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ASYMPTOTIC FOR THE CUMULATIVE DISTRIBUTION FUNCTION
OF THE DEGREES AND HOMOMORPHISM DENSITIES FOR RANDOM
GRAPHS SAMPLED FROM A GRAPHON

JEAN-FRANCOIS DELMAS, JEAN-STEPHANE DHERSIN, AND MARION SCIAUVEAU

ABSTRACT. We give asymptotics for the cumulative distribution function (CDF) for degrees
of large dense random graphs sampled from a graphon. The proof is based on precise
asymptotics for binomial random variables.

Replacing the indicator function in the empirical CDF by a smoother function, we get
general asymptotic results for functionals of homomorphism densities for partially labeled
graphs with smoother functions. This general setting allows to recover recent results on
asymptotics for homomorphism densities of sampled graphon.

1. INTRODUCTION

The Internet, social networks or biological networks can be represented by large random
graphs. Understanding their structure is an important issue in Mathematics. Degree se-
quences is one of the key objects used to get informations about graphs. The degree sequences
of real world networks have attracted a lot of attention during the last years because their
distributions are significantly different from the Poisson degree distributions studied in the
classical models of random graphs such as the Erdos-Rényi model. They followed a power-law
distribution, see for instance, Newmann [26], Chung et al [I0], Diaconis and Blitzstein [5] and
Newman, Barabasi and Watts [25]. See also Molloy and Reed [22] 23] and Newman, Strogatz
and Watts [27] in the framework of sparse graphs.

In this paper, we shall consider the cumulative distribution function (CDF) of degrees of
large dense random graphs sampled from a graphon, extending results from Bickel, Chen and
Levina [4]. The theory of graphon or limits of sequence of dense graphs was developped by
Lovész and Szegedy [20] and Borg, Chayes, Lovasz, Sés and Vesztergombi [7]. The asymp-
totics on the empirical CDF of degrees, see the theorem in Section [T could be used to test
if a large dense graph is sampled from a given graphon. This result is a first step for giving a
non-parametric test for identifying the degree function of a large random graph in the spirit
of the Kolmogorov-Smirnov test for the equality of probability distribution from a sample of
independent identically distributed random variables.

If we replace the indicator function in the empirical CDF by a smoother function, we get
general results on the fluctuations for functionals of homomorphism densities for partially
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labeled graphs. As an application, when considering homomorphism densities for sampled
graphon, we recover results from Féray, Méliot and Nikeghbali [14].

1.1. Convergence of CDF of empirical degrees for large random graphs. We con-
sider simple finite graphs, that is graph without self-loops and multiple edges between any
pair of vertices. We denote by F the set of all simple finite graphs.

There exists several equivalent notions of convergence for sequences of finite dense graphs
(that is graphs where the number of edges is close to the maximal number of edges), for
instance in terms of metric convergence (with the cut distance) or in terms of the convergence
of subgraph densities, see [7] or Lovész [19].

When it exists, the limit of a sequence of dense graphs can be represented by a graphon i.e.
a symmetric, measurable function W : [0,1]2 — [0, 1], up to a measure preserving bijection. A
graphon W may be thought of as the weight matrix of an infinite graph whose set of vertices
is the continuous unit interval, so that W (z,y) represents the weight of the edge between
vertices x and y.

Moreover, it is possible to sample simple graphs, with a given number of vertices, from a
graphon W (called W-random graphs). Let X = (X; : ¢ € N*) be a sequence of independent
random variables uniformly distributed on the interval [0,1]. To construct the W-random
graph with vertices [n] := {1,...,n}, denoted by G,,, for each pair of distinct vertices i # 7,
elements of [n], connect ¢ and j with probability W (X;, X;), independently of all other edges
(see also Section [2.4]). If needed, we shall stress the dependence in W and write G, (W) for
G, By this construction, we get a sequence of random graphs (G,, : n € N*) which converges
almost surely towards the graphon W, see for instance Proposition 11.32 in [19].

We define the degree function D = (D(z) : « € [0,1]) of the graphon W by:

1
D(m):/o W (z,y)dy.

And we consider the empirical CDF II,, = (I, (y) : y € [0,1]) of the normalized degrees of
the graph G,, defined by
Z {D(”><D(y

is the degree of the vertex i in G,.

n)

where nDZ(

Bickel, Chen and Levina [4], Theorem 5 (with m = 1), proved the convergence in distri-
bution and the convergence of the second moments of I, (y) towards y. We improve the
results given in [4]: under the condition that D is increasinﬁ n [0, 1], we have the almost
sure convergence of I, (y) towards y, uniformly on [0,1]. This is a consequence of the more
general result given by Theorem B3] (see Subsection and Remark [TT] for more details).
In a different direction, Chatterjee and Diaconis [8] considered the convergence of uniformly
chosen random graphs with a given CDF of degrees towards an exponential graphon with
given degree function.

ISince the graphon is defined up to a measure preserving one-to-one map on [0, 1], there exists an equivalent
version of the graphon for which the degree function is non-decreasing. If the degree function is increasing,
then this version is unique in L' and this is the version which is considered in this section.
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We also get the fluctuations associated to the almost sure convergence of II,,. If W satisfies
some regularity conditions given by (62)), which in particular imply that D is of class C', then
we have the following result on the convergence in distribution of finite-dimensional marginals
for 11,,.

Theorem (Theorem [T.2)). Assume that W satisfies condition ([62). Then we have the fol-
lowing convergence of finite-dimensional distributions:
(fdd)
(Vr(a(y) —y) sy € (0,1)) —— x,
n—-+o0o

where (xy : y € (0,1)) is a centered Gaussian process defined, for all y € (0,1) by:

1
Yo = /0 (ol ) — ply))dB..

with B = (By,u > 0) a standard Brownian motion, and (p(y,u) : u € [0,1]) and p(y) defined
fory € (0,1) by:
W (y, u)

1
p(y,u) = 1oy (u) — Dy and  p(y) = /0 p(y, u)du.

The covariance kernel X = Y1 4+ X9 + X3 of the Gaussian process x is explicitly given by
Equations (64]), (63]) and (IBB]) Which define respectively X1, ¥y and 3. In particular, we
deduce that the variance of x(y), for y € (0,1) is given by the elementary formula:

X(y,y) =yl —y) (/ W (y,z)*dx — D(y) > Dlz(y) (D(y)y—/0 W(y,:z:)d:n).

The proof of this result relies on uniform Edgeworth expansions for binomial random
variables, see Bhattacharya and Rao [3], and Stein method for binomial random vectors,
see Bentkus [2]. The convergence of the process in the Skorokhod space could certainly be
proved using similar but more involved arguments. More generally, following van der Vaart
[33], Chapter 19 on convergence of empirical CDF of independent identically distributed ran-

dom variables, if would be natural to study the uniform convergence of 37 | f (Dg")) when
f belongs to a certain class of functions.

The asymptotics on the CDF of empirical degrees appear formally as a limiting case of the
asymptotics of % S f (DZ(")) with f smooth. This is developed in Section [[L3] We shall in
fact adopt in this section a more general point of view as we replace the normalized degree
sequence by a sequence of homomorphism densities for partially labeled graphs.

1.2. Convergence of sequence of dense graphs towards graphons. Recall that one of
the equivalent notions of convergence of sequences of dense graphs is given by the convergence
of subgraph densities. It is the latter one that will interest us. We first recall the notion of
homomorphism densities. For two simple finite graphs F' and G with respectively v(F') and
v(G) vertices, let Inj(F, G) denote the set of injective homomorphisms (injective adjacency-
preserving maps) from F' to G (see Subsection for a precise definition). We define the
injective homomorphism density from F to G by the following normalized quantity:

[Inj(F, G|

v(F)
Aye)

)

tinj(F,G) =

where we have for all n > k > 1, A¥ = n!/(n — k)!. In the same way, we can define the
density of induced homomorphisms (which are injective homomorphisms that also preserve
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non-adjacency), see ([24]). Some authors study subgraph counts rather than homomorphism
densities, but the two quantities are related, see Bollobds and Riordan [6], Section 2.1, so
that results on homomorphism densities can be translated into results for subgraph counts.

A sequence of dense simple finite graphs (H,, : n € N*) is called convergent if the sequence
(tinj(F, Hyp) : n € N*) has a limit for every F' € F. The limit can be represented by a graphon,
say W and we have that for every F € F:

11_}111 tinj(F, Hn) = t(F, W),

where

t(F,W) :/ H W(xi, x;) H dxy,.
[0,1]V () (irj
i.j}EE(F) kEV(F)
According to [19], Proposition 11.32, the sequence of W-random graphs (G, : n € N¥)
converges a.s. towards W, that is for all F' € F, a.s.:

(1) h_)m tinj(F, Gn) = t(F, W)

In the Erdos-Rényi case, that is when W = p is constant, the fluctuations associated to
this almost sure convergence are of order n: for all F' € F with p vertices and e edges, we
have the following convergence in distribution:

(d) _
n (tini(F, G (p)) = ) — > N (0,2¢%p* (1 —p)),

n—o0

where NV(m,0?) denotes a Gaussian random variable with mean m and variance 0. There
are several proofs of this central limit theorem. Nowicki [28] and Janson and Nowicki [17] used
the theory of U-statistics to prove the asymptotic normality of subgraph counts and induced
subgraph counts. They also obtained the asymptotic normality of vectors of subgraph counts
and induced subgraph counts. In the particular case of the joint distribution of the count
of edges, triangles and two-stars, Reinert and Roéllin [30], Proposition 2, obtained bounds on
the approximation. Using discrete Malliavin calculus, Krokowski and Théle [18] generalized
the result of [30] (in a different probability metric) and get the rate of convergence associated
to the multivariate central limit theorem given in [I7]. See also Féray, Méliot and Nikeghbali
[13], Section 10, for the mod-Gaussian convergence of homomorphism densities.

The asymptotics of normalized subgraph counts have also been studied when the param-
eter p of the Erdos-Rényi graphs depends on n, see for example Rucinski [31], Nowicki and
Wierman [29], Barbour, Karonski and Rucinski [1], and Gilmer and Kopparty [15].

In the general framework of graphon, the speed of convergence in the invariance principle
is of order /n, but for degenerate cases such as the Erdos-Rényi case. This result was given
by Féray, Méliot and Nikeghbali [14], Theorem 21: for all F' € F, we have the following
convergence in distribution:

2) Vi (ting (F, G) — HE, W) —2s N (0,0(F)?)

n—o0

where, with V' (F) the set of vertices of F' and v(F') its cardinal,
o(F?= Y t(FeF)(,d), W) —v(F)*t(F,W)*
0,q'€V(F)

and (F > F')(q,q’) is the disjoint union of the two simple finite graphs F' and F’ where
we identify the vertices ¢ € F and ¢’ € F’ (see point (iii) of Remark 3.6 for more details).



ASYMPTOTICS FOR RANDOM GRAPHS 5

Notice that in the Erdos-Rényi case, that is when W is a constant graphon, the asymptotic
variance o(F)? is equal to 0, which is consistent with the previous paragraph since the speed
is of order n.

Using Stein’s method, Fang and Rollin [I2] obtained the rate of convergence for the mul-
tivariate normal approximation of the joint distribution of the normalized edge count and
the corrected and normalized 4-cycle count. As a consequence, they get a confidence interval
to test if a given graph G comes from an Erdds-Rényi random graph model or a non con-
stant graphon-random graph model. Maugis, Priebe, Olhede and Wolfe [2I] gave a central
limit theorem for subgraph counts observed in a network sample of W-random graphs drawn
from the same graphon W when the number of observations in the sample increases but the
number of vertices in each graph observation remains finite. They also get a central limit the-
orem in the case where all the graph observations may be generated from different graphons.
This allows to test if the graph observations come from a specified model. When considering
sequences of graphons which tend to 0, then there is a Poisson approximation of subgraph
counts. In this direction, Coulson, Gaunt and Reinert [I1], Corollary 4.1, used the Stein
method to establish an effective Poisson approximation for the distribution of the number
of subgraphs in the graphon model which are isomorphic to some fixed strictly balanced graph.

Motivated by those results, we present in the next section an invariance principle for the
distribution of homomorphism densities of partially labeled graphs for W-random graphs
which can be seen as a generalization of (2)).

1.3. Asymptotics for homomorphism densities of partially labeled graphs for large
random graphs. Let n € N* and k € [n]. We define the set S, of all [n]-words of length
k such that all characters are distinct, see (7). Notice that |S, x| = AF =n!/(n — k)!.

We generalize homomorphism densities for partially labeled graphs. Let F,G € F be two
simple graphs with V(F) = [p] and V(G) = [n]. Assume n > p >k > 1. Let £ € S, and
a € S, We define Inj(F*, G*) the set of injective homomorphisms f from F into G such
that £(¢;) = «a; for all i € [Ek], and its density:

Sl o
b, Gy = U L
Ap
n—k

We define the random probability measure Iy on ([0, 1], B([0, 1])), with B([0, 1]) the Borel
o-field on [0, 1], by: for all measurable non-negative function g defined on [0, 1],

3) M) = g 3 o (nlFGD).

We prove, see Theorem B.3] the almost sure convergence for the weak topology of the se-
quence (Fg’e(dx) in € N*) of random probability measure on [0, 1] towards the deterministic

probability measure I'"**(dz) = E [Fg’e(d:ﬂ)}.

- If we take g = Id in (3)), we recover the almost sure convergence given in () as
according to (21I):

tinj(Fa Gn) = S— Z tinj(FgaGg)'
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- If we take g = 1} p(,) With y € (0,1) and F' = K5 (where K3 denotes the complete

graph with two vertices) in (8] and using the expression of I'"* given in Remark 3.2
(ii), we have, with e any vertex of K», that:

If2*(g) =1I,(y) and TH5>%(g) =y.

Then, by Theorem .3l under the condition that D is strictly increasing on (0,1), we
have the almost sure convergence of II,,(y) towards y, see Remark [Tl

We also have the fluctuations associated to this almost sure convergence, see Theorem
for a multidimensional version.

