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Abstract

We study an economy where agents are subject to liquidity demand
shocks, and banks arise endogenously to insure consumers against these
shocks. In this environment we evaluate the desirability of a lender of last
resort who can provide liquidity loans to banks in distress. In the absence
of a lender of last resort, the economy has a unique, stationary equilibrium.
The introduction of unlimited and costless lender of last resort services al-
lows the economy to achieve a steady state allocation that is pareto optimal.
However, this economy also displays a continuum of hyperintationary equi-
libria. We then explore restrictions on the provision of lender of last resort
services that rule out such monetary instability while preserving some of the
eCciency obtained by unrestricted lender of last resort services. When the
lender of last resort charges an interest rate on liquidity loans, the economy
has a unique steady state equilibrium, and when the interest rate charged is
high enough, no hyperintationary equilibria arise. Finally, when the lender
of last resort faces an upper bound on loanable funds, there is again a
unique long-run equilibrium, and when the upper bound on loanable funds
is small enough, hyperinfationary equilibria are ruled out.
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1. Introduction

Asrecently as 1961, Mundell argued that “ it hardly appears within the realm of political feasibility
that national currencies would ever be abandoned in favor of any other arrangement,” [Mundell
(1961), p. 657]. Yet over the last decade, asingle currency areawas created in Europe, and several
countries have installed a currency board. More recently, some economies have begun considering
the possibility of adopting the U.S. dollar as legal tender, thereby eliminating the use of a national
fiat currency altogether.

Why are countries implementing or contemplating such drastic measures? Obviously there are
several advantagesto joining a monetary union - even if unilaterally asis the case with “ dollariza-
tion”. First, abandoning adomestic fiat currency is adevice to commit to low and stable inflation.
Second, it may reduce the costs and uncertainties associated with international transactionsthat in-
volve currency conversion and are subject to therisk of exchangerate changes. Third, supporters of
“dollarization”, especialy in Latin-America, arguethat it will eradicate excess volatility stemming
from speculation against a domestic currency. But abolishing the use of a domestic fiat currency
also entails considerable costs. These include the loss of monetary policy independence and the
loss of seignioragerevenue. In addition, thelender of |ast resort losesthe ability to provideliquidity
by creating money in the event of abanking crisis.

In light of these recent developments, we think it is opportune to revisit the subject of the de-
sirability of a national fiat money. Among the various topics mentioned above, we want to focus
on the role of adomestic fiat money for the provision of liquidity to a banking system in distress,
and we want to analyze the implications of such lender of last resort services for the stability of a
national currency. Theseissues are at the heart of the recent debate on * dollarization”. Asfar back
as 1873, Bagehot argued that “in opposition to what might be at first sight supposed, the best way
for the bank or bankswho have custody of the bank reserveto deal with adrain arising frominterna
discredit, isto lend freely” (1873, p.48). Thisview iswidely accepted by contemporary scholars as
reflected in Fisher who states “there is considerable agreement on the need for a domestic lender
of last resort” (1999, p. 86). On the other hand, the existence of a lender of last resort has also

been identified as a cause for excess volatility in emerging economies’ financial markets, and for



the currency crises that have plagued these economies in the 1990s'. Thus, while there appears to
be a consensus on the desirability of alender of last resort, the provision of liquidity services by
the central bank is also associated with the potential for currency instability.

In this paper, we take up these arguments and seek to answer two specific questions: (1) isit
desirable to have alender of last resort that is able to print fiat currency? (2) does the presence of
such alender of last resort affect the stability of acurrency? To answer these questions, we construct
amodel with aggregate liquidity shocks that create arole for alender of last resort. We show that
having a lender of last resort that can print money and lend freely to the banking system at zero
cost, allows the economy to completely overcome the liquidity shocks. Under thisregimethereis
a stationary equilibrium that is pareto optimal. However, there is also a continuum of non-optimal
hyperinflationary equilibria. Hence, while having an unrestricted lender of last resort allows the
economy to attain an efficient allocation, it also opens the door to currency instability.

