < 1 (Lemma Al), there exists a constant ¢; < 1 such that the
above is less than ¢f for n large enough. Since Cj; # Cy if and only if -, Cr, > 1,

P{C;;;AC_;}:P{Z £>1}<EZ oy

£>wn, £>wn

&) = o(1). O

Since L¥ > w, if and only if C* # C*, part (a) of Theorem 5 follows. From now on
let w, = loglogn. We show that:

Lemma 5. Let X and X, be as in Theorem 5. Then HPOI (ECy) XH o(1). And for
all £ < w,, ||Poi(EC; ), XgHTV o(1).

Proof. For all £ < w,, by (1) we have

¢ —
R oy e (L) (ke —1/246
ECM—Z(G n+0 (n ))Zk )= (1+0(n ).
Thus
ar * 1 —1/2446
ECx = Z E [ n’d = log <—1 — ke—Tk) +0 (wnn 2+ )
1<t<wn,
Therefore EC* — EX and EC} , — EXy, which implies the lemma. O]

Proof of Theorem 5. By the two previous lemmas, it suffices to show that

|C, Poi(ECY)

=o(1), ||Cr . Poi(ECy )], =o(1) for all fixed ¢,

We prove this by using a theorem of Arratia et al. [4]. (A similar result is proved by
Barbour et al. [6]). The method is known as the Chen-Stein method because it was first
developed by Chen [11] who applied Stein’s theory [38] on probability metrics to Poisson
distributions.

Let C be the space of all possible cycles of length at most w,, in D,, ;[V<]. For a € C, let
B, C C be the set of cycles that are vertex-intersecting with «. Let 1, be the indicator
that a cycle o appears in D,, ;[V¢]. Define

=> > ELEl, => > E[Lly, b=) s

a€cC BEBa a€C BEBy:B#a aeC

10



where

sa =E[E[lalo (15: 6 € C\ By)] — Elal,

and o(-) denotes the sigma algebra generated by (). Theorem 1 of Arratia et al. [4]
states that

|Cx, Poi(ECH)|| ., < 2(b1 + by + bs).

If 3 € C\ B,, then o and / are vertex-disjoint. Thus 1, and 1z are independent and
sq = 0 for all a € C, i.e., by = 0. It suffices to show that b; and by are o(1).

Let |a| denote the length of a cycle a. Fix ¢; < w,, and ¢5 < w,. There are at most
[Ve|frkh eycles of length ¢1. For |a| = 41, there are at most £1|V¢|2~1k® cycles of length
{5 that share at least one vertex with . Since (|V¢])¢ = (1 + o(1))(e~™n)* for £ < w,,

Z Z E1,Els < (1+o0(1)) [<e—mn)elke1] [gl(effkn)ez,lkﬂ (l) 1+Ls

n
a€C:|a|=t1 BEB:|B|=L2

= (1+0(1))

(G (7™ k)" ] [(e™k)™] .

e Tkn
Therefore

= > > > > El.El

1<ty <wn 1<l <wpn aeC:|a|=£1 BEB.:|B|=~2

< (1+o(1))— (ke )] [(ke™™)"]
61214221
< (1 + 0(1))6_71"671 [Z fl(/{/‘e_m)ﬁ] [Z(ke_ﬂc)ez]
01>1 la>1

which is O (1/n) since both sums converge.

To compute by, we upper bound the number of pairs of vertex-intersecting cycles
that could possibly appear in D, ,[V¢] at the same time. Let a and 5 be such a pair. Let
V(a), A(a), V(B), A(B) be the vertex set and (labeled) arc set of o and /3 respectively.
Let aU 8 be the digraph of vertex set V =V («a) UV(8) and arc set A = A(a) U B(p).
Assume that |V| = s and |A| = s+ t. Note that as a and ( share at least one vertex,
t > 1. Since V' C [n], we can relabel the s vertices in aU S with [s] such that the order of
the vertex labels is maintained. The result is a digraph with vertex set [s] and s+t arcs
labeled with [k]. There are at most (s?)*7 k™ such digraphs, since there are at most s?
choices of endpoints and k choices of labels for each of the s + ¢ arcs. Each digraph of
this type corresponds to at most ('i’cll) < |V¢J® pairs of cycles like a and 5. Thus there

11



are at most |V¢|*(s?)* k5T such pairs. Summing over s and ¢, we have

bQS Z Z |V£|s(32)s+tks+tE[1alﬁ]

1<5<2wy 1<E<2wy,

< Z Z (G_Tkn+n1/2+5)s(2wn)2X4w”k5+tW

1<5<2wn, 1<t<2wn,

Cue Ty ORI Gy 2)

1<5<2wy, 1<t<2wy,

<0 (%) 2w k) Y Y (L e P (ke < 1/2)

1<5< 2wy, 1<t<2wy,

<0 (%) (2w, k)*" (2w)? (1 + O (n™*Fw,)) — 0,

where the last step we use that w,, = loglogn.

Thus part (d) of Theorem 5 for C;; is proved. We can prove part (c) for C}; , using
the same method by limiting C to contain only cycles of a fixed length ¢. Note that the
above inequality shows that the probability that there exist vertex-intersecting cycles in
D, x|Ve] is o(1), thus part (b) is also proved. O

n

The method used above can be easily adapted to prove similar results for undirected
cycles, like the following lemma which is needed in the study of spectra in D,, ;[GS]:

Lemma 6. Let ¢, — oo be an arbitrary sequence. There exists a sequence e, = o(1)
such that for all fixed sets of vertices V,, with |V,| € Z,,, we have:

(a) The probability that D, x[VS] contains an undirected cycle of length greater than i,
18 at most €,,.

(b) The probability that Dy, x[VS] contains vertex-intersecting undirected cycles is at most
En.

Proof. Let Uy be the number of undirected cycles of length ¢ in D,, ;[V<]. Then

1
E[U)] < S (VD205 < (2ke ™™ (L4n7/27))",

~|

where the 2 comes from the fact that each edge in an undirected cycle has two possible
directions. Since 2ke™™ = 2(k — 1) < 1 (Lemma A1), with exact the same argument of

Lemma 4, we can show that E [wan Ug] = o(1) for all ¥, = co. Thus (a) is proved.

Now choose v,, = loglogn. Again we can show that whp there are no vertex-
intersecting undirected cycles of length at most 1, by repeating the computation of
by in the proof of Theorem 5 with ke~ ™ replaced by 2ke™™ in (2). O

12



3.3 Spectra outside the giant

In this section, we prove Theorem 3 (spectra outside the giant). Instead of working
on G¢ directly, we again prove similar results on a fixed set of vertices and then apply
Lemma 3 to finish the proof.

3.3.1 The tree-like structure of some spectra

We prove part (a) of Theorem 3. Let V, C [n] with |V,| € Z, = [vxn—n'/*T° vpn+nl/37]
be a fixed set of vertices. For v € VS = [n]\ V,, let S; be the spectrum of v in D,, ,[V¢],
the sub-digraph induced by V¢. The following lemma shows that whp every spectrum

in D, x[V¢] induces a sub-digraph that is a tree or a tree plus one extra arc:

Lemma 7. We have

sup P {Uyeyearc(D,k[S;]) — S5 > 1]} = o(1),

VnCn):|Vn|ELn
where arc(+) denotes the number of arcs.

Proof. For v € V¢, if arc(D,, x[S;]) > |Sk| + 1, then D, x[S;] must contain at least two
undirected cycles. By Lemma 6, whp all undirected cycles in D,, x[S;] are vertex-disjoint.
Therefore, if D, ;[S}] contains two undirected cycles, then whp they are vertex-disjoint
and connected by an undirected path.

Let X, ;: be the number of pairs of undirected cycles of length r and s respectively
that are connected by an undirected path of length ¢. In such a structure the number
of arcs is r 4+ s+t while the number of vertices is r + s+t — 1. Since |V, | € Z,,, we have
Vel =n — |V,| € I¢ = [e7™n — n'/?0 e~™n + n/279]. Thus

1 r+s+t 1 2% r+s+t
EX e < (e () <o (3 (e i)

Summing over all possible r, s and ¢ shows that

Z Z Z EX,.: <O (%) ZZZ (2ke—7k . nf/—l;(;)rJrSH

1<r<n 1<s<n 1<t<n 1<r 1<s 1<t

N 3
1 2k '
<o) (x (v ) )

which is o(1) since the sum in the brackets converges. O

3.3.2 The maximum size of spectra

This section proves part (b) of Theorem 3 (the sizes of spectra outside the giant).

13



Lemma 8. Let € > 0 be a constant. Then

e IS |
P{‘maX evn’ v‘ .

> e} = o(1),

sup
VnC [TL] : |V7L | S

logn log(1/A)

where N\ = (k — 1) ( Tk )k_l.

k-1

The exploration of D,, ;[S;] can be coupled with a colouring process. Initially, colour
all vertices in V), green, all vertices in V}, yellow, and all arcs white. Then:

(i) Colour the vertex v black, and colour the k arcs that start from v red. (Red arcs
start from vertices in S but their endpoints are not determined yet.)

(ii) Pick an arbitrary red arc. Choose its endpoint uniformly at random from all the
n vertices. Colour this arc with the colour of its chosen endpoint vertex. (So a
yellow arc goes to a vertex that is not already in S;, a black arc goes to a vertex
that is already in S;.) If the chosen vertex is yellow, colour this vertex black and
colour all its arcs red.

(iii) If there are no red arcs left, terminate. Otherwise go to the previous step.

In the end, S consists of all black vertices, and arcs that start from vertices in S; have
one of three colors: green arcs go to V,; yellow arcs form a spanning tree of D,, ;[S]
rooted at v; black arcs connect vertices in §; but they are not part of the yellow spanning
tree, so they are in cycles in D,, x[S}]. Figure 2 depicts the colouring process.

|

i
!
v
Q

Green
—— @ Black
...................... » & Yellow
______ > Red

Figure 2: The colouring process.

