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ABSTRACT

This paper extends the income fluctuations problem to an economy with endogenous growth.
Individuals, instead of owning an stream of endowments, accumulate capital with an investment
irreversibility constraint and face uninsurable idiosyncratic risks to the return to capital. Money provides
both arisk diversification and aliquidity role. Balanced growth paths exist despite the increasing
dispersion of the wealth distribution. The return to money cannot be equated to the social return to
capital unless the government owns the entire capital stock with idiosyncratic risk, and it is capable of
operating this stock as efficiently as private agents can. Journal of Economic Literature Classification
Numbers: E31, E42, ES8.

KEY WORDS: Income fluctuations, uninsurable risk, demand for money, optimum quantity of money.



1. INTRODUCTION

Virtually all types of capital face idiosyncratic and uninsurable risk. Thistype of risk is certainly
found in human capital and capital invested in privately held firms. Less strongly, itisaso found in
capital invested in publicly held corporations and residential housing because investors must incur
transactions expenses when they need to liquidate these assets. In general, capital and claimson its
return are costly to trade because of the market imperfections generated by imperfect information and
the costs of writing and enforcing contracts. These trading cost simultaneously lead to an incomplete
diversification of idiosyncratic risk and to the demand for afiduciary asset, such as money, providing to
its holders liquidity and a means for self-insurance. Equalizing the return to money to the social return to
capital (Friedman's rule on the optimum quantity of money) means that investors prefer money to capital
facing idiosyncratic and uninsurable risk. Hence, in along-run equilibrium where money earns the social
return to capital, the government must own all the capital with idiosyncratic and uninsurable risk.
Moreover, this equilibrium isonly optimal if the government can manage capital as efficiently as private
individuals can.

The model advanced in this paper reformulates the income fluctuations problem by Foley and
Hellwig [9] and the related monetary model by Bewley [4] to an economy with endogenous incomes
and growth." Instead of owning an stream of endowments as in these earlier papers, individuals own
capital. The accumulation of this capital faces an investment irreversibility constraint, and its return has
uninsurable idiosyncratic risk. In this environment, money helps to diversify idiosyncratic risks (risk

diversification role) and to relax the illiquidity caused by the investment irreversibility constraint (liquidity



role). Because of thisliquidity role, a positive demand for money is very robust. For example, under
fairly genera conditions, the demand for money survives even when itsrate of return is stochastically
dominated by the rate of return to capital.

Asistypical in monetary models, the model presented hereis highly stylized. Each individual
possesses a private and untransferabl e production technology through which their capital can be
invested.? Thisinvestment isirreversible. The return of each private technology is linear in the capital
invested and subject to stochastic shocks. Across time, these shocks are identically and independently
distributed (i.i.d.). Meanwhile, across individuals, there may be some dependence on the realization of
these shocks, but they are drawn in such away that there is no aggregate risk and in this sense
individual risk isidiosyncratic.® With complete markets, idiosyncratic risk would be eliminated through
insurance or through a diversified portfolio. However, the model assumes that individuals' identity,
capital, and output are private information and known only by these individuals themselves. Therefore,
idiosyncratic risk cannot be diversified away, and capital cannot be used as collateral for loans.
Individuals can partly self-insure by holding money. In other words, individuals can sell part of the
output they obtained for money after a favorable shock, and use this money to finance their
expendituresin the event of a bad shock.

Analyzing individuals behavior in this environment has an interest of itsown as it extends the
income fluctuations problem in [9] to a framework where wealth can grow endogenously without
bound. This unbounded growth implies that the wealth distribution of individuals does not converge to a
stationary distribution, but it becomes increasingly disperse. In general, the lack of a stationary

distribution of wealth creates a problem because it precludes a stable aggregation of the individuals
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behavior necessary to construct a balanced path for the economy. Fortunately, this problem can be
solved with the same assumptions that imply the existence of a balanced growth path equilibrium for a
single individual; namely, the homogeneity of preferences and the linear homogeneity of technologies.
These assumptions, though, bring some technical difficulties in the analysis because neither opportunity
sets, utility functions, nor their first derivatives are necessarily bounded, asis normally assumed in
standard arguments in the income fluctuations problem. Because of these difficulties, these standard
arguments need to be replaced with new arguments suitable to the present context.

In the present model, money improves efficiency by allowing individuals to self-insure. In the
absence of money, an equilibrium isinefficient because of the assumption that the idiosyncratic risk to
individual investments is uninsurable. Individuals can self-insure with money; that is they can consume
above their income when the return to their capital islow. In an equilibrium with a constant money
supply, money brings this welfare improvement without any other demand on the government other than
its ability to convince individuals that money is and will remain valuable. This ability to provide
confidence on money may be linked to the taxing powers of the government, but in equilibrium, with a
constant money supply, these powers are not exercised. Unfortunately, with a constant money supply,
the rate of return to money approaches the growth rate of output, which falls short of the socia return
to capital. Hence, there is an opportunity cost of self-insuring with money, and in general individuals will
not fully insure themselves. The equilibrium with a constant money supply remains inefficient despite the
positive welfare role of money.

In principle, the self-insurance role of money can be enhanced by raising the rate of return to

money towards the social rate of return to capital. In the limit, first best efficiency can be achieved if



these two rates are equalized. Thisis Friedman's rule on the optimum quantity of money (see[10, 4,
20].)* However, when thisrule isimplemented, individuals prefer money to capital facing idiosyncratic
uninsurable risk. Hence, in order to implement this rule, the government must effectively own the entire
capital stock invested in the private technologies with idiosyncratic risk. Furthermore, this policy isonly
optimal if the government is able to manage this capital as efficiently as private individuals. In this
instance, the monetary system plays the role of a gigantic mutual fund that effectively diversifies
idiosyncratic risk. The problem with creating this mutual fund is the extraordinary managing abilities
demanded from the government. In the absence of these ahilities, Friedman's rule cannot be
implemented.

The traditional approach of using taxation to implement Friedman'sruleis closely related to the
public ownership of the capital invested in private technologies. Both taxes and public ownership are
fiscal revenue sources founded on government's entitlement to claim a portion of the output produced in
the private sector. With taxation, Friedman's rule can only be implemented with a 100 percent tax on
the returns to capital with idiosyncratic risk coupled with a 100 percent subsidy on the investment of
thistype of capital. Asaresult, this policy is equivalent to the public ownership of capital with
idiosyncratic risk.

The present analysis of the optimum quantity of money complements the work in [5, 13, 15, 17,
19] on the difficulties of implementing Friedman's rule when money plays a precautionary role. In all
these papers, individuals own a stream of endowments and money is the only asset for transferring
purchasing power across periods. Furthermore, the government pays for the money supply reductions

with the revenue of a uniform lump-sum tax, or it spends the money supply expansions financing a



uniform lump-sum subsidy. The revenue from a uniform lump-sum tax is bounded by the minimal
income each individual receives each period. Hence, the money supply reductions are also bounded,
and Friedman'’s rule may not be attainable or even approximated. Moreover, the distributional effect of
using a uniform lump-sum tax to finance reductions of the money supply islikely to be perverse for
welfare. For example, in [17] individuals get net positive transfers when their money balances are high
and, on average, their marginal utility of consumption islow. The present analysis differs from this earlier
work by considering the case that individuals own capital instead of a stream of endowments. This
setup offers the conceptual possibility that the government avoids the uniform lump-sum tax to
implement Friedman's rule by purchasing all the capital, managing it efficiently, and using its return to
finance reductions of the money supply. The difficulty here isthe realism of assuming that the
government is capable of performing such atask.

In summary, this paper extends the work of Foley and Hellwig [9] and Bewley [4] by
incorporating endogenous incomes, capital accumulation, and growth. In this context, money plays both
arisk diversification role and aliquidity role. This extension provides aframework in which to
reexamine the difficulties in implementing Friedman's rule on the optimal quantity of money. The main
outcome from this analysisis an impossibility result. The government cannot implement afirst best
efficient allocation with a deflation that equates the return to money to the social return to capital without
gaining effective ownership of the capital stock and being able to operate this stock as efficiently as
private agents can. Section 2 describes the model. Section 3 analyzes individual behavior. Section 4
constructs a balanced path equilibrium for the economy. Section 5 reexamines the problem of

implementing Friedman's rule on the optimal quantity of money. Finally, section 6 discusses



generalizations to the present model and concludes. An appendix collects all the proofs.