Theorem. Let W € W be a graphon. Let F € F be a simple finite graphs with V (F') = [p],
¢ € My, with k = |{|. Then, for all g € C*([0,1]), we have the following convergence in
distribution:

Vi (T g) = TP (g)) =2 W (0,067(9)?) .

n—oo
with o™4(g)? = VarU™) and Ul is defined in ([73).

Notice of*(g)? is an integral involving g and ¢’. The asymptotic results are still true

when we consider a family of d > 1 simple graphs F' = (F,, : 1 < m < d) € F and
we define Th* on [0,1]4, see Theorems B.3] and for the muldimensional case. The case
g = Id appears already in [14], see Corollary 3.7 for the graphs indexed version. We have the
following convergence of finite-dimensional distributions (or equivalently of the process since
F is countable).

Corollary (Corollary B.1). We have the following convergence of finite-dimensional distri-
butions:
(fdd)

n—o0

(Vn (tij (F, Gn) —t(F,W)) : F € F) —— Ouy;,
where Oinj = (Oinj(F) : F € F) is a centered Gaussian process with covariance function Kiy;
given, for F, F' € F, by:

Kuy(F,F)= > Y t((FxaF)(qq),W) = v(F)(F)t(F,W)t(F,W).

g€V (F) ¢V (F")

As a consequence, we get the central limit theorem for homomorphism densities from
quantum graphs, see (52]) and for induced homomorphism densities, see Corollary 3.9l In the
Erdos-Rényi case, the one-dimensional limit distribution of induced homomorphism densities
is not necessarily normal: it’s behaviour depends on the number of edges, two-stars and tri-
angles in the graph F', see [28] and [17].

Notice that because g = 1 p(y) is not of class C*([0,1]), we can not apply Theorem
(with F = K3 and k = 1) directly to get the convergence in distribution of /n(Il,(y) — v)
towards x(y) given in Theorem Nevertheless, the asymptotic variance can be formally
obtained by computing ¢%2:*(g) given in Theorem with g = 1j p(,) and ¢'(2)dz =
(D'(y)) " '0py) (dz), with 6, (dz) the Dirac mass at D(y). However, the proofs of Theorems
and require different approachs.

Similarly to Theorem and in the spirit of Theorem B.5, it could be interesting to
consider the convergence of CDF for triangles or more generally for simple finite graphs F,
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V(F) = [p], and € € Sp -

1
|Sn,k|

. k
Z Litsreca<ta (Few)) P2 € 0,1 ],
aESnyk

where t,(F*, W) = E[ti;(F*, ,[f]ﬂ (X1,...,Xk) = 2], see BI) and the second equality in
37).

1.4. Organization of the paper. We recall the definitions of graph homomorphisms, gra-
phons, W-random graphs in Section Bl We present our main result about the almost sure
convergence for the random measure Pf}f associated to homomorphism densities of sampling
partially labeled graphs from a graphon in Section B.2] see Theorem The proof is given
in Section [l after a preliminary result given in Section Ml The associated fluctuations are
stated in Theorem and proved in Section [6l Section [7is devoted to the asymptotics for
the empirical CDF of degrees II,,, see Theorem for the fluctuations corresponding to the
almsot sure convergence. After some ancillary results given in Section[8] we prove Theorem [7.2]
in Section[@ We add a notation index at the end of the paper for the reader convenience. We
postpone to the appendices some technical results on precise uniform asymptotics for the CDF
of binomial distributions, see Section [I0] and a proof of Proposition [8.3] on approximation for
the CDF of multivariate binomial distributions.

2. DEFINITIONS

2.1. First notations. We denote by |B| the cardinal of the set B. For n € N* we set
[n] ={1,...,n}. Let A be a non-empty set of characters, called the alphabet. A sequence
B = P1...0k with 8; € A for all 1 < i < k, is called a A-word (or string) of length
|| = k € N*. The word f is also identified with the vector (5i,...,0k), and for ¢ € A,
we write g €  if ¢ belongs to {f1,...,8r}. The concatenation of two A-words o and 3 is
denoted by o fS.

We now define several other operations on words. Let 8 be a A-word of length p € N* and
k € [p]. For a a [p]-word of length k, we consider the A-word f3,, defined by

(4) 504 :5041 ---50%'

The word ;) = f1... Bk corresponds to the first & terms of 3, where by convention, []
denote the N*-word 1...k. We define, for 4,5 € [p], the transposition word 7;;(5) of 3,
obtained by exchanging the place of the ith character with the jth character in the word g:
for u € [p],

Bu ifué {i,j},
(5) Tij(B)u = B if u =4,
Finally, for ¢ € A and i € [p], we define the new A-word R;(S3,q), derived from S by
substituting its ith character with ¢: for u € [p],

Bu it u i,

q ifu=i.

(6) Ri(B,q)u = {
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Let n € N* and p € [n]. We define the set S, , of all [n]-words of length p such that all
characters are distinct:

(7) Spp=1{8=01...0p:Bi € [n] forall i € [p| and fi,..., S, are all distinct} .

Notice that |S, | = AF = n!/(n — p)!, and that S, 1 = [n]. Moreover, for n € N*, S, ,
is simply the set of all permutations of [n] which will be also denoted by S,,. With these
notations, for n € N*, we define the set M,, of all [n]-words with all characters distinct:

(8) M= | Snp.
p€(n]

Letn>p>k>1and /€S,y Fora €S, , we define the set Sﬁ’% of all [n]-words of length
k such that all characters are distinct and for all ¢ € [k], the ¢;-th character is equal to a;:

(9) Syp={B € Snp: b =a}-
We have |SE5| = A‘Z:]Z. As AD = AfLAfL:lZ, that is |Syp| = [Snkl |Seh| for any o € Sn i, We

get that for all real-valued function f defined on S, :

1 1
(10) ’Sn,p’ Z f(ﬁe):m Z f(a):

BeSn,p OCES,,L,]C

Let d € N*. For z,y € R? we denote by (x,y) the usual scalar product on R? and
|z| = v/(z, z) the Euclidean norm in R

We use the convention [, = 1.

2.2. Graph homomorphisms. A simple finite graph G is an ordered pair (V(G), E(G)) of
a set V(G) of v(@G) vertices, and a subset E(G) of the collection of (U(QG )) unordered pairs of
vertices. We usually shall identify V(G) with [v(G)]. The elements of E(G) are called edges
and we denote by e(G) = |E(G)| the number of edges in the graph G. Recall a graph G is
simple when it has no self-loops, and no multiple edges between any pair of vertices. Let F
be the set of all simple finite graphs.

Let F,G € F be two simple finite graphs and set p = v(F') and n = v(G). A homomorphism
f from F to G is an adjacency-preserving map from V(F') = [p] to V(G) = [n] i.e. a map from
V(F) to V(G) such that if {i,j} € E(F) then {f(i),f(j)} € E(G). Let Hom(F,G) denote
the set of homomorphisms from F' to G. The homomorphism density from F' to G is the
normalized quantity:
(11) tF,G) = W.

npb

It is the probability that a uniform random map from V(F') to V(G) is a homomorphism.
We have similar definition when f is restricted to being injective. Let Inj(F,G) denote the
set of injective homomorphisms of F' into G and define its density as:

Inj(F, G
(12) bog(P.G) = PO
For 8 € S, p, we set, with V(F) = [p] and V(G) = [n]:
(13) VARG = ] lsspen@n:

{i.}eE(F)
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When there is no risk of confusion, we shall write Y? for Y#(F, @), and thus we have:

> v

(14) tinj (F, G)

We recall from Lovasz [19], Section 5.2.3, that:
1(p
(15) ai(F.C) — (R G)| < (7).

In the same way, we can define homomorphism densities from partially labeled graphs. See
Figure [Tl for an injective homomorphism of partially labeled graphs. Assume p > k > 1. Let
te S, and o € Sy, . We define Inj(F ¢, G%) the set of injective homomorphisms f from F
into G such that f(¢;) = «; for all i € [k], and its density:

o Imj(Ft, G|
(16) ag(F', G = = = = 3 Y
n—k ”7117 Besla
n,p
[ ¢
0y
Ft ae

FIGURE 1. Example of an injective homomorphism from partially labeled graphs.

Denote FI4 the labeled sub-graph of F' with vertices {l1,...,0;} and edges:
(17) E(FY) = {{i,j} € E(F):i.j € (}.

For o € S, 1, we set:

(18) Ya(ngGa) = Ya(F[a’G) = H 1{{ai,aj}€E(G)}7
{i.j}eE(FH)

For 3 € 85, we set YB(F!, G¥) = Vo(F!,G*) YP(F!, G*) with:

(19) YIF,GY = T lyssiesoy-
(i.J}EBP\E(FI)
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Notice that YP(F* G®) is equal to Y? defined in (I3)) for 8 € Sﬁ’z. When there is no risk
of confusion, we shall write Y Y? and Y? for Y*(F¢ G*),Y8(F' G*) and YP(F* G®).
Remark that Y is either 0 or 1. By construction, we have:

" - 1 ~
(20) ting(F,G*) = Y B (F,G*) - with £ (FY,G*) = —= > v
Sl Beske

Summing (I6]) over o € S,, 1, we get using (I0) and (I2]) that:

! D ting(FY,GY) = ting(F, G).

(21) o
‘Snyk’ aesn,k

We can generalize this formula as follows. Let n > p >k > k' > 1,0 € Sy, v € Spp and
o' €8, 1. We easily get:

1 /
W Z tinj(Fe,Ga):tinj(Fé’y,Ga )

n,k ~,a!
aGSn’k

(22)

Remark 2.1. Let Ko (resp. K3) denote the complete graph with two vertices (resp. one of
them being labeled). Let G € F with n vertices. We define the degree sequence (D;(G) : i €
[n]) of the graph G by, for i € [n]:
. 7 1
(23) Di(G) =ty (K3,G") = — Z 1 jrer@G))-
j€ln\{i}

Remark 2.2. Let F' € F be a simple finite graph with V(F') = [p]. Let £ € S, for some
k € [p]. Assume Fj is obtained from F' by adding p’ isolated vertices numbered from p + 1
to p+ p/, and label ¢ of those isolated vertices so that ¢ is a {p +1,...,p + p'}-word of
length say k' = |[¢/| <p’ and ¢¢' € S, 4y 4. By convention k' = 0 means none of the added
isolated vertices is labeled. Assume n > p+ p’ and let « € S, and ' be a [n]-word such
that aa’ € S, j4r. Then, it is elementary to check that:

tinj(FNl, Gaa’) = tinj(FZ, Ga).

as well as, with J, the Dirac mass at x:

1 1
Z 5tinj(Fgf’,Gaa’):—, St Z Ot (FL,G)

S, /
‘ nk+k ‘ aa,esn,k+k’ OCES,,L,]C

In conclusion adding isolated vertices (labeled or non labeled) does not change the homomor-
phism densities.

Finally, we recall an induced homomorphism from F' to G is an injective homomorphism
which preserves non-adjacency, that is: an injective maps f from V(F) to V(G) is an induced
homomorphism if {i,j} € E(F) if and only if {f(¢),f(j)} € E(G). See Figure 2 for an
injective homomorphism which is not an induced homomorphism. Let Ind(F,G) denote the
set of induced homomorphisms; we denote its density by:

Ind(F,G
(24) tind(F7 G) = %
n

We recall results from [19], see Section 5.2.3., which gives relations between injective and

induced homomorphism densities.



ASYMPTOTICS FOR RANDOM GRAPHS 11

F G
FIGURE 2. An example of an injective homomorphism but not an induced homomorphism.

Proposition 2.3. For F,G € F, two simple finite graphs, we have:

(25)  tni(F.G)= > tina(F,G) and tina(F,G) = Y (-1 (F G,
FI>F F'>F

where F' > F means that V(F) = V(F') and E(F) C E(F'), that is F' ranges over all simple

graphs obtained from F by adding edges.

2.3. Graphons. A graphon is a symmetric, measurable function W : [0,1]> — [0, 1]. Denote
the space of all graphons by W. Homomorphim densities from graphs can be extented to
graphons. For every simple finite graph F' and every graphon W € W, we define

(26) HE, W) = tug (F, W) = / I Woz) [] du

[0,2]V(F)

{i.j}€E(F) keV (F)
and
(27) tind(F,W):/ i I weiz) [I Q-Wiz) [ du
0V B (B (F) keV(F)

A sequence of simple finite graphs (H, : n € N*) is called convergent if the sequence
(t(F,Hy) : n € N*) has a limit for every simple finite graph F. Lovész and Szegedy [20]
proved that the limit of a convergent graphs sequence can be represented as a graphon, up
to a measure preserving bijection. In particular, a sequence of graphs (G,, : n € N*) is said
to converge to a graphon W if for every simple finite graph F', we have

lim ¢(F, H,) = t(F,W).
n—oo

As an extension, we can define homomorphism densities from a k-labeled simple finite graph
F to a graphon W which are defined by not integrating the variables corresponding to labeled
vertices. Let F' € F be a simple finite graph, set p = v(F) and identify V(F') with [p]. Let
p>k>1and /€S, Recall E(FIY) defined in (7). We set for y = (y1,...,¥,) € [0,1]7:

(28) Zw= I W

{i.5}eB(F)\E(FI1)
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and for z = (x1,...,xx) € [0,1]" we consider the average of Z(y) over y restricted to y, =
(29) L (FC W) = / H T | O
[0,1) P\ mElk]
as well as the analogue of Y for the graphon:
(30)
L (FY W) = II Wiz and #F W)= / to(FY W) da = t(FI9 W).
[0,1]%

{t: ;Y E(FY)
Similarly to (20), we set for £ € S, and = € [0, 1]*:
(31) to(FE W) = L, (F W)t (FW).
Let 8 and ' be [k]-words such that 85" € S, with k' = || and 1 < k' < k. We easily get:

(32) / to(FC W) dag =ty (F%, W),
[0,1]¥

The result also holds for k' = k with the convention t,,(F*, W) = t(F,W) when 3 = 0.

Remark 2.4. The Erdos-Rényi case corresponds to W = p with 0 < p < 1, and in this case
we have t(F,W) = t,(F', W) = p¢¥) for all z € [0, 1]*.