We use random variables R; and Y; to track the number of red arcs and yellow vertices
after the t-th red arc is colored. Thus Ry = k and Yy = |VS| — 1. When a red arc is
colored, if a yellow vertex is chosen as its endpoint, then the number of red arcs increases
by (k — 1) and the number of yellow vertices decreases by one. Otherwise the number of
red arcs decreases by one and the number of yellow vertices remains unchanged. Thus
fort > 1,

t t
Ri=Ry+k&—1=kY &—(t—k), and Y=Yy —&=V-1-) &,
=1 =1
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where ; are independent Bernoulli Y;/n (the probability that a yellow vertex is chosen).
Let T'= min{t : R; < 0}. Then |S}| = T'/k, since T is the total number arcs that have
been colored and |S}| is the total number of vertices that have been colored.

Let (&)i>1, be i.i.d. Bernoulli (e~ +n~/2+9). Since Y;/n < |V¢|/n < e +n~1/2+0
we have & = &, where = denotes stochastically greater than (see [36]). Therefore
there exists a coupling such that & > & for all t almost surely. Let T, = min{t :
kY & — (t—k) <0}. Then T > T almost surely. (The random variable T is called
the total progeny of a Galton-Watson process with offspring distribution &;. For an
introduction to Galton-Watson processes see [13]). It is well know that if E¢, < 1, which
is true in this case, then ET = k/(1 — E£;) = O(1). Thus ET = O(1).

Proof of the upper bound. Let w, = [(1+ ¢)logn/log(1/A\)] + 1. Since T > T,

_ Z’?wnf 1
P{T > kw,} <P{T > kw,} <P %zk—
wn n

where k, = kw,,/(w, — 1). Hoeffding [21] showed that

() (1) (252)

where Bin(m, p) denotes a binomial (m, p) random variable. Recalling that E¢; = e™™ +
nVH =1 — 1 /k 4+ 07V and A\ = (b — 1) (%)k_l, it follows from Hoeffding’s
inequality that P{T > kw,} is at most

Wn

[(f/iln) <11__1E/§1n>k"_1] -k (kT—k 1)k_1 ! O(nl/m)]

= O(X") (140 (n71/2))™
=0 (n~(%9). (3)

wn40(1)

Since k|S}| = T, by the union bound
P{UveV5|S:‘ an} < nP {Tz ]{jwn} :O(n—s)' O

Proof of the lower bound. Let ¢, = [(1 —¢)logn/log(1/A;)]. To show that whp there
exists a v € V¢ such that |S*| > 1, pick an arbitrary yellow vertex and run the colouring
process. If at least 1), vertices are colored black (success) in the process then terminate.
Otherwise (failure) pick another yellow vertex and repeat the colouring process until
one trial succeeds. If the colouring process is repeated for at most t, = |n/(logn)?]
times, then at most a, = t,1, = O(n/(logn)?) vertices are colored black in the end.
Therefore, the probability that the number of red arcs increases after colouring one red
arc is at least (|V5| —ay)/n.

Let (&)i>1 be i.i.d. Bernoulli (|V¢| — a, —¢,)/n. Let T = min{t : k> ' & — (t —
k) < 0}. Then in each of the first t, iterations, the probability of a success is at least
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P{T > ki,} > P{L = ki, }. (For a detailed proof, see van der Hofstad’s discussion of
the Erdés-Rényi model [39, chap. 4.2.2].) By the hitting-time theorem of Galton-Watson
processes [41],

1 kin
P{L = ktba} = ¢—P{k2§=k<wn— 1)}-

Since S_¥" ¢ is a binomial random variable, the above equals

1 ktn ’sz’ — Qp — Yy Ynt 1 |Vﬁ’ — ap — Yy Ftpn = (Yn—1)
U (wn - 1) ( n ) ( B n )

By Stirling’s approximation [17, pp. 407]

() =em(or) =5 (;@ = f?w—lr" |

Recalling that a,, = O (n/(logn)?) and ¥, = [(1 —¢)logn/log(1/A;)], we have, in view
of [V¢| = e n + O (n'/*+9),

Ve —an— v\ [ Lot
( ; > :<€ ‘O(aogn)?)) =0(),

|VC| —a, — wn ktpn—(thn—1) B 1 kpn—(thn—1)
- 1—e ™
( © O\ logny?
©

(@)

by,.

and

Recall that e=™ = 1 — 73, /k. Therefore

A, = (k) . ) Tk ht — ke~ Tk L o — Le—ﬂc (E)kl
b= WAk -1 - k—1 (1 — 1/ k '

Putting everything together, we have

¥
1 1 k e (TE\FT B AYn B n-ite
=0\ v [(1—1//{)’“16 (E) ] —@<w§/2) —@<7>'

So the probability that all the first ¢, = [n/(logn)?| trials fail is at most

n

(1= b,)" < exp{—butn} = exp {@ <_W)} — o(1). 0
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By Lemma 2, whp G, is reachable from all vertices. When this happens, O, \ G,
consists of vertices either on cycles in D, x[G¢] or on paths from these cycles to G,,. Since
the number of such cycles and the length of the longest one of them are both O,(1),
Lemma 8 implies that |0, | — |G,| = O,(logn). Thus

|gn| — Vg ’On’ — kn logn d
= - — Z
NG Jn Op NG - <,

which is the second part of Theorem 1.

In fact we can show that |O,| — |G,| = O,(1). This seems to be obvious since in
D, x|V:] the expected size of a spectrum is O(1) and the number of cycles is O,(1).
However, it is not trivial because 1p, ison a cyclq and |Sy| are not independent. For a
proof using Cayley’s formula, see Lemma 9 in the next section (Section 3.3.3).

We can also use Lemma 8 to show that

maXyeln] ‘Sv’ - ’gn| D 1
logn log(1/A\x)’

which finishes the last part of Theorem 1, i.e., (max,cp |Sy| — an)/dk\/ﬁg Z. Let A,
be the event that every vertex can reach G,. Assuming A, happens, G, C S, for all
v € [n]. Thus for all £ > 0,

maxve[n] |Sv‘ — |Qn| 1
p _
{‘ logn log(1/Ar) e
max,c |Sy| 1 .
<P — A P{AS} = o(1).
- {H logn log(1/Ax) >e| NAn e +PLAY = o(l)

Since |Si| < max,cpn |S,| and whp [Si| > |G,|, we also recover Grusho’s central limit
law of |Sy].

3.3.3 The size of the middle layer
Lemma 9 and Corollary 1 imply that |O,| — |G,| = O,(1).
Lemma 9. Let w,, — oo be an arbitrary sequence of nonnegative numbers. Then

sup P Z ISy > wy p = o(1),

VnCn]:|Vn|ELn veC(ve)

where C(VS) denotes the set of vertices on cycles in D, x[VE], and S} is the spectrum of
v in Dy [VE], the sub-digraph induced by V.

Proof. By Theorem 5 and Lemma 7, in D,, ,[V¢] whp: (a) there are at most ,/w,, vertices
on cycles, i.e., [C(VS)| < /wn; (b) every S induces either a tree or a tree plus one extra
arc; () maxyegg |Sy| = O(logn). Now assume all these events happen. If - o) [Sy] =
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Figure 3: The leftmost shaded part of this figure is an f-eye.

wy, then (a) implies there is at least one vertex v € C(V5) with |S}| > (/w,. By (b),
S; induces a sub-digraph that consists of exactly one cycle and isolated trees with their
roots on this cycle. If |S}| = ¢, we call the induced sub-digraph an f-eye. Note that by
(c) there are no f-eyes with ¢ > (logn)?.

Let S C V¢ with |S| = £ be a set of vertices. If S induces an f-eye D,, then there are
¢ arcs that start and end at specific vertices in S decided by D., which happens with
probability (1/n)¢. If S = 87 for some vertex u € S, call S a partial spectrum. For S to
be a partial spectrum, the other (k — 1)¢ arcs that start from S must end at V), which
happens with probability (|V,|/n)*~D¢ So the probability that S induces a fixed D,
and & is a partial spectrum is (1/n)’(|V,|/n)* D¢

By Cayley’s formula [7], there are /~! ways that S can form a rooted tree. In such
a tree, there are at most 2 ways to add an extra arc to make it an f-eye. In a vertex-
labeled (-eye, there are at most k° ways to label the arcs. So the number of /-eyes can
be induced by S is less than £*~1/2k*. And there are (Wfl) ways to choose S.

Let X, be the number of f-eyes induced by partial spectra. Recall that v, = 7,/k =
1—e~™. Thus |V,| € Z, = [vgn —n'?* ypn+n/2°] implies that |V¢| < e ™ n+nl/2H,
So for ¢ < (logn)?, by the above arguments,

c (k—1)¢
l n n

. ¢ _
< (e krzz/_ 7;;/2%)66“1]# (l) <% . n_1/2+6> (k—1)¢
€ n

l ok +n-1/2+(5) L (% +n_1/2+5>k—1r€
(
(1

¢
—1/2+46 1—7, ( Tk kol
140 (n ))(ke () )e
+ O (In~240)) pie.

By Lemma A1, pp < 1. Since /w,, — o0,

(logn)*\] <
Vwn<l<(logn)? Vo<t
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Thus whp there are no (-eyes induced by partial spectra with ¢ € [,/w,, (logn)?]. ]

3.3.4 The distance to the giant

This subsection proves part (c¢) of Theorem 3.

Lemma 10. For alle > 0,

sup
Vi Cn):|Vn|€Tn

max,eye Wy
log;. logn

— 1' > e} = o(1),

where W = minyey, dist(v, u), i.e., W is the length of the shortest path from v to V,.

Let v € V¢ be a vertex. If W > 1, then all neighbors of v are in V¢, and most
likely there are k of them. So P{W > 1} ~ (|V¢|/n)k ~ e ™*. If W > 2, then
the neighbors of v’s neighbors are all in V¢, and most likely there are k? of them.
So P{W> > 2} ~ (|V¢|/n)k+% ~ e ®(F+F)  Repeating this argument shows that
P{W} > 2} ~ exp{—mu(k + k*... k%)} = e ™O*") which is o(1/n) when z > (1 +
¢) log, log n.