2. THE MODEL

Consider an economy populated with a continuum of individuals. In this economy, individuals
possess an untransferabl e production technology through which their capital can be invested. Capital is
the unique input used by these technologies. Output is homogeneous and can either be consumed or
invested. Investment isirreversible; that is, once a portion of the good is allocated as capital to a
particular technology it can neither be consumed nor relocated to a technology belonging to any other
individual. All individual production technologies are stochastic and yield constant returnsto scale.
Stochastic shocks are drawn so that the individual return to capital isrisky, whereas it socia returnis
not. Individuals can easily hide their identity, their capital, and the output this capital produces.
Consequently, individuals cannot insure the idiosyncratic risk affecting the return to their capital.
Likewise, individuals cannot borrow against their capital. Instead, individuals can partly insure
themselves by trading the good for money. After afavorable shock, they can sell part of their output for
money. Thus, in the event of abad shock, they can spend this money to finance their expenditures.

The fact that individuals cannot eliminate the variability of the private return to capital is crucial
for money to be valued in thismodel. That is, money would be unnecessary with costless contracts
leading to perfectly diversified firms, full insurance, or frictionless equity markets. All these contracts
involve credit from individuals with a high return on their technology to individuals with alow return. For

moral hazard reasons, the assumption that individuals can hide their identity, their capital, and the output



this capital produces precludes the viability of these contracts. Thus, this assumption is equivalent to the
assumption common to many theoretical monetary models that there is no technology to enforce credit
contracts (e.g. [16]). At the cost of complicating the model, one could assume weaker forms of
imperfect information leading to a costly enforcement of credit/insurance contracts to preclude the
elimination of all idiosyncratic risk. For simplicity, these alternative assumptions are not pursued in this
paper.

Each period, individuals alocate their wealth into consumption, capital, and money. The present
flow budget constraint is

(1) c +ki+mi=x,alil I;

where | = set of individuals,

¢, = consumption for i;

kN = capital stock at the beginning of next period owned by i;

m\ = real money demand by i; and

% = wealth of i.
A prime on avariable denotes the value for that variable next period except for mN which is the nominal
guantity of money carried to the next period divided by this period's price level. In choosing this
allocation, consumption, gross investment, and money demand must be nonnegative:

) G306 kt-mk®0 me:G0

where = survival rate of capital (1 > 0).

Theinitial level of wealth x ispositive for al i.



The wedlth at the beginning of next period has two components: liquid wealth and surviving
capital. In turn, liquid wealth includes the output to be obtained from capital and the real value of
money:

x¢= y¢+ nk¢ and
©)

ye= z&kd+ —— rn(lp ° z&¢+ myL+r).

where yN = liquid wealth of i next period,;

zN = return to the capital of i next period,;

p = price of output; and

r=(p/pN)-Listhe(rea) return to money.
The realizations of the stochastic shock zN are countable, nonnegative, and bounded. The distribution
of zN isidentical both acrosstime and individuals. For agiven individual, zN is independent across time,
although not necessarily across individuals. For a given period, the cumulative frequency of zN across
individualsisthe distribution function of z\ for agiveni; that is, there is no aggregate uncertainty.> In
addition, for ease of exposition, | will assume that the probabilities of zN attaining its lower bound, 2",
and its upper bound, ZY& (Z/& > 2" are strictly positive.

Theindividuals horizon isinfinite, their preferences are time additive, and their instantaneous

utility function isisoelastic. In recursive form, the utility of i is:

1-s

G
(4) Vi=q g thEVe
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where [3 = discount factor (3 > 0); and

s = coefficient of relative risk aversion (s > 0, and utility islogarithmic if s = 1).

Because of itsliquidity services, individuals demand money even if itsrate of returnis
stochastically dominated by the rate of return to capital. Without the irreversibility constraint on capital,
the demand for money isjust a demand for diversifying risk. With the irreversibility constraint, the
demand for money is aso ademand for liquidity and is likely to be positive for awide range of
parameters. For example, the demand for money is aways positive if 2" = 0 and the return factor
p/ p\ remains positive in all states. Therefore, the demand for money is positive even if the money
return factor ( p/ pN) islower than the capital return factor (1 + zN) in al realizations of zN. The two
assumptions responsible for this strong result are the following: the marginal utility of consumption
convergesto infinity as consumption converges to zero and the probability of a zero gross return to
capital (zN = 0) is positive. As shown in the next section, the demand for money may exist even if 2"
> 0 and money is dominated in its the rate of return, but a positive demand is not guaranteed in such
genera terms.

For the time being, | assume that the money supply is constant. In principle, the money supply
may change if the government uses taxes or transfers to change its quantity. This possibility is
postponed until Section 5. Aslong as the nominal quantity of money is constant, the only economic
transactions in the economy consist of exchanges of money and output in a market that takes place
every period. Using the fact that zisindependent of k, this market clearing condition can be stated as
follows:

5) C+ K(- mK = zZK;
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where uppercase |etters represent economy aggregates (i.e., they are integrals of their lowercase
analogsacrossal i inl), and & is the expected value of z. Equivalently, the market clears when:
(6) My = M@,
where My = nominal quantity of money.

This paper studies monetary competitive equilibria where individuals maximize V;, taking prices
as given, subject to constraints (1) to (3), and where the market that exchanges money and output
clears every period. Asit is typical among monetary models®, these equilibria are not unique. This
paper, though, does not deal with this multiplicity. Instead, if focuses on balanced path equilibria

consistent with a constant rate of return to money.

3. INDIVIDUAL BEHAVIOR

This section characterizes the optimal behavior of an individual facing a constant return to
money. Theindividual's optimal plan must satisfy the following standard first order conditions.” If the
demand for money is positive, amarginal unit of output must bring the same utility to an individual
whether immediately consumed or sold for p units of money to be spent on consumption next period
(p/ pN units). If the demand for money is zero, consuming the unit of output immediately gives at least
the same utility as selling it for money. These two complementary conditions are summarized as follows:

« S
pc¢¢ . with equality if me> 0.

(7) c ° 3 DbE

12



(Henceforth individuals' subscripts are dropped when unnecessary). Also, if the irreversibility constraint
on capital is not binding, a marginal unit of output must bring the same utility to an individual whether
immediately consumed or invested and the return consumed throughout the life of the irreversible
investment. If the irreversibility constraint is strictly binding, the individual would get at least the same
utility consuming one unit of capital as he/she would get if left invested because of the constraint. These

two complementary conditions are summarized as follows:
s g t-1 s .
(8) C° % ha (bm) E,zc °, with equality if k, > mk,;
t=1

where subscripts denote time and the present is normalized to be period zero. A recursive application

of this condition implies the following relation:

(bm) "E,z¢:® £ E,(z + )G, with equality if Pr(k, > mk,) = 1

1

T QDo

9)

Theirreversibility constraint lowers the value of an investment next period unless the constraint is not to
be strictly binding with probability one.

To ensure that the individual's problem is properly defined, one must ensure that there is at most
one feasible path that yields infinite utility to the individual. Also, one must ensure that there is at |east
one feasible path for which utility is different from minusinfinity. As shown in proposition 3.1 below, the

following assumption achieves both objectives.

AssUMPTION 3.1: Technology and preferences satisfy these additional restrictions:
(i) If s < 1, thenb (m+ z¥*)*s < 1, and 2" $ 0.
(i) Ifs=1thenB< 1,and 2'"> 0.

13



(i) 1fs> 1, thenbm®® < 1, and 2" > 0.

An additional assumption on the variability of 2\ is also necessary to ensure that the demand for
money is positive. As discussed in Section 2, one such assumption isthat 2" = 0. With this
assumption, one cannot ensure that the expected individual's utility is different from minus infinity if
s $ 1. Hence the assumption 2" = 0 is unsuitable for this range of s. With a positive 2", conditions
on the primitives of the model that ensure a positive m\ are complicated to state, and they lack
generality. Condition 3.1 posits a positive demand for money for alevel of liquid wealth of particular
interest to ensure a monetary equilibrium. In this case, proposition 3.1 shows that this condition is
satisfied for all values of s if the survival rate is sufficiently high and the distribution of 2\ is sufficiently

disperse.

CONDITION 3.1: The demand for money m\ is positive for k= 1 andy = Z"&,

If Assumption 3.1 and Condition 3.1 are satisfied, individuals may find themselvesin three
possible regimes depending on the constraints binding in a particular period. In regime A, neither the
irreversibility constraint nor the nonnegative money demand constraint are binding. In this regime, the
alocation of wealth (c, k(, ) is proportional to x. In regime B, only the irreversibility constraint is
binding. In thisregime, gross investment is zero, and a portion of liquid wealth is used to finance
consumption. In regime C, both constraints are binding. In this regime, individuals consume all their
liquid wealth. For high liquid wealth relative to capital, regime A applies. For lower liquid wealth,

regime B applies. Finaly, regime C applies for the lowest interval of liquid wealth. The existence of
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regimes B and C depends on parameter values as formalized in the following proposition:

PrROPOSITION 3.1: With therestrictionsin Assumption 3.1, if 1- m£ r < z- (1- m),
the following statements apply to an individual's optimization problem:
(1) Recursive dynamic programing methods are applicable, and the optimal policy isa

continuous and linearly homogeneous function of liquid wealth and capital:

(c, mi, ki) = G(y, K1 Rf’ Hence for k> 0, G(y, k) = G(s,1)k; wheres= y/k.