Having identified the lender of last resort as a potential source of monetary instability, we move
on to a third question: (3) what measures could be implemented to eliminate the bad equilibria
associated with unlimited and costless lender of last resort services, while retaining some of its
“good” properties and without having to eliminate a national currency? We show that this may be
achieved either by credibly committing to a sufficiently low cap on lending by the lender of last
resort, or by charging a sufficiently high real interest rate on liquidity loans.

We examine a simple monetary endowment economy originally developed by Champ, Smith
and Williamson (1996). It is a classic pure exchange, two-period-lived overlapping generations
economy, where some agents are lenders and some are borrowers, such that thereisastore of value
rolefor money. Agents are assigned to either of two locations, and each period, afraction of lenders
isforced to relocate. Limited communication prevents claims on specific agents from being traded
across locations and only money has value in exchange after relocation. Asin Townsend (1987),
Mitsui and Watanabe (1989), and Hornstein and Krusell (1990), this generates a transactions role
for currency and allows money to be dominated in return by other assets. Moreover, in this set-up
stochastic relocations act like the portfolio preference shocks in Diamond and Dybvig (1983) and
banks will arise endogenously to insure consumers against such random liquidity shocks. Thus,

banks write deposit contracts insuring lenders against the possibility of relocation, hold reserves,

1 See, for example, Chang and \ielasco (1998), Mishkin (1999), and Fisher (1999).



and provide intermediation between borrowers and lenders.

In this framework, we obtain the following results. In the absence of a lender of last resort,
the economy displays a unique equilibrium. This equilibrium is stationary, with banks holding the
same fraction of their portfolio in the form of reserves at all times. We show that thereisacritical
value of the relocation shock below which these precautionary reserves suffice to fully cover the
demand for liquidity and to equalize the return on depositsfor all agents. However, for realizations
of the relocation shock abovethiscritical value, banksfacea“liquidity crisis’. Thiscorrespondsto
asituation of complete exhaustion of banks cash reserves and since other bank assets are illiquid,
this event precludes depositors from being fully insured. A wedge is driven between the returns
earned by depositors who are subject to the relocation shock and those who are not. Hence for
shocks above the critical value, the economy is not efficient.

When we alow for the unrestricted provision of lender of last resort services at zero cost, the
set of equilibriais substantially different. In this case there exists a unique steady state equilibrium
which is pareto optimal. Compared to the equilibrium for the benchmark case, banks hold alower
fraction of their portfolio as real balances. They contract a liquidity loan from the issuer of fiat
money whenever they face acrisis and precautionary reserves are insufficient to cover the demand
for liquidity. By doing so they are able to fully insure agents against random liquidity shocks in
all states of the world. Relocated and non-relocated agents earn the same return under all circum-
stances and the economy is always efficient. However, in addition to the pareto optimal stationary
equilibrium, the economy also displays a continuum of hyperinflationary equilibria which are not
pareto optimal. In fact, in the presence of an unrestricted lender of last resort, the money supply
moves to exactly match the stochastic movements in demand for liquidity, allowing the economy
to completely overcome the stochastic relocation friction. This renders the economy equivaent
to a standard, Samuel son-case economy with a constant money supply [see Gale (1973)]. Hence,
having an unrestricted lender of last resort generates a pareto optimal steady state allocation, but
also opens the door to currency instability.

We then explore whether certain restrictions on the provision of liquidity loans may alow the
economy to preserve some of the desirable features of aworld with unrestricted and costless lender
of last resort services, without permitting the existence of hyperinflationary equilibria. First we

study an economy with a lender of last resort that charges a real interest rate on liquidity loans



to banks facing a crisis. When this interest rate is high enough, hyperinflationary equilibria are
indeed ruled out, and the economy displays a unique equilibrium which is stationary. Finaly, we
study the case of alender of last resort that faces an upper bound on loanabl e funds and show that
this policy can also eliminate currency instability as long as the cap imposed on liquidity loansis
small enough.