To make the above intuition rigorous, the colouring process defined in the previous
subsection needs to be slightly modified. Let v be the vertex where the process has
started. When choosing a red arc to colour, instead of choosing one arbitrarily from all
red arcs, choose one arbitrarily from those that are closest to v. Thus at the end, the
yellow arcs consist of not just a spanning tree but a breadth-first-search (bfs) spanning
tree of D, x[Si]. If V,, (the set of green vertices) is contracted into a single green vertex,
then the green arcs together with yellow arcs form a DAG. Let 7, denote this DAG. Then
W, is the length of the shortest path from v to the green vertex contracted from V,.
Figure 4 shows an example of 7,.

e <

EEEY \\ ——> @ Black
Y AN
ﬁ k \ ...................... »> Yellow
A A
X A
\'::'\/Vn\.«':/’

S«

Figure 4: An example of 7T,,.

Proof. Let w, = |[(1 + ¢)log,logn]|. Call the arcs whose endpoints are at distance
i to v the i-th layer of 7,. The event W) > w, implies that the first w, layers of
arcs in 7T, are all yellow arcs and thus they form a tree of height w,. By Lemma 7,
whp there are no v € V¢ such that D, x[S}] contains more than one black arc. Thus
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whp in every 7, all internal (non-leaf) vertices except at most one have out degree k.
Let A, denote this event. Assuming A, happens, W > w, implies that there are at
least O(k“") = ©(logn)'™ yellow arcs in the first w, layers of 7,. Thus in the colouring
process, the first ©(logn)'* arcs choose their endpoints in V<. The probability that this
happens is at most (|V<|/n)®Me™" ™ Since |V, | € Z,,, |Vi| = n — [V,| < e ™ n 4 nl/2+9.
Then by the union bound,

P{Upcvg Wy > wal} < D P{IW; > wa] N A} +P{A}
veEVE
< n([Vg]/n)OUeEm™ 4 o(1)
< e 4 Y/2H)Oloem T 461y — (1),

Thus whp max,ep: W) < wy,.

Let ¢, = [(1 — €)log, logn]. To show that whp there is a vertex v with W} > 1,
run the colouring process starting from an arbitrary yellow vertex v until either an arc
is colored black or green (failure), or the first ¢, — 1 layers of 7T, are colored yellow
(success). So to succeed, the first 1, — 1 layers of T, form a full k-ary tree, i.e., the
first k + k% + - + k¥ = O(k¥") = O(logn)'~¢ arcs must be colored yellow. If the
process fails, we pick another yellow vertex and try again until one trial succeeds. Since
the colouring process stops before colouring the 1, layer of T,, each trial colors at most
O(k¥") = ©(logn)*~¢ vertices black. If the process is tried at most [n/(logn)?] times,
then at most b, = [n/(logn)*]O0(logn)'~¢ = O(n/(logn)'*¥) vertices are colored black.
Therefore, each arc has probability at least (|]V<| — b,)/n to be colored yellow during
the first [n/(logn)?] trials. Since |V,| € Z,,, |V¢| = n — |V,| > e ™n — n'/2+9 Thus the
probability to succeed in one trial is at least

c ogn)l—e O(logn)l—¢
|Vn| — bn Otlogm) —T 1 —O(logn)'~*
(P > | = 0 qogys ST

Therefore, the probability that the first [n/(logn)?] trials fail is at most

n ogn 2
<1 o G_O(logn)lfs) ’V /(1 g ) ] < eXp _e—O(logn)lst _ 0(1)
- (logn)?

Thus whp max,eye W) > 9. O

3.3.5 The longest path outside the giant

This subsection proves (d) and (e) of Theorem 3.
Lemma 11. For all € > 0, we have:

Ve 1
sup P{ m(Vu)
Vi Clnl:|Vn|ELn

logn log(eﬂc/k;)' > 8} =o(1),
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where m(V5) denotes the length of the longest path in Dy, ;[V5]; and
aowve 1
sup P{ 0%)
Vi Cln:[Vnl€Zn

- > =o(1).
logn log(efk/k)' 6} o(1)
where d(V5) denotes the mazimal distance between two connected vertices in Dy, ;[V5].

Since m(VS) > d(VY), it suffices to prove the upper bound for m(VS) and the lower
bound for d(V5).

Proof of the upper bound. Let w, = (1 + €)logn/log(e™/k). Let X, be the number
of labeled paths of length ¢ in D, ;[V¢]. There are less than |V¢|**1k* possible such
paths. Each of them exists with probability (1/n)¢. Recall that [V,| € Z, implies
Ve| < e"™n 4 n/20. Thus

1 Z
EX@ < ’V7Cl’£+lk£ (ﬁ) < (ekan_i_ n1/2+5) (/{67% + kn71/2+5)€.

Since ke~™ < 1 (Lemma A1), for n large enough,

Z EX,<n Z (ke™™ + kn~Y/*0) = O (n (k:e_”“)w") =0 (n).

wn <L<|VE| wn <t
Thus P{m(V¢) > w,} = O (n™°). O

Proof of the lower bound. Let ¢, = [(1 — ¢)logn/log(1/ke~™)]. To show there are two
vertices at distance within [1,,, 00), pick an arbitrary yellow vertex v and run the colour-
ing process until either a vertex at distance 1,, from v has been colored (success), or
[(log n)?] vertices have been colored (failure), or the process terminates because all ver-
tices that are reachable from v in D, x[V¢] has been discovered (failure). If the process
fails, we pick another yellow vertex and try again until one trial succeeds.

If at most ¢, = [n/(logn)*| trials are made, then at most [(logn)?t, = O (n/(logn)?)
vertices are colored. So in the first ¢,, trials, when an arc is colored, the probability that
it is colored yellow is at least p,, = (|[V¢]|— O (n/(logn)?))/n = e ™ —0 (1/(logn)?). Let
(Zm)m>0 be a Galton-Watson process with offspring distribution Bin(k, u,) and Zy = 1.
In other words, Z,,,1 = Zf:l X, where (X, j)m>04>1 are 1.i.d. Bin(k, yt,). Then the
probability that one trial succeeds is at least P {Z,, > 0} minus the probability that in
a trial [(logn)?] vertices have been colored, which is O (n~'7¢) by (3) in Lemma 8.

Let ©,(y) = Ey?m, i.e., o,(y) is the probability generating function of Z,,. Thus
P{Z, =0} = ¢,(0). Since ke”™ < 1/2 (Lemma Al), for n large enough kpu, < 1/2.
So we can apply Lemma A7 in the appendix to show that

1

2(k,un)m, for all m > 0.

2m
Recalling that 1, = [(1 — ¢)log n/log(1/ke™ )],

om(0) < 1= (k)™ + (1 _ i) ()™ < 1—

P{Z, >0}=1—-¢, (0) > % (k:e‘”“ ~0 ((logln)2)>¢" — Q(n1*9).
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So the probability that one trial succeeds is Q(n™1%¢) — O (n™'7¢) = Q(n~'*¢). (The
O (n™'7¢) term is the probability that one trial colors too many vertices.) Thus the
probability that the first ¢, = |n/(logn)?| trials fail is at most

st s i} e o

Therefore whp d(VS) > . O

4 Phase transition in strong connectivity

Now instead of assuming that k is fixed, let £ — oo as n — co. Let K be a fixed integer.
We can construct D, by first generating D,, x and then adding arcs with labels in
{K+1,...,k} into it. By Lemma 2, for all € > 0, there exists a K depending only on ¢
such that whp in D,, x the largest closed SCC has size at least (1 — ¢)n and is reachable
from all vertices. Since adding arcs can only increase the size of this scc, whp D,, , has
a SCC of size at least (1 — €)n that is reachable from all vertices.

In fact, if k increases fast enough, then whp D,, ;, is strongly connected. More precisely,
D, exhibits a phase transition for strong connectivity similar to the analogous event
in the Erdés—Rényi model [15].

Theorem 6. If k—logn — —oo, then whp D, is not strongly connected. If k—logn —
00, then whp D, is strongly connected.

If there is a vertex with in-degree zero, then obviously the digraph is not strongly
connected. Thus the following lemma proves the lower bound in Theorem 6.

Lemma 12. If k —logn — —oo, whp D, contains a vertex of in-degree zero.

Proof. Let w,, = logn— k. For vertex i € [n], let X; be the indicator that i has in-degree
zero. Let N = 3"" | X;. We use second moment method to show that N > 1 whp.
To have X; = 1, nk arcs need to avoid vertex 1 as their endpoints. Thus

1 nk wn \ 1+1/n
EX1 _ (1 . _> > efnk<1/n+1/n2) _ e—k(l—‘rl/n) _ (6 > )

n n

Since by assumption w, — 0o, EN = nEX; = e*n(1+1/7) /pl/n o0,
To have X1 X, = 1, nk arcs need to avoid vertices 1 and 2 as their endpoints. Thus
EX1 X, = (1 —2/n)"™ . Therefore

E(XX]  (1-2/m)" /w20 \"™ /1 \™
EX? -1/ (n2—2n+1) - (1 <n—1>2) b
since nk/(n —1)% = o(1). Thus

| < E[N? EN +n(n— 1)E[X;X)] _ 1 E [X1X,]
~— (EN)2 (EN)2 ~EN  (EX,)?

Therefore P {N = 0} < Var (N) /(EN)?> =E[N? /(EN)? -1 — 0. O
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Given a set of vertices S, if there are no arcs that start from S¢ = [n] \ S and end
at S, then call S a non-leaf. If D, is not strongly connected, then there must exist
a non-leaf set of vertices S with |S| < n. Thus the following lemma implies the upper
bound in Theorem 6.

Lemma 13. If k — logn — 400, whp there does not exist a non-leaf set of vertices S
with |S| < n.

Proof. By the argument at the beginning of this subsection, whp D, ; contains a SCC
of size at least n/2 that is reachable form all vertices. So if |S| > n/2, then S contains
part of this scCc and cannot be a non-leaf. Thus it suffices to prove the lemma for &
with |S] < n/2.