(i)  If Condition 3.1 issatisfied, for k=16 sandx (s > x$ 0, and 2'*> x) such that:
(A) ForyO (s, 4)1[2""4), theoptimal choiceisinterior and c, mi and k\ are
proportional to x.
(B) ForyO (x,s]1[Z2""4) (this set could be empty), ki = pk, m\> 0, and c and mi\
are gtrictly increasing functions of y.
(C) Fory0][0, x]1[2"4) (this set could be empty), kN = pk, mi = 0, and ¢ = x -pk.
(iii)  For all preferences parameters, Condition 3.1 is satisfied if the survival rateis

sufficiently high, and the distribution of 2\ is sufficiently disperse.

The linear homogeneity of G impliesthat wealth grows stochastically, so that in general the level
of wealth does not converge to an invariant distribution. In contrast, the proportion of liquid wealth over
capital is bounded, so that an invariant distribution for s (the ratio y / k) exists. The monotone properties
of G imply convergence to this distribution in the long-run. Also, the following lemma provides a

"mixing" result that implies uniqueness of this distribution.
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LEMMA 3.1: Lets™ = (m/K)' (1 + r) + 2/ where (m/ k)" istheratiom\/ kN in Regime A

(interior solution). Suppose Assumption 3.1 and Condition 3.1 hold.

0] If R(L+ r)us $ 1, then the probabilities of finite time transitions either froms, = 2" to
s=s orfroms=s tos=s" arepositive. (Subscripts denote periods into the
future).

(i) If R(1L+ r)us # 1, then the probabilities of finite time transitions either froms, = 21" to

s $ 2" or froms,= s to s # 2" are positive.

PROPOSITION 3.2: Let sbetheratio y/k. Suppose Assumption 3.1 and Condition 3.1 hold,
and 1- m£r <Z- (1- m). LetP(s, 9) be the transition function defining the probability
distribution of s\ given s. This transition function has a unique invariant distribution. This
distribution assigns positive probability to states with a positive demand for money. The long-

run distribution of s converges to this invariant distribution.

This proposition applies to alternative parameter values leading to a broad range of individual
behavior. In particular, it applies to parameter values for which positive gross investment never arisesin
the ergodic set of states. In this case, individuals have an invariant distribution indistinguishable from that
of the standard income fluctuations problem with an exogenous growth factor pu. Furthermore,
Proposition 3.2 applies to parameter values for which income grows endogenously because the

invariant distribution assigns positive probability to states with positive gross investment.
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4. THE BALANCED PATH EQUILIBRIUM

This section uses the results of Section 3 to construct a balanced path equilibrium when the
money supply is constant. Suppose that individualsin the economy have arelative distribution of liquid
wealth and capital so that the contemporaneous cumulative frequency of s (the ratio y/k) across
individualsis the long-run invariant distribution of sfor any singleindividual. Therefore, by definition, the
distribution of sacrossindividuals remainsinvariant over time. This section restricts attention to
economies with thisinvariant distribution of s across individuals. These economies, though, are not
necessarily in a balanced path. The alocation of aggregate output depends not only on the distribution
of sacross individuals but also on the distribution of wealth acrossindividuals. In general, the
distribution of wealth across individuals has no invariant distribution in this model because the wealth of
each individual grows stochastically and without bound. The lack of a stationary distribution of wealth
poses adifficulty for aggregating individual behavior into a stable balanced path for the economy.
However, this section shows that this difficulty can be overcome using the linear homogeneity of the
individual's policy function.

Let S =[s"I", s"®] be a closure of the ergodic set of states for the individual transition function
P(s, 9), and let ? (S) be the set of distribution functionson S. For al s0 S let K® be the aggregate
capital stock of all individuals having acommon s. The linear homogeneity of G for al individuals
implies that the allocation of aggregate output depends on how aggregate capital is divided among the

various K®, That is,
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(10) (C,MGK = 3By . k) = KFBED(KS/ K).
| S

The first equality in (10) is a definition. The second equality in (10) follows from the linear homogeneity
of G and the aggregation of all individuals with acommon s. To construct a balanced path equilibrium,
one must find an invariant distribution for K®/ K. Let ? 0? (S be the present cumulative frequency of
Ks/ K, andlet T be an internal operator in ? (S) that maps ? onto the next period cumulative frequency
of K®/K. Thatis,

O (9 P(s,s9! (ds)

(12) (T )(s9 =
O% (9! (ds)

where g, is the third element of G(s,1). The sought invariant distribution of K/ K isafixed point ?* of
the operator T". By comparison, the long-run invariant distribution of sfor an individua is the fixed
point 2" of the operator

(12) (Tl )(st) = oP(s, st . (ds).

The two fixed points would be identical if s\ were independent of s (P could be taken out of the
integralsin (11) and (12)), or if g, were a constant (g, could be taken out of theintegralsin (11)). In
general, the two fixed points differ because the transition function P is monotone with s, and g, is
increasing (strictly for some states). The following proposition establishes the properties of T" and the

convergence of the cumulative frequency of K®/ K to a unique invariant distribution ?".

PROPOSITION 4.1: Suppose Assumption 3.1 and Condition 3.1 hold, and
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1- mE£r<Zz- (1- m). Theoperator T satisfies the following properties:

0] Continuity: For a sequence ?, of elementsin ?(S), T 2, converges weakly to T ?2if 2,6 2.

(i)  Monotonicity: For 2, 2% 02(9), T2 $T2if2,$ 2.

(iii)  Dominance: For all ?0?(9), TT?$T?$P(s , ). Moreover, T/ ?=T?if As)=1or
2As) = Ofor all s< s.

(iv)  Invariant Distribution: The cumulative frequency of K®/ K converges to a unique

invariant distribution 7 of the T" mapping.

If the cumulative frequencies of individuals and capital correspond with the invariant
distributions ?,” and 7, the aggregate allocation of resourcesin the economy will remain constant over
time. Therefore, the aggregate of all real variables in the economy (wealth, consumption, capital, output,
and real money balances) will grow at a constant common rate g. For this balanced path to be an
equilibrium, one must ensure that the market of output for money clears. The following proposition

establishes that there is an r that achieves this outcome.

PROPOSITION 4.2: Suppose Assumption 3.1 and Condition 3.1 hold. Thereisareal return
tomoneyr intherange 1- m£ r < Z- (1- m) for which the market of output for money
clears along an aggregate balanced path. Consequently, a monetary balanced path equilibrium

exists.

The balanced path equilibrium constructed in this section is not Pareto efficient. For efficiency,
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individuals should be able to earn the socia return to capital Z- (1- m) on al their investments

including money. The next section examines the policies required to achieve this end.

5. THE OPTIMUM QUANTITY OF MONEY

This section analyzes policies aimed to remedy the inefficiency caused by the gap between the
return to money and the social return to capital. To narrow this gap the government can pay interest on
money or change the rate of deflation. As these policies are equivalent in this model, | will assume no
interest is paid on money. In this case, the Friedman's rule to achieve first best efficiency calsfor arate
of deflation equal to the social return to capital. With the simplifications made, the social return to
capital is constant along a balanced path, so that there is no need for risk adjustments. (This absence of
aggregate risk is not essential to the main results presented below.)

With a constant money supply, the rate of deflation falls short of the socia return to capital
meaning that a government seeking to implement Friedman's rule must steadily reduce the money
supply. I will assume that the government uses a combination of lump-sum taxes and income from
publicly owned capital to finance these reductions of the money supply. Thus, in this section, | assume
that the government is able to invest in capital to obtain a constant real net return r,. This ability can be
interpreted in two ways, both yielding identical results. One interpretation is that the government owns a
technology different from private technologiesin which it can invest the capital it owns. The other
interpretation, more in tune with the rest of the paper, is that the government can invest in the private

technologies to obtain an aggregate return without risk. This return may differ from the average return of
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private investments (social return to capital) because of possible costs or inefficiencies when the
government uses the private technologies.

The next proposition examines the implications of closing the gap between the return to money
and the social return to capital in abalanced path equilibrium. These implications put a set of conditions
on what the government must be able to do to implement Friedman's rule on the optimum quantity of

money to improve efficiency.

PROPOSITION 5.1: In a balanced pathwhere r = Z- (1- m), the following holds:

(1) The government must own all the capital stock.

(i) The money supply must be backed with the present value of the net cash flow from public
capital plus the present value of future taxes.