Remark 2.5. The normalized degree function D of the graphon W is defined by, for all
z € [0,1]:

1
(33) D(z) = /0 Wz, y)dy

We have for W € W and z € [0, 1]:

te (K3, W /Wa:y =D(z) and t(Ky W /D

2.4. W-random graphs. To complete the identification of graphons as the limit object of
convergent sequences, it has been proved by Lovédsz and Szegedy [20] that we can always find
a sequence of graphs, given by a sampling method, whose limit is a given graphon function.

Let W € W. We can generate a W-random graph G,, with vertex set [n] from the given
graphon W, by first taking an independent sequence X = (X; : ¢ € N*) with uniform
distribution on [0, 1], and then, given this sequence, letting {7, j} with ,j € [n] be an edge in
G, with probability W (X;, X;). When we need to stress the dependence in W, we shall write
Gn(W) for G,,. For a given sequence X, this is done independently for all pairs (i, j) € [n]?
with ¢ < j.

The random graphs G,,(WW) thus generalize the Erds-Rényi random graphs G, (p) obtained
by taking W = p with 0 < p < 1 constant. (We recall that the Erdés-Rényi random
graph Gy (p) is a random graph defined on the finite set [n] of vertices whose edges occur
independently with the same probability p, 0 < p < 1.) Moreover, (G,, : n € N*) converges
a.s. towards the graphon W, see for instance [19], Proposition 11.32.

Remark 2.6. We provide elementafy computations which motivate the introduction in the
previous section of £, (F¢, W) and t,(F¢ W). Recall that X, = (X,,,..., X, ) with v a N*-
word of length |y| =r. Let n > p > 1 and F € F with V(F) = [p] and £ € S, . We set for
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= (z1,...,2p) € [0,1]P:

Z(x) = H W (xi, xj).

{i.g}yeB(F)

Let o € Sp 1, and B € Sfl’%. By construction, we have:
Z(Xs) =E [YB(F, Gy) \X} ~E [YB(F{ G2) yX] .

By definition of t,(F*, W) and #,(F*, W), we get:

(34) i (FL,W)=E [?Q(FZ, GO) |X] ) [YQ(FV], G2) |X]
(35) i, (F W) =B [Z(X)| Xo| = E [V7(F',G3) | X,
(36) b (F W) = E[2(Xg)| Xo] = E [Y7(F',G3) | Xa] .

By summing (35]) and (B6) over S € Sﬁ’g, we get, using (20) and (I7), that
(8T) I (P W) =E [Gy(F,G3) | Xa|  and b, (F, W) = E [ty (F, G3) | Xa |
Taking the expectation in the second equality of ([37]), we deduce that:
HF, W) :/ o (F,W)de =E [tXQ(FZ,W)} ~E [tmj(F{Gg)} :
[0,1]*
Thanks to (21I), we recover that
t(F, W) = E [tinj(F, Gn)],
see also [19], Proposition 11.32 or [2I] Proposition A.1. We also have:
tF,W)=E[Z(Xs)] =E [Yﬁ (F, W)} .
By definition of £(F¢, W), we get:
{(FLW) =E [fXQ(FZ, W)} ~E [Y“(F{Gg)} ~E [Y“(FW,G”)} — +(FI, ).

Since Y*(F',G2) and Y?(F*,G2) are, conditionally on X or Xz or X,, independent, we
deduce that:

b, (F' W) =E [V(F, Go)YP (FY, G5 | X
~E [W(Ff, G9) |Xa} E [Yﬁ(Ff, G2) |Xa]
This latter equality gives an other interpretation of (3TI).

3. ASYMPTOTICS FOR HOMOMORPHISM DENSITIES OF SAMPLING PARTIALLY LABELED
GRAPHS FROM A GRAPHON

3.1. Random measures associated to a graphon. Let d > 1 and I = [0,1]¢. We denote
by B(I) (resp. Bt (I)) the set of all real-valued (resp. non negative) measurable functions
defined on I. We denote by C(I) (resp. Cy(I)) the set of real-valued (resp. bounded) con-
tinuous functions defined on I. For f € B(I) we denote by || f|lco the supremum norm of f
on I. We denote by C¥(I) the set of real-valued functions f defined on I with continuous
k-th derivative. For f € C!(I), its derivative is denoted by Vf = (V1f,...,Vaf) and we set
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IV £ oo = 300 1 Vif lloe-

Let F = (F, : 1 < m < d) € F% be a finite sequence of simple finite graphs. Using
Remark 2.2] if necessary, we can complete the graphs F,, with isolated vertices such that for
all m € [d], we have v(F},) = p for some p € N* and consider that V' (F,,) = [p]. We shall
write p = v(F') Let £ € M,, (where M,, is the set of all [p]-words with all characters distinct,
given by (8))) and set k = |[¢|. We denote:

ting (F, G52) = (ting(Fly, G3) - m € [d]) € [0,1]%,

and similarly for #,;(F%, G%). Let W be a graphon and x € [0,1]¥. Similarly, we define
to(FY, W), and £, (F*, W), so for example:

to(FC W) = <tm(Fnﬂ,W) ‘m e [d]) e [0,1)7.

Notice that relabeling F,,, if necessary, we get all the possible combinations of density of
labeled injective homomorphism of F, into G for all m € [d] (we could even take ¢ = [k]).

Recall Fr[rlﬂ is the labeled sub-graph of F),, with vertices {{1,...,¢;} and set of edges
E(Ff[,fi]) = {{i,j} € E(F) : i,j € ¢} see (7). For simplicity, we shall assume the follow-
ing condition which states that Fr[,f] does not depend on m:

(38) For m,m’ € [d], i,i € £, we have: {i,i'} € E(Fy,) <= {i,i'} € E(F).

This condition can be removed when stating the main results from Section at the cost of
very involved notations. Therefore, we shall leave this extension to the very interested reader.

Let G,, = G,,(W) be the associated W-random graphs with n vertices constructed from
W and the sequence X = (X; : i € N*) of independent uniform random variables on [0, 1].
Under Condition B8), for a € S, and z € [0, 1]*, we have that Y*(FY,, G%) and f,(F., W)
do not depend on m € [d]. We set Y*(F,G%) and t,(F*, W) for the common values. When
there is no confusion, we write Yo for YO (F¢, G%). In particular, we deduce from (20) that:

(39)  ting(F',G2) =V Ly (F',GS)  with iinj(Ff,Gg):(finj(F,g,Gg);me[d]).

Remark 3.1. If |¢| = k = 1, then Condition (B8] is automatically satisfied and we have by
convention that Y = ¢,(F!, W) =1 for a € S, and = € [0,1]¥. If d = 1, then, Condition
([38)) is also automatically satisfied.

We define the random probability measure I on ([0, 1]¢, B([0, 1]%)) by, for g € B([0,1]%):
1
4 Ih(g) = > tin(F*, G

_ 1
‘Sn,k‘

> vy (fug(FGR)) + (1= Y)g(0),

aesn,k

where we used (3J) and the fact that Y takes values in {0,1} for the second equality. For
k € N* and o an N*-word of length k, we recall the notation X, = (Xq4,,...,X,,) and
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X = (X1,...,Xg). Recall 29) and (@B0). We define the auxiliary random probability
measure 4" on [0,1]¢ by, for g € BT(]0,1]%):

(41) ff;’f(g):‘sik, > ix (FL W) g (B, (F W) + (1= ix, (F4 W) 9(0).

aesn,k

and the deterministic probability measure T'F¢, by, for all g € B(]0,1]%):
(42) r*(g) =E |[T(9)]

_ /[0 W (%(F W) do+ (1 - (P, W) 9(0).

Remark 3.2.
(i) If d =1 and g = Id, then we have thanks to (2I]) that:
1
rrad) = — tinj(F*, G9) = tinj(F, Gy,
n ( ) |Sn,k| Z J( ’ n) J( ’ )

aGSn’k

and, thanks to (3I]) and (B2)):

F”(Id):/ to(FEW)de = t(F,W).
[0,1]*

Notice that T'5*(Id) and TF¢(Id) do not depend on .
(ii) If |¢| = 1, then according to Remark B3I we get:

() = /[071} g (tx(FZ,W)) dx.

3.2. Invariance principle and its fluctuations. We first state the invariance principle for
the random probability meausure Ff’e. The proof of the next theorem is given in Section [l

Theorem 3.3. Let W € W be a graphon. Let F € F? be a sequence of d > 1 simple finite
graphs with V(F) = [p], £ € M,,. Assume that Condition ([38) holds. Then, the sequence of

random probability measures on [0,1]%, (Fg’g tn € N*) converges a.s. for the weak topology

towards THE,

The convergence of (Fﬁ’g(Id) ‘n € N*), with d = 1, can also be found in [19], see Propo-
sition 11.32.

Remark 3.4. By Portmanteau Theorem, we have that a.s. for all bounded measurable func-
tion g on [0,1]¢ such that T'*(D,) = 0 where D, is the set of discontinuity points of g,
lim,,—0 T (9) = T7(g).

For simplicity, consider the case d = 1 and W = p with 0 < p < 1. Let é(F') denote the
cardinal of E(F!Y). Because I'"f = pé(F)épe(F),é(p) + (1 — p?F)) 8y, with k = |¢], then if g is

e(F)—é(F) it

continuous at p and at 0, we get that a.s. lim, o I'n'"(g) = TF(g).

The next theorem, whose proof is given in Section [6 gives the fluctuations corresponding
to the invariance principle of Theorem B3l Notice the speed of convergence in the invariance
principle is of order /n.

For € R and o > 0, we denote by N (u,0?) the Gaussian distribution with mean p and

variance 2.
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Theorem 3.5. Let W € W be a graphon. Let F € F? be a sequence of d > 1 simple finite
graphs with V(F) = [p], £ € M,,, with k = |{|. Assume that Condition (38) holds. Then, for

all g € C%(]0,1]%), we have the following convergence in distribution:

Vi (T (g) = TH4(g)) = W (0,074(9)?) .

n—oo

with oF¢(g)? = Var(blf’z) and

k
1) U =37 [ e (W) (o e () ) e

s / (tatr (U4, W), Vg (£, 1)),

q€[p]\
where U is a uniform random variable on [0,1], and [p]\¢ = {1,...,p\{f1,..., 0}

Remark 3.6. Let U be a uniform random variable on [0, 1].

(i) Assume that |¢| = k = 1. Using Remark B.I] we get for ¢ € [p):

(44)  o"(g)? = Var g<tU(F£7W))+ > / (tor (FY9, W), Vg (t(F, W))) dw
gefpl\e” 101

(ii) Let F € F? with p = v(F). Take £ = 1 with k = |¢| = 1. Let a € R? and consider
g(x) = (a,x) for x € R, We deduce from (@) and (32)) that:

(45) of*(g)? = Var ( Zp: ) .

(iii) In the case d = 1, F € F, and g = Id, the central limit theorem appears already in
[14]. In this case, we have T';(Id) = tinj(F, Gy), TEA(1d) = ¢(F, W) and, thanks to
@3] (with d =1 and a =1):

p
(46) o™ (1d)? = Var [ >ty (F9, W)
q=1

Let F, F’ € F be two simple finite graphs, let ¢ € V(F) and ¢ € V(F’). We define
a new graph (F < F')(i,i') = (F U F")/{i ~ i’} which is the disjoint union of F' and
F’ followed by a quotient where we identify the vertex ¢ in V(F) with the vertex ¢’
in V(F), see Figure 3



ASYMPTOTICS FOR RANDOM GRAPHS 17

AK 2

FIGURE 3. Example of two graphs connected by two vertices.

With this notation, we have:

2
ol t1d)? = E KZW(FQW)) ] ~E {ZtU(Fq,W)
q=1

2

q=1

p 1 , p 1 2
=3 /0 te(FU, W)ty (FT,W)dz — q;/o to(F, W)dx

(47) = > H((F=F)(q,q), W) —p* t(F,W)>.

Thus, we recover the limiting variance given in [14].

(iv) Let d = 1. We consider the two degenerate cases where no vertex is labelled (k = 0)
or all vertices are labelled (k = p):
(a) for kK =0, we apply the §-method to (@), to get that

Vgt (F, G)) — gt (F,W))] —2s N (0,07 (9)?) ,

n—o0

where
(48) o(9)* = ¢ (tH(F, W)™ (1d)*.
(b) for k = p, we have T'(g) = (g(1) — 9(0))ti; (F, Gn) + 9(0), TT¥(g) = (9(1) —
g(O)t(F*, W)dx + g(0) and
(49) o™ (g)? = (9(1) — 9(0))*a™ (1d)?.

(v) Let d =1 and F = K,. We have T52*(Id) = t(K», G,,) and we deduce from (@8] that
o’24(1d)? = 4 Var (D(U)).
(a) If K = 1, then we have FnKQ’Z(g) =15, g(Di(n)) with Dgn) = D;(G,) the
normalized degree of i in Gy, see ([23]). We deduce from (44) that:

K3 (g)2 Var< / Wi, U)g ())dm).
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(b) If k =2, using (iv)-(2), we get from (@) that:
a3 (g)? = 4(g(1) — 9(0))* Var (D(V)),

where K3° denotes the complete graph Ky with two labeled vertices.
(c) Finally, if £ = 0, using (iv)-(1), we get from (48] that

o2 g)? = 4y (/01 D(x)dx>2 Var (D(U)).

(vi) Thanks to (&), we get that Theorems 3.3 and 3.5] also hold with t;,; replaced by t.

(vii) Tt is left to reader to check that theorem B.5]is degenerated, that is ™*(g) = 0, in the
Erdés-Rényi case, that is W = p for some 0 < p < 1, or when f[o,l}k to(F,W)dz =0
and in particular when ¢(F,W) = 0.

The next corollary gives the limiting Gaussian process for the fluctuations of (tini(F, Gy) :
FeF).