Let w, = k —logn. For s € [[n/2]], let X be the number of non-leaf sets of vertices

of size s. Thus
EX, = (n> <1 — f)k(n_s) < (7’L> e—ks(l—s/n)‘ (4)
s n s

Therefore for s < n/logn,

S
n

n® 1 n s 1 n B
< —ks(1—s/n) < — ( ) < —
EXS — sl ¢ - gl 6k(178/n) - gl (newn)lfl/logn ! :

By assumption w, — co. Thus a, = n!/l8n/ewn(1=1/logn) — el-wa(l=1/logn) — 4(1),
Therefore,

EX; < a—’i:eo‘”—1:0(1).
s!

1<s<n/logn 1<s

On the other hand, it follows from (4) that for n/logn < s < n/2,

enys _ks(l_s/n)_< en )8 en ([ elogn s: s
EXs < ( S > € o sek(l=s/n) < %6’“2 o (newn)l/Q - Bn

Since 8, = elogn/(ner)/? = o(1),

Y EX. <D B =0(8) =o().

n/logn<s<n/2 1<s

Thus P {51y Xo 2 1} € 5102 EXG = 0(1), O

5 The simple digraph model, the number of self-loops
and multiple arcs

A simple digraph is one in which there are no self-loops and there is no more than one
arc from one vertex to another. Let D; ; denote a simple k-out digraph with n vertices
chosen uniformly at random from all such digraphs. D;, ; can be viewed as Dy, . restricted
to the event that D, j, is simple. This section proves the following theorem:
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Theorem 7. The probability that D, is simple converges to e () asn = oo,

Theorem 7 can be proved directly as follows. Let 1, be the indicator that the k arcs
starting from vertex v do not end at v and do not end at the same vertex. Then

<n—1><n—2k>~--<n—k>:1_2_+o(i2).

Since D, is simple if and only if N_,[1, = 1] happens, we have

P{l,=1} =

P{D, is simple} =P {n;_, [1, = 1]} = H P{1,=1}
v=1

_ (1 _kETD o ( ! )) k2 k().

2n n2

However, we can say more about self-loops and multiple arcs between vertices. Let
Z = [n] x [k]. For (v,i) € Z, define the random variable 1,; to be the indicator that
the arc with label i starting from vertex v forms a self-loop. Let J = {(v,i,j) €
[n] x [k] x [k] i < j}. For (v,i,j) € J, define the random variable 1,;; to be the
indicator that the two arcs starting from vertex v with labels ¢ and j both end at the
same vertex. Let S, = > .71, and M, = 3 _,1,. Then [S, = 0] N [M,, = 0] if and
only if D, j, is simple.

acel

Lemma 14. Let S and M be two independent Poisson random wvariables of means k
and (’;) respectively. Then (S, M,) KN (S, M) as n — oo. In fact,

(5 M), (8,30l = O (3.

n

Indeed the lemma implies that as n — oo,
P{D, is simple} = P{S, = M, =0} = P{S =0}P{M =0} = e *e (2,

Remark. Bollobés [9] proved a theorem similar to Lemma 14 for the configuration
model (see also Bollobds [8, sec. 2.4]). Many authors have extended this result under
various conditions, see, e.g., McKay [30], McKay and Wormald [31], Janson [23, 24]. Our
proof uses Stein’s method, which may also be applied to self-loops and multiple edges
in the configuration model to get proofs shorter than previous ones.

Proof of Lemma 14. We use the Chen-Stein method [11]. Since the probability that an
arc forms a self-loop is 1/n,

1
ES,= > El,=kn— =k
n

(v,i)ET
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Thus ES = k = ES,,. Since the probability that two arcs with the same start point have
the same endpoint is also 1/n,

EN1  k(k—1
Mn = Z Z Elv,i,j = n<2)ﬁ = %

v€[n] 1<i<j<k

Thus EM = k(k —1)/2 = EM,,.
Fora e TU J, let

B,={f€ZUJ:1sand 1, are dependent}.
(Note that 1, € B,.) Define

> ) E[LJE[L) = > > E[Ll], b= > s

Q€TUT BEBq a€TUT BEBq:atf a€TUT

where

Sa =E|E[la]o(15: B € [TUJT]\ Ba)] — Eld|.
By [11, thm. 2], if by + by + b3 — 0, then (S, M,,) < (S, M). Since 1, is independent of
the random variables 15 with § € [ZU J] \ B,, we have s, = 0 and thus b3 = 0.

For (v,i) € Z, 1,,; depends on the random variables 1,,, with 1 < r < s < k
and i € {r,s}, of which there are k — 1. Thus |B,;,| = 1+ (k—1) = k < 2k. For
(v,4,j) € J, 1,,;; depends on 1,; and 1,;. It also depends on the random variables
1,5 with 1 <r < s <Fkand{r,s}N{i,j} #0, of which there are 2(k —1) — 1 = 2k — 3.
Thus |B,, ;| =242k —3 <2k. So for all a € ZU J, |B,| < 2k. Therefore

=2 ) EMJEML]+D, > E|

a€l feBa acJ BEBa

<nk><2k><l><l+n<k)><2k:><l><l:0<l).
n o n 2 n o n n

Consider (v,i) € Z. If p € B,; NZ, then § = (v,i). If 5 € B,; NJ, then g = (v,r,s)
for some (r, s) with ¢ € {r,s}. Then 1,,1,, s = 1 if and only if the two arcs starting from
vertex v labeled r and s respectively both end at v. Thus E[1,,1,,:] =1/ n?. Therefore

=Y Y. Elldg=) > E[1a15]<nkx2kx%:0(%).

a€Z BEBL:LFa a€l BeEBLNT

Consider (v,7,s) € J. If (v,i) € B,,s, then (v,7,s) € B,;. Thus by the above
argument E [1,,1,,] = 1/n? If (v,i,5) € By,s and (4, 7) # (r,s), then |{r,s}U{i, j}| =
3. S0 1,,s1,,;; = 1iff the three arcs starting from vertex v with labels in {r, s} U{i, j}
all end at the same vertex. Thus E[1,,s1,,;] = 1/n?. Therefore

k 1 1
b= Y, 115<n<2)><2k; - O(n)

a€J BEBq:BFa
Thus by = boz + be. 7 = O(1/n). O

25



Corollary 2. Let £ be a set of digraphs. If D, € & whp, then Dy, , € & whp.

Proof. We have

. P{D,x ¢ &n}
P{D; Er =P{D, D, le} < o — 0. O
{ n7k ¢ } { 7k ¢ | 7k 18 Slmp e} —_ P {Dn’k is Slmple}
This corollary implies that all previous results in the form of “whp D, ...” can be

b

automatic translated into “whp Dj , ...”. For example, the statement of Theorem 3

with D, replaced by D;,  is still true.

Corollary 3. Let Dy}, be a digraph chosen uniformly at random from all simple and
arc-unlabeled k-out digraphs with n vertices. If whp D, has property P where P does
not depend on arc-labels, then whp D} has property P.

Proof. Note that: (a) for each digraph in the space of D%, there (k!)" ways to arc-label
it to get (k!)" different digraphs in the space of D} ;; (b) no two different arc-unlabeled
digraphs can be turned into the same digraph by arc-labeling. So there exists a (k!)"-
to-one surjective mapping from the space of D;, ; to the space of D% Thus D;% can
be viewed as D, ;, with arc labels removed. Since P does not depend on arc-labels, it
follows from Corollary 2 that whp D} has property P. O]

6 The typical distance

The typical distance H,, of D, is the distance between two vertices v; and vy chosen
uniformly at random. If v; cannot reach vq, then H,, = oo. Addario-Berry et al. [1]

proved that conditioned on H, < oo, H,/log,n 1. This section® gives an alternative
proof using the path counting technique invented by van der Hofstad [40, chap. 3.5].

Theorem 8 (The typical distance). For all e > 0,
A

By Theorem 1, |S,,|/n % vy, where S,, is the spectrum of v;. Thus P {H, < oo} =
P{vy € Sy, } = v > 0. Therefore

n

log, n

—1‘>5

H, < oo} =o(1).

P{H, < (1—¢)log,n}
P{H, < o}

1
~ —P{H, < (1 —¢)log,n},
Vi

P{H,<(1—¢)log,n | H, < oo} =

'Tn a shorter version of this paper, this section is omitted.
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and

P{(1+¢)log,n < H, < oo}

P{H,> (1+¢)log,n | H, < oo} = P, < oo

P{Bn}

UV

1
NV—P{(1+5)logkn<Hn<oo}E
k

Thus it suffices to show that P {H, < (1 —¢)log, n} and P{B,} are both o(1).

Lemma 15 (Lower bound of the typical distance). For all € > 0,
P{H, < (1—¢)log,n}=o(1).

Proof. Let N, denote the number of paths from v; to vy of length ¢. Consider such a
path without labels on internal vertices and arcs. There are at most n‘~! ways to label
its internal vertices and there are at most k‘ ways to label its arcs. And the probability
that such a labeled path appears is (1/n)¢. Thus

1\ K
EN, < n* k! (-) _K
n n
Let w, = (1 —¢)log, n. Then
KOk O(n'™)
EN, <) = = = = o(1).
D ENeS ) = o(1)

€<wn £<wn

Thus P{H, < w,} =P {kan N, > 1} =o(1). O

The rest of this section is organized as follows: Subsection 6.1 shows that if v; can
reach vy but only through a very long path, then it is very likely that v; can reach a lot
of vertices and a lot of vertices can reach v,. Subsection 6.2 computes a lower bound of
the probability that there is a path of specific length from one large set of vertices to
another large set of vertices. Finally, subsection 6.3 shows that these results together
imply the upper bound in Theorem 8, i.e., P{B,} = o(1).

6.1 Comparison to Galton-Watson processes

Let S (v) and S, (v) be the sets of vertices at distance exactly m from or to vertex v
respectively. Let St (v) and SZ, (v) be the sets of vertices at distance at most m from
or to vertex v respectively. The following proposition shows that for fixed m, we can
perfectly couple (|S;"(v1)], |S; (v2)|)7, with two independent Galton-Watson processes.
It is inspired by a similar result of the configuration model by van der Hofstad [40, sec.
5.2], but the coupling method used here is new.