Before turning to the model, we want to point out some differences between this paper and the
exigting literature on the lender of last resort. Obviously our model has a lot in common with
Diamond and Dybvig (1983). However, it is also different in several key aspects. Diamond and
Dybvig consider a purely real economy while Champ, Smith and Williamson (1996) have argued
that models of banking crises should be expanded to consider monetary factors. Thus we follow
them in studying a world where money has arole, both as a store of value and in the completion
of transactions. Thisallows usto examine the relationship between the terms of last resort lending
and currency stability, the central question of our paper. Moreover, the banking panics studied in
Diamond and Dybvig and the liquidity crises arising in our economy are of a very different na
ture. In Diamond and Dybvig, private information regarding the preferred timing of consumption,
the presence of real assets that can be liquidated prematurely, and the imposition of a sequential
service constraint, combine to create the potential for self-fulfilling panics. These panics can be
ruled out by providing deposit insurance. In contrast, the liquidity crisesin our model are the re-
sult of fundamentals, and it is the presence of the lender of last resort that permits self-fulfilling,
hyperinflationary equilibriato arise.

We also want to underline that we have abstracted from the problems of moral hazard and *“ ex-
cessively risky” behavior associated with the presence of alender of last resort. Several authors,
including Solow (1982), Mishkin (1997) and Fisher (1999), have argued that these problems are
crucia in understanding the potential for instability related to the provision of lender of last resort
arrangements. In our model, currency instability may arise even when there is no scope for moral
hazard and “ overly risky” portfolio allocation.

The remainder of the paper proceeds as follows. Section 1 lays out the model environment.
Section 2 describes equilibrium without a lender of last resort, while Section 3 presents the case
of a central bank that provides unrestricted lender of last resort services at zero cost. Section 4

looks at a policy of charging interest on liquidity loans, while Section 5 describes the behavior of



an economy with alender of last resort that faces an upper bound on the amount it can lend to banks

in distress. Concluding comments are offered in Section 7.

2. TheBasic Model

2.1 TheEnvironment

We examine amonetary endowment economy originally presented by Champ, Smith, and Williamson
(1996). The economy consists of an infinite sequence of two period lived, overlapping genera
tions, plus an initial old generation. There is asingle, perishable consumption good. At each date
t=0;1, ..., acontinuum of agents with unit massis born at each of two identical locations. Half of
these agents are “lenders” and the remaining half are “ borrowers”. The former have endowments
(T1; 1) = (x;0); while the latter's endowment vector is (11; 1,) = (0;y): All consumers have
preferences given by u (cq;¢,) = In(cy) + In(c,): Weassumethat x >y holds, which implies
that thisisa* Samuelson case” economy (Gale, 1973) and hence thereisarolefor money asastore
of valuein thisworld. At t = 0 thereis a continuum of old agents with unit massin each location.
Each of these agents is endowed with M > 0 units of fiat money, and there are no subsequent
injections or withdrawals of currency.

In addition to a store of value role for money, spatial separation and limited communication
will generate a transactions role for money in away reminiscent of Townsend (1987), Mitsui and
Watanabe (1989), and Hornstein and Krusell (1990). Thiswill allow money to be dominated in rate
of return by other assets. Indeed, at the beginning of each period, agents cannot move between or
communicate across locations. Goods can never be transported between locations. Hence, goods
and asset transactions occur autarkically within each location at the beginning of each period. After
thistradeis concluded at time t; afraction % of young lendersin each location isforced to moveto
the other location. Limited communication preventsthe cross-location exchange of privately issued
liabilities. Currency, on the other hand, is universally recognizable and non-counterfeitable, and is
therefore acceptabl e in inter-location exchange. Hence the rel ocation process acts like a stochastic
cash-in-advance congtraint for young lenders. The old-age consumption of amover will be equal to
the real value of the money that she takes with her to the new location. The relocation probability;



Y4, isarandom variablein each period with support [0; 1] ; and is drawn from the twice continuously
differentiable, strictly increasing distribution function F with associated density function f: The
relocation probability is identically and independently distributed over time.

Stochastic relocations also act like shocks to portfolio preferences which have the same conse-
guences asthe “liquidity preference shocks” in Diamond and Dybvig (1983). Hence they motivate
arole for banks to insure lenders against random liquidity needs. Banks take deposits, hold cash

reserves, and intermediate lending. WWe now describe the behavior of borrowers, lenders, and banks.