Corollary 3.7. We have the following convergence of finite-dimensional distributions:

(v (tiny(F, G) = t(E,W)) : F € F) #)—»

—+00

@inja

where Oinj = (Ouj(F) : F € F) is a centered Gaussian process with covariance function Kiy;
given, for F, F' € F, with V(F) = [p] and V(F") = [p'], by:

(50) Kinj(F,F') = Cov [ > tg(FL,W), > ty(F,W)
q=1 q=1
(51) =N t((F=F)q,q), W) — pp/ t(F,W)t(F',W).
q=1¢'=1

Proof. We deduce from ([43]) and standard results on Gaussian vectors, the convergence, for
the finite-dimensional distributions towards the Gaussian process with covariance function

given by (B0). Formula (5II) can be derived similarly to (41). O

Remark 3.8. In particular, Corollary B.7 proves a central limit theorem for quantum graphs
(see Lovasz [19], Section 6.1). A simple quantum graph is defined as a formal linear combina-
tion of a finite number of simple finite graphs with real coefficients. This definition makes it
possible to study linear combination of homomorphism densities. For F' = (F,, : m € [d]) €
Féand a = (ay, : m € [d]) € R? we define the homomorphism density of § = Zizl amFrm
for a graph G and a graphon W € W as ti,i(§, G) = (a, tinj(F, G)) and t(§, W) = (a, t(F, W)).
We deduce from Corollary 3.7 the following convergence in distribution:

(52) VI (g (5, Ga) — 15, W) s N (0,0(3)?) ,

n—oo
where o(F)? is given by ([@5) or equivalently o(F)? = > eld) Gm@m! Kinj(Fi, Fy).
We also have the limiting Gaussian process for the fluctuations of (tina(F,Gr) : F' € F).

Corollary 3.9. We have the following convergence of finite-dimensional distributions:

(\/ﬁ (tind(Fa Gn) - tind(Fy W)) tFe Jt) % Ginda
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where Oiyq = (Oa(F) : F € F) is a centered Gaussian process with covariance function
King given, for Fy, Fy € F, with V(Fy) = [p1] and V(Fy) = [p2], by:

(63)  Kina(F1, F2)

p1 p2
= Cov Z (_1)e(F1') ZtU ((Flf)q7 W) : Z (_1)6(le) ZtU ((}72’)¢17 W)
F{>F q=1 Fi>F q=1
, , b1 p2
= Z (_1)6(F1)+6(F2) Z Z t ((Fll > FZ,)(q7 q,)7 W) — P1Pp2 t(F1/7 W)t(Fév W) )
F/>Fy, F>F, g=1¢=1

where F' > F means that V(F) = V(F') and E(F) C E(F'), that is F' ranges over all simple
graphs obtained from F by adding edges.

Proof. Notice that tinq(F,G,) is a linear combination of subgraph counts by Proposition 231
We deduce from (@5 and standard results on Gaussian vectors, the convergence, for the
finite-dimensional distributions towards the Gaussian process with covariance function given
by the first equality in (B3) which is derived from the second formula of (25]) and ({@5]). The
second equality of (53]) can be derived similarly to (&I]). O

4. A PRELIMINARY RESULT

Let F = (F,, : m € [d]) € F? be a sequence of d > 1 simple finite graphs with p = v(F),
¢ € M, with [¢{|] = k such that Condition (38) holds. Let W & W be a graphon and
X = (X; : ¢ € N*) be a sequence of independent uniform random variables on [0,1]. Let
n € N* such that n > p. Let G,, = G,,(W) be the associated W-random graphs with vertices
[n], see Section 24l Recall definitions ([I3) of YA (F,G), (I8) of Y*(F¢ G*) and (3) of
YA (F¢, G) for a simple finite graph F. We set Y# = (YA(E,,,G,) : m € [d]) for B € Su,
and YP = (YP(FL G) : m € [d]) as well as Y™ = Y*(F! G®) (which does not depend on
m € [d]) for § € SF% and a € Sp.i- Notice that for « € S, and 8 € SE%. we have that,
conditionally to X, Y and Y7 are independent, YV is a Bernoulli random variable and:

VP =yeyh,

Recall that tin; (FY, G%) = (tij (Ff, GS) : m € [d]). With these notations, we get from equa-
tion (20) that for £ € M, with [{| =k and o € S,

1 NI
(54) g (F1LG0) = D0 Y7 =V 8y (F1LG7))
Sn:p ta
Besn,p
with
- 1 ~
(55) i (F.05) = a0 2 V7
STL,;D £,o
BESKp

We also set Z° = E[Y?|X] and Z° = E[Y?|X]. Recall (Z8). We have, for Z° = (25, :m €
[d]) and Z# = (Z, : m € [d]) that for m € [d]:

Zﬁ = H W(Xﬁi’Xﬁj) and Zﬁb = H W(XﬁmXﬁj) = Zm(Xﬁ)
{i.j}EE(Fm) {i.j}eE(F,)
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We recall that tx (F¢ W) =E [Y“‘] X] =E [}70‘] Xa}, see (34), to deduce that:

(56) 7P =ix, (F W) ZP.

Lemma 4.1. Let F € F¢ be a sequence of d > 1 simple finite graphs with p = v(F), { € M,
and W € W be a graphon. Let (Mg : B € Snp) be a sequence of o (X)-measurable R -valued
random variables and n > p. Assume Condition (38) holds and that there exists a finite
constant K such that for all 8 € Sy, p, we have E [|[Mg|*] < K. Then we have:

2

1 p(p—1)
— YP - 78 M <dg P2
’Smp’ 6625‘;4, < ’ B> d 871(77, — 1)

Proof. We first assume that d = 1. We denote by Cov(.| X) the conditional covariance given
X. We have:

Bl 3 (v2 - 2°) Mg

[Snal p&57

1S ,p|2 > Y E[E[( —EYPIX]) (V) - EY X)) Mp, | X

BESn,p YESn,p

2

|5 e Y Y E MBM,YCOV(Yﬁ,Y“qX)]
TP BESn p ¥ESNp

> D E[IMaM[Cov(y? Y| X)]
Besnp'YESnp

=TS, ,p|2

If the [n]-words 8 and v have at most one character in common, that is |5()7| < 1, then,
by construction, Y# and Y7 are conditionally on X independent. This implies then that
Cov(YP, Y| X) = 0. If |[3N~| > 1, then as Y? and Y” are Bernoulli random variables
and we have the upper bound |Cov(Y#,Y7| X)| < 1/4. The number of possible choices for
B,7 € Spp such that [8()v] > 1 is bounded from above by A7 (}) A2 We deduce that:

2

Bl — (v*-2") M) | < ! Ap<>AP22 (| MM, |

p n
Seal 2 NP
p(p—1)
8n(n —1)’

where we used the Cauchy-Schwarz inequality for the last inequality to get E [|[MgM,|] < K.

In the case d > 1, the term E[|MgM,|] in the above inequalities has to be replaced by
E[|[Mg|1 |M,|1], where |-|; is the L' norm in R% Then, use that |z|? < d|z|*> and thus
E[|[Mg|1 |M,]1] < dK to conclude. O

The proof of the next Lemma is similar and left to the reader (notice the next lemma is
in fact Lemma 1] stated for d = 1 and the graph Ff[f] of the labeled vertices, see Section
for the definition of F,[fﬂ, which thanks to condition (38]), does not depend on m € [d]). We
recall that tx (F*, W) =FE [Y“‘\ X} =E [Y“‘\ Xa}, see (34).



ASYMPTOTICS FOR RANDOM GRAPHS 21

Lemma 4.2. Let F € F¢ be a sequence of d > 1 simple finite graphs with p = v(F) and
W € W be a graphon. Let k € [p] and (My : a € Sy ) be a sequence of o (X )-measurable

R9-valued random variables and n > p. Assume Condition (38) holds and that there exists a
finite constant K such that for all o € Sy, ,, we have E [\Malz] < K. Then we have:

2
1

|Sn,k|

3 (VO i (FLW), M) <ag kD

E 8n(n —1)

aGSn’k

We also state a variant of Lemmal4.1l when working conditionally on X, for some a € Sy, ;.
The next result is a key ingredient in the proof of TheoremsB.3land 3.5l Recall £, (F ¢ W) =

(ts (ES, W) :m € [d]) with ¢, defined in ([29). Notice that for all 3 € Sho:
ix. (Ff, W) ~E [25|Xa} ~E [fmj(FZ,GnﬂXa} .

Lemma 4.3. Let F € F¢ be a sequence of d > 1 simple finite graphs with p = v(F), { € M,
with k = |¢], a € S, ), and W € W be a graphon. Assume Condition (38) holds. Then, we

have:
e|

Proof. We consider the case d = 1. Recall the definition of nj (F ¢ G%) given in (GH). Set:

o (3) = () |0 3°] < 0305

2
1 ~ - N
A=E|——| ¥ (V-ix (FiW)) ] | X0 7
|Sn7; |2 N
ﬁesn:p
Following the proof of Lemma (1] with Mg = 1, and using also that E [Y/B ! Xa,f/a] =

tx, (F ¢ W), and that Y7 and Y7 are conditionally on X, independent of Y for 8 ,Y € Sﬁ’%,
we get:

A<— S ST [Cov(V, ¥ X)),

Susl? e Lo
T BESKE V€S

If p and v have no more than « in common, that is (v = «, then Y? and Y7 are
conditionally on X, independent and thus Cov(Y? Y7 X) = 0.

If |3 7| > |al, then as Y? and Y are Bernoulli random variables, we have the upper
bound |Cov(Y?,Y7| X)| < 1/4. The number of possible choices for 3,7 € Sy such that
I8N 7| > |a| is bounded from above by Afl:],i (p— k)Aﬁ:]Z:ll. We deduce that:

1 p—Fk p—k—1 (p - k)
A< WAn—k(p A S Ty

The extension to d > 1 is direct. O

5. PROOF OF THEOREM B3]

We first state a preliminary lemma.
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Lemma 5.1. Let F € F¢ be a sequence of d > 1 simple finite graphs with p = v(F), { € M,
with k = |£], and W € W be a graphon. Assume Condition (38) holds. Then, for all n > k
and g € C1([0,1]), we have:

i (g) — F”( <d|| ,/ —IIV lloo \/

Proof. We first consider the case d = 1. Let g € C'([0,1]). We first assume that g(0) = 0.
Then, we deduce from the definition (@Q) of T and from (4) and (GH), as Y € {0,1},

that:
S e (i (7.05) ).

OcESn k

E|

FF(

‘Sn k|
. . S F e :
And thus, using definition @I)) of I',", we get I (g) — I'v"(g)| < Bi 4 By with

B, =

(?a — iy (FY, W)) g (tNXa(FE, W)> (

|Sn k| ‘aGS

and

B=— % Ya(g (i (F,G5) ) = g (Ix. (F W) (

Thanks to Lemma E2 we get E[B}] < || g||% k(k —1)/8n(n — 1). Thanks to LemmaF3] we
get using Jensen inequality that E[B2] < || ¢’ ||io(p — k)/4(n — k). This gives the result when
g(0) = 0, except there is a 1/2 in front of || g ||, in the upper bound of the Lemma. In general,

use that Fg’é and ff}f are probability measures, so that <F5’£ — fﬁvf) (9) = (FS’Z - fﬁ’f) (9),

with § = g — g(0). Then use that and [|g||,, < 2| g| . to conclude. The case d > 1 is
similar. 0

We can now prove Theorem [3.3]

Proof of Theorem [3.3. We first consider the case d = 1. Let g € C([0,1]). Using Lemma

(.11 and Borel-Cantelli lemma, we get that a.s. lim,_, . (Fg&ﬁ)(g) —fg&fl)(g)) = 0, with

d(n) = n'. We notice that I';(g) is a U-statistics with kernel @1 (X)) where for z € [0, 1]*:

Oy (z) =ty g (£:) + (1 —£,) g(0),

with ¢, = t,(F*, W) and the obvious variants for f, and .
Morover, because g is uniformly bounded on [0, 1], we get that Var (®;(X)) < +oco and

we can apply the law of large numbers for U-statistics to obtain that a.s. lim, s I (9) =
E[® (X)) = T*(g). We deduce that a.s. limg,_ o Fg&i) (9) = 'F¥(g).
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Let n’ > n > k. We have S, ; C Sy, and Sfl’% C Sﬁ}o‘p for o € S, .. Recall ]Sﬁz\ = Aﬁ:]]z.
We deduce that for a € S, ;:

1

k T T p—k

AvE gk

tinj (FZ, G%) — tinj(FZ, Gg,) < AIT)L:IZ

% )
ﬂ(l—(nf;) )

1 1 1
A 145 = A e +| 5= e | 4% gl

o 2 [0 (8 F6D) = (s, 620) |

coo - (22 ) rmn o (22))

Fy
This implies that a.s. limy, e SUDyefp(n),... p(n+1)} ‘F¢(n (g9) =T (g)| —0.

AT+

We deduce that:

ITE(g) — TH (9)] <

n

n

With the first part of the proof, we deduce that for all g € C1(]0,1]), a.s. limp,_00 Th" (g) =

I'F%(g). Since there exists a convergence determining countable subset of C*([0,1]), we get

that a.s. lim,, o FFE = I for the weak convergence of the measures on [0, 1].

The proof for d > 1 is straightforward. O

6. PROOF OF THEOREM

Let £ € M,, with k = |¢|. We assume Condition (38]) holds.
Recall the random probabilities measures Iy, I'5 and I are defined in (@0), (@) and
@). Let g € C?([0,1]%). We define the U-statistic

(57) Un(g) = —— 3 5(Xp),

(Sl p&57

with kernel ®3(X(,) given by, for x € [0, 1]P:

(58) By() = 1y, g(fxe) + (1 - fxe) 9(0) + s, (Vg(gxl),ZN(x) —ta,),
with £, = £,(F, W), t, = t,(F, W) for y € [0,1]* and Z(z) defined in @8). Notice that:
(59) E[Un(9)] = T"(9)-

We define the random signed measure Af}f =n [Ff’z -TF q.

