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Abstract

In this paper we consider the existence of Hamilton cycles in the random graph
G = Gi%f’b. This a random graph chosen uniformly from gg?,;j’, the set of graphs with
vertex set [n], m edges and minimum degree at least 3. Our ultimate goal is to prove
that if m = cn and ¢ > 3/2 is constant then G is Hamiltonian w.h.p. In an earlier
paper [4], the second author showed that ¢ > 10 is sufficient for this and in this paper
we reduce the lower bound to ¢ > 2.662.... This new lower bound is the same lower

bound found in Frieze and Pittel [6] for the expansion of so-called Posa sets.

1 Introduction

In this paper we consider the existence of Hamilton cycles in the random graph G = fo,;j.

This a random graph chosen uniformly from Qz?nfz’, the set of graphs with vertex set [n], m
edges and minimum degree at least 3. If ¢ = 3/2 then Gi?n?; is precisely the random 3-regular
graph which is proven, via the small cycle conditioning method, to be Hamiltonian [11].
However as G?;}zn Z Gi?ci for every ¢ > 0 we cannot directly infer Hamiltonicity for larger
values of ¢. In addition, due to the increase in the variance of the degree sequence, the
method itself cannot be transfered directly. Our ultimate goal is to prove that if m = cn
and ¢ > 3/2 is constant then G is Hamiltonian w.h.p. In an earlier paper [4], the second

author showed that ¢ > 10 is sufficient for this and in this paper we reduce the lower bound
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to ¢ > 2.662.... This new lower bound is the same lower bound found in Frieze and Pittel
(6] for expansion of so-called Posd sets i.e. sets of endpoints that may be formed via the
application of Pésa rotations, Pésa [10]. In summary we prove,

Theorem 1.1. W.h.p. G°=3 is Hamiltonian for m = cn,c > 2.662....

n,m

One of the motivations for studying this problem arises from the fact that the 3-core of the
random graph G, ,, is distributed precisely as G%f’ , where v, u are the (random) number
of vertices and edges in the 3-core and w.h.p. v is known to be linear in n. In particular,
it is plausible that the first non-empty 3-core in the random graph process is Hamiltonian
w.h.p. To prove this to be true, we would need to reduce the lower bound on ¢ to the edges
to vertices ratio of the corresponding 3-core which is known to be w.h.p. about 1.8 [7]. In
addition, we note that Krivelevich, Lubetzky and Sudakov [8] showed that w.h.p. the first

non-empty k-core, k > 15, is Hamiltonian.

2 Proof of Theorem 1.1

2.1 The game plan

The key to the proof Theorem 1.1 is the following lemma:

Lemma 2.1. LetV = [n| and G = (V, E) where E = EYUE, and Ey = {ey,...,e,} C (g)\El
Let Gy = (V, Ey) and let P be a set of vertex disjoint paths in Gy that covers V. Suppose
that for some 0 < 8 < 1,

P1 |P| Smin{ 121 n’ }

n2—28log%n’ 4logn
P2 Given ey, e, ... e;_1, the edge e; is chosen uniformly from (‘2/) \ (E1 U{er,...,e-1} )

P3 X CV, |X| <n? implies that either e(X UN(X)) < |X UN(X)| or |[N(X)| > 2|X]|.
(Here N(X) ={y € V\ X : v € X such that {x,y} € E1}. In addition e(X U N(X))
denotes the number of edges spanned by X U N(X).)

Then G is Hamiltonian with probability 1 — o(n™?).

Proof. Let P = {P,, P,,..., P,} be a minimum cardinality set of vertex disjoint paths in
G, that covers V' (and satisfies P1). Let the endpoints of P; be v(;1) and v 2) for i € [{].
Because P is of minimum cardinality we have that {’U(LQ)U(iJ’_l’l)} ¢ E; for i € [(] (here we
1dent1fy 'U(Z-i—l,l) with 'U(l,l))- In addition, HQ = 'U(l,l)a Pl, U(172)U(271), PQ, U(272)U(371)P3, ce ,U(&l)Pg
V(e,2)V(1,1), V,1y is @ Hamilton cycle in the graph I'y = (V, E; U R) where R = {{U(i72)v(i+171)}
cie [0}



Starting with Hy, we find a Hamilton cycle in G by removing the edges of R from our cycle.
We do this with at most ¢ rounds of an extension-rotation procedure. Fix ¢ > 0 and suppose
then that after ¢ rounds, we have a Hamilton cycle H; in the graph I'; = (V, E1 U R; U F})
where R; C R and |R;| < ¢ —1. Here F; = {ey,es,...,6,} are the edges of F5 that have been
revealed so far. We explain revealed momentarily.