2.2 Consumers

Borrowers, who never move, face a gross market interest rate of Ry. They choose their quantity of

borrowing I to solve the problem
max In(l)) + In(y i Rely):

The solution to this problem is given by

S
‘ 1+)R¢

1)

Lenders face a more complicated problem. Given that they are confronted with random rel oca-
tion, they deposit all of their savings in a bank, and the return they receive depends on whether or
not they move and on what fraction of all young lenders move. Specificaly, given that the relo-
cation status is public information, they are promised areal return r¢ (%) if they do not move and
ri" (%) if they do move. Notice that, given our assumptions on the distribution of %, these return
schedules depend only on the relocation probability at time t, and not on the history of realizations
of relocation probabilities. Lenders then choose the amount they save and deposit, d;; to maximize

expected utility
Z 1 YA 1
max In(x jdo)+ %In[r" (W) dd f @) d%+— (1§ %) In[re (%) dd f (%) d%:
t 0 0

The solution to this problem sets

dt =d= H—_X: (2)

Hence saving is independent of the distribution of the rates of return. This result clearly depends



on the assumptions of log utility and no old-age income for lenders, which imply that the income

and substitution effects of a change in the rate of return exactly offset each other.

2.3 Banks

Bankstake deposits, make loans, hold reserves and announce return schedules. We assume that any
borrower can establish abank and that banksbehave competitively inthe sensethat they takethereal
return on assets as given. On the deposit side, we assume that banks behave as Nash competitors,
which will lead them to choose deposit returns to maximize the expected utility of young lenders.
The congtraints that banks face in this maximization problem depend on what |ender-of-last-resort
services are available to them.

Below we consider four different scenarios. First, as a benchmark case, we consider a world
without a lender of last resort. We then turn our attention to the economy with a government that
provides unlimited lender of last resort services, at a zero nominal interest rate. Next, we analyze
an economy with alender of last resort that charges a positive interest rate when providing liquidity
to banks. Finally, we examine the case of alender of last resort constrained by an upper bound on

the amount that it can lend to abank in distress.

3. NoLender of Last Resort

In this section we discuss general equilibrium for an economy in which banks are unabl e to borrow
from anyone other than lenders. We begin by describing the bank’s problem for this benchmark

case.

3.1 TheBank’'sProblem

A young lender will deposit her entire savings d with a bank. Per young depositor, the bank ac-
quires an amount z, of real balances, and makes loans with area value d j z;: The bank faces
two constraints with respect to the return it promises to movers, r{", and the return it promises to
non-movers, ry. First, relocated agents, of which there are %, must be given currency, since that is
the only asset which will allow these agentsto consume at t + 1 in their new location. Thisis ac-
complished by using afraction ®; (%) of the bank’s holdings of cash reserves. Hence, if p; denotes



the genera pricelevel at timet; and the return to holding money betweentimet andt + 1 isgiven

Pt+1’

Udr™ (4) - @ (%) e
Pt+1
must hold. If we denote by °, = % the ratio of reserves to deposits, then we can rewrite this

constraint as follows

W (1) - @ () ° 3
Pt+1

Second, real payments to nonmovers, which occur at time t + 1; can not exceed the value of the

bank’s remaining portfolio — remaining reserves plus loan repayments. Since loans earn the gross

real rate of return Ry, this can be written as
(1§ Wydre(4) - [L § @ ()] ztpi +(d i 2Ry
t+1

or

Ai%r) - [1i6 (1/4)]°tpi +(Li°)Re 4

Of course,0 - °; - 1and0 - ®; (%) - 1 must hold. i

Since ¥ isi.i.d., the bank’s problem is the same in every period and hence the optimal functions
ry; r{"; and ®; areindependent of the history of realizations of ¥i. Moreover, sincethereisfreeentry
in banking, and since banks behave as Nash competitors, they will maximize young lenders' utility,
taking deposit demand, d, as given. Bankswill earn no profits, and constraints (3) and (4) will hold

with equality. Given (2), the bank’s problem is then to choose r (¥) and r'™ (%) to