(iii)  If the public return to capital islower than the social returnto capital: r, < z- (1- m),
and non redistributive lump-sum taxes subsidize the monetary systemto achieve
r=2z- (1- m), then eliminating taxes and lowering the return to money tor is a

Pareto improvement.

Proposition 5.1 implies that Friedman's rule leads to a prescription for using the fiscal powers to
create amutual fund where the government owns all the capital and distributes its proceeds through the
monetary system.® For this scheme to be efficient, public capital must be able to earn the social return
to capital. Therefore, the government must either have a technology with the same expected return as

private technologies but without risk, or be able to invest in the private technol ogies without the
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monitoring costs that prevent private individuals from doing so. Because the only market imperfectionin
this economy is the impossibility of individualsto fully diversify risk, it is clear that if the government can
create this public mutual fund efficiency will be improved. The point of Proposition 5.1, though, is not
this"if" statement. The point of the proposition is that only if the government can create this public
mutual fund, then Friedman'’s rule can be implemented to improve efficiency. The intuition for thisis
simple. Once the return to money is equal to the expected return to capital, risk averse individuals
prefer money to capital facing an idiosyncratic uninsurable risk. Hence all the capital with idiosyncratic
risk must be owned by the government in a balanced growth path. This policy isonly optimal if the
government can manage capital as efficiently as private individuals.

The realism of the capabilities demanded from the government in Proposition 5.1 is ultimately
an empirical matter. However, the conventional wisdom is that governments are worse administrators of
their capital than the private sector. Hence, Proposition 5.1 should be seen as an impossibility result.
Friedman's rule cannot be implemented to improve efficiency if either the ownership of capital must be
private or the return to public capital falls short of the social return to capital.

Asin[5], Proposition 5.1 impliesthat if the government must rely only on lump-sum taxes to
finance the reductions of the money supply, Friedman's rule cannot be achieved. Suppose, asin [9],
that the only fiscal instrument the government possesses is alump-sum tax uniform across individuals.
With alump-sum tax the first order conditions (7) and (9) of the individuals optimal plans are not
affected, but their budget constraint is. Also, when alump-sum tax is used to reduce the supply of
money, it affects the equilibrium condition (6), and as a result, changes the rate of deflation in the

economy. For the tax to be able to support a steady deflation, the tax revenue must grow at the same
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rate as the economy. The characterization of a balanced path equilibrium follows similar steps to those

in Section 4. This characterization now implies that the return to money equals the rate of growth of the
economy minus the rate at which the money supply is reduced. This equilibrium, though, only exists if
the uniform lump-sum tax is sufficiently small so that all individuals are ableto pay it. In this model (and
inreality!), this puts avery low bound on the tax. In this model, even if the economy settlesinto a
balanced path with a constant rate of growth for aggregate variables, aslong as idiosyncratic risk is not
eliminated, the individuals wealth distribution isincreasingly disperse. Therefore, even if we were to
start with an equal distribution of wealth, the wealth of some individuals will become insignificant relative
to that of others. In fact, if the survival rate isless than one (1 < 1) and the investment irreversibility
constraint is binding for some individual s along the balanced path, then the wealth of some individuals
driftsto zero with probability one. Therefore, in this case, even if the gross rate of return to capital is
positive (2" > 0), gross income drifts to zero, and so an equilibrium fails to exists for any positive
uniform lump-sum tax.

L ump-sum taxes do not need to be uniform across individuals. In the present model, a
consumption tax at a constant rate is equivalent to alump-sum tax proportional to wealth. This
consumption tax transfers a portion of wealth, which includes private capital, money, and income, to the
government. As the tax rate on consumption increases, private risk becomes diversified because both
the value of private capital and its uninsured return fallsin consumption units. Nevertheless, thereis no
finite tax rate that is capable of reducing private risk to zero. This difficulty rules out Friedman's rule, but
it does not rule out a close approximation. There are, however, other difficulties with a consumption tax

(and, in general, with other taxes that discriminate across individuals as discussed in [15]). To
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approximate Friedman's rule, consumption taxes must be extremely high and collected at a zero
monitoring cost. For example, the government must be able to costlessly enforce a system in which
$99.99 of every $100 paid by buyers goes to taxes while the remaining $0.01 goesto the seller. In
addition, for the tax to be efficient the government must be able to perfectly measure consumption. This
assumption is very strong both in reality and in amodel where individuals can hide their economic
activities. If the government can only measure consumption with error, a scheme which taxes
consumption and subsidizes money in order to promote social insurance may easily increase the risk
faced by private individuals. The second best monetary policy in this case depends on the relative
variability of the measurement error on consumption and the private return to capital. This second best

may be far from the Friedman's rule.

6. SUMMARY AND EXTENSIONS

This paper has analyzed a ssmple model where money plays arisk diversification role that partly
insulates consumption from the uninsurable idiosyncratic risks, and a liquidity role that relaxes the
constraints imposed by investment irreversibility. This model provides intuitive results on the difficulties
for engineering a deflation that equates the rate of return to money to the socia rate of return to capital
(Friedman's rule on the optimal quantity of money). The implementation of this rule converts the
monetary system into a huge mutual fund whose assets are the capital with idiosyncratic risk and whose
liabilities are the money supply. For thisrule to be efficient, the government must be as able to efficiently
operate capital as private individuals. If thisis not possible, or if the ownership of capital must be

private, the return to money cannot be equated to the social return to capital.
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The simplifying assumptions about the private technology and the stochastic environment
throughout the paper were done mainly to facilitate the description of the balanced path equilibrium.
This section briefly describes some extensions to the basic model, and how they affect the analysis of
the optimum quantity of money.

The assumption that investment isirreversible plays arole in ensuring a positive demand for
money. If capital is aflexible asset, the money's only roleisto diversify individual risk. That is, money is
demanded by risk averse individuals that are willing to sacrifice in the margin the high expected return to
capital for the safe return to money. In this case, a positive demand for money exists only when the rate
of return to money is sufficiently close to the expected social rate of return to capital. This existence
problem, though, is not an issue for economies where these two rates are very close asit is the case for
economies following or close to following Friedman's rule.

The absence of aggregate risk can also be easily relaxed. With aggregate risk, first best
efficiency still calls for eliminating the gap between the return to money and the social return to capital.
Hence the return to money must be risky. Arguments parallel to those in Proposition 5.1 imply that this
first best can be achieved if and only if all capital is publicly owned and the public return to capital is
egual to the social return to capital. The reductions of the money supply must now depend on the
stochastic social return to capital which provides the funds to equate the return to money to the social
return to capital.

The motives for holding money can also be easily enlarged. With shocks to private technologies
that are not i.i.d. across time, the demand for money incorporates both a transaction motive and a

speculative motive. For example, suppose individuals obtain the output from their production
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technology once every thirty periods with different individuals receiving their output at different times.
The return to capital on the thirtieth day is till stochastic but has alow variance. In this variation of the
model, the main motive for holding money is to buy consumption during the twenty-nine periods without
income. Thus, it incorporates atypical transaction demand for money. Another example, suppose the
productivity of the private production technologies can be imperfectly predicted at the moment
investment takes place. In thisvariation of the model, an additional motive for holding money isto
concentrate investment in periods with good prospects on the private return to capital. Thus, this
variation would incorporate a speculative demand for money. Although these variations complicate the
description of along-run equilibrium, they add little to the results on the optimum quantity of money in
Section 5. The only key assumption in Proposition 5.1 is that the private return to capital contains an
idiosyncratic component, which due to market imperfections cannot be insured.

Both the idiosyncrasy on the return to capital and the complete irreversibility of investment
could be relaxed with transaction costs to trade physical capital and idiosyncratic shocks to the ability
to supply human capital asin[1].° For similar reasons as elicited in Section 5, the return to money
cannot be raised to equal the social return to capital without the government owning all the physical as
well as human capital. In this case, the uninsurable idiosyncratic risk of owning physical capital isthe
transactions expenses that must be incurred to sell out this capital when a bad shock hits an individual.

Finally, the model can be extended to enrich the financial sector in the economy. First, the
model can be extended to include several types of government securities differentiated by their liquidity
and their rate of return. Highly liquid securities with alow return can then be interpreted as moneys,

while less liquid securities with a higher return can be interpreted as government debt. In a separate
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paper [7], | pursue this extension in a deterministic version of the model. Second, the model can be
extended to include financial markets and private financial intermediaries.’® For example, one could
assume that private financial intermediaries could pool idiosyncratic risk and provide credit at a positive
resource cost. In such aworld, the government issued currency would coexist with the liabilities issued
by the private financial intermediariesin away similar to the coexistence of currency, deposits, and
mutual fundsin the United States. Monetary policies must then be integrated into the wider overall

design and regulation of the financial system.
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APPENDIX A.PROOF OF THEOREMS

The proofs that follow are abbreviated because they are mainly based on standard dynamic

programming arguments. See [6, Appendix B] for amore detailed version of these proofs.