Proposition 1. Let (Si)i>0 be a Galton-Watson process with a binomial offspring dis-
tribution Bin(kn, 1/n). For all fited m > 1, there exists a coupling

(Yl (V5 Y0) ol

t=0" t=0
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of (k*,S)i%y and (|S;" (v1)],|S; (v2)])itg, such that
P {(kt’yt):io 7 (Yt+vY2_)Z0} =o(1).

Proof. We construct an incremental sequence of random digraphs, denoted by (Dg}k)tzo,

through a signal spreading process. Let Dg), ]k be a digraph of vertex set [n] that has no
arcs. Without loss of generality, let v; = 1 and vy = 2. At time 0, put a @ signal at v,
and put a © signal at vs.

If a @ signal reaches a vertex v at time ¢, then at time ¢ 4+ 1/3 the vertex v grows k
out-arcs labeled 1,...,k from itself and to k endpoints chosen independently and uar
from all the n vertices. Then the @ signal splits into k @ signals and each of them
picks a different newly-grown out-arc and travels along the arc’s direction to reach its
endpoint at time ¢ + 1.

If a © signal reaches a vertex v at time ¢, then at time ¢ + 2/3 the vertex v grows a
random number X in-arcs from itself to X random vertices as follows: Let (X; ;)icin] jelr
be i.i.d. Bernoulli 1/n random variables. If X, ; = 1, then v grows an in-arc from itself
to vertex ¢ with label j. Thus in total X = Zie[n],je[k] X, ; in-arcs are grown from v.
Then the © signal splits into X & signals and each of them picks a different newly-grown
in-arc and travels against the arc’s direction to reach its starting vertex at time ¢4 1. If
X =0, then the © signal vanishes.

Let Dg]k be the digraph generated in the above process at time t. Let Y;" and ), be
the sets of vertices that are visited by @ and © signals at time ¢ respectively. Let V2,
and Yz, be the sets of vertices that have been visited by @ and © signals before time
t+ 1 respectively. At time ¢, if a signal visits a vertex in [V, ; UYZ, ] or if two signals
visit the same vertex, then we say a collision happens. Let T be the first time when a
collision happens.

Table 1 lists the types of events that make a collision happen. Three of them need
special attention for reasons to be clear soon. First, if multiple © signals visit the same
vertex v, then multiple arcs with the same label and v as the starting point may grow.
If this happens we pick an arbitrary arc among them and call the others duplicate.
Second, a @ signal may visit a vertex in Y_,_, through a newly-grown out-arc. Finally,
a © signal may visit a vertex in Y1 | through a newly-grown in-arc. We also call the
newly-grown arcs being passed by in these two cases biased.

Signals visit the same vertex Signals visit y;_l Signals visit YV,

D-rov-@ | O->0+-D | O->0+-O @»6»:- @»6»:- @ué: @*é

Table 1: Events that lead to a collision. Three special types of events are marked.

We construct a random k-out graph ﬁnk as follows: First remove all duplicate and
all biased arcs in DLT,]C Then for each pair (v,7) € [n] x [k], if vertex v does not have an
out-arc labeled i, then add such an out-arc with its endpoint chosen uar from [n]\Y_;_;.

A~

Denote the result digraph by D, .
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The seemingly complicated ﬁnk is nothing but D, ;, in disguise. In D,, ,, the endpoints
of the arcs are chosen uar and simultaneously. In D, ;, the endpoints of the arcs are still
chosen uar but in several steps. First we mark the arcs whose end (start) vertices are

at distance t to vy (from wvy) for t = 1,..., 7. To have ﬁnk éDnJg, obviously duplicate
arcs must be removed. The biased arcs also cause trouble as their endpoints are chosen
non-uniformly. For example, if at time 7" a @ signal visits a vertex in Y-, ,, then an
in-arc is added to a vertex whose in-arcs have already been decided by time 7' — 1. Thus
biased arcs must also be removed. Finally, we add arcs that are still missing in D, 4
and choose their endpoints uar from [n| \ Y=,_;, i.e., from these vertices whose in-arcs

have not yet been marked. Thus we have ﬁnk éDn,k. Let ¥,© and Y,” be the number
of vertices in D, at distance ¢ from v; and to vy respectively. Then

(YY) = (IS (0) L 1S) (va) )iy,

A @ signal always splits into k @ signals after it arrives at a vertex. Thus at a
non-negative integer time ¢ there are in total k' @ signals. On the other hand, the
number of & signals at time ¢, denoted by Y}, is random. Each time a & signal splits, it
splits into Bin(kn, 1/n) signals. Because the splits are mutually independent, (Y;):>0 has
the same distribution as (.S;);>0, the Galton-Watson process with offspring distribution
Bin(kn, 1/n).

Assume that T > m. Then the part of D & within distance m from v; or to vy is
determined by D[ ] Thus for t < m, in Dn r a vertex is at distance ¢ from v, if and only
if it has a @ s1gnal at time ¢ and a vertex is at distance t to v, if and only if it has a
© signal at time time ¢. This implies that (k',Y});", = (Yt*', Yt_):io. Thus to finish the
proof, it suffices to show the following lemma:

Lemma 16. For all fized integers m > 1, whp T > m.

The intuition is that since m is fixed, for t < m, most likely |[VZ, UY_,| is small. Thus
it is unlikely that a collision happens at time ¢ 4+ 1. See the end of this subsection for a
detailed proof. n

Corollary 4. Let w, — oo be an arbitrary sequence. Let M,d, e be three arbitrary
positive numbers. Let 1, = [ (1 + ¢)log, n]. Let

Ap(M,m) = [M <S5 (v)]] N [M <S8, ()] N [I8Z,,(v2)] < wn -
Then there exists m > 1 such that

limsup P { A5, (M, m) N |4, < H, < oo} <.
n—oo
Proof. Let (k',Y;)]", be the coupling of (|S;" (v1)],|S; (v2)])i%, constructed in Proposition
1. Thus (Y})i>0 is a Galton-Watson process with Bin(kn,1/n) offspring distribution,
e, Yy=1and Y, = ZYt ' Xy, for t > 1, where X;,;’s are i.i.d. Bin(kn,1/n). Since
EX11 = k > 1, the survival probability of this process is a constant n > 0 (see [39,
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thm. 3.1]). For the same reason, Y;/k' — Y, almost surely for some random variable Yy,
(see [39, thm. 3.9]). Since E [X7,] < oo, by the Kesten-Stigum Theorem [39, thm. 3.10],
P{Yx > 0} = 7. Thus by the Bounded Convergence Theorem [13, thm. 1.5.3],

Y M
lim P{Y,, > M} = lim P{—>—}:P{YOO>0}:77.

For the same reason P{Y,, > 1} — n as m — oo. Thus

lim P{1 <Y, <M}= lim (P{Y, >1} —P{Y,, > M})=0.
m—r0o0

m—o0

Thus we can choose m large enough such that P {1 <Y,, < M} < §/2 and that k™ > M.
Recall that B,, = [¢,, < H,, < co]. When n is large enough, v, > m. Thus B,, implies
that |S(v1)| > 1. Define the event

o= [(F Y1) 2y = (IS )1 (02)]) 2
By Proposition 1, P{C¢} = o(1) as n — oo. Therefore

P{A,(M,m)°NB,} <P{C:} +P{A.(M,m)*NC,NB,}

§0(1)+P{[km<M]u[1§Ym<M]u

Wy < th }
t=0

§0(1)+P{km<M}+P{1SYm<M}+P{wn<zm:Yt}

t=0

= o(1) + 0+ 5/2 + o(1),

where the last equality is due to our choice of m and that E[> )" V] = Y " k' =
O(1). O

Proof of Lemma 16. Recall that );" and ), are the sets of vertices that are reached at
time ¢ by a @ signal or © signal respectively. Let M,, ; = U, [)," UV, ]. Define event
Ay = Nigay B where By, ;s are defined as follows:

e E,1 — The out-arcs that grow from vertices in Y}, all end at different vertices
in [n] \ M,,—1. Thus at time m all @ signals visit different vertices and these
vertices have never been visited by signals before.

e 7, o — There are no in-arcs that grow from vertices in },,_; that have starting
vertices in M, 1 UY:". Thus at time m all © signals visit vertices that have never
been visited by signals before and that are not reached by @ signals at time m.

e [/, 35 — There are no two in-arcs that grow from vertices in ), _, that have the
same starting vertex. Thus at time m all © signals reach different vertices.

o Eny— V.| < (logn)™.
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The event A; implies that no collision happens at time ¢. Thus NJ",A; implies that
no collision has happened by time m, and thus 7' > m. We show by induction that
P{n,A:} =1—o0(1).

Since |y | = 1 and there are no arc-growing before time 0, P {Ay} = 1, which is the
induction basis. Now assume that P {N}"'4;} =1 — o(1). Then

P{n oA} =P {A,| Nt A P{N A} =P {A, | Nt A} (1= o(1)).
Thus it suffices to show that

P{AS | N5t Ay = P{ Ui E5 ) | Nt Ay <> PLES N1 A} = o(1).

1€[4]

The event N/, A, implies that
m—1 m—1 m—1 m—1
(Mot S YOIV V<Y K+ ) (logn)' = O (logn)™.
t=1 t=1 t=1 t=1

For E,, 1 to happen, the k™ arcs that grow out of Y} | must end at different vertices in

[n] \ M,—1. Thus

P{Eumil it A= ] [” = Mo = Z] > {1 - M] T o(1).