We start round 7 + 1 by deleting an edge e from R; to create a Hamilton path ;. We then
use Pdsa rotations to try to find a Hamilton cycle in I'; —e. Given a path P = (21, o, .. ., x)
and an edge {z,,x;} where 1 < j < s —1, the path (z1,...,%j, 25, Ts_1,...,2j41) is said to
be obtained from P by a rotation with z; as the fixed end vertex. The edge {zs,x;} will be
called the rotating edge.

First consider all Hamilton paths obtainable from ); by a sequence of rotations with x;
fixed. In these rotations, we are only allowed to use edges from E(T';)\ {e} as rotating edges.
Next let END(Q1, 1) denote the set of end vertices of these paths, other than z;. If there
exists y € END(Q,z1) such that {x1,y} € E(I';) \ {e} then this round is complete. We
have a Hamilton cycle containing one less member of R. Thus we can define R; ;1 = R; \ {e}
and Fiyq = Fj.

In the event there is no such y, we proceed as follows: Let END(Q1,x1) = {21, 22, ..., 2,} and
let Q;,7 =2,...,q denote a path from x; to z; found by rotations. Then, for 1 < j < g, we
let END(Q);, z;) denote the set of end vertices of paths obtainable from @); by a sequence of
rotations with z; fixed. If for some j we find y € END(Q);, z;) such that {z;,y} € E(I';)\ {e}
then, as before, this round is complete. We have a Hamilton cycle containing one less member
of R. We can then define R;;; = R; \ {e} and F;,; = F.

Failing this, we start revealing the edges of ey, 1, €pi2, ..., €4, in this order, to search for an
edge of the form {z;,y,} where y; € END(Qy, z;). If e. is the first such edge, b < ¢ < a, then
we let Ri-i—l = Rz \ {6}, E+1 = E U {6b+1, Cpt2, - - -y 60}, Fz’—i—l = (‘/, El URH—l UE+1) and Hi+1
be a Hamilton cycle in I'; ;. Pdsa’s lemma states that |[N(END(Q;, z;))| < 2|END(Q;, 2;)|
(see Corollary 6.7 of [5]) and Lemma 2.1 of [6] that e(N(END(Qy,z;)) U END(Q;, %)) >
IN(END(Qy, 2;)) U END(Qj, z;)|. Thus, P3 implies that |[END(Q;,z;)| > n” for all 1 <
j < q and similarly that ¢ > n”.

For 1 <[ < a = |Es| let Y} be the indicator for the event that either e; is not revealed (in
any round) in the above procedure or when it is revealed a new Hamilton cycle is identified.

From P2, we have,
(n6—2j) n2B8-2
Pr(Y; =1) > ~22 >

() 5

for j < nP/4.

In the event that G is not Hamiltonian all the edges in Ej are revealed and for less than |P|
of them a new Hamilton cycle is identified. Indeed, if we assume otherwise then I'jp) C I is
Hamiltonian. Hence, Z < |P|. But Y;,1 <[ < a dominates a Bernoulli(n®**~2/5) random



variable. This domination holds regardless of Y7,Y5,...,Y; ;. Hence, from P1, we have
Pr(G is not Hamiltonian ) < Pr(Binomial(n*2|P|log®n,n*72/5) < |P|) = o(n™?).

0

2.2 Choice of F,

Let

1/2

s=n'"?log%*n

and let
Q:{uim:Hegﬁﬁng(@)mq:smmEunmyzw}

where G023 = {G923 1.

We consider two ways of randomly choosing an element of €.

(a) First choose G uniformly from G2Z3 and then choose an s-set X uniformly from E(G)\

E3(G), where E5(G) is the set of edges of G that are incident with a vertex of degree 3.
This produces a pair (G — X, X ). We let Pr, denote the induced probability measure
on ).