Lemma 6.1. Let W € W be a graphon. Let F € F% be a sequence of d > 1 simple finite
graphs withp = v(F), £ € My, with k = |¢|. Assume Condition (38) holds. Let g € C?([0,1]%).
Then, we have that limy,_ee Ab(g) — /7L (Un(g) — E[Un(g)]) = 0 in L(P).
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Proof. Recall (B5]). We write:

(60) A (g) = Vi (Un(g) — E[Un(9)]) = Ri(n) + Ra(n) + Rs(n)
with
_Vn a
Ri(n) mg%yky H (o),
_ \/ﬁ «a n
Rg(n) = maezsik (Y - tXa) Hg(a),
Ra(n) = 3 V- 22, i, )
TPl BESn
|‘;/_k| Z YO (Fn5 (F4, G2, Vg(txﬁl)>— |‘;/ﬁ| Z tXﬁZ(Z(Xﬁ) Vg(tX6 ),
T eS8, 1 Pl ges, ,

(where we used (B4) and (B6)) for the last equality) and
H (o) = g(fij (F', G7)) — 9(Ix.) — (i (F, G) — Ix,.. Vg (Ex.))s
Hy(er) = g(tx..) — 9(0) — (Ix.., Vg (tx.))-

According to Lemma 1] we get that lim,, . R3(n) = 0 in L?(P). According to Lemma
2] and since |Ha(a)| < 2|9l + 1Vl we get that lim,, oo Ro(n) = 0 in L*(P). Since
g € C%([0,1]%), by Taylor-Lagrange inequality, we have that for all z,y € R,

l9() — 9(y) — {x — . V(@) < = | V2|l |z -yl

This gives |Hy ()| <
lithy o0 R1(n) = 0 in

2IV2g | [Eimi(F% GS) — tx,|?. According to Lemma F3] we get that
L'(P). This ends the proof. O

We give a central limit theorem for the U-statistic U,, defined in (57]).

Lemma 6.2. Under the same hypothesis as in LemmalG. 1, we have the following convergence
i distribution:

Vit (Unlg) = T7(9)) =2 W (0.67(9)?).

with o¥%(g)? = Var(Ud) and, U being a uniform random variable on [0,1]:

k
“=2 /[0 1k Er, (o) (F', W) (g(me,U)(F’f, W) — g(o>) dw
i=1 )

+ > / (Vg (to(FC W), o (F,W)) da.
gelp)\e /O

Proof. The random variable U, (g) is a U-statistic with bounded kernel. Since IE[ w(9)] =
I'"¢(g), we deduce from standard results on U-statistics, see [I6], that v/n (Un(g) — TF(g))
converges in dlstrlbutlon towards a centered Gaussian random variable with variance Var (i)
andU’ =3P _ | E[®y(714(X))| X1], and 5 given by (B8). We first compute E [ (714(X))| X1]
for ¢ € [p]. We distinguish according to q & ¢ and ¢ € ¢.
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The case ¢ & {/1,...,{;}. Noticing that 71,(X), does not depend on X, we deduce that:
E [s(714 (X)) X1] = E [t7,,x), 9(Fry),) + (1=, x),) 9(0)[ X1
+E [fnq( %) (V90 (x)0)s Z(T1(X)p)) = Ty (9, Xl]

— O+/[0,1]k +(Vg(ta), tax, (F',W)) da

_Co4 / (Va(Eo), tax, (FY, W) da,
0.1

where C'is a constant not depending on X; (which therefore will disappear when computing
the variance of U").

The case q € {(1,...,0;}. Let ¢ = ¢; for some ¢ € [k]. Since E [Z(qu(X)[p})‘qu(X)g} =

fﬁq( X),» we deduce that:

E [(I)2(T1Q(X))’ Xl] =K [tAqu(X)Z g(tqu(X)Z) + (1 - tAqu(X)Z) g(O)’ Xl]
[0,1]%

Thus, we obtain that U’ = U + C’ for some constant C’ and:

U= Z ruteoxs) (9 o)) — 9(0) dx+2/ ), tax, (FE, W) o

© 1]k
This gives the result. U
The proof of Theorem B8] is then a direct consequence of Lemmas [6.1] and [6.2] and (59)).

7. ASYMPTOTICS FOR THE EMPIRICAL DEGREES CUMULATIVE DISTRIBUTION FUNCTION

Let W be a graphon on [0, 1] and n € N*. Recall the deﬁnition of the normalized degree
function D of the graphon W given in (33)), D f[o 1 (x,y)dy =tz (K5, W). From Sec-
tion 2], recall G, = G,,(W) is the associated W random graphs with n vertices constructed
from W and the sequence X = (X; : ¢ € N*) of independent uniform random variables on
[0,1]. Recall the (normalized) degree sequence of a graph defined in ([23]), and set

D" = Di(Gn) = tins (K3, G})
the normalized degree of the vertex i € [n] in G,. By construction of G,, we get that

conditionally on X; , (n — 1)D§") is for n > i a binomial random variable with parameters
(n —1,D(X;)). We define the empirical cumulative distribution function II,, = (IL,(y) : y €
[0,1]) of the degrees of the graph G, by, for y € [0, 1]:

1 n
(61) n(y) =~ > 1{D§”>SD(y)}
=1

Remark 7.1. If we take g = 1o p(,y With y € [0,1] and F' = K3 in (3]) and using the expression
of TF given in Remark B2, (i), we have that II,(y) = [A>*(g) and T52*(g) = y. If D is
increasing, then I'*2:* which is the distribution of D(U), with U uniform on [0, 1], has no
atoms and Theorem B3] implies that a.s. lim, o II,(y) = y for all y € [0,1]. Using Dini’s
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theorem, we get that if D is increasing on [0, 1], then the function II,, converges almost surely
towards Id, the identity map on [0, 1], with respect to the uniform norm.
To get the corresponding fluctuations, we shall consider the following conditions:
(62) W e c3([0,1]?), D' >0, W <1—¢p and D > ¢, for some ¢g € (0,1/2).

If (62) holds, then we have D € C*(]0,1]) and D([0,1]) C [eo,1 —£o]. Notice that even if (62)
holds, the set {WW = 0} might have positive Lebesgue measure; but the regularity conditions
on W rules out bipartite graphons (but not tripartite graphons).

Theorem 7.2. Assume that W satisfies condition [62). Then we have the following conver-
gence of finite-dimensional distributions:

(VA (I (y) —y) sy € (0,1)) 225

n—-+00

where X = (xy 1 y € (0,1)) is a centered Gaussian process defined, for all y € (0,1) by:

1
(63) %= [ (ol = plw))aB
with B = (By,u > 0) a standard Brownian motion, and (p(y,u) : u € [0,1]) and p(y) defined
fory € (0,1) by:
W (y,u) _ / !
,u) =1 u) — and = , u)du.
Py, u) = Ljoy)(u) D'(y) ply) ; Py, u)

Remark 7.3. The covariance kernel of the Gaussian process x can also be written as X =
Y1 + Xo + X3, where for y,z € (0,1):

(64) By, 2) =y Az -yz,
1
) %200 = g ([ W e - D<y>D<z>)

(66) zg(y,z)zD%y)< z—/Wy, da:> D, (D /Wza:da:)

Thus, for y € (0,1) the variance of x(y

(y,y) =y(l—y) + ﬁ (/0 W(y,w)de - D(y)2> D, ( / Wiy, z d:c>

Remark 7.4. We conjecture that the convergence of Theorem holds for the process in the
Skorokhod space. However, the techniques used to prove this theorem are not strong enough
to get such result.

8. PRELIMINARY RESULTS FOR THE EMPIRICAL CDF OF THE DEGREES

8.1. Estimates for the first moment of the empirical cdf. Recall X = (X, : n € N*) is
a sequence of independent random variables uniformly distributed on [0, 1] used to construct
the sequence of W-random graphs (G, : n € N*). Recall II,,(y) is given in (&I]).

For all y € (0,1), we set ¢,(y) = E [I1,,41(y)] that is

(67) enly) =P (D" < D(y)),

where D%nﬂ) is a binomial random variable with parameter (n, D(X7)). We set:

(68) 0(2 y=a(l—z) forzel0,1],

T
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and with [x] the unique integer such that [z] — 1 < z < [z],
(69) S(z) = 2] -2 — % for 7 € R.
The next proposition gives precise asymptotics of ¢,.

Proposition 8.1. Assume that W satisfies condition (63). For all y € (0,1), there exists a
constant C' > 0 such that for all n € N*, we have with d = D(y),

"iy) 02 _
n(enly) —y) = — 20 Ty |1 (1 2d+s<nd>)+R§fﬂ,

D'(y3P 2 "D\ 2
with
T < ot
In particular, because |S(z)| < 3, for all 2 € R, we have that for all y € (0,1):
(70) enly) —y = O (n7Y).

Proof. Let y € (0,1). Recall the definition of A in (94). We have:

1
Cn(y) —Yy= /0 (Hn,d,O(D($)) — l{mgy}) dx.

By Proposition 0.7 applied with G(x) = 1 and 6 = 0, we obtain that:

1 D'y 1 (1-2d
] (nan (Do) = uasy)do = s P+ s (557 4 sto ) + A2

with A8 = FI0T(1) and (ﬁiﬂ‘ < Cni. O

For y € (0,1) and u € [0, 1], we set, with d = D(y),

(71) Ho(y,u) =n (IE [1{Dgn+l><d} X, = u] - cn(y)>
and
(72 Ho() =5 |10 [ %1 =] -~ culo)

Proposition 8.2. Assume that W satisfies condition (63). For all y € (0,1), there exists a
positive constant C such that for all n > 2 and u € [0,1], we have with d = D(y):

Holy.0) = s (0= W) + FE2),

with
(73) (R'gﬂw)\ <Cni.

For all y € (0,1) and u € [0, 1] such that u # y, we have
(74) |Hy(y,u)| <1 foralln>2, and li_)m Hy(y,u) = 1ju<yy — ¥
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Proof. In what follows, C' denotes a positive constant which depends on g, W and y € (0, 1),
and it may vary from line to line. Recall that X5 = (X1, X2). We define the function ,, by:

(75) on(z,u) =P (D("+1 < d| X = (x, u)) —1gp<yy for z,u €[0,1].
Then we have for u € [0, 1]:
(76) Hy(y, u) = nE [pn(X1,u)] = nlea(y) — y)-

Conditionally on { X9 = (z,u)}, D; (") ig distributed as Yi2 + B™, where Vi and B are

independent, Y1 is Bernoulli W (z, ) and B is binomial with parameter (n— 1, D(z)). Thus,
we have:

on(z,u) =P (Y12 +B< nd) — 1<y

= W(x,u) []P’ <B <nd-— 1) — l{mgy}} + (1 —W(x,u)) []P’ <B < nd) - 1{wSy}]
(77) = W(z,u) [Hn—l,d,d—l(D(x)) — l{xgy}] + (1 — W(a:,u)) [7—[”_17d7d(D(az)) — 1{x§y}] .
Let W1 (z,u) denote OW (x,u)/0x. We apply Proposition I0. 7l with G(x) = W(x,u), 6 = d—1
and n replaced by n — 1 to get that:
(78) (n—1)E [W(X1,u) [Hn-1,da-1(D(X1)) — Lix <y} ]

2
_ %@ 0 Wy, w)D"(y)
- 2D/(y)2 |:W1(y7 ) D/( ) :|

+W(y’u) <——+S nd—1>+Rm

D'(y) 2
and with G(z) =1 — W(z,u), 6 = d and n replaced by n — 1, to get that:

(79) (n—1E [(1 - W(X1,u)) [Hn-1,a4(D(X1)) — Lix <41 ]]
u)

2
) (1 - (
- 2D,(y)2 |:_W1(y7u)

+M<2+Snd>+ﬁml—

D'(y)

By equations (7)), (78]) and (79)) and since S(nd — 1) = S(nd), we get that:
2

Tq) D" ( ) 1 1
_ ___@ S W (1)
where Rg)(u) = R@LIEP Rm 1-— u)). Because W satifies condition (62]), we

deduce from (I22]) that ‘Rﬁl )( )‘ < Cn~/* for some finite constant C' which does not depend
on n and u € [0, 1]. Using Proposition B, we get that

d—W(y,u
80 (- DE[pu(0)] - (0 Dieals) ) = T
where Rg)(u) = R(l )+ ﬁED+ (cn(y) —y) and ‘R( ‘ < Cn~Y* because of (70). By
equations (76) and (80), we deduce that:

Halyw) = 2 Tt g = ST 3

+ R (),
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: 1 o
with ‘ﬁiﬂl(y,u)‘ < Cn~1. This gives (73).

For the second assertion (74), we notice that

H (y,u) = Hn,a0(D(u)) — en(y),
with H,, q0(D(u)) € [0,1] and ¢,(y) € [0,1]. By the strong law of large numbers, we have for
u #£ y:
lim Hp, aq0(D(u)) = 1iu<yy-

n—oo

Using (70), we get the expected result. O

8.2. Estimates for the second moment of the empirical cdf. For y = (y1,2) € [0,1]?,
let M(y) be the covariance matrix of a couple (Y7,Y2) of Bernoulli random variables such
that P(Y; =1) = D(y;) for it € {1,2} and P(Y1 = Yo =1) = f[o,l} W (y1, 2)W (ya, 2) dz.

Let K be the set of all convex sets in R%. For K € K, we define its sum with a vector x in
R? as

K+x={k+x:keK}
and its product with a real matrix M of size 2 x 2 as
MK = {Mk: k € K}.

Recall that for x € R?, |x| is the Euclidian norm of x in R?. Recall Xy = (X1, X3). We
define D1 = (ﬁgnﬂ),f)énﬂ)), where for i € {1,2}, ﬁ§n+1) is the number of edges from
the vertex i to the vertices {k,3 < k < n-+1} of G,11; it is equal to nDi(nH) if the edge {1, 2}

does not belong to G, +1 and to nDZ-(nH)

postponed to section [Tl

— 1 otherwise. The proof of the next proposition is

Proposition 8.3. Assume that W satisfies condition (62). There exists a finite constant Cy
such that for all x = (x1,z2) € [0,1)® with x1 # xa, we get for all n > 2:

An M(x)~ C
IS{IéE)C ]P(D +1 K‘X[Q] :X) —P <Z € 7;1_1(}'{—’”()())) < \/—%’

where p(x) = (n — 1)(D(x1), D(x2)) and Z is a standard 2-dimensional Gaussian vector.