. n n
0<i<k™

For E,, > to happen, the vertices in ),,_; cannot grow in-arcs that have starting vertex
in in M,,_, UYE. N",tA; implies that |V, ;| < (logn)™!. Since deterministically
Vi = k™, [(My—1 UYE] = O (logn)™. Thus the number of in-arcs that need to not
grow at time m — 1/3 to make sure that E,, > happens is at most

kY1 |[Min1 UV = O (logn)™™.
Since an in-arc does not grow with probability 1 — 1/n,
1 O(logn)27n
P{En2| N2" A} > (1——) =1-o0(1).
n

Let X, be the number of in-arcs that grow from ), _; and that have starting vertex

v. Conditioned on Y, _,, X, £ Bin(k|Y,, 4|,1/n). Since N,'A, implies |V, | <
(logn)™~1

)

1
P{X, <1|ng! A} >P {Bin (k:(logn)m_l, —> < 1}
n

1 k(logn)m—1! 1 1 k(logn)m—1-1
= (1 — —) + k(logn)™ 1= <1 — —)
n

n n

:1_O(M)-

n2
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Since for two different vertices u and v, X, and X, depend on disjoint set of arcs,
(Xu)uepm are mutually independent. Thus

P{En3 Nt At =P {Nuep [Xo < 1] | N21 A}

(-0 (g;i”)) 1o

Since (|Y; |)e>1 is a Galton-Watson process with a Bin(kn, 1/n) offspring distribution,
E|V..| = k™. Thus P{|),,| > (logn)™} = o(1). Therefore
P {[al > logn)™)
P{n st A}
where the last equality is due to the induction assumption that P {m;’;glAt} =1-

o(1).

P{ 4|ﬁ§no1 At} _P{|y | > (log”>m|m;nol At} < =o(1),

6.2 Path counting

For three disjoint sets of vertices A, B,C C [n], let Ny denote the number of paths of
length ¢ that start from A and end at B, and that have all internal vertices in C. In the
next subsection, we use the second moment method to lower bound P { N, > 1}, which
requires estimates of E [N,] and Var (N,). The following lemma does so by using the
path counting technique [40, chap. 3.5].

Proposition 2. Let w, ¢ and M be three positive integers, possibly depending on n. Let
A, B,C C [n] be disjoint sets of vertices with |A| = |B| =M > 1 and |C| > n—w. There
exist constants C; and Cy such that

EN, > KA (1 - M) : (5)

n n

and k2£M3 k2£M4€4

+ CQT. (6)
Proof of (5). Note that if n < (w + )¢, then (5) is trivially true. So we assume that
n > (w+£)¢. We simplify by contracting A and B into to two special vertices v, and v.
The vertex v, has out-degree kM and the vertex v, has probability M /n to be chosen
as the endpoint of each arc. Consider an unlabeled path of length ¢ > 1 from v, to
vp. There are kM ways to label the first arc. There are k‘~! ways to label the other
arcs. Recall that (z), = (r — 1)(x —2)--- (x —y + 1). There are (|C|),—1 ways to label
the internal vertices of the path. The probability that a vertex-and-arc labeled path of
length ¢ from v, to v, exists is (1/n)*"1(M/n). Thus

EN, = (kM)KY(Cl)es (1)“ (%)

Var (Ng) <EN,+ C4

n n
2ye ¢ 2012
ZkM (1_w+€) ZkM (1_(w+€)€),
n n n n
where the last step is because (1 —x)¥ > 1 — zy when z > 0,y > 1. O
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Proof of (6). Let £ be the space of all possible arc-and-vertex labeled paths of length ¢
from v, to v, through C. In other words, if « € C, then

o= <U([)} = Vg, agod, vga], a[la], . v}‘”l, agodl, véod = vb> ,

where a([)a], e ,a%l are arc labels and vga], .. v}, ]1 are different vertex labels in C. For
a € L, let 1, be the indicator that « appears. leen two aths a, B € L, call them
arc-disjoint if there does not exist an ¢ such that v = v I and aia] = agﬁ IIf two
paths o and (3 are arc-disjoint, then 1, and 13 are 1ndependent7 since they depend on
the endpoints of two disjoint sets of arcs. Let a ~ [ denote that @ and 3 are not
arc-disjoint and that « and 8 can both appear simultaneously. Then

Var (N;) = > (E[lals] — E[1a] E[14])

a,BEL
< Y Ljaeg [ELa1s] — E[L.] E[L4]
a,BEL
SENe+ ) LangLiazsE[Lalg)
a,BEL

To bound I, we use a technique called path counting. Consider two paths o, 8 € L
with a ~ 8 and o # (3. First colour all vertices and arcs in « and § white. Then colour
all vertices and arcs shared by a and 8 black. After this, @ and g both contain the same
number, say m, of white paths separated by black paths (possibly a single black vertex).
Since both a and [ start and end with black paths, each of them contains m + 1 black
paths. Define:

1. Zpy1 = (T1,...,Tme1), where z; > 0 denotes the length of the i-th black path in
.

2. 5, =(s1,--.,8m), where s; > 0 denotes the length of the i-th white path in a.

3.ty = (t1,...,tm), where t; > 0 denotes the length of the i-th white path in f.

4. Opy1 = (01,...,0my1) records the order in which black paths appear in 5. Note
that o = 1, o1 =m + 1, and (0g, ..., 0y,) is a permutation of {2,...,m}.
Define the shape of a and 8 by Sh(av, 8) = (Zpt1, 5m» by Ot )-
m—+1

Let r be the number of arcs shared by o and 3, i.e., r = > 7" ;. Since a ~  and
a# [, 1 <r < /. Thus there are ¢/ — r white arcs in . Since each white path contains
at least one white arc, there are at most ¢ — r white paths in «, i.e., m < { —r. As «
and 8 must differ by at least one arc, m > 1. Let S,,, denote the set of shapes of two
paths in £ that share r arcs and each contains m white paths. Then I can be expressed
as a sum over r, m and S, , by

I=3 > > 2 lswes=ELld= D D> > Juwe

1<r<l1<m<Ll—r cESm,» o,fEL 1<m<l 1<r<f—m o ESm,r
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Figure 5: A pair of paths and their shape.

Now fix m,r and a shape 0 = (Z,,,11, S, s Om+1) € Smr. Consider arcs in two paths
a, B € L with S(a, f) = 0. Call those starting from v, a-arcs, those ending at vy, b-arcs,
and other arcs middle-arcs. Let z, = 1j;,—o) and z, = 1}, ,—q. In other words, z, is
the indicator that a and § do not share an a-arc, and z, is the indicator that they do
not share a b-arc. Then a and [ contain 1 + 2, a-arcs and 1 + 2, b-arcs. Since o and
are both of length ¢ and they share r arcs, they contain 2¢ — r arcs in total. Thus they
contain 20 —r — (1 +z,) — (1 4+ 2,) = 20 — r — 2z, — 2, — 2 middle-arcs.

Recall that black paths are shared by « and 3. Since the i-th black path is of length
x;, it contains x; + 1 black vertices. So the number of vertices shared by the two paths
is S (2, + 1) = r +m + 1. Therefore in total there are 2(¢ 4 1) —r —m — 1 vertices
in the two paths, and among them 2¢ —r — m — 1 are internal vertices.

The above argument shows that, given two unlabeled path of the shape o, there are at
most n?*~""™~1 ways to choose the internal vertices. There are at most(kM )™ ways
to label a-arcs. There are k%~""%a=%~2 ways to label middle-arcs. There are at most

k1*# ways to label b-arcs. Thus

|{(Oé,ﬂ) ceLxl: Sh(oz, ﬁ) — O_}l < n2£7r7m71(kM>1+Zak2€frfzafzb72kzb+1
— n%—r—m—lMl-I—za ]{JM_T.

And the probability that a pair of paths with shape ¢ does appear is

1 1424 1 20—r—20—2p—2 M 142 M1+zb
By

Together,
Ml-‘rzb
_ 20—r—m—1 1424 7.20—1
Jm,r,g = a;ﬁ 1[Sh(a’g):g]E [10116] S n M k n%_r
k2€—rM2+za+zb
= = Korzaz- (7)

nerl

Let S, 2,2, be the set of shapes with parameters m,r, z4, 2. Then we have S, , =
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Usa,2,€£0,13Sm,r, 24,2, » Where the sets in the union are disjoint. Thus

DS YD S DR

1<m<l 2q,2p€{0,1} 1<r<€—m 0€Sm,r,24,2,

S : : : : : : |Sm,r,za,zb |Km)r’za’zb

1<m<l z4,2p€{0,1} 1<r<f—m

Z Z |‘Sl,r,za,zb |K1,r,za,zb + Z Z Z |Sm,r,za,zb ’Km,r,za,zb

2a,2€{0,1} 1<r<d—m 2<m<t zq,2,€{0,1} 1<r<f—m
= Ji 4 =2

By counting the choices of Z,+1, S, tim, Omt1, we can upper bound |Sy, ;. 2, 2 |:

Lemma 17. If m > z, + 2, then

R e ] Gt | Gy [ 0

m—1 m—1
If m < z4 + 2z, then |Smmza,zb| =0.

Proof of Lemma 17. First consider m > 2, which implies that m > z, + z,. When
Ze = 1, 21 = 0. When z, = 1, z,,,1 = 0. Thus the number of ways to choose ¥,
equals the number of ways to choose m + 1 — 2z, — 2, > 1 ordered non-negative integers
such that they sum to r, which is well known to be (r + 1) %~*_ which explains the
first factor in (8). Similarly the second term and the third term are the numbers of ways
to choose 3, and t,, respectively. The last term is the number of ways to choose G, 1
since 0y, ..., 0y, is a permutation of {2,...,m}.

Now assume m = 1. If z,+ 2z, < m = 1, the above argument still works. If z, + 2, > 1,
then z, = 2z, = 1. In other words, the two paths do not share arcs at the beginning
and at the end, and they must meet at least one internal vertex. So in this shape, there
must be at least two white sub-paths in each of the two paths, i.e., m > 2, which is a
contradiction. Therefore, Sy, 11 = 0. O

Lemma 18. 11 < 6k2M3 /n?.