(b) Choose H uniformly from ini_s and then choose an s-set ¥ uniformly from ( [;‘}) \E(H).
This produces a pair (H,Y). We let Pr, denote the induced probability measure on .

The following lemma implies that as far as properties that happen whp in G, we can use
Method (b), just as well as Method (a) to generate our pair (H,Y'). For a proof see Lemma
10.1 of [4].

Lemma 2.2. There exists 3 C Q such that

(i) Pr,(Q)=1—o(1).

(il) w= (H,Y) € Qy implies that Pr,(w) = (1 + o(1)) Pry(w).

It follows that we can take F, as the set Y in the lemma and then we have |Ey| = n%°>—°(W

and this covers P2 of Lemma 2.1.



2.3 P3 of Lemma 2.1

The main result of [6], (see Theorem 1.1 of that paper), is that if m = cn and ¢ > 2.6616. ..
then w.h.p. if e(SUN(S)) > [SUN(S)| then |S| + |N(S)| > n'=°M). So, we see that we
can take f = 0.99 in Lemma 2.1. This covers P3.

In [6] it is also shown that if G has minimum degree 3, P is a path of G and z an endpoint
of P then the set S = END(P,z), defined in the proof of Lemma 2.1, satisfies the relation
e(SUN(S)) > |SUN(9)|.

P1 of Lemma 2.1 will follow from the analysis of 2GREEDY in Section 5.

3 Random Sequence Model

We must now take some time to explain the model we use for G°=2. We use a variation

on the pseudo-graph model of Bollobas and Frieze [2] and Chvétal [3]. Given a sequence
X = (11, To, ..., ma907) € [N]*™ of 2M integers between 1 and N we can define a (multi)-graph
Gx = Gx(N, M) with vertex set [N] and edge set {(x9;_1,29) : 1 < i < M}. The degree
dx(v) of v € [N] is given by

dy(v) = |[{j € 2M] : z; = v} |.

If x is chosen randomly from [N]* then Gy is close in distribution to Gy . Indeed,
conditional on being simple, G is distributed as Gy ;. To see this, note that if G is simple
then it has vertex set [N] and M edges. Also, there are M!2M distinct equally likely values
of x which yield the same graph.

We will use the above variation on the pseudo-graph model to analyze 2GREEDY, an algo-
rithm that finds 2-matchings, applied to Gi?n?;. A 2-matching is a set of edges such that every
vertex is incident to at most 2 edges in it. 2GREEDY is described in Section 4. As 2GREEDY
progresses vertices become matched (incident with edges selected for the 2-matching), edges
are deleted and vertices of small degree are identified. As such we will need to impose ad-
ditional constrains on the vertex degrees and our situation becomes more complicated. At
any step of the algorithm we keep track of 3 sets J3, Jo and Jy that partition the current
vertex set, say [N]. (A vertex that becomes incident with 2 edges of the 2-matching is not
included in the current vertex set.) Js is a set of vertices of degree at least 3 and it consists
of vertices that have not been matched yet. J, is a set of vertices of degree at least 2 and it
consists of vertices that are incident to exactly 1 edge in the current 2-matching. Finally Jy
consists of the remaining vertices and whose sum of degrees will be proven to be D = o(N).

So we let

N3 = {x € [INJM dy(j) > ifor j € Ji, i =23 and Y dy(j) = D}.

j€Jdo



Let G = G(N, M, Jy, J3; D) be the multi-graph Gy for x chosen uniformly from [N]3/, .
What we need now is a procedure that generates G conditioned on Gy being simple or
equivalently a way to access the degree sequence of elements in [N ]?/ZVI J5:p- Such a procedure
is given in [4] and it is justified by Lemmas 3.1, 3.2 and 3.3 that follow. In Lemma 3.1
it is proven that the degree sequence of [N]ZJJQVI J.:p (restricted to the sets Jo, J3) has the
same distribution as the joint distribution of Py, Pa, ..., Py j,|+|s5| Where (i)for i € Jy, P; is a
Poisson(\) random variable condition on being at least ¢ for some carefully chosen value
of X and (ii) ZL‘Z'HJS‘ P, =2M — D. In Lemma 3.2 it is shown that the marginal of dy(j)
and joint of (dx(j1), dx(j2)) distributions are close to the marginal of P; and joint of (P;, P;)
distributions respectively. This fact is used in Lemma 3.3 where we establish concentration
of the number of vertices of degree k in J,, ¢ = 2,3. For the proofs of Lemmas 3.1, 3.2 and
3.3 see [4].