PROOF OF PROPOSITION 3.1:  Part (i) follows from the theoremsin [2]. To apply these
theoremsfor s $ 1, the ratio ¢ / x must be bounded away from zero. It is possible to construct this
bound so it never binds, becausefors $1 y/x$ 2" > 0.

The four possible regimes for the solution to the individual's problem are:

(A) Thesolutionisinterior. In thisregime, y and pk are perfect substitutes, so the linear

homogeneity of G impliesthat ¢, m\ and k\ are proportional to x.

(B)  Only theirreversibility constraint is binding (kN = k). Homogeneous preferences imply
normality of c at al periods and states, so ¢ and m\ are strictly increasing with'y.

(C©)  Both constraints are binding (kN = pk, and m\ = 0). Hencec=zk+ m(1 +r).

(D)  Only the nonnegative money demand constraint is binding (m\ = 0). Asintheregime A, y and

pk are perfect substitutes, so ¢ and kN are proportional to x.

For k=1, the demandsfor ki and m\ are weakly increasing with respect to y, so lower bound

constraints on these choices if they bind, they must do so for low levels of y. Also, when the
irreversibility constraint is not binding the demands for ki and m\ are proportional to x. These two
factsimply the following two ordering conditions. If regime C exists, it must be for the lowest interval of

y: [2"", x]. If regimes A or D exist, it must be for the highest interval of y: (s', 4). Hence regimes A and
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D are mutually exclusive. Regime D is also mutually exclusive with regime B, because otherwise the
demands for either k\ or m\ would not be weakly increasing withy. Asaresult, Condition 3.1 rules
out the existence of the regime D. Combining these ordering conditions with the continuity of G part (ii)
follows. This proves (ii).
1 s

Let k= 1and 2" < Min{z, 2, z}; where z, = mE[bE(m+ z¢)“]s : J%
2, = 2% [Pr(z"™bmt*]", and z,= m(1- bm**)- E(z4zet z"™)[Pr(z"")*- 1. The
inequality """ < Min{z, z,, z3} rulesout the three possible cases which can arisswhen mi=0aty =
7% These three possible cases are the following: First, ki > p both at y = 2 and y = 2", In this
case, mMi=0and kN> pforaly. Second, ki=pat y=2"* Inthiscase,mMi=0and ki =p at
y=2""aswell. And third, k\>p aty=2"* but ki = p at y = Z""". Condition 2'" < z, rules out the
first case as it contradicts that conditions (8) and (9) hold always with equality. Condition 2" < z,
rules out the second case as it contradicts condition (7). Finaly, the condition 2" < z, rules out the

third case as it contradicts that the individual cannot raise utility by a marginal shift of savings from

investment to money (conditions (7) to (9))~

PrROOFOFLEMMA 3.1: If s$ s and 2 = 2" the definition of s impliessi=s". If 2"*$ s,
arealization 2\ = 2"* awaysleadsto s\ $ s™. Therefore, in this case the probability of atransition from
$=2""tos, $s” intwo periodsisat least [Pr(Z'®)]?>0. If 2'® <, Proposition 3.1 implies that
K\ = pk, and m\ > 0, for all s0[Z"*, s']. Also, this proposition implies that ¢ = g.(S)k for a continuous
and increasing function g.. Thus, for all s0[Z"*, s] condition (7) implies g.(s\) > g.(s) and N > sfor

al sO[Z2"*, s if 2l =" and R(1 + r)us $ 1. Let ? bethe minimum s\ - s> 0 for al sin the compact
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set [Z2%, S']. For a consecutive sequence of 2\ = 2 atransition from s, = 2" to s, $ s~ takes at
most N = [(s - Z'®)/ ?] + 2 periods. Therefore, the probability of atransition froms, =7"" tos $
s  infinitetimeisat least [Pr(Z"®)]"> 0. Findly,s” > s, because s> sfor 2l = Z"*andy=s'.
Therefore, the probability of atransition from s™ to s~ inasingle period is Pr(Z¥®) > 0. The proof of
(i) isanalogous to the proof of (i) reversing inequalities and considering a sequence of realizations

A = 2in ~

PROOF OF PROPOSITION 3.2: This proposition follows from [18, Theorem 12.12]. Proposition
3.1impliesthat N0 S= [Z"", s™] for S as defined in Lemma 3.1. The transition function P is clearly
monotone and satisfies the Feller property. Lemma 3.1 provides the mixing condition required for the
theorem. Finally, Condition 3.1 implies that the set of states with zero money balancesis not

absorbent—

PROOF OF PROPOSITION 4.1: Continuity in (i) follows from(11) and 0, (s)! (ds)® m> 0.
Define § =[s"", s)1S Forals0S, gJ(s) =p. Conversely, for all sO (S-S), P(s, s) =

P(s’, s\). Consequently, the definition of T* can be simplified as follows:

(13) (T'I)(st) = P(s,s0) + mk'lQo[P(S,Sfﬁ)- P(s, st (ds);

where k = ¢, 9, (5)! (ds). Because g, isnondecreasing, ?, # 2, if 2, $ 2, (?, stochastically dominates
?,). Likewise, because P({, 9) isnonincreasing, theintegral in (13) isat least as large for ?; than for

?,. This proves (ii).
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Using (13) and P(s, s\) = P(s, s) for all s0 (S- S),
(14) (T1)(st) = (1- mk " H)P(s, st + mk ("I )(s9).
Theterm u?0 (0,1], so (14) impliesT"2$ T ?2$ P(s , ). If 2(s) = 1, then the irreversibility
constraint is binding with probability 1in ?. Consequently, u?*=21and T2 =T 2. Finaly, if 2(s) =0,
the irreversibility constraint is strictly binding with zero probability in 2. Consequently, P(s', 1) =T, ? =
T'?. This proves (iii).

Form the sequences { T""d(s""")} and { T""d(s™)}, where d(s) is a distribution function that
assigns unit probability to s. Both sequences converge weakly, and their limits ?°; and 7", are invariant
distributions because T* is continuous and monotone [18, Exercise 12.12]). For all 2,0 ? (9,

d(s"" $ 2, $ d(s''®). Therefore, the monotone property of T implies:
TS $ T2, $Td(S"™), n=1,2,..,dl adl 2,0?(9.

If 7, =7, then it follows that the sequence { T""?,} also converges weakly to this common limiting
distribution, and this common limit assigns positive probability to high monetary states because of (iii).
Hence, in order to prove (iv) it sufficesto prove 7', = ?7°,. Define S, = [s'", §') 1 S(theirreversibility
constraint is strictly binding at §,). Suppose the following condition is satisfied:

(15) Thereis apositive real e and a positive integer N such that PN (sV'", s) <1 - e,

Clearly, thisconditionimpliess < s"*and ?7'(s) < 1. Moreover, part (iii) implies
Td(S8MM)(s) # T,"d(s"™)(s), s0 2,"(S) # 2(S) < 1 by continuity. Because ?°, and 7', are finite

measures, there is atriple of measures a,, a,, and a, suchthat 7, =a,+a;, ?,= a,+ a, and a,
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and a, are mutually singular. For all s\ 0 S the following expression holds:
(16) [1,(st)- 1, ()|

=T17,(s0)- T'17,(s0)

=mk;* g[ P(s,sf)- P(s,s]l (ds)- mk* S(‘)0[ P(s,sf)- P(s,s0)]l ,(ds)

=mk;* g[ P(s,sf)- P(s,st)]a,(ds)- mk* g[P(s, st) - P(s,st)]a(ds)

£ mk ' [P(s™,s0)- P(s, s¢)]ga 1(ds)

£mk;Y- 15
In this expression, the second line uses ?; and ?,” areinvariant distributionswith T, ?," $2,, and T’
is monotone. The third line uses (13). The fourth line uses that a, is common to both ?," and ?,". The
fifth line uses P(S"", s) $ P(s, s\) $ P(s', s) for all sand s\ in S,. The sixth line uses [P(s™, Sl) -
P(s’, s\)] 0[0,1], and the definitions of a, and 2i2. Because ?; > | expression (16) implies2?, - 2,2 =
0,s07?," =?,. Thisproves uniquenessif (15) holds. If (15) doesnot hold, s $ s> and S= S.