Proof of Lemma 18. By (7) and the above lemma,

0 —r—1\1?% k27 )2
Z S1.r00] X Kir00 = Z (r+1) [( 0 )1 O!T

1<r<f—1 1<r<f—1
k2 M2 r+1 k2 M2 1 r
S > = Z§+Z§
1<r 1<r 1<r
k26 M2 1 T k2 M2
= 14+ = — | <4
n? < + 2 + QZ; 2T> - n2 ’
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where the last step is because » , . 7/2" < floo x/2%dx < 2. Similarly,

Z |S1r01] X K101 = Z |S1r10l X K110

1<r<t—1 1<r<é—-1
C—r—1\]" K TMP
S <r+1>0K i )} ot
1<r<£-1
k¥ M3 1
< _
- n? kr
1<r
]{I%MB 1 k,QEM?)
< — = .
- n? 2" n?
1<r

Also by Lemma 17, Sy .11 = 0. Thus

Z Z |81,r,za,zb| X Kl,r,za,zb

2a,2p€{0,1} 1<r<f—1

KAM? KM k2P
4=+ 25— +0<6
n n

7

<

n?
Lemma 19. [24 = 404k M4 /n3.

Proof of Lemma 19. By Lemma 17, for r € [1, /),

z : |8ma7‘72avzb| X Km,r,za,zb

Za,Zbe{O,l}

k,%—rMQ-i—za—i-zb

— Z (r41)mFem= Kf T 1>} 2 (m —1)! pmt1

m—1
Za,Zbe{O,l}

. gQ(mfl) k:ZZfr ot i
</ (m — 1)l pmtl Z M '

Za,zbE{O,l}
£3m—2k2f—r 4
= (m —1)lpm+l
Thus
€3m—2 k2€—r
Yo Y Swnmal X Knpes <) @gt?ﬁﬁ;ﬁ:4wﬂ
1<r<l—m z4,2,€{0,1} 1<r<f—m ’
€3m—2k2£ A 1
= (m — 1)Ilnm+1 M Z kr
1<r

£3m—2k2€

4
= (m—1)lnmtl A
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Therefore,

=> > Snresl X Ky

2<m<l 1<r<€—m z4,2,€{0,1}
g?’m 2k2€

4
2<m
- ANV E E3(m—1)
- on? = nm(m —1)!
k24 MA & AR
<=7 fexpd—t—1) <a——.
n? n ns

By Lemma 18 and Lemma 19,

k2€M3 €4k2€M4
— +4 .

I=1"4 7120 <g

n n3

Thus Var (N;) < E[N| + I = E[N,] + 6k M3 /n? + 40*k* M* /n3.

6.3 Finishing the proof of Theorem 8

Proof of the upper bound of the typical distance. We can assume ¢ < 1/2. Recall that
tn = [(1+¢)log, n| and that B, = [¢, < H, < 0o]. As argued at the beginning of this
section, to finish the proof of Theorem 8, it suffices to show that P{B,} = o(1).
Let w, = ¢,. Let M,m be two positive integers which are picked later.
that S;"(v) and S; (v) are the sets of vertices at distance exactly 7 from or to vertex v
respectively, and that SI,(v) and SZ;(v) are the sets of vertices at distance at most i
from or to v respectively. The following argument shows that by properly choosing M
and m, the probability that there exists a path of length exactly 1, — 2m from S} (v)
to S, (v9) is at least 1 — 6 for n large enough, where § > 0 is arbitrary and fixed.

m H '(/}n_Qm H m

S<m 1(v1) 5+(U1)
Figure 6: SZ,,_(v1), S (v1), and 82, (v2).

Let the event A, (M, m) be defined as in Corollary 4, i.e.,

Au(M,m) = [M < |S5@)I] N [M < [8p(02)[] N [185,(02)] < ]
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Since each vertex has out-degree exactly k > 2, deterministically,
|S;m71(vl)| <14+k+---+E" < k™, 1S (v1)] < k™.

Since 1, > 2m for n large enough, B, implies SZ, (v1) and SZ,,, (v2) are disjoint. Thus
the event A, (M, m)NB, implies that (SZ,,_; (v1), S} (v1), S, (v2), SZ,,_1 (v2)) € A, where
A is a set of quadruples of disjoint sets of vertices defined by

A= {(851,8:,85,84) 1v1 € S1;v2 € Sy
|S1| < k™5 M < |8, < E™ M <[ S35 S5 U Sa| < wn ).

For S = (81,82, 83,84) € A, define the event

—

A;(S) = [S;mfl<vl) = 81} N [S;;(Ul) = 82} N [S,_n(vg) = 83} N [S;mfl(vg) = 84] .

Thus [B, N A (M, m)] € Ug4[Bn N A’ (8)] and the events in the union are disjoint.

Now fix a S € A. Let Ag and Bg be arbitrary subsets of S, and S respectively with
|Ag| = M and |Bg| = M. Let Ng be the number of paths of length 1, — 2m that start
from Ag and end at Bg, and that contain internal vertices only in Cg = [n] \ UiciyS;.
Thus there are |Cgq| = n — | Ujey) Si| > n — (wy,, + 2k™) vertices that can be internal
vertices of these paths. By (5) of Proposition 2,

EN. > fn=2m \p2 - (wn + 2™ + 1y, — 2m) (Y, — 2m)
S = n n
k(l—i—e) logk(n)—l—ZmM2 . ng - naM2 1
- n n —_ k.Q’erl 2’

for n large enough. By (6) of Proposition 2,
E2(¥n—2m) )13 L2(¥n—2m) ) r4 L —2m)?
e (4 = 2m)
n
n2(1+5) M3 n2(1+€)M4¢4
n2fAm + C2 n3kAm

25M3 M4 1 4
SEN§+C1nk4m +C3k;4 (logn)

Var(Ng)SENg—l—Cl 3
n

< ENg-i-Ol

m pl-2e )

where (5 is a constant that does not depend on M or m. Thus

Var (Ng) < 2f2m+l N Cin* M3k CsM*(log n)*n2—1g—4m
(EN§)2 — nEM? (naM22—1k—2m—1)2 (naM22—1k—2m—1)2

L2 ARC AR Cylogn)’
— nEM? M n ’

P{Ns=0} <

Later m is chosen solely depending on M. Thus we can pick M large enough such that
for n large enough, P {Ng =0} < §/2 for all S € A.
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If H, > 1,, then there cannot exist paths of length v,, — 2m from S} (v1) to S, (v2).
Thus B, N A (S) implies that [Ng = 0] N A;,(S). A crucial observation is that

—,

P{Nﬂ_O‘A’ (S) }gP{N§:0}.

This is because 4/, (S) implies that arcs starting from vertices in C 5 cannot choose vertices
in S_,,_1(v2) = Sy as their endpoints. Whereas when we compute P {Ng = 0} without
any condition, arcs starting from vertices in Cg are allowed to choose all vertices as their
endpoints. Thus some of these arcs are possibly “wasted” by choosing their endpoints
in §;. This increases the probability that Ng = 0. Thus

P{BnmA;(ﬁ}gP{[N ]ﬂA’(g)}_P{N~—O‘A’ §} {A’n(*)}
<P{Ng= O}P{A;(E)} < gp {A;(g)}.

Therefore
P{B.,NA(Mm)} <Y P {Bn N A;(&“)} < g yop {A;(g)}
SeA SeA
)

N S

< §P {(S;rmfl(vl)7Sr—l_z(Ul)vSr;(U?%S;m,l(UQ)) S A} <

By Corollary 4, we can choose m depending on M such that for n large enough,
P{B,NAS(M,m)} < /2. Thus

limsupP{B,} = limsup (P{B, N A,(M,m)} +P{B, N A;(M,m)}) <. O

n—oo n—o0

7 Extensions

Addario-Berry et al. [1] also proved that the diameter of the giant component divided by
logn converges in probability to 1/log(k) + 1/log(1/Ax). Recall that the longest path
outside the giant divided by logn converges in probability to 1/log(1/Ax). This seems
to be a strong indication that it might be possible to derive a new proof for the diameter
of the giant.

Recall that Dj, ; is a simple k-out digraph with n vertices chosen uniformly at random
from all such dlgraphs Section 5 proved that if whp D,, ; has property P, then whp
D;, ;. has property P. But results like Theorem 1, the central limit law of the one-in-core,
cannot be transferred to D;, , automatically. We believe that it might be possible to
achieve get the same result for D}, , following the line of Janson and Luczak’s treatment
of the configuration model [25].

A natural generalization of D, ; is to have a deterministic out-degree sequence, as in
the directed configuration model, instead of requiring each vertex to have out-degree
exactly k. With some constraints on the out-degree sequence, most of our results should
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hold for this generalized model. Furthermore, we could let each vertex choose its out-
degree independently at random from an out-degree distribution. Again by adding some
restrictions on the out-degree distribution, most of our results should still hold.

The problem of generating a uniform random surjective function with fixed domain
size is an open problem. Theorem 1 implies a simple algorithm for choosing a [km] — [m]
surjective function uniformly at random. Let n = [m/v;]. Then we generate a D, . If
|On| = m, i.e., if the one-in-core in D, ;, contains m vertices, then D,, (O, ] is equivalent
to a uniform random sample of a [km| — [m] surjective function. Otherwise we try again
until |O,| = m. Theorem 1 shows that P {|O0,| = m} = ©(1/y/m). Thus the expected
number of D, ;, needed to be generated is ©(y/m). Since generating a D,, ; takes O(m)
time, the expected running time of the whole algorithm is ©(m?/?). But we believe that
©(m) should be achievable.
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Appendix

1. Inequalities for constants

Lemma A1l. Assume that k > 2.

(a) There exists exactly one 1, > 0 such that 1 — 7, /k — e™™ = 0;
(b) O<k—-—m < 1/2,

() 1)2<1— 4 <y =m/k <1;

(@) M=k —7) (25)" 7 < N = (b —m)etFm < 1;

() = (L) (-1 <1

(f) pr = ket () < 1
(9) M\ = O(ke ) as k — oo.