Let
k—1 A\
ka‘) =et — Z T
i=0
for £k > 0.

Lemma 3.1. Let x be chosen randomly from [N|3\; . Fori = 2,3 let Z;(j € [Ji]) be
independent copies of a truncated Poisson random variable P;, where
At
Pr(Pi=t) = ——, t=d,04+1,... .
r( ) nyAsY i1+

Here \ satisfies

3
Afizi(A)
—————=\|Ji| =2M — D. 1
; OV |Jil (1)
For j € Jo, Zj = dj is a constant and 3, d;j = D. Then {dx(j)}je[n is distributed as
{Z;}jein) conditional on Z =3\, Z; = 2M.

To use Lemma 3.1 for the approximation of vertex degrees distributions we need to have
sharp estimates of the probability that Z is close to its mean 2M. In particular we need
sharp estimates of Pr(Z = 2M) and Pr(Z — Z, = 2M — k), for k = o(IN). These estimates
are possible precisely because E(Z) = 2M. Using the special properties of Z, a standard
argument in an appendix of [4] shows that where N, = |J;] and N* = N, + N3 and the
variances are

o SN s (V) + Afea(N) = X fea(A)?
‘ fe(N)?

3
1
and 0'2 = m Z NzU?, (2)
(=2

that if N*6? — oo and k = O(v/N*o) then

Pr(ZzQM—k)zﬁ(lth(%)). (3)

6



Given (3) and

we obtain

Lemma 3.2. Let x be chosen randomly from N3, .

(a) Assume that log N* = O((N*\)Y/2). For every j € J; and £ < k < log N*,

Pr(de(j) = k) = #]ZA) (1 +0 (%)) . (4)

Furthermore, for all 01,0y € {2,3} and j1 € Jyo,, jo € Juy, J1 7 J2, and €; < k; <log N*,

)\/ﬂ )\kQ 1 2N*
Pr(dx(j1) = k1, dx(j2) = k2) = k1! fo, (N) kol fo, (V) (1 o ( OJgV*A )) -

(b) .
: og .
dx(j) < (log log N)172 gs (6)

forall j € JoU Js.

Let v4(s) denote the number of vertices in Jy, ¢ = 2,3 of degree s in Gy. Equation (3) and
a standard tail estimate for the binomial distribution shows the following:

Lemma 3.3. Suppose that log N* = O((N*\)Y?) and N, — oo with N. Let x be chosen

randomly from [N]3), . Then gs,

PN 1/2
< (1+ (ﬁf&j)) >1og2N, E<j< logN}. (7)

O

NN
JA)

ve(j) —

We can now show G, x € [n]§T,, is a good model for GJ3. For this we only need to show
now that
Pr(Gy is simple) = Q(1). (8)

For this we can use a result of McKay [9]. If we fix the degree sequence of x then x itself is just
a random permutation of the multi-graph in which each j € [n]| appears dyx(j) times. This
in fact is another way of looking at the configuration model of Bollobés [1]. The reference
[9] shows that the probability G is simple is asymptotically equal to e~(To)r(e+1) where

1An event €& = E(N*) occurs quite surely (gs, in short) if Pr(€) =1 — O(N~%) for any constant a > 0

7



p = ma/m and my = 371 dx(j)(dx(j) —1). One consequence of the exponential tails in
Lemma 3.3 is that my = O(m). This implies that p = O(1) and hence that (8) holds. We
can thus use the Random Sequence Model to prove the occurrence of high probability events
in Gflzn?fb.

All that is left now is to show that we can find a covering collection of paths that satisfy P1
e.g. |P| <n®*® will suffice. For this we need to analyse algorithm 2GREEDY of [4], which is
described in Section 4.