Hence T and T, areidentical from (iii),s0?2 ' =?, =2, ~

PROOF OF PROPOSITION 4.2: Individual behavior changes continuously with r, so [18, Theorem
12.13] implies that the invariant distributions are also continuous with r. The market clearing condition
(7) issatisfied if r = g. Hence it suffices to prove that thereisapair r, and r, in the range
[1- m,Z- (1- m))forwhichr,# g,, andr, $ g,. Theinequality r, # g, is clearly satisfied for
r, = 1- p, because the rate of growth of capital is bounded below by p. For r; = z- (1- m),
individuals do not hold any capital (Proposition 5.1) and do not face risk, so that the wealth grows at

therate g, = [b (1+ r3)]”3 - 1 Assumption 3.1 impliesg; < r5. Continuity of the set of feasible
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consumption paths with respect tor at r; impliesthe existenceof r, < zZ- (1- m) sufficiently closeto

ry for which g, <r,~

PROOF OF PROPOSITION 5.1: Suppose an individual investsin capital. Condition (8) should hold
with equality, so together with (7) to (9) implies
(1+r)Ect® £ E(z¢+ m)ct® = E(z¢+ m)Ect ® + Cov(zgce ®).
The normality implies the covariance term is negative. Consequently, as long as private gross investment
ispositive, r < Z- (1- m). Henceif r =2Z- (1- m) privateinvestment must be zero, andin a
balanced path equilibrium private capital must be zero as well. This proves (i).

Suppose the government reduces the money supply with the proceeds from taxes and the return
M N M r@ 0

&
of public capital. The government's flow budget is (K¢~ Kq) + g 0 7 Kofg * Tgs where K,
= public capital, and T, = current real taxes collected by the government. Along a balanced path

equilibrium with r = Z- (1- m) and grow rate g, this budget constraint simplifiesto
r,- 9
r-g
money supply is backed with the present value of the net cash flow from public capital plus the present

T
M(r- g) = K,(r,- 9)+T,. Dividingbyr-g, M=K, + ﬁ Consequently, the
value of future taxes, both discounted at the rater. This proves (ii).

Aspart (i) shows, in abalanced path where r = Z- (1- m) al capital is publicly owned, so
the effective return to capital along this balanced path isr,. Aspart (ii) implies, money can only earn a
higher return thanr, if the government collects lump-sum taxes to subsidize the monetary system. This

policy isinefficient asit leads to a disparity between the marginal rates of substitution and transformation
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between present and future output. Furthermore, if the lump-sum taxes are non redistributive
(proportional to wealth), a Pareto improvement can be achieved with a monetary reform that cancels

taxes and maintains money fully backed with public capital ~



APPENDIX B

This appendix contains more detailed versions of the proofs than those in Appendix A.

PROOF OF PROPOSITION 3.1:  The proof of (i) is based on Theorems 1to 6 in Alvarez and
Stokey (1998) extended to a stochastic setting as explained in Section 5 of the same article. Using
wealth as the norm for the nonnegative state variables y and k, the assumptions of these theorems are
clearly satisfied for s < 1. For s $ 1, they are also satisfied with the added constraint ¢ $ a x, for all
a 0(0, 2'"). Therefore, recursive arguments can be applied to this problem (once transformed if
s $ 1), and thereis a policy correspondence G(y, k) that is nonempty, compact-val ued, upper-hemi-
continuous, and linearly homogenenous. The strict concavity of the utility function and convexity of the
budget constraint imply that the value function V is strictly concave with respect to (y, k). Hence the
maximum utility is attained at a single point of the budget constraint , so G isasingle-valued function.
Then, the continuity of G isimplied by the fact that it is upper-hemi-continuous. Finally, it remainsto
show that when s $ 1 thereis a positive a for which the constraint ¢ $ ax will never be binding, so
these results apply to the problem without this constraint. For x = 1, the minimum liquid wealth, to be
denoted yM, is 2 / (2" + 1) > 0. Let ¢cM" = gl- bsl(m + zM‘”)sl'lgyMi”. Asitiswell known,
cMinis the deterministic optimal consumption for an individual with x = yMn 2\ = " for all states, and
r= p-1. Assumption 3.1 implies cM" > 0. With the homogeneous assumptions of preferences and

1
. . . . eytgmkus
technology, if the constraint ¢ $ ax is never binding, then C= a7 ——— 1 ifs>1 and
é(1- s)Vy

35



c= (y+gmk)(1- b)if s =1; whereqisthe shadow value of one unit of inherited capital

(O # g #1). (For the derivation, see Faig "Understanding Investment Irreversibility in General

Equilibrium” Working Paper FAIG 9801, Department of Economics, University of Toronto. Thisrule

corresponds to equation (14) with different notation). Thisruleimpliesthat if s $ 1, consumptionis

weakly increasing with V and y + quk. Therefore, if a < cM", the constraint ¢ $ ax will never be

binding. This proves (i).

The two inequality constraints (kN $ pk, and mN'$ 0) determine four possible regimes for the
solution to the individual's optimization problem:

(A) Thesolutionisinterior. In thisregime, y and pk are perfect substitutes, so the linear
homogeneity of G impliesthat ¢, m\ and k\ are proportional to x.

(B)  Only theirreversibility constraint is binding (kN = pk). In this regime, homogeneous preferences
imply normality of consumption at all periods and states, so ¢ and m\ are continuous and strictly
increasing functions of y.

(C)  Both constraints are binding (kN = pk, and m\ = 0). In thisregime, c=zk+ m (1 +r).

(D)  Only the nonnegative money demand constraint is binding (mN = 0). In thisregime, y and pk
are perfect substitutes, so the linear homogeneity of G impliesthat ¢ and kN are proportional to
X.

For k=1, the demandsfor ki and m\ are weakly increasing with respect to y, so lower bound

constraints on these choices if they bind, they must do so for low levels of y. Moreover, when the

irreversibility constraint is not binding the demands for ki and m\ are proportional to x. These two

factsimply the following two ordering conditions. If regime C exists, it must be for the lowest interval of
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y: [2"™, x]. If regimes A or D exist, it must be for the highest interval of y: (s, 4), so A and D are
mutually exclusive. Regime D is also mutually exclusive with regime B, because otherwise the demands
for either kN or m\ would not be weakly increasing with y. Hence Condition 3.1 rules out the existence
of regime D. To characterize s and x, let x =y = 1, so k = 0. Denote the optimal choice
(c',m ,K’).Because marginal utility converges to infinity as consumption converges to zero, both
c >0andm +Kk >0.If K were zero, then m > 0, c\ would be deterministic, and the investment
irreversibility constraint would not bind in the next period with probability one. As aresult, conditions
(7)to (9) imply 1+ r 3 Z+ m,whichisacontradiction. Hencek > 0. If m =0, then regime D
would exists which has already been ruled out if Condition 3.1 applies. Hencem >0. Lets =
(¢ +m)/K >0. Fory=s and k =1, homogeneity implies kN = pk and the interior optimal choiceis
unhindered by the two inequality constraints. Aslong asy > s/, the interior optimal choice remains
unhindered by the inequality constraints, so regime A appliesif s°$ 2", If s # 2" regime A isthe
only regime for all range of possible values of y. In this case, (B) and (C) of part (ii) hold vacoudly. If
s > ZMin continuity impliesthat exist x < s for whichif y 0 (x, s, then ki= pkand m\> 0. Inthis
interval, regime B applies. Asy fallsfrom s to its minimum value 2", m\ may remain positivein the
whole range. In this case, (B) and (C) of part (ii) hold for x = 0. If m\ = 0 for some x 0 [Z/'", §'), then
regime C holdsfor thisx . This proves part (ii).

To prove part (iii), let k= 1. | will show that the demand for money is positive at y = 2V if

1 s

2" < Min{ z,, 2, z}; where z, = mgb E(m+ zct)l'S]s - J%, z, = z“"f"X[Pr(zM‘”)bml‘S]”S , and
z,= m(L- bm™*)- E(zfz¢1 ") Pr(z"™) *- 1. (Notethis condition does not contradiict

Assumption 3.1.) Thisinequality rules out the three logical cases which can arisswhenmi=0aty =
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22 First, kN > p both at y = 2"® and y = 2", In this case, the regime ordering argument in the proof
of (i) impliesthat mi =0 and kN > p for al y. Second, kN =p at y=2"* In this case, the proof of (ii)
impliesthat mi=0and kN = pat y=2""aswell. And third, k\>p aty=2"* but ki =p aty= 2"

The condition 2" < z, rules out the first case by showing that thisinequality contradicts that
conditions (8) and (9) hold always with equality. If kN> p for al y, consumption is always proportional
to wedlth. Let ? be the constant of proportionality. Using (8) and (9) with equality, ? can be easily
solvedtoget w = 1- b[ E(m+ z¢)1‘S ]1/5 . The condition kN $ pk is contradicted if
(1-?)(u+2"") <y, or equivalently 2" < 2u(1-?)t=z.