For y1,y2 € (0,1), with d; = D(y1) and dy = D(y2), we set with 6 € R and x = (x1,x2) €
[0, 1]? such that z1 # zo:

Vs ()= | T (1p00 cpny ~ Loxiun) | Xio =
i€{1,2}

Recall Y3 defined in (63]) and that X[y = (X1, X2).
Lemma 8.4. Assume that W satisfies condition (63). For all y = (y1,y2) € (0,1)2, § €
[—1,0] and G € C*(]0,1]?), we have:

n—oo

Proof. Let A = 44/log(n —1). For n > 2 and § € [—1,0], we set:

2
U0 = s [] Livmtinen—a<ay and  E23(x) = Wy 5(x) — 0 ().

i=1
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Then we have

(81) E[G (Xp) Wns (Xp)] = Y. E |G (Xp) ¥is (X)) -
i€{1,2}

Study of E [G (Xp]) \IISBS (X[g})}. Recall that for ¢ € {1,2}, conditionally on X; = x;,

ﬁgnﬂ) is distributed as a Bernoulli random variable with parameter (n—1,d;). We get that:
) _
‘mnvé(x)( <2 Y E H1{ﬁ§n+1)§ndi+6} ~Lpxey| 1 T_I‘D(mi)_di‘zA}(X[g} _ x]
ie{1,2}
=2 Z |%n—17di75+di (xl) - 1{9EiSyi} 1{\/n—1 |D(2;)—d;|>A}*
ie{1,2}
By Lemma [I0.6] (with n replaced by n — 1), we deduce that:
(82) lim nE |G (Xp) W) (Xp))| = 0.

Study of E |G (Xp) ¥},

n% (X[2])] This part is more delicate. For 3 = (21,22) € [0,1]2, set
(

3) = (tn(21), tn(22)):

tn(2) = D1 (di + \/%> for i € {1,2}.

Using the change of variable z; = v/n — 1(D(z;) — d;) for i € {1,2} with x = (x1, z2), we get:

(n—-1)E [G (Xp) WL (Xp])} =(n—1) o CEWns() [T Ly -a<caydx
, i€{1,2}

(s3) - / H (6,6)) Wos (6,3)) d.
[—A,4]2

Notice that:

G
H(j) = W and

Vs (ta(3)) =E [ 11 (1{f,§n+1)§ndi+6} - l{zi§0}> ‘X[z} = t,(3)
ie{1,2}

Set § = (,6) and D(nH) (D(n+1) D(nH)) We define the sets for 3 and D"+1):
D =10,42 and CW =4§+n(—o00,di] x (—o0,ds],

]
1 =0, A] [—A,0) and C{P =6+ n(—o00,di] x (da, +00),
I® =1-4,00x[0,4] and C =4+ n(di,+00) x (—00,da],
I =[-4,002 and CW =5+n(dy,+o0) X (da, +00).
For 1 <i < 4, we set:
Q) =B (D) € 60| Xp = ta(3)) and AD = [ H(1,(:)) Q¥ G) dy

I
By construction, we have:

4
(84) (n—1E |G (Xg) w1 (Xp)] = AL,
1=1
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We now study AS). By Proposition R3] we get that
M (ta(3)) "2
vn—1

where ji(x) = (n—1)(D(x1), D(2)) and |RY| < | H||, 8Co+/log(n)/n so that limy,_, RS =
0. Set d = (d1,ds2). Since t,(3)) converges towards y, we get:

lim H(t,(3)) = H(y) and  lim M (t,(3)) = M(y)

AP = H(tn(3) P (Z €

. (v - u(tn@))) ds + RYY

and, with J () = (—o0, —21] x (—00, 22,
1

n —

(85)

(C = w(ta(3) = (0 = 1)72(G +d) + I (5).

[

Since lim,,—oo M (£,(3)) = M(y) and M (y) is positive definite, we deduce that dx-a.e.:
B L atan 12 (604, 9) ) = T2 ()

and thus (by dominated convergence):

—12
Jim P (z e MU — (e - u(fﬂ@»)) =P (M7 € ().

For 3 € [2,4+00)? and n > 2, we have:

-1/2

c {2212 > I}

where we used (8F) and that for all i € {1,2}, [(n—1)"Y2(6+d;)| < 2;/2 for the first inclusion
and for the second that |[Mx| < 2 || M| |x|, | M2 < \/§HMH¥2 and || M (x) ||, <
1/2 for all x € [0,1)2 so that |M (t,(3))/* Z| < V2|Z|. Since fR]P’(23/2\Z\ > |3]) d3 is finite
and H is bounded, we deduce from dominated convergence that:

. M (ta(3)) "' /-
Tim . H (t,(3)) P (Z Y e (Crﬁ” - u(%(z)))) d3

—u) [ 2 (M2 e) b

Recall 27 = max(0, ) and 2~ = max(0, —x) denote the positive and negative part of = € R.
With Z = M(y)Y/2Z = (21, Z), we get:

/[O’m)z P(My)'PZ € J) d=E |2 Z; ]

and thus
lim A = H)E |77 25 |

n
n—oo
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Similarly, we obtain:

lim A® = —H(y)E [21—2;]

:1;: A®) = —H(y)E [ZfZ;]
lim AW = [Z+Z2 }
n—oo

Using the definition of ¥5(y) and M(y), notice that D’(y1)D'(y2)¥2(y) is the covariance of
Z1 and Zs. Thus, we obtain:

(86)  lim ZA [<Z+ Z;) (Z; - 22—)] = HY)E [2122} = G(y)Da(y).
Conclusion. Use (81, ([82]), (84) and (8] to get the result. O

The next proposition, main result of this section, is a consequence of Lemma [R.4]

Proposition 8.5. Assume that W satisfies condition (62). For all y1,y2 € (0,1), we have
with di = D(y1) and do = D(y3):

nll_)HC;LOTLE [<I{D§"+D<d1} — 1{X1<y1}> <1{Dén+1)<d2} - 1{X2<y2}>:| = Xa2(y1,92)-

Proof. Using the comment before Proposition R3] we get:

E[ 11 <1{D§”+1)Sdi - 1{Xi5yi}) ]

1€{1,2}
=E [W(X[g)¥n—1(Xp)] +E[(1 = W(X[2)))¥0(X2))] -
We apply Lemma B4 twice with G = W and G =1 — W to get the result. O

9. PROOF OF THEOREM

Recall the definitions of Iln41 and ¢, (y) given in (6I) and (GZ). We define the normalized
and centered random process I, .1 = (I,+1(y) : v € (0,1)) by:

(87) Hn—i—l(y) =vn+1 [Hn—i-l(y) - Cn(y)] .
Let Upy1 = (Un+1(y) : y € (0,1)) be the Hajek projection of [J T
n+1

(88) Uni1(y ZE[ 1w)] xi].

Recall ¥ defined in Remark [7.3l
Lemma 9.1. For all y,z € (0,1), we have:
nlLH;OE [Un—i-l(y)Un—H(z)] = E(y, Z)'

Proof. Recall ([{1]) and (72]). With d = D(y), we notice that for y € (0,1):

1 . e .
n\Y, Aj I 1 =3.
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We have:
n+1n+l1

Upir(y) = (n 4+ 1) ZZ[P<D<”“<d( ) cn(y)]

=1 j=1
n+1

(89) = (n+1)72 Y [Hi(y, X)) + Haly, X))].
j=1

Let y,z € (0,1). Since H, and H} are centered and (X, : i € N*) are independent, using
(R9)), we obtain that:

E [Un+1(y)Uny1(2)] = E[H(y, X1)Hy (2, X1)] + E[Hp(y, X1)Hp (2, X1)]
+E[Hp(y, X1)Hy (2, X1)] + E [Hy (2, X1) H(y, X1)] -
Recall ¥ = X1 + X5 + X3 defined in Remark [7.3]

Study of E [H}(y, X1)H}(z,X1)]. By Proposition B2l see (74)), and by dominated conver-
gence, we get that:

00)  lim E[H(y X0)H: (= X0)] = E [(Livey —9) (s — 2)] = D1(0.2).
Study of E [H,(y, X1)H,(z, X1)]. By Proposition B2, we have:
E [Hn(y7 XI)HTL(Z7 Xl)]

_E [(D(y) ;)W()y,Xl) +R§:Z(y,X1)> (D(z) — Wiz X1) +R@(27X1)>]

D'(z)
E[(D(y) — W (y, X1))(D(z) — W (2, X1))] + R

D'(y) D'(z)
= Sa(y1, 42) + RY)

(91) lim E[H,(y, X1)Hn(z, X1)] = Za(y, 2).

n—o0
Study of E[H}(y, X1)H,(z, X1)] + E[H}(z, X1)H,(y, X1)]. By Proposition B2, we have
that:
1
Dr(z)

E[H(y, X1)Ho(, X1)] = E [H;@, X)) (D(2) — Wiz X)) + H (. X0 B2, Xl)] |

Thanks to (73) and (T4), we have |H(y, X1)| <1 and E H}{Iim(z,Xl)H =0 (n_1/4). We
deduce from Proposition and dominated convergence, that:
1

n—oo

lim E [} (y, X1) Ha(2, X1)] = E[(l{xl<y} D) g (PE) W Xﬂ)}

= D’ < / W(z,z dm)
By symmetry, we finally obtain that
(92) Jim B [H7 (y, X1) Hn (2, X1)] + E [Hy (2, X1) Hn(y, X1)] = 33(y, 2)-
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Conclusion. Combining ([@0), (@I and (@2]), we get that

Jim B U1 (0)Unin ()] = 50, 2).

Lemma 9.2. We have the following convergence of finite-dimensional distributions:

dd
(Unsa(y) 1y € (0,1)) L2205

n—-+o0o

where x = (x(y) : y € (0,1)) is a centered Gaussian process with covariance function ¥ given
in Remark [7.3.

Proof. Let k € N* and (y1,...,yx) € (0,1)*. We define the random vector U,(L]jr)l = (Up+1(y;) :
i € [k]). For all y € (0,1) and j € [n+ 1], we set g,(y, X;) = [H}:(y, X;) + Hp(y, X;)]. Using

([B9), we have:

n—+1
U =m+1)72 Y 20,
j=1

where Z](-HH) = (gn(vi, X;) : © € [k]). Notice (ZJ(»"H) :J € [n+1]) is a sequence of inde-

pendent, uniformly bounded (see Proposition [8:2]) and identically distributed random vectors
with mean zero and common positive-definite covariance matrix V, 11 = Cov <Z§"+1)). Ac-
cording to Lemma [0} we have that limy, o, V;11 = 2®), with %) = (S(y;,y5) : 4,5 € [k]).

The multidimensional Lindeberg-Feller condition is trivially satisfied as (Z ](n+1) 1jen+1))

are bounded (uniformly in n) with the same distribution. We deduce from the multidimen-
sional central limit theorem for triangular arrays of random variables, see [3] Corollary 18.2,

that (Ugi)l : n > 0) converges in distribution towards the Gaussian random vector with
distribution A/(0,2*)). This gives the result. (]

Recall II,, (y) defined in (7). In view of Lemma @2 and since ¢, (y) = y+O(1/n), in order
to prove Theorem [T.2] it is enough to prove that for all y € (0,1):

(93) 1 (y) — Unpa (y) ———> 0.

n—-+o0o

Because ﬂn+1 and U,11 are centered, we deduce from (88]) that:
~ 2 ~
E |:<Hn+1(y) - Un+1(y)) } =K |:Hn+1(y)2} —E [Un+1(y)2] .

By Lemma 0.1, we have E [Up+1(y)?] — Y(y,y). So we deduce that the proof of Theorem

is a complete as soon as the next lemma is proved.

Lemma 9.3. For all y € (0,1), we have

lim E [ﬂnﬂ(yﬂ = %(y,y).

n—oo
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Proof. Let y € (0,1) and d = D(y). We have

E[ﬂﬁ+1ﬁﬁ } nil S {<1{D$wngd}“cn@ﬁ> <1{D$+Ugd}“ﬁﬁy)>]
[ D(n+1><d}} en(y)? +n {E {I{Dg"“kd}1{1:);"“)<dﬂ - Cn(y)z}

=co(y) — (n+ Ve (y)? +nE [I{Dgnﬂ)gd}1{Dgl+1)Sdﬂ.

So we get that
EMoi1(y)?] = BY + B + BY + B,

where

B =k [(1{D§”“)Sd} N 1{X1<y}> <1{D§"+”Sd} N 1{X2<y}>} ’
Br(z4) =2nE [1{X1§y} (1{Dgn+1)<d} - Cn(Z/))} :

By Equation (70), we get lim,_ Bg) = ¥1(y,y) and lim, B( ) —0. By Proposition

BAl we get limy,_ o0 B( ) — ¥o(y,y). Using (1), we get BT(L) =2E [l{Xlgy}Hn(y,Xl)]. By
Proposition 8.2l and dominated convergence, we get that:

E [1x,<y1 Ho(y, X1)] = E [1{x1<y} <D,L() (D(y) — Wy, X1)) + BBy, Xl)ﬂ

1
noeo D'(y) ( /Wy’ da’)

This gives lim,, o BY = = Y3(y,y). Then, we get that lim, . E [ﬂn+1(y)2} =3(y,y). O
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|A| cardinal of set A
[n] ={1,...,n}
|8| length of [n]-word g

M,, set of [n]-words with all characters dis-
tinct

Snp =18 € M, :|8| = p}

|Snp| = AL =n!l/(n — p)!

Be =P, ... B, for £ € S, and B € S,
S ={B€Sur:fr=a}foracSu

S8 = AP Th = (n— )/ (n — p)!