4 Greedy Algorithm

We now describe the algorithm 2GREEDY of [4]. Our algorithm will be applied to the random
graph G = G223 and analyzed in the context of Gy, with N = n initially. As the algorithm
progresses, it makes changes to G and we let I denote the current state of G. The algorithm
grows a 2-matching M and for v € [n] we let b(v) be the number of edges in M that are

incident to v. We let

1 be the number of edges in I,

Voy = {v € 0] : delv) = 0, b{v) = j}, j = 0,1,

Y, ={v € [n]:dr(v) =k and b(v) =0}, k =1,2,

Zy =A{v € [n] :dpr(v) =1 and b(v) =1},

o Y ={ven|:dr(v) >3 and b(v) =0}, This is J3 of Section 3.

o Z/={ven]:dr(v) >2andb(v) =1}, This is J5 of Section 3.

e M is the set of edges in the current 2-matching.

Algorithm

Step1 Z,UY,UY, # 0
Choose a random vertex v from Z; UY; U Y5, Let w be a random neighbor of v. (We
allow the case v = w as we are analyzing the algorithm within the context of Gy. This
case is of course unnecessary when the input is simple i.e. for GJ2%). Add (v, w) to M
and delete it from I'. Update b(v) = b(v) + 1, b(w) = b(w) + 1. Delete all vertices in
V(I") satisfying b(u) > 2 and the edges incident to them. Delete any isolated vertices.

Step 2: YUY, UZ, =10
Choose a random vertex v from Z UY. Let w be a random neighbor of v. Add (v, w)
to M and delete it to from I'. Update b(v) = b(v) + 1, b(w) = b(w) + 1. Delete all
vertices in V(I') satisfying b(u) > 2 and the edges incident to them. Delete any isolated
vertices.



The algorithm ends when there are at most n?/® vertices left in I'. The output of 2GREEDY
is set of edges in M.

5 Analysis of 2GREEDY

We will use the following additional notation to that given in Section 4:

e m;: number of edges at time 7.

o Z;,j > 2and Y, j > 3resp. are the subsets of Z and Y respectively constisting of
vertices of degree j.

yi = Y],z = | Z] at time i.

G = Y1+ 2|Ya| + | 2]

. D2, = 212 andpgi:%.
’ 2m; ’ 2m;
Let e = 107°. We also define the stopping time
7 :=min{i : m; < n’*T*}
We will show that w.h.p.
for i < 7 we have ¢; < n%*™ = o(m;). 9)

Every component in M defines a path and the union of the vertices of these paths is V.
The number k of components of the 2-matching M output by 2GREEDY can be bounded as
follows. k can be bounded by the number x; of vertices of degree one or zero in M plus ks,
the number of cycles. For every vertex v € V' that contributes to k; there exists a step i such
that either (i) v € Z; UY; UY; and at step ¢ a neighbor of v is matched and then removed
from I' or (ii) v ¢ Z; UY; UY5, 2 neighbors of v are matched and then removed from I' and
as a result at least d(v) — 2 edges incident to v are removed. If the above occurs then we say
that step ¢ witnesses an increase of k.

For the number of cycles spanned by M, observe that at step i, ko can increase by one only
if we add an edge {u, v} to M where u is connected to v by a path in M. If the above occurs
then we say that step ¢ witnesses an increase of ko.

Since w.h.p the maximum degree of GGy, and hence of I, is log n we have that step ¢ witnesses
an increase of k1 + ko of magnitude at most 2 logn with probability at most (2logn)(;/2m;+
O(1/my). If k1 + Ko reaches n®42¢ before time 7 then, there are at least e2n%42¢ /21logn
steps with m; € [p04+2e+(r=De p04+2e4re] o1 some integer 1 < r < 1/¢? that witness an

9



increase of Ky + Ko. The probability that this occurs for a fixed 7, while ; < n%**¢ is
bounded by

2,,0.4+2¢
£2,,0.442¢ en/

2 e 2 “2logn
n0-4+2etre In0-4+e log n 2logn - en0-4+2etre In04te log n ogn 5
g2n04+2e n0-A+2e+(r—1)e2 = 20442 T 044 2e+(r—1)e2 =n

2logn 2logn

Hence w.h.p. if ¢; < n%4*¢ for i < 7 then the total increase in k; + k9 in the first 7 — 1 steps
is bounded by n%**2¢. Once m; < n®**2¢ at most n%4*2¢ more components can be created,
yielding in total at most 2n%4*2¢ components.