91 « |l zZ.,% - ~ - ~ RZ
- 1 m (1 =1 1 1 1
max In T+— + ) /in 1 (/4)1+_ +(Q§i%In rt(/4)1+_ T (%) d¥(5)
subject to
1
() = O
/s A pt+1 Y,
1
RE) = T [LE G+ (i *)R
i7 Pt+1
0 - ° -1
0 - ® (%) - L



Substituting in the first two constraints and dropping the constant terms yields the problem
zZ, 1/z® ) ° Ya
max  %in —2 ¢ P p gy 4

®c(%); °¢ 7 0 11/4 Pt+1

L e pe L (L %)
, AN ey e T @i )

0 - ° -1

Y
Ry T (%) dva:

0 - ®) -1

The function ®;; which is the fraction of bank reserves paid out to movers, is chosen after the
realization of ¥%; while the function °,; the fraction of reserves in the bank’s asset portfolio, is
chosen before the realization of %: Hence we can first pick the optimal value of ®; for fixed values
of °, and %: That is, we can choose ®; to solve

o

® 5
te Pt (15 %N

Li® e, Li%0,"

max %lIn
0-8-1 % P Ai%) pa @i%h)
The solution to this problem sets
(1/31 MR s ? 0wy
&)= T TN fory2 E%’“-Al;
where
oth)t_
" = — 6
ota;% +(1 i ot) Rt ( )

Hence for realizations of the relocation shock below the critical value %, the bank pays out only
afraction of its reserves to movers. However, when a relocation shock % > %" materializes, all
reserves are paid out to movers, and repayments to non-movers are drawn from loan repayments
only. In other words, the bank holds precautionary reserves. When the realization of the relocation
shock is below the critical value %" ; these cash reserves are sufficient to equalize the returns across
movers and non-movers. However, when the realization of the relocation shock is greater than the
critical value %*; the bank faces a “liquidity crisis’. It pays out al its cash reserves to movers,
while repayments to non-movers are drawn from loan repayments only. In a “liquidity crisis’, the
bank no longer equalizes the returns of movers and non-movers; moversreceive alower return.

This result follows from the trade-off between two forces. First, the return on holding cash



balances is dominated by the return on making loans to borrowers. Therefore, everything else
being equal, the bank would like to minimize on cash reserves. On the other hand, in a quest to
maximize young lenders' utility, the bank strives to provide insurance by equalizing the returns
between movers and non-movers for all realizations of %. To do so, it has to hold sufficient cash
balances. On the average, the welfare gains from equalizing the returns to movers and non-movers
exactly offset the cost implied by the return dominance of loans over cash reserves.

It then remains to determine the optimal value of °,: To do so, we substitute the optimal value

of ®; into the bank’s objective function so that the only remaining choice variableis °,: Doing so

yields the problem
Z o .
max In °PC (L °)Re F(%)ds+
0-°¢-1 Zo 1/ pt+l 3
T (1§ %) K
hin =1 + (1§ Wl YRy  f (%) dw:
e o % Prer (i %)l (1i%) ' () ct

This formulation of the problem makes it clear that the return earned by both movers and non-
moverswill be the same when % islessthan %"; but will - in genera - be different when % is greater

than %°. Thefirst-order condition for this problemis

Rtiai%1 F(l/ﬂ_i211 o Z, . o
otﬁﬂt_l_'_(l i °JR: i) = 5 ANCAN/N 155 . (1§ %) F (%) dva: )

This can be solved for? ;.
=11 F(h)di ®

Ya
This completes the solution to the bank’s problem when no lender of last resort services are pro-

vided. We now turn to an analysis of general equilibrium for this case.