F set of simple finite graphs

F a simple finite graph (and a finite se-
quence of simple graphs in Sections 3 to 6
satisfying condition (38]))

E(F) set of edges of F
V(F) set of vertices of F’
v(F) = |V (F)| number of vertices of F'

G, = Gn(W) W-random graph with n
vertices associated to the sequence X =
(Xk, k € N*) of i.i.d. uniform random vari-
ables on [0, 1]

t(F,G) density of hom. from F' to G
tinj(F, G) density of injective hom.
tind(F, G) density of embeddings
YO(F,G) = [ jrerr) Lis.6)eBG)
tinj (F, G) = |Snpl ™ Y pes,,, YA(F, G)

{e My and a € Sy, with k = |/

tinj (F° ¢, G%) density of injective hom. such
that the labelled vertices ¢ of F, with
V(F) = [p], are sent on the labelled ver-
tices a of G, with V(G) = [n]

FY sub-graph of the labeled vertices ¢ of F

YB(Ft G*) = YP(F,Q) for B € S5
Y(F!, GY) = [T pyenria) Lo, }eB@))
YB(F GY) = Y*(FL G YP(FL G e

yP —yoy

- -1 -
tinj(Fé’ Ga) = |Sfb’7g Zﬁegﬁ’% v

timi(F, GY) = Y@ #n5(F*, G?)

t(F, W) hom. densities for graphon W
tina(F, W) density of embeddings

Xo = (Xay,---,Xq,) and simil. for Xz
2% = Z(X;) = E[Y#(F',G2)|X]

78 = E[YA(F*, G2)|X]

ty = to(FY, W) = E[Z°| X, = x| and

ty = Etinj(F*, GY)| Xo = 7]

ty = 1, (F*, W) = E[Z°|X, = z] and

to = Elfu;(F*, G7)| X = 1]

te = t,(FY, W) = E[Y*(F!, G9)| X, = ]

ty = tyty

for z € [0,1]%

t(F£7 W) = f[oﬂ

k tx dr = E[tinj(F, Gn)]
WFSW) = [fgqp tede = Eltw;(F1,Gy)]

and t(F¢, W) = t(Fl, W)

2% random probability measure:

TH9) = 1Surl ™ D2 g (m(F.G2))

aGSn’k
I dz) = E [rﬁvf(dx)}
of¢(g)? asymptotic variance of

Vi (THg) = T7(g) )

nDi(n) degree of i in G,
II,, empirical CDF of the degrees of G,
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D(z) = f[o,l} W (z,y)dy degree funct. of W

Hnas(p) =P(X <nd+9) for X ~ B(n,p)
0(290) =z(1l—x)

@) =a]—a—1 Hy(y,u) = P(D"™ < d| X1 = ) = caly)
& the CDF of A(0,1) ) — pp™) < q1 Xy = u) — enly)
¢ probability distribution density of A(01)

10. APPENDIX A: PRELIMINARY RESULTS FOR THE CDF OF BINOMIAL DISTRIBUTIONS

In this section, we study uniform asymptotics for the CDF of binomial distributions. Let
neN* del0,1], § € Rand p € (0,1). We consider the CDF:

(94) Hn,as(p) =P (X <nd+9),

where X a binomial random variable with paramaters (n,p). We denote by ® the cumulative
distribution function of the standard Gaussian distribution and by ¢ the probability distribu-
tion density of the standard Gaussian distribution. We recall (G8) and (69)): 0’(2m) =z(l —x)

for z € [0,1], and S(z) = [2] —2 — & for z € R.

We recall a result from [24], see also [32], Chapter VII: for all z € R, for all p € (0,1) and
n € N* such that na(p) > 25, we have:

1 1
(95) P(X <np+Vnogz) = @(x)Jr% (b, )+ N S(np+zvnog)e(z)+Un(p, ),
where , , ) 1

Qp,z) = g—so”(w) = (f (2% — 1)p(=),
9 (p) O (p)
and
. ) - 3

(96) [Un(p, z)| < 02—1—032|2p ! + exp <—7\/ﬁa(p)> .

o) 2

We use this result to give an approximation of H,, 45 <d + ﬁ)

Proposition 10.1. Let g € (0,3) and Ko = [e0,1 — €. Let a> 0 There exists a positive

constant C such that for alln > 2, s € [—ay/log(n), ay/log(n) —1,1] and d € Ky such
that d + ﬁ € Ky, we have:

s 1 o(ys)
) = d(y, élﬁ:ll
Hn,d,6<d+\/ﬁ> (y)+\/ﬁa(d) m(s,n,d,d) + s,m,d,d),

where

- 1—2d
o7) vo = and wlsn,d,8) =~ (1+253) + S(nd +6) + 5
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and
2

‘Rm(s,n,d, 6)‘ < olog(n)

n

Proof. In what follows, C' denotes a positive constant which depends on £y (but not on n > 2,
s € [—ay/log(n),ay/log(n)], 6 € [-1,1] and d € K such that d + ﬁ € Kj) and which may
change from lines to lines. We will also use, without recalling it, that o is uniformly bounded
away from 0 on Kj.

For all 6 € (0, 1] such that d + s6 € (0,1), we set
—s+ 60

0 (d+s0)

(98) zs(0) =
Let p = d+ % and X be a binomial random variable with parameters (n,p). Because

nd +0 = np + /nogy) s <%>, we can write

5 1
(99) Hnds <d+ %) =P <X <np+ \/EO'(p) T <%>> .
Recall S is defined in (69]). Using (@), we get that:

(100) Hoas <d+ %) " <x <%>> Lol (S, L)

~— 3

1 oo@ (s L S
# g 0 (s m) <o (1 e (G5))
where for 6 € (0, 1] such that d + s € (0,1),
2(d+s0) — 1
Qs 0) = 2L 0 g2 1) o)),
(d+s6)
1 _
QP)(s,0) = S (d672 + 8) (x4 (0)).
O (d+s0)

Study of the first term of the right hand side of (I00). Let § € (0,1/v/2], and
notice that |log(6)| > log(v/2) > 0. Recall the definition of x,(6) given by ([@8). By simple
computations, we get that for all 0 < § < 1/v/2, |s| < a+/2|log(8)], |6] < 1, and d € Ky such
that d + s € Ky,

(101) [2(0)] < Cllog(0)[2, [2,(6)] < C|log(8)] and [2/(8)] < C|log(0)]?.
)-

We define the function Wg(0) = ®(z4(0)
0 = 0, we have:

Applying Taylor-Lagrange inequality for ¥ at

W, (0) = U (0) + 0T.(0) + RV (6),
where Rgl)(e) = foe U (t)(0 — t)dt. Recall the definition of ys = z45(0) given in ([@7). Elemen-
tary calculus give:
® (24(0)) = ®(,(0)) + 0 2, (0)p(w,(0)) + RO (0)
A-2d) 5, 0

102 = (y,) + 0 2
(102) (ys) 20w o
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where Rgl)(ﬂ) = foe (x/s’(t) — xg(t)%s(t))gp(xs(t)) (0 —t)dt. Using ([I0I) and that to(t) is
bounded, we have:

[RO)] < Co¥(|10g(0)| + | 10g(0) ) < CO*|10g(0)]*

Study of the second term of the right hand side of (I00). We have Qgg(sﬁ) =
Gs(0)H (x5(0)) where
2(d+s0) — 1

G(0) = 604+ s6)

and H(z) = (2> — 1) p(x).

For the first term, we have
2d-1

Gs(0) = G5(0) + RP(0) = &),
6U(d)
where R(2 fo G’ (t)dt. We compute that:
112
G (1) = s 1 +[(d—i—st) 1] ‘
30 (d+st) 120(d+st)

We obtain that (R?) (9)( < C0)s| < C9|log()|>

. For the second term, we have
H(ws(9)) = H(z(0)) + R(g)(e) = (2 — 1) ¢ (ys) + BY(6),

where RY(0) = [ 2 (t)H' (ws(8))dt = [ () [—2(t)® + 32(t)] @(4(t))dt. Using (I0T)
and that (|t|> +1)¢(t) is bounded, we get that ‘RS”) (6)‘ < C0]log(0)|. Finally, we obtain that
2d -1

2 1) (ys) + RW(0
6o (ys —1) ¢ (ys) (0)

(103) QY3(s,0) =

with ‘R§4)(0)‘ < O8] log(8)].

Study of the last term of the right hand side of (I00]). We have

d 1
QP)(s,0) = F.(0)S ( —+ 5> o(z,(0)) with F,(0) = :
’ 0 O(d+56)
For the first term of the right hand side, we have
F.(6) = Fu(0) + RO (6) = — + RO(0),
9(d)
where B () = J§ Fi(t)dt = [ “CE=0=D ap. We get that [RE(6)] < C6ls| < COllog(6)?.

T (d+st)

For the last term of the right hand side, we have:

o(xs(0)) = 90( +(0) + RO(0) = ¢ () + BO(9),
where R 0) = 09 zh ()¢ (xs fo zs(t) 2l (t)p(xs(t))dt. So, using (I0I) and that
te(t) is bounded, we get that ‘R(m( )‘ < C9| log(9)| Finally, we obtain that

(104) Q5.0 = 25 (545) ¢ ) + BO0)
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where ‘R@(Q)‘ < C0 |log(8)], since S is bounded.

Conclusion. We deduce from (I02]), (I03)) and (I04]) that

s 1
 (2.(0)) + 0 Q)(5,0) + 0Q(5.0) = 20 + 052 (s a5 ) + RV 0),
9 9 (d)

where ‘Rgg) (6)‘ < CH*log(6)|>. We get the result by taking # = 1/,/n and using (I00) and
the obvious bound on U, given by (06 so that |U,| < C/n. O

We state a Lemma which will be useful for the proof of Corollary 10.3l

Lemma 10.2. Lety € [0,1] and o > 0. For alln > 2, we have with d = D(y), A = a+/log(n)
and y, = —5/(),

A 1 400 1 +o00 ) 1
o <—%> < Pl /A s (ys) ds < el and /A s%p(ys)ds < —

Proof. For all t > 0, we have

400 s 400
(105) (1) :/t 28 g < %/ﬁ sp(s)ds = To(0).

S

Because 04 < 1/2, we get with t = % the following rough upper bound:

A O(d) A 1
106 Pl—— )| <o — )| < ——.
(106) < a(d)> =747 <0(d)> ~ an??

Using again (105 and (I06), we get, for the second inequality that:
+o0 +o0 A 1
/ s® (ys) ds < O'(d)/ o(—ys)ds = 0(2d)<1> (——) < —

A A U(d) « Tl2a2
For the last inequality, we have:
+oo 202, oo 2 52 402, pHoo — s
2 (d) S 20'2 (d) 40‘2
s“p(ys)ds = e @ds < ——= e (@Dds
/A ° V2T Ja 20(2d) V2 Ja
A
@ < ﬂa(d))
< 1 7
T an®

where we used ze™® < 2e~% for the first inequality and an inequality similar to (I06]) with
o(q) replaced by \/ia(d) for the last one. O

For f € C%([0,1]), we set || fll3,00 = [Iflloc + 1/ lloo + [1/"lloc-

Lemma 10.3. Assume that W satisfies condition (63). Let y € (0,1) and o > 1. There
exists a positive constant C' such that for all H € C?([0,1]), 6 € [-1,1] and n > 2 such that
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v

1 (o 5) (4 5) )

_ H'(y) % 1—2d .
= D) 3 +H(y)< S+ 3+ S d+5)>+R'§§BJ(H),

{d 4+ A} C D((O, 1)), with d = D(y) and A = ay/log(n), we have:

where

(107) [AB3(H)| < €[]0 ™ log ()

Because of the assumption [d + %} C D((O, 1)), we need to rule out the cases y € {0, 1},

so that Lemma [I0.3 holds only for y € (0,1).

Proof. In what follows, C' denotes a positive constant which depends on ¢y and W (but in
particular not on n > 2, s € [—ay/log(n),ay/log(n)], § € [~1,1] and d € K such that
d+ ﬁ € Ky) and which may change from lines to lines.

Let 6 € (0,1/v/2] (we shall take § = 1/4/n later on) and assume that |s| < a+/2|log(6)| and
d+s0 € Ko. We set () = H (D~*(d+ s6)). Notice that ¥'(6) = mH’(D_l(d—k
s6)). By Taylor-Lagrange equality we have:

s

/ (1)
By ) + BO0)

(108) U(0) = W(0) + 09 (0) + RV (9) = H(y) + 0

where Rgl)(ﬂ) = foe U (t)(0 — t)dt. We have

H"(D~Y(d+s0))  H'(D7Yd+ s6))(D" o D™'(d + s6))
(D' o D~1(d + s6))? B (D' o D1(d + s6))? ]

() = s [

Thus, we get that ‘Rg”(@)‘ < C (J|H oo + |H" ||0o) 8%6? < C'||H||3,00 6|log(#)]. Choosing
6 = 1/y/n, we deduce from (I08]) that:

(109) H (D_l (d + %)) = H(y) + %D,S(y)H’(y) + R (%) :

where ‘Rgl) (1/\/5)‘ < C||H|3,00 log(n)/n. Recall the definition of ys and (s, n,d,d) given
by ([@17). By Proposition [0.1l and equation (I09), we get that:

(110) VnH <D—1 <d + %)) (Hn,d,5 <d+ %) - 1{s<0}>

—/n 1 os _ 1 (p(yS)wsn 0) (g
Vi (1) + Zo st ) (000 = 1zn) + 7= (s ..8)) + R ()
_ R HAD (s) + 2 /(y)A(Z)(s) + 2 (y)A(3)(s) + RO(s) + RO(s),

D'(y) o)

where

A(l)(s) = ((I)(ys) - 1{s§0}) ) A(z)(s) =3 ((I)(ys) - 1{s§0}) ) A(3)(S) = (P(ys)ﬂ'(svn7da 6)7
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RO (5)| < vl Hllool R, m,d,0)] + v/l R (1) |+ Vil s, . d, ) RD (1/v/m)|
(111)

2
< C |l
and
1) A = |G selur(a . 8) < € I .

Study of ff‘A AWM (s)ds. Since AM) is an odd integrable functions on R*, we get that:
A
(113) / AW (s)ds = 0.
—A
Study of ff‘A AP (s)ds. Because A®?) is integrable and Jz AP (s)ds = a(zd)/Z, we get that

A 2 Foo
) 7@ ., pE) : @)
(114) A (s)ds = > +R,)”, with R = -2 s®P(ys)ds-
A

Using Lemma [T0.2] we get that

(115) IR?)| < Cn2,

Study of :4 A®)(s)ds. We have, using , that:
A

AB)(s) = p(ys) (%(1 +2y) + 0+ S(nd + 5)) .