For i < 7, we define the events
Ai = {(zj +y;)\; > log’n for j <i} and B; = {(\ > m;*?) V (y; > m)®)}.
For i < 7, we also define the following random variables:

Xi = (Gy1 — G(A;, Bi, 0 < ¢ < n4F9).
Vi = (Cipr — OL(A;, =B:, 0 < ¢ < n®4+e).

Xz{ = (Giy1 — QI(—A;, B, 0 < G < n0'4+€).
Yi/ = (G11 — QI(—A;, B, 0 < ¢ < n0'4+8)-
For 0 <7 < 7 we have that w.h.p.
i1
min{G;, e} <M+ Y (X +Yi+ X[ +Y)) (10)
j=0

where M = log®n is such that the following holds: w.h.p. for every i > 0 with ¢, = 0 we
have that (;;1 < M. Our bound for M is justified by the fact that the maximum degree in
G is o(logn) w.h.p.

We use the inequality i < 7, hence m; > n%*t?¢ to impose that if ; < n%**¢ then almost
all of the vertices belong to Y U Z. We will see from the analysis below that w.h.p.

0.44-2¢

m; >n implies ¢; < n%4*=. (11)

Equation (80) of [4] states that if H; denotes the history of the process up to the end of
iteration ¢, assuming the event A; occurs, then

2 .
¢ > 0 implies E(1 — ¢ | Hi) < —Q(min {1, 1,}%) + O (1057:%) : (12)

In the following cases we will assume that ¢ < 7 and (; > 0. The case (; = 0 is handled by
M of (10).

Case 1: A; A\ B;
Case 1la
If \; > m; %2 we have from (12) that

<o

10



for some constant ¢ > 0.

Case 1b:

Assume now that A\; < m; >“. In this case since A; occurs we have that for i > 2, |Z;] is
approximately equal to the sum of |Z;| independent random variables that follow Poisson(\;)
conditioned on having value at least 2. More precisely, it follows from Lemma 3.3 of [4] that
as long as A; holds, we have

0.2

7 Y
Zy N
% = 2 (14 00m! A log”my)) (13)
i>5
Similarly
Y, i
3
Ys| A2
> IVl < [valal.
i>6

Recall that if (; > 0 then the algorithm will choose a vertex v € Z; UY; U Y5 and it will
match it to some vertex w. Thus initially (; will decrease by 1.

For w € Z let d(w, Y3) and d(w, Z3) be the number of neighbors of w in Y3 and Z5\ {v}. Also
let f(w) be the number of vertices that are connected to w by multiple edges. We consider
the following cases:

Case a: w € YoUY, U Zy then (14 — (G = —2.

Case b: w €Y then (41 — (; = —1.

Case c: w € Zy and d(w, Zs) = 1 then (41 — (; = 0.

Case d: w € Z, and d(w,Y3) =1 then (41 — (; = 1.

Case e: w € Z, and d(w, Zs) + d(w,Y3) = 0 then (;41 — (; = —1.

Case f: w € Z\ Zy then (11 — ¢ < =1+ d(w, Zo) + 2d(w, Y3) + O(f(w)).

Differentiating cases c,d,e,f will be helpful later when we bound Zizo Y;.

11



Summarizing we have,

(= 2, Case a: probability (¢;/2m;)(1 + O(m;1)).
=—1, Case b: probability ps;(1 + O(m;")).
=0, Case c: probability p;i(l +O0(m; ).
Gir1— G =+1 Case d: probability pa;ps:(1+ O(m; ).
=—1 Case e: probability pa;(1 — pa; — p3.)(1+ O(m; ).
< —1+d(w, Zs)
| +2d(w,Y3) + O(f(w)) Case f:

The net contribution of Cases c¢,d,e to E(X;|H,) is
— P2+ P2i(p2i + 2p3i) = — Pr(w € Za) + pai(pai + 2p3.)- (16)
Similarly, the contribution of Case f to E(X;|H;) is at most