Proof. Let n(x) = 1 —x/k — e *. Since n’(z) = —e* < 0, n(x) is strictly concave.
Since n(k — 1/2) > 0, and n(k) < 0, n(x) = 0 must have exactly one positive solution
and this solution must be in (k —1/2, k). Thus (a) and (b) are proved. (c) follows since
7e/k > 1—1/k > 1/2. For (d) note that A\, < A}/ as 1 —x < e ® for all x # 0. For
A < 1 note that

log A\t =log(k — 7)) +1—(k—1) =log[1 — (1 — (k— 1)) +1—(k—7) <O,
since log(1 — x) < —z for all € (0, 1).
For (e), first use 7,/k =1 — e~ to get

1

eF(1 — e*‘rk)kem(l —e ) = eTk_k(l o e_Tk)l_k'

Ve =

Then use ke™™ = k — 73, to get
logvg =7 — k+ (1 — k) log(l — e ™)
= (1, — k) +log(l —e ™) — klog(l —e ™)
<(mn—k)—e ™+ k(e ™ 4 e )
= (Tk—k>+(l€—7']€)+€77—k<k—7'k—1) < 0,
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since —z > log(l — ) > —x —a? for all z € (0,1/2) and e ™ =1 — 1, € (0,1/2).
For (f), use 7, < k from (a) to get

=k(l—e ™) < k(1—e). (9)

Therefore,
Tk
k
Again by (a), 7 > k — 1/2. Thus

=1l—-e "< 1—6Xp{—k3(1—6_k)}.

n=k(l—e ) > k(1 - e‘k+%). (10)
Therefore,
ke™™ < kexp {—k‘ (1 — e_k+%>} .

The above bounds imply that

pr = kel™™ (%)kl < kexp {1 —k (1 — e‘k+%>} (1 — exp {—k (1 — e_k)})k_l .

Using this bound, numeric computations show that p, < 0.945651. When k > 3, the
above upper bound is less than

kexp{l—kz(l—e_%)},

which takes its maximal value at k = 3 for k € [3,00). This maximal value is about
0.52. Thus p < 1 for all £ > 2.
By (9) and (10), k — 7, = ke **°W) and 7, /k = 1 — e 90 as k — co. Therefore

e = (k — 7)) (kT_’“ 1>k_1

- _— N
= (k=) <E> (k—1>
= ke FHOM) (1 — e‘k+o(1))k_1 e(14 0(1)) = ke F+0Q),

Thus (g) is proved. O

2. The sizes of k-surjections

In this section we prove Lemma 1. Recall that K, is the number of k-surjections of size
s in D, . We first deal the case that s is small:

Lemma A2. P{K, > 1} <1/n* ! <1/n.

Proof. A single vertex is a k-surjection if and only if all its k£ arcs are self-loops. Thus

: ]

S|

NN 1
P{K;>1} < Z P {v has only self-loops} = n (ﬁ) < s

vE[n]

44



Lemma A3. P{},_ . K, >1} =o0(1/n), for all fived a € (0,e /1),

Proof. We can choose ¢ € (0,1) such that 2(k — 1)(1 —¢) > 1 since k& > 2. Let
J=A{2,...,|an]}. Then

P{ZKS > 1} < Z Z P {S is closed}

seJ s€J SC[n]:|S|=s
< ) ks
seJ
< Z <_n) (—) (Stirling’s approximation)
seJ 5
s\ k—17° s\ k—17°
IONESEGH
2<s<nf |: n ne<s<an n
ne\ kol 2 ne\ 1]
< n n k—1)$
T e Tz
2<s+42 ne<s
-0 ( —2(k—-1)(1—¢ ) 10 ((eak—l)nf)’
where both terms are o(1/n) due to our choice of ¢ and a. O

When s is large, we need to take into account the probability that S is surjective. Let
{z} denote Stirling’s number of the second kind, i.e., the number of ways to put x balls

into y unordered bins such that there are no empty bins [17, pp. 64]. Then
{}s!
gks ’

where the numerator is the number of ways to choose endpoints for the ks arcs in S
so that minimum in-degree is one, and the denominator is the total number of ways to
choose endpoints for ks arcs in §. Thus

P{S is a k-surjection} = P {S is surjective | S is closed} P {S is closed}

:&(i)‘“:&_

Sks nks

P {S is surjective | S is closed} =

Good [19] established an asymptotic estimation of Stirling’s numbers of the second kind
ks (ks)! (e™ —1)°
{ s } Tl ks /2mks(1 — ke k)
Applying this and Stirling’s approximation for factorials, we have
(ks)! (e™ —1)* s!
Tk /2mks(1 — ke F) nks

P{S is a k-surjection} ~

= ()] (1)

where v, = (k/er,)" (€ — 1) < 1 (see Lemma A1).
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Lemma A4. There exists a constant b € (v, 1) such that P{angsgn K,>1} =

o(1/n).

Proof. Let b > vy, be a constant decided later. If |S| = s € [bn, n], then by (11)

P{S is a k-surjection} = O ({(%)k%] ) <0() <0,

Since b > v > 1/2 (Lemma Al),
(2= () = o (lwanm] )

b n
n . . Tk
P{K,>1}< (s)P {S is a k-surjection} < O ([bb(l——b)lb} )

Therefore

Since the quantity in the square brackets goes to 7, < 1 as b — 1, we can pick a b close
enough to one such that P {}>, _ _ K,>1} =o(1/n). O

Let a € (0,v) and b € (v, 1) be two constants such that the upper bounds in
Lemma A3 and A4 hold. If |S| = xn with z € (a,b) and xn integer-valued, then by (11)
and Stirling’s approximation

EK,, = ( " >P {S is a k-surjection}
n

~ 1 { 1 r 1 ()"
e o L@ -0 7] VT—ken

- e Er (12)

where o N
1 5 Yk }
T) = ——, )= | ———
o) = s 1) = [
Lemma A5. For all fited a € (0,v;), b € (v, 1) and § € (0,1/2), P{} ., K> 1} =
o(1/n), where J = [an, vyn — n2 ) U [vgn + n2* bn.

Proof. Let h(z) = log f(x). Lemma A6 shows that as x — v,

hio) == 0 (= P,

and that h(x) is strictly increasing on (a, ) and strictly decreasing on (v, b). It follows
from |s/n — v > n7Y/2%0 that h(s/n) < —n*1/20% + O (n*~3/2). As for g(z), it is
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bounded on (a,b). Thus by (12) and Markov’s inequality

log(n°P{K, > 1}) < log(n’EK)

= log (nQO (n’l/Q)f <f)n)

n
s
= O (logn) + nh (ﬁ)
_ n* 36—1/2
< O (logn) s+0 (n ),
20,

which goes to —co. In other words, P{K, > 1} = o(1/n%) . So P{}> .., K, >1} =
o(1/n). O

Lemma 1 follows immediately from Lemma A2, A3, A4, and Ab5.

3. Special functions

Lemma AG6. Let f(x), g(x) and h(z) be defined as in the previous subsection. Let vy,
T and oy, be as in Lemma Al. Then

(a) Asx — v, g(z) = g(vk) + O (|lx —]) = (1 4+ O (o — wi])) /(okV/1 — ke™™x).

b) h(z) and f(x) are strictly increasing on (1 — L. 1) and strictly decreasing on (v, 1).
k

(c) As x — vy,

(IL‘ — l/k)2

2
207,

h(z) = h(vg) + O(jz — v]?) = — + O(|lz — ),

which implies that

f(@) = "M@ = exp {—%} +O(|z — n).

k

Proof. For (a), recall that o7 = 71,/(ke™ (1 — ke™™)). Thus o2(1 — ke™™) = (1 — 1y).

Then g(v) = 1/v/vi(1 —vg) = 1/op/1 — ke~ . Since ¢'(z) is bounded around vy, by
Taylor’s theorem,

1
o1 — ke’

Let r(z) = log (f(2)"/*) = h(z)/x. Using 7x/k =1 — e~ ™ = 1, shows that

g(@)=gw) +O(|Jz —w]) = 1+ O (|lx — ) as T — Uj.

k
1 k1 — _ e (e _ _
Ve = <€_V GTka = U k+1€ ktme Vi k+1(6 T’“>(k )/ Tk — Uy, k+1(1 — Vk)(l l/k)/yk-
k
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Then r(v;) = log <ka_1(1 - Vk)(”’“_l)/”’wk) =log(1) =0,

E o1 ko 2log(l—x) 1
r'(z) = ~t log(1 — x), and  r"(z) = 3 . TRl
Therefore r'(v;,) = 0 and v’ (vy) = —1/(vo?).
Since h(z) = xr(z),
1

W(x) =r(z)+ar'(z),  B'(x)=2"(z)+ar"(x) = = - 20 —2)

Thus h(v) = 0, M'(v) = 0 and B”(1) = —1/0}. Also recalling that 1 — 3 <1 — 5= <
v, < 1 (Lemma A1), h(x) is strictly concave on (1—1, 1), reaching maximum at v,. Thus
(b) is proved. The two asymptotic equations in (c¢) follow from Taylor’s theorem. O

4. Probability generating functions of Galton-Watson processes

Lemma A7. Let p € (0,5;) be a constant where k > 2. Let (Zy)m>o0 be a Galton-

Watson process with Zy = 1 and offspring distribution Bin(k, u). Let ©,,(y) = Ey?m.
Then

ul0) < 1= (" (1= 510 (.

Proof. We use induction. Let ¢,, =1 —1/2™. For m = 1,
pi(y) =By = (1 — p(1 —y))~.
Since p > 0 and k > 2, by Taylor’s theorem,
k
1) = (= <1 — ket EE 1 ey

It is well known that for m > 1, ¢,,(v) = v1(@m-1(y)) (see [13]). Assuming the lemma
holds for m, then

Pm+1(0) = @1(em(0)) = (1 — (1= om(0))*

< (1 (G — enlh™*))"
< 1 (™ = el + 54 ()" — ™1
=1 — (kp)"™ ™ + co(hp)™ 2 + (k’;) (1 = cpkp)? (hp) ™2
<1 ()™ e (k)™
since kp < 1/2 and ¢pq1 = ¢ + 1/277L -
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