By elementary calculus, we have that:

/cp(ys)ds = / y2o(ys)ds = o).
R R

We get that:
4 1-2d
(116) / AB)(s)ds = o(g) [ 5— 0+ 8 (nd+ 5)] +R®),
—A
where

1—-2d
6

A 1—2d [T
+d+ S(nd+ 5)) o <——> —2— y2o(ys)ds.
A

117)  RY) = 20 (
(117) (d) o 3

Using Lemma [[0.2] and since [2d — 1| < 1, |§] < 1 and S is bounded by 1, we have that:

(118) IR®)| < cn~".
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Conclusion. Using (I10), (I13]), (I14]), (I16]), we deduce that

0 o ) (o 5) )

') T2 _
= I;E i —2 4 H(y) [%lww(ndw)] +RQIB(H
where REL3(11) = 4, (RY () + R (5)) ds + (H'(4)/D'(y)) RS + (H(y) /()RS Using
the upper bounds and (II2)) (to be integrated over [—A, A]), (I15) and (Iml) with
a > 1, we get that | =2(H)| < C'||H||3,00 log(n)?/v/n. O

We give a direct application of the previous lemma.

Lemma 10.4. Assume that W satisfies condition (63). Let y € (0,1) and o > 1. There
exists a positive constant C such that for all G € C%([0,1]), § € [-1,1], n > 2 such that

{d + \’/4—} C D((0,1)), with d = D(y) and A = ay/log(n), we have:

/ G(2) (Hnas (D(@)) = Lazyy) 1 miD(a)-di<aydo

_G'(y)D'(y)—G(y)D"(y)@ Gy) [1-2d .
- D'(y)?’ ) +D’(y) |: +(5—|—S( d—|—5) —I—EQLIE(G)

where

[REHG)| < C|Glls 0™ 108(n)°.

Proof. Let G be a function in C2([0,1]). Define the function H on [0,1] by H(z) = g, ZZ)) for
all z € [0,1]. Use the change of variables s = y/n (D(x) — d) to get that:

/ G(2) (Hn,a,6(D(2)) = Lz<yy) Liym|D(a)-di<a}do

(0 o ) (s o))

By Lemma [I0.3] we obtain that:

1
n/o G(x) (Hn,as (D(x)) = Liazyy) Lt /aID(a)-dj<a} 4%

_H'() % 1-2d .
= Dy 2 +H(y)[ 5 +0+S( d+5)]+R|,]§B](H
G'(y)D'(y) — Gy)D"(y) °la) | Gly) [1 —2d

D'(y)? 2 "Dy | 2

Set @E(G) = ]ﬂlm(G/D’) and use (I07) to conclude. O

Lemma 10.5. Let y € (0,1) and « > 0. For allu € (0,1), 6 € [-1,1] and n € N* such that
Vnlu—d| > A with d = D(y) and A = ay/log(n), we have

+6+ S(nd +0)| + A3 (G /D).

‘,Hn,dﬁ(u) - 1{u§d}‘ < n-ot2,
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Proof. Let X be a binomial random variable with parameters (n,u). Assume first that
u>d+ \/— Let A > 0. Using Chernov inequality, we get:

(119) Hp () — 1yeqy = P(X < nd +6) < XM R [e—*X} — exp [\(nd + 6) +n¥(\)],

with U(\) = log(1 + u(e™* — 1)). By Taylor-Lagrange equality, we have

(120) T(A) = T(0) + AP'(0) + R(A) =0 — uX + R(N),

where R(A fo t)¥”(t)dt. Because ¥”(t) > 0 and " (t) = % 1 (applying
the following inequality (xf;) < 7 with 2 = 1—wand y = ue™), we get that |[R())| < % <
A2, Finally, applying (I20) with A = log( ) , we get that

(121) n¥(\) = —uy/nlog(n) + R®(n

with |R®) (n)| < log(n). Using (I19) and (IZI]), we get that
log(n )
Hn,a,5(u) — ly<qy < exp T nd + §) — uy/nlog(n) + R
= exp [ nlog(n)(d — u) + R® (n)] ,

_—\/‘% with A = a/log(n), we have

Hpds(uw) — 1{u<d} < e—alog(n)+RE) (n) ~ ((—a+2)log(n) _ ,,—a+2,

where |R®)(n)| < 2log(n), since |§] < 1. Because d — u <
that

In the case where u < d — T’ we have that
0> Hpas(w) — 1iyegy =P (X <nd+5)—1
> —P (X > nd+6)
=-Pn—-X<n(l-d) —9).
Since n — X is a binomial random variable with parameters (n,1—wu), using similar argument
as in the first part of the proof (with v and X replaced by 1 —u and n — X)), we get that, for

u<d-— %:
Hoas(w) — Lpucgy = —n*+2.
We deduce that |’Hn7d75(u) — 1{ugd}| < poot?, -

The following lemma is a direct application of Lemma with v = D(x).

Lemma 10.6. Assume that W satisfies condition [62). Let y € (0,1) and o > 1. For all
G € B([0,1]), § € [-1,1] and n € N*, we have with d = D(y) and A = a/log(n):

1
n/o G(@) [Hnas (D) = Loz | Lymppo) -z ards = BO(G),

where

ARG < |Gl net,

Combining Lemma [[0.4] with Lemma [I0.6] for @ = 3, we deduce the following proposition.
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Proposition 10.7. Assume that W satisfies condition (63). Let y € (0,1). There exists
a positive constant C such that for all G € C*([0,1]), 6 € [~1,1] and n € N* such that

{d + %} C D((0,1)), with d = D(y) and A = 44/log(n), we have:

1
n /0 G() (Hnas (D(@)) — 1ipeyy) da
2

_GWD'W) - Gu)D" () % Gly) [1-2d )
B D'(y)3 ) +D/(y) [ 2 + 06+ S(nd +9) +Rgzm(c),
with
(122) [H0T(G)| < CGllgo0n™t.

11. ApPPENDIX B: PROOF OF PROPOSITION [R.3]
We first state a preliminary lemma in Section [[T.TJland then provide the proof of Proposition

[83]in Section [11.2]

11.1. A preliminary result. For y = (y1,y2) € [0,1]2, let M(y) be the covariance matrix
of a couple (Y1,Y3) of Bernoulli random variables such that P(Y; = 1) = D(y;) for i € {1,2}
and P(Y1 =Y, =1) = f[OJ} W (y1,2)W (y2, 2) dz.

Lemma 11.1. Assume that W satisfies condition (62). There exists € > 0 such that for all
y € [0,1]?, we have det(M(y)) > €'

Proof. Let My be the set of matrices of size 2 x 2, and ||- ||, be the norm on My defined in
(I27)). We consider the closed set on Ma:

F=Fy|JF- where Fi= {7’([2 + (2 é)); relo, 1/4]}

where I, € M is the identity matrix. Notice F is the set of all covariance matrices of couples
of Bernoulli random variables having determinant equal to 0. Since the determinant is a
continuous real-valued function on My, to prove Lemma [I1.1] it is enough to prove that for
ally = (y,9') € [0,1) and all My € F:

(123) 1M (y) = Mol = /4.
We set p=D(y), o’ = D(y) and o = f[o 1 Wy, 2)W (y, z) dz so that:
p(l=p) a—pp >
M(y) = .
) <a —pp P(L—p)
And the elements My € F are of the form, with r € [0,1/4]:
r  *r
Mo = <:|:r r ) ’
The proof of (I23]) is divided in three cases. Recall that W satisfies condition (62). Without
loss of generality, we can assume that p < p’ and thus:

(124) e<p<p<l—c.
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Since (1 — W (y,z))(1 — W (y/, z)) is non negative, by integrating with respect to z over [0, 1],
we get that a > p + p’ — 1. Using that W < 1 — ¢, we deduce, denoting by T = max(z,0)
the positive par of z € R, that:

(125) (p+p -1y <a<(l-ep

The case My € F,. Recall that p < p/. If |r — p(1 — p)| > 2/4, then, by considering the
first term on the diagonal, we have || M(y) — My||, > €%/4.
If |r — p(1 — p)| < €2/4, then, by considering the term out the diagonal, we have:

IM(y) = Mol = la —pp’ — 7.
For & =r — p(1 —p) € [—€%/4,€%/4], we get, using that a < (1 —¢)p and p < p':
a—pp—r<(1-ep—p*—p(l—p) -7
< —e? 4 e2/4 = 3% /4.
We deduce that ({I23]) holds if My € F.
The case |1 —p—p'| >¢/2 and My € F_. If |r —p(1 — p)| > 2 /4, then, by considering the

first term on the diagonal, we have || M(y) — Mo ||, > /4.
If [r — p(1 — p)| < €2/4, then, by considering the term out the diagonal, we have:

[ M(y) — Mol > o —pp’ +r].

Assume first that 1 —p—p’ > &/2. For & =r —p(1 —p) € [—€%/4,e% /4], we get, using o > 0,
that:

a—pp'+r=pl—p—p)+d
>e?/2 — &% /4 =% /4.
Assume then that 1 —p —p’ < —¢/2. For §' =r — p(1 —p) € [—%/4,£2 /4], we get, using the
lower bound « > p+ p’ — 1 from (125, that:
a—pp'+r=1-p)lp+p -1+
> /2 — &% /4 =% /4.
We get || M(y) — Mol|,, > €*/4.
We deduce that (I23)) holds if |1 —p —p/| > &/2 and M, € F_.

The case |1 —p—p'| <e/2 and My € F_. Applying Lemma [IT.2 below, with f = W (y, -),
g=W(y,-)and § =1 —p—p/, we get that:

(126) a>(1—eg)(e—0).

If |r — p(1 — p)| > €2/4, then, by considering the first term on the diagonal, we have
[ M(y) — Mo ||oo > €*/4.
If |r — p(1 — p)| < €2/4, then, by considering the term out the diagonal, we have:

M (y) = Molloo = | —pp’ +7l.
For & =r — p(1 —p) € [—€%/4,€%/4], using (I26)), we get that:
a—pp+tr=a-pl-p=—208)+pl-p) +d
>(1—¢e)e—06(1l—e—p)+4d
> (1 —e)e—(1—2e)e/2—e%/4>e%/4.
We deduce that (I23)) holds if |1 —p —p/| < e/2 and M, € F_.
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Conclusion. Since (I23]) holds when M, € Fy, when My € F_ and either |1 —p—p'| > ¢/2
or [1 —p—p'| <e/2, we deduce that ([I23]) holds under the condition of Lemma IT.1] O

Lemma 11.2. Let e € (0,1/2), § € [—¢/2,¢/2], f,g € B([0,1]) such that 0 < f,g < 1—¢
and f[o 1](f +g) =1—9. Then we have f[o nf9 =z (1 —¢)(e —9), and this lower bound is
sharp.

Proof. Set fi; = min(f,g) and g1 = max(f,g) sothat 0 < f; < g3 <1—¢ and f[o 1](f1 +g1) =
1—¢ and f[o,l] figr = f[o,l] fg. Set h = min(f1,(1 —e — g1)) as well as fo = f1 — h and
g2 =g1+hsothat 0 < fo < go <1—c¢, f[o’l](f2+gg):1—5and

/ fzgz=/ (F—h) (g1 +h) = flgl—/
[0,1] [0,1] [0,1] [0,1]

)

(h(g1—fi)+h?) < fig =/ fg.
[0,1] [0,1]

Since by construction either fo(z) =0 or go(x) = 1 — ¢, we deduce that:
ng f2922(1—€) f2:(1—€)<1—5—/ gg>2(1—€)(6—5).
[0,1] [0,1] [0,1] [0,1]

To see this lower bound is sharp, consider g =1 —¢ and f =¢ — 9. O

11.2. Proof of Proposition B.3l We set:
Zp = (n=1)""2M(x) 72D — u(x)),

which is, conditionally on { X5 = x}, distributed as the normalized and centered sum of n—1
independent random variables distributed as Y = (Y7, Ys), with Y; and Y5 Bernoulli random
variables such that E[Y] = u(x)/(n — 1) and Cov(Y,Y) = M(x).

Using Theorem 3.5 from [9] or Theorem 1.1 from [2], we get that:

sup ‘]P’ <Zn € K| Xy :x) P(Ze K)‘ <115v27,
KeKk

where

y=(n—1E “(n — )2 (%) VR (Y - E[Y])‘g} .

Let ||| denote the matrix norm on the set My of real matrices of dimension 2 x 2 induced
by the maximum vector norm on R?, which is the maximum absolute line sum:

2
(127) | M|, = 1n<1ia<x22 |M(i,7)|, for all M € M.
‘7:

Recall that |||, is an induced norm (that is || AB| < || Al || Blls)- For M € My and
x € R%, we have |[Mx| < V2 || M || |x|. If M € Ms is symmetric positive definite (which is
only used for the second inequality and the equality), we get:

~ M|
12 M|M2 < || MY2|| < V2| M| = M e

We deduce that if M € My is symmetric positive definite, then
| M7 < V2l det(M)| 72 M7
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‘We obtain that for n > 2:
7 < 20— 17| M (0 32 det(M () E ||v — E[Y])°]
< 220712 det(M (x)) T3/2E [|Y1 — E[Y4]]* + Y2 — E[Yo] ]
< 2320712 det(M (x))73/2,

where we used that || M(x)| < 1/2 for the second inequality and the convex inequality
(z + y)P < 2P71(2P + yP) for the third and that |Y; — E[Y;]| < 1 so that E[|Y; — E[Y;]]3] <
Var(Y;) < 1/4. We deduce from Lemma [T} there exists Cy > 0 such that for all x =
(z1,72) € [0,1)? with 21 # x5 and all n > 2:

sup [P (2, € K| Xy =x) ~P(Z € K)| < Con™"/2,
Kek

NI

To conclude, replace the convex set K in this formula by the convex set %(K — p(x)).
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