E[ - 1+ (d(w) — 1)(d(w, Z2) + 2d(w, Y3)) + O(f(w))I(w € Z \ Zx)H,]

=—Pr(weZ\ Z,)+ <(3 — 1)% + (4 — 1)%> (p2,i + 2p3.i)

i log2 m; 3
+0 (W + XS

ml

2

A\
=—Pr(w e Z\ Z3) + pa; <>\i + ?Z) (P2, +2p3:) + O (

)\i 10g2 my; 3
St >\i> .an

mZ

The -1 in the d(w) — 1 expression accounts for the edge {v, w}. Then the next term accounts
for the other d(w) — 1 neighbors of w and the possibility that they belong to either Zs or Y;.
To go from the second to the third line we used (13).

Finally observe that (13), (14) imply that

2|Z Zs| +4)Z V3| + 4|Yy| + 5|V i i log® m;
L2 2Bl 3 Z| 4 Za) | B A+ 5], ¢ +O< og” m Hg)

(12 A (1 2 A G (Aot (18)
= pQ,Z 2 6 p3,2 3 12 le m3/2 7 .
Therefore,
2G; 1
E(Xi|H) < | =5~ — Prw €Y) + [~ Pr(w € Z2) + pai(pai + 2psa)] ) [ 1+ O | —

A2 Ailog? m;
+ (— PI‘(’LU ez \ Zg) + Do ()\Z + EZ) (pz,i + 2]937,')) + O (% + A?)
m.
Gi

%
)

22
=-1- 5 + P2 (1 + A + ?Z) (p2,i + 2psi)+
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)\i 10g2 my;
1/2
m;

@ (# + A?) . Note that A; implies that — <
m, m;

Now use (18) to replace -1 by the squared expression to obtain

— -1+ﬁ+A—Z2 + -1+A+ +<’
P2 9 T ) TP 37 12) Tom

A2 ¢ \; log® m;
1+ + = i 2p35) — =+ O | T N
=+ po, ( + A + 9 )(Pz + pg,) om; + ( m2'1/2 T A

Azp% DYDY 2\,  5A\? G
== ’+2 | =+ L) 1+ S+ ) - =
P2.ibs, (6 12) pg”( 3 18 ) 2m;

\; log? mZ
1/2 i
2 12,9 2
iD2,i 2 )\i AiD3; o (D 2N A 3¢
( p“( 3)) w8 PB\gT 9 ") "o

\; log? m,
1 /2 2

>\2 N 7 7 )\zl 2 7
Pai O ¢ +0 (70%/2771 AN (19)

m;

- 48 9 2m;

In Case 1b we have that the events A; A B; and \; < m; 2 oceur. In addition i < 7, hence
m; > nO4% occur. A; A B; and Ay < m; %2 imply that y; > mP® and so ps; + pa; = Q(1)
and p3; > m; *?. Therefore

E(Xi|H:) < —dm;%* < —en 4
Thus if Case 1 occurs we have by the Azuma inequality that

0.4+4e/2 | .0 —0.42
ZPr (ZX > n04+5/2) < mooggﬁoexp{ (n , +2Cjn ) } +n7% = o(1).

>0 Jlog™n

The n~% term accounts for the probability that the degree of G exceeds log n. The maximum
degree bounds [(;1 — (-

Case 2: A; A -B;
To bound ZZ>0 Y;, let R; be the indicator of the event that {¢; < n®4*¢} plus one of the

cases (a),(b),(d),(e) and(f) from (15) occurs. Then, just as in Case 1, since the contribution
of Case ¢ to E(X;|H;) is 0 and Y; = 0 if ¢; > n®*¢, we have that

N2pi. bp2. ¢ \; log? m;
E Y;RZ : < _ 20 i 7 O % i )\3
(WiftilH) < == 9 2m, I

[
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< O(mj; *log" my). (20)

For the last inequality we used that in the event A; A =; (13), (14) and (18) imply that
pa; =1 —o(1). In addition

Pr(R; = 1) < Pr(Case(a)) + Pr(Case(b)) + Pr(Case(d)) + Pr(Case(e)) + Pr(Case(f))

=0 G + Pp3i + paipsi + poi(l — pai —pei) + A | =0 o st A ).
(21)

where we have used 1 — p3; — pa; = O(N).