3.2 Equilibrium

An equilibrium of thiseconomy is characterized by the market clearing conditionsfor real balances

and loans. Since the supply of real balances, z;; isequal to %; while the demand for real balances

2 Tofacilitate the refereging process, we provide the solution method in referee’'s Appendix A.
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isgiven by °.d; market clearing for real balances and (2) require that we have

Similarly, from (1), the demand for loans, I, is equal to ﬁ; while the supply of loansis

givenby (1 j °,)d: Thisyieldsthe following market clearing condition for loans

y

@R T
These equations imply that we have
Pt
o Tt = o + 9
o = " ©)
and
_oy_ Y.
Re(lj )= = (20)

Substituting equations (9) and (10) into the expression for %" in equation (6) yields

o y ?
t+1+—_x

which we can substitute into (8) to obtain the difference equation
Z 1
=1i . F(#%)du (11)

t+1
t+1t =

We can now formulate the following proposition.

Proposition 1 When thereis no lender of |ast resort, thgfconomy has agnique equilibrium. This
equilibrium is stationary with ©, = °, foral t,andmax E(#%);1j £ <°, <Ll

The proof of Proposition 1 is presented in Appendix A.

Proposition 1 is illustrated in Figure 1. The proposition states that our economy displays a
unique, stationary equilibrium in the absence of alender of last resort. Banks always hold the same
fraction °, of their depositsin the form of cash reserves.

Why is the stationary trajectory the only equilibrium in this economy? Suppose that the initial
pricelevel ishigher thanp, = % In other words, in Figure 1, the economy starts on the part of the
law of motion that liesto the left hand side of °,: Then theinitia supply of real balancesis lower



than %: For this to be an equilibrium, the demand for real balances has to be lower than °,d as
well. Hence the return on holding cash hasto be lower than E—: = 1; and the price level hastorise.
Sincethe nominal supply of money isconstant, thisresultsin afurther decreasein thereal supply of
money, which calls for acommensurate reduction in the demand for real balances and in the return
on reserves. Therefore, along atrajectory that starts to the left of °; the supply of real balances
decreases continuously as the price level rises. However, in the presence of spatial separation,
limited communication and random relocation, agents have a strong preference for real balances.
Thus as the return on reserves decreases to zero, the demand for real balancesfalsto E (%) d; not
to zero. For the demand for rea balances to decrease below E (%) d requires negative returns on
real balances, which is not consistent with equilibrium. Hence hyper-inflationary trgectories in
which the supply and demand for real balances drop to zero can not be sustained in this economy;,
and the stationary path is the only equilibrium.

Notice that the equilibrium of thisreference economy is not efficient since there are states of the
world for which the returns between rel ocated and non-relocated lendersis not equalized. \WWe now
want to examine whether the provision of lender of last resort services will render the economy

more efficient.

4. An Unrestricted Lender of Last Resort

We first analyze the case of an economy in which the government is willing to make one-period
loans of currency at a zero nominal interest rate in any quantity that banks desire. After the real-
ization of ¥, abank determinesthereal amount b _ 0 that it would like to borrow at timet —which
will depend on the realization of ¥ — and the government simply prints bp; dollars and gives them
to the bank. Next period, the bank must then return these dollars to the government, and they are
destroyed.

4.1 TheBank’sProblem
With such borrowing, the bank’s constraints become
v,dr™ (1)) = 1 Pt uy Pt .
4dr" (%) = ® (%) Zt—— + by () —;
Pt+1 Pt+1

and

12



(1§ %)dre(%) =[1 i ® (%)] th& +(d i z)Re i be (%) ppt :

t+1 t+1

Using our earlier notion for the reserve deposit ratio, °; ~ 2, and denoting by +¢ ~ Z—t theliquidity

loan to deposit ratio, these constraints can be expressed as

Yr™ () = @ () © o + £ () (12)
Pt+1 Pt+1
and
(L5 %)) =[1§ O (h)] %t + (1§ “)Re i () i (13)
Pe+1 Pt+1

After substituting (12) and (13) into the bank’s objective function (5), and dropping the constant

terms, we obtain

Z, Y%_ . Y
o +. (V) *
max T GO 1 GO R f (%) dvi +
RO O 1/144 o Prat ¥,
1 - o - o
[Li®C)]°% pe , (Li°%) () P
1§ %In + Rt i U f () de:
o E ey pe T @) T i Wpey
subject to
0-°-1
0- ® %) -1
+ (%) _ O:

Both the fraction of bank reserves paid out to movers, ®;, and the real value of the liquidity loan,
t;, are chosen after the realization of %; while the function °,; the fraction of reservesin the bank’s
asset portfolio, ischosen before the realization of %: Hence we can first solve for the optimal values

of ®; and ; while keeping °, and % fixed: That is, we can choose ®; and t; to solve

PO 2
max; %In te, Zt P
®rt;*t %1/2 % pt+1 .?/
4
1i®)°% pt 1i°y) tt Pt
13 %lIn + R: i
(Li%) Qi%) per Qi% ' (i % pen
subject to
0-® -1
. O

13



The solution to this problem sets

= D C 0 ?
Yo 1+ AR R h = Co
®r () = ) { Upe and £ () = ° Y 1+ li°thPt+1 il
t °t Pt
0wy
for s 2 [0:%°)

[4%; 1]
where ¥;* continues to be given by (6).

For realizations of the relocation shock below the critical value %", the bank pays out only a
fraction of its reserves to movers. When the relocation shock is larger than %°; the bank takes a
liquidity loan from the lender of |ast resort, and pays out all itsreserves, plusthe liquidity it obtains
from the loan, to movers. At the beginning of next period, non-movers are paid what is left from
|oan repayments after the bank has reimbursed the lender of last resort.

We now proceed to solve for the optimal value of °: To do so, we substitute the optimal values
of ® and b into the bank’s objective function so that the only remaining variable to be determined

is °¢: We thus obtain the problem

Z Z,

In °LPC 4+ (L °)Re FE)A%+ In ° P+ (L °)Re T (%)d%
0-°¢-1 Zo ] Pe+1 y,m Pe+1
1 s
= In o P (i o)R F () du:
0 Pt+1

Clearly, then, the introduction of an unrestricted lender of last resort allows the bank to offer com-
plete insurance to lenders. Both movers and non-movers receive the average return. In order to

maximize this average return, the optimal choice of reserve-deposit ratio © must be given by

8 o 8 o

< 0 = < > =
o= 201 _ifR . = L.

- 1 > -<’pt+1

4.2 Equilibrium

The market-clearing equations are the same as in the previous section, hence equations (9) and (10)
continue to hold. Moreover, in equilibrium, we cannot have °; = 0, since then moverswould have

zero old-age consumption. We cannot have °; = 1 either; since then borrows would have zero

14



young-period consumption. Hence, in equilibrium, the pricing relationship
Re=— (14)

must obtain. After substituting (14) into (9) and (10), the market clearing conditions simplify into

the law of motion for °;

(15

We can now state the following proposition.

Proposition 2 When there is an unlimited lender of last resort, the economy displays a unique
steady state equilibrium, °, = 1 § &£ 2 (0; °,) : Thereisastationary equilibrium path for °, = °,,
and a continuum of hyperinflationary equilibrium pathsfor °, 2 (0; °,).

The proof of Proposition 2 is presented in Appendix B.

The results of Proposition 2 areillustrated in Figure 2. The proposition states that the economy
with unlimited lender of last resort services displays a unique steady state, for which the reserve-
deposit ratio issmaller than in the case without alender of last resort. Moreover, thereis continuum
of hyperinflationary equilibria.

Why can hyperinflationary equilibria be sustained in this economy? Suppose again that the
initial price level ishigher than p, = % That is, in Figure 2, the economy starts on the part of the
law of motion that liesto the left hand side of °,: Thisimplies atrajectory along which the supply
of real balances net of liquidity loans, °.d = %; decreases continuoudly as the price level rises,
and falls to zero as the price level reaches infinity. However, now the bank takes out a liquidity
loan, +¢; every timeits reserves, °,; fall short of itsliguidit% ngeds. Inthe limit, the elxpected real
value of these liquidity loansis lim E () = Jim % Y 1 HRRESL 1 f () dY =
Rol Yif (Y2) d% = E (%) : Hence, asthereturn on cash balancesfallsto zero, the expected total supply
of money goes to E (%) d, and this exactly equals the expected demand for rea balances at zero
return. Notice that in the limit, the real interest rate on liquidity loans is zero, while the market
interest rate on loans to borrowers is £ : Thus, in an economy