The condition 2" <z, rules out the second case by showing that this inequality contradicts
condition (7). If kN=p and m\ =0, then c = 2"*, and o # pz\. Condition (7) is contradicted if
(ZMaX)'S < b(1+ r)E(mz¢) *. Hence the second caseis ruled out if
2% > [om**E2¢*| ™ > [om** Pr(z"™)["* 2", whichisequivelent to 21" < 2,

The condition 2" < z, rules out the third case by showing that thisinequality contradicts that
the individual cannot raise utility by a marginal restructuring of savings from investment to money. The
gain from thisrestructuringis D = D - D, for D.,=(+r)Eg® and
D, = té:(b m)t_ 1Eoth s Let g, bethefirst component of G(s, 1). Using that in this third case the
irreversibility constraint is binding wheny / k = 2" and ki > 1, the marginal utility of physical investment

isrecursively bounded above by

D, £

Pr(ZMin)

(M) + mek] +[1- Pr(zM‘")]E((z¢+ m)| g, (z9] " |z¢1 zMi")]ka.
Solving for ?, and using k\ > p,

D, £ [1- Prz"™pbm+s]"

Pr(z"")z"" +[1- Pr(zM‘”)]E((Z¢+ m) g.(29] * |z¢1 ZMm)]ws'

38



Because g, isincreasing (see part [ii]),
E((z¢+ m)[ g.(z0)] ° |z¢ zMi”) = E((z¢+ m)|zer 2M") E([ 0.(20)] *|z6r z'\’””).
Using 1 +r $ |, the marginal utility of increasing the money demand is bounded below by

D, 3 mPr(z"™)(z"") " + m1- Pr(zM‘“)]E([gc(ztt)]'slzttl zM‘”).

m

Finally, combining the last three expressions with the definition of ?, wegetD > O if z > 2"~

PrROOFOFLEMMA 3.1: If s$ s and 2 =2 the definition of s impliessi=s". If 2"*$ s,
aredlization 2\ = 2'* alwaysleadsto s\ $ s'. Therefore, in this case the probability of atransition from
$=2""tos,$s” intwo periodsisat least [Pr(Z'®)]?>0. If 2'® <, Proposition 3.1 implies that
K\ = pk, and m\ > 0, for all sO[Z"*, s']. Also, this proposition implies that ¢ = g (S)k for a continuous
and increasing function g. . Thus, for all s0[Z2"*, s] condition (7) implies:

[9.(9)]"° =b(@+r)m°E[g(s)] °.
Conditional upon aredization 2\ = Z*, we have:
[9.(9]°° > b(L+ r)m*[g, (s8] °.
Therefore, g.(s\) > g.(s) and SN > sfor all sO[Z"*, ST if 2 =Z"*and BR(1 + r)u® $ 1. Let ? bethe
minimum s\ - s> O for all sin the compact set [7*, s']. For a consecutive sequence of 2 = 2 a
transition froms, = 2" to s $ s would take at most a finite number of periods N = [(S - 2/%) / ?]
+ 2. Therefore, the probability of atransition froms, = 2" tos, $ s™ infinitetimeisat least
[Pr(Z"®)|N > 0. Finally, s > s, because s\ > sfor 2l = 2" andy = s'. Therefore, the probability of a
transition from s~ to s~ inasingle period is Pr(Z"®) > 0.
The proof of (ii) isanalogous to the proof of (i). In this case, condition (7) impliesthat N < sfor
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al sO[2Y® 4) if 2l = Z""and R(1 + r)us # 1. Let ? be the minimum s- s\ > O for al sin the compact
set [2'%, S']. For a consecutive sequence of 2\ = 21" atransition froms, =s™ to s # 2/® would take
at most afinite number of periodsN = [(s - 2"®) / ?] + 2. Therefore, the probability of atransition
froms,=s" tos # 2 infinitetimeisat least [Pr(Z'M]N > 0. Finally, for all s, slisat least 2V if
2 = 72 the probability of atransition from s, = 2" to Sl $ 2™ in asingle period is at least

Pr(2) > 0~

PROOF OF PROPOSITION 3.2: This proof is based on Theorem 12.12 in Stokey, Lucas and
Prescott (1989, p.382). Proposition 3.1 impliesthat s\ 0 S= [Z*", s™] for s as defined in Lemma
3.1. Thetransition function P is clearly monotone given the monotone properties of the optimal solution
in Proposition 3.1. Moreover, P satisfies the Feller property because the set of states of 2\ is countable.
Consequently, with the mixing condition stated in Lemma 3.1 Theorem 12.12 is applicable. This
theorem implies that there is an invariant distribution for s and the long run behavior of an individual
convergesto thisinvariant distribution. In this distribution, the probability of states with a positive
demand for money is positive, because Condition 3.1 implies that the set of states with zero money

balances is not absorbent—

PROOF OF PROPOSITION 4.1: The function gy(s) is continuous, nondecreasing, and bounded
below by p>0. Thus?, 6 ?implies ¢. g, ()| ,,(ds)® @, g,(s)| (ds)> 0. Moreover,
8.9, (S P(s,59! ,(ds)® .9, (s)P(s,sY! (ds) at al continuity points of the distribution function

P(s, i). Therefore, [imT'| = T for al continuity points of these distribution functions. This
n® ¥
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proves (i).

Define § =[s"",s) 1S Forals0S,theirreversibility constraint is binding, so gi(s) = p.
Conversely, for all sO (S- S), theirreversibility constraint is not binding, so P(s, s\) = P(s’, S\).
Consequently, the definition of T can be simplified as follows:
(13) (T’ )(st) = P(S, s + mk o, [ P(s,st) - P(S,s9)]l (ds);
where kK = a, g(s)| (ds). Because g, isnondecreasing, ?, # ?, if 2, $ ?, (?, stochastically dominates
?)). Likewise, because P( i, sV) isnonincreasing, theintegral in (13) isat least aslarge for ?, than for
?,. This proves (ii).

Fordl s0 (S-S), P(s, 8) = P(s, ). Thus equation (13) can be also written:
(14) (T71)(st) = (2- mk " M)P(s,s0) + mk *(T1 )(s0).
Theterm u?10 (0,1], so (14) impliesT"2$ T?2$ P(s , ). If 2(S) = 1, then theirreversibility
constraint is binding with probability 1in ?. Consequently, u?*=21and T, ?=T 2. Finaly, if 2(s) =0,
the irreversibility constraint is strictly binding with probability zero in 2. Consequently, P(s, 1) =T, ? =
T'?. This proves (iii).

Form the sequences { T""d(s""")} and { T""d(s™)}, where d(s) is a distribution function that
assigns unit probability to s. Both sequences converge weakly, and their limits 7°; and 7, are invariant
distributions because T is continuous and monotone (Stokey, Lucas, and Prescott [1989, Exercise
12.12, p. 381]). For al 2,0 ? (S, d(s"™ $ 2, $ d(s"®). Therefore, the monotone property of T
implies:

TSN $ T2, $ Td(SV®), n=1,2,..4dl al?2,0?(9.
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If 7, =7, then it follows that the sequence { T""?,} also converges weakly to this common limiting
distribution, and this common limit assigns positive probability to high monetary states because of part
(iii). Hence to prove the proposition it sufficesto prove 7', = 7',

Define S, = [s"'", s') 1 S(set of states where the irreversibility constraint is strictly binding).
Suppose the following condition is satisfied:
(15) Thereis apositive real e and a positive integer N such that PN (sV'", s) <1 - e,
Clearly, thisconditionimpliess < s and ?7,(s’) < 1. That is, theinvariant distribution for an
individual ?'; assigns positive probability to the complement of S,. Moreover, part (iii) implies
Td(SMM)(s) # T,"d(s'")(s"), s0 2,"(S) # 2(S) < 1 because of continuity. Because 7, and 7", are
finite measures, there is atriple of measures a,, a,, and a, suchthat 7", =a,+a;, ?,= a,+ a,, and
a, and a, are mutually singular. For all s\ 0 S the following expression holds:
(16) [I°,(st)- 1, ()|

=T17,(s0)- T'17,(s0)

mk ;* g[ P(s,sf)- P(s,s]l (ds)- mk* S(‘)0[ P(s,sf)- P(s,s0)]l ,(ds)

mk ;* g[ P(s,sf)- P(s,st)]a,(ds)- mk* g[P(s, s)- P(s,st)]a(ds)
£ mk ' [P(s™,s0)- P(s, s¢)]ga 1(ds)
£ mic;H - 1)
In this expression, the second line uses ?; and ?,” areinvariant distributionswith T, ?," $2,, and T’
is monotone. The third line uses (13). The fourth line uses that a, is common to both ?," and ?,". The
fifth line uses P(S"", s) $ P(s, s\) $ P(s', s) for al sand s\ in S,. The sixth line uses [P(s™, Sl) -
P(s’, s\)] 0[0,1], and the definitions of a;, and 2i2. Because ?, > 1 expression (16) implies2?," - 2,2 =
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0,s0?," =?,. This proves uniqueness if condition (15) is satisfied. If this condition is not satisfied,
s $ "™ and S= S, That is, theirreversibility constraint is always binding in the invariant distributions
for T and T;". Part (iii) implies that for the whole range S, these two operators are identical, so
2= =2~