In the event —B; we have that \; < m~%2 and y; < m?® and hence D3 < mi_m. Hence, if
¢ < n%4*€ then Pr(R; = 1) < mi_m. Thus,

mo J mo ]
Z Pr (Z R, > n0'8+5/3> < Z Pr (Z Ril(m; > n®8) > n08+</3 _ n0'8>
=0 i—0 =0 =0

(n0.8+a/3 — 08 _ Z%):nm m;0'2)2 }

Smoexp{ —

To obtain the exponential bound, we let Z; = ZLO RI(m; > n®®). We have
EZ; <300 o0smy 02 — O(n"®) and then we can use the Chernoff bounds, since our bounds
for R; = 1 hold given the history of the process so far.

It follows that,
mo J mo 7
Z Pr ( Z Y, > n0.4+€/2) _ Z Pr (Z Y.R; > n0.4+5/2)
J=0 =0 j=0 i=0
mo J mo 7 j
< ZPr(Z R; > n0.8+€/3) + Z Pr (ZYiRi > n0.4+€/2| Z R, < n0.8+5/3)
J=0 i=0 Jj=0 i=0 i=0

(n0.4+e/2 _ Zmzo m; 1 log? mi) 2 }

<o(l)+mp max exp{ —

j<n0-8+¢/3 jlog*n
(n0.4+€/2 _ no(l))2
< o(1 — =o(1). 22
<o(l)+mo max eXp{ Togtn } o(1) (22)

To obtain the third line we use the fact that w.h.p. |Y;| < logn, which follows from a high
probability bound of o(logn) on the maximum degree of G.

Cases 3 & 4: —A;

Let 7y = max{i < 7: A; occurs}. At time T} we have (zp, + yp, )\, > myp, log’n and
hence the estimates (13), (14) hold. Thereafter |27, +1 — 21|, [yr+1 — ynu |, Impy 41 — mpy| =
O(A(Gr,-1)). The maximum degree of A(Gr,) is bounded w.h.p. by logn. At time 77 + 1

14



3

we have (27,11 + Yr+1)An41 < My 41 log® n hence Ap, < 2;‘2% and so subsequently for
1

1 > T} we have

Y4, 23] = O(log®n) and Y; = Z;_; = () for j > 5. (23)

Case 3: = A; A\ B;
Given the above we replace (18) by

i log”
L =poi+psi+ ¢ +O<Og n) (24)
2m2- my;
Following this we replace (19) by
5 2 1 3
E(X! | H) < — 2;3” 10 ( Oi”) . (25)

In the events —.A; A By, y; > m{® and so p3; > m; *?. Therefore
E(X/|H;) < —dm;** < —en 04

Thus if Case 3 occurs we have by the Azuma inequality that

J 0.4+¢/2 0 —0.4)2
ZPr (ZXZ’ > n0‘4+€/2) < mg max exp{ _n o) } +n7% = o(1).
i=0

. 32
>0 0<j<mo jlog®n

The n~% term accounts for the probability that the degree of G exceeds log n. The maximum
degree bounds [(;11 — (-

Case 4: = A; A —B;
As in Case 2 we have
E(Y/R;|H;) < O(m; " log*n)

where R; is defined exactly as in Case 3. Hence, just as in (22) we get

mo J
ZPr (ZY;, > n0.4+e/2) _ 0(1)
§=0 i=0

The above analysis and equation (10) shows that w.h.p.

min{(;, n"4*} < log?n + 4n®4te/2 < 04409

Hence w.h.p. there does not exist i < 7 such that ¢; > n%***. And this therefore completes

the proof that w.h.p. for i < 7 we have ¢; < n®4¢_ verifying (9).

6 Conclusion

We have made significant progress in determining the number of random edges needed for
Hamiltonicity when we condition on minimum degree at least three. Further progress will
lie on improving the bound on the number of edges needed to apply Pdsa’s theorem that is
given in [6]. This may not be so easy, as explained in Remark 4.1 of [6].
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