PROOF OF PROPOSITION 4.2: Individual behavior changes continuously with r, so Theorem
12.13 in Stokey, Lucas and Prescott (1989, p. 384) implies that the invariant distributions are also
continuous with respect to r. The market clearing condition (7) is satisfied if r = g. Hence it sufficesto
prove that thereisapair r, andr,intherange [1- m,Z- (1- m))for whichr, # g;, andr, $ g,. The
inequality r, # g, isclearly satisfied for r; = 1 - |4, because the rate of growth of capital is bounded
below by p. For r, = Z- (1- m), individuals hold no capital (see proof of Proposition 5.1), so the
wealth of all individuals would grow at acommon deterministic rate g, = [b(1+ r,)]”® - 1< r, (the
last inequality follows from Assumption 3.1). Continuity of the set of feasible consumption paths with

respect tor at ryimpliesthe existenceof r, < z- (1- m) sufficiently closetor, for which g, <r,~

PROOF OF PROPOSITION 5.1: Suppose an individual were to invest in capital when the optimum
guantity is pursued. Condition (8) should hold with equality, so together with (7) to (9) implies:
(17) (1+r)Ect® £ E(z¢+ m)ct ® = E(z¢+ m)Ect ® + Cov(z6ct ®).
The normality of consumption (preferences are homogeneous) implies that the covariance termin (17)
is negative. Consequently, as long as private gross investment is positive, the return on money islower

than the expected return on capital: r < Z- (1- m). Thiswould contradict that the optimum quantity
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is pursued. Therefore, private gross investment must be zero. Asthe only balanced path equilibrium
without private capital investment is one without private capital. This proves (i).

Suppose the government reduces the money supply with the proceeds from taxes and the
ownership of a portion of the capital stock. The government's flow budget states that the expenditure on
public investment and reduction on the money supply must be equal to the revenue from public capital
income and taxes:

KngaeMN - M§
& p

where K = the aggregate capital owned by he government; and

5
5_ Kgrg + Tg’

T, = current real taxes collected by the government.
Along a balanced path equilibrium wherer = Z- (1- m) and all real variables grow at the rate g, this

budget constraint simplifies to:
M(r- g)=K,(r,- 9)+T,.

Dividing by r - g, this equation is transformed into:

r,- 9 . T, |
‘r-g r-g

Consequently, the money supply is backed with the present value of the net cash flow from public

M=K

capital plus the present value of future taxes, both discounted at the rater. This proves (ii).

As part (1) shows, in abalanced path where r = Z- (1- m) all capita is publicly owned, so
the effective return on capital along this balanced path isr,. Aspart (ii) implies, money can only earn a
higher return thanr, if the government collects lump-sum taxes to subsidize the monetary system. This
policy isclearly inefficient asit leads to a disparity between the marginal rates of substitution and

transformation between present and future output. Furthermore, if the lump-sum taxes are non



redistributive (proportional to the wealth of private individuals), a Pareto improvement can be achieved
with amonetary reform that cancels taxes and maintains money fully backed with public capital. That

is, amonetary reform that changes the return on money from Z- (1- m)tor, ThisreformisaPareto
improvement because with money being fully backed with public capital holding money is equivalent to
holding public capital. If an individual were to choose not to invest in his/her private technology, the
optimal deterministic path with a net rate of return on wealth equal to r is both feasible and superior to
the deterministic path for thisindividua before the reform asit eliminates the distortion between the
marginal rates of substitution and transformation. The fact that the individual can invest in his/her private

technology further improves his’her well being after the reform—~

45



REFERENCES

1. S. R. Aiyagari and M. Gertler, Asset returns with transactions costs and uninsured individual risk,
J. Monet. Econ. 27 (1991), 311-331.

2. F. Alvarez and N. Stokey, Dynamic progamming with homogeneous functions, J. Econ. Theory
82 (1998), 167-189.

3. R. Barro, Government spending in asimple model of endogenous growth, J. Polit. Economy. 98
(1990), S103-S125.

4. T. Bewley, The optimum quantity of money, in"Models of Monetary Economies® (J. H. Kareken
and N. Wallace, Eds.), pp. 169-210, Federal Reserve Bank of Minneapolis, Minneapolis, 1980.

5. T. Bewley, A difficulty with the optimum quantity of money, Econometrica 59 (1983), 1581-1589.

6. M. Faig, "Money with Idiosyncratic Uninsurable Returns to Capital,” Working Paper No.
FAIGO001 (http://www.chass.utoronto.caleci palarchive/lUT-ECIPA-FAIG-00-01.html), University
of Toronto, 2000.

7. M. Faig, The optimal structure of liquidity provided by a self-financed central bank, J. Money,
Credit, Banking, forthcoming (2000).

8. M. Feldman and C. Gilles, An expository note on individual risk without aggregate uncertainty, J.
Econ. Theory 35 (1985), 26-32.

9. D. K. Foley and M. Hellwig, Asset management with trading uncertainty, Rev. Econ. Sud. 42
(1975), 327-46.

10. M. Friedman, The optimum quantity of money, in"The Optimum Quantity of Money and Other

46



Essays,” pp. 1-50, Aldine, Chicago, 1969.

11. M. Hugget, The risk-free rate in heterogeneous-agent incompl ete-insurance economies, J. Econ.
Dynam.Control 17 (1993), 953-69.

12. K. Judd, The law of large numbers with a continuum of iid random variables, J. Econ. Theory 35
(1985), 19-25.

13. T. J. Kehoe, D.K. Levine, and M. Woodford, The optimum quantity of money revisited, in
"Economic Analysis of Markets and Games, Essays in Honor of Frank Hahn" (P. Dasgupta, D.
Gale, O. Hart, and E. Maskin, Eds.), pp. 501-526, MIT Press, Cambridge, 1992.

14. N. Kiyotaki, R.Wright, A search-theoretic approach to monetary economics, Amer. Econ. Rev.
83 (1993), 63-77.

15. D. K. Levine, Asset trading mechanisms and expansionary policy, J. Econ. Theory 54 (1991),
148-164.

16. R. E. Lucas, Equilibrium in a pure currency economy, in"Models of Monetary Economies’ (J. H.
Kareken and N. Wallace, Eds.), pp. 131-146, Federa Reserve Bank of Minneapolis, Minneapolis,
1980.

17. P. Mehrling, A note on the optimum quantity of money, J. Math. Econ. 24 (1995), 249-258.

18. N. L. Stokey, R.E. Lucas, and E.C. Prescott, "Recursive Methods in Economic Dynamics,”
Harvard University Press, Cambridge, Massachusetts, 1989.

19. B. Taub, Efficiency in a pure currency economy with inflation, Econ. Inquiry 26 (1988), 567-583.

20. R. Townsend, Models of money with spatially separated agents, in "Models of Monetary

Economies’ (J. H. Kareken and N. Wallace, Eds.), pp. 265-303, Federal Reserve Bank of

47



Minneapolis, Minneapolis, 1980.

21. M. Woodford, Public debt as private liquidity, Amer. Econ. Rev. 80 (1990), 382-288.

48



NOTES

1.Growth is endogenous because production functions are linear in capital asin [3].
2.Several other papers have also added capital to Bewley's model [4], for example: [1, 11, 21].

3.Independence across individuals would provide an intuitive and widely used device to eliminate
aggregate risk. However, this type of independence with a continuum of individuals leads to technical

difficulties. (See[8, 12]).
4.See [4] for references to earlier work advocating this rule.

5.See Proposition 2 p. 29 in [8] for the consistency of this assumption when independence across

individualsis not imposed.

6.See for example [14, Section 1] where multiplicity of equilibriais discussed at depth in arandom

matching model.
7.These conditions already incorporate that the inequality constraintsin (2) will never bind for c.

8.In this equilibrium, taxes may be zero and then the money supply is fully backed with public capital.
However, thisis not necessarily the case, since the government may induce private individuals to hold
additiona quantities of money, which isthe only public debt instrument in the model, by making them
pay taxes in the future. If these taxes cause no direct incentive effects and do not redistribute wealth, the
taxes will just raise theinitial real holdings of money without any consequence for the real variablesin

the economy. Thus, this version of Ricardian Equivalence applies in the present equilibrium.
9.[1] assumes that human capital cannot be accumulated, thus precluding endogenous growth.

10.I am grateful to an anonymous referee for suggesting and encouraging this line of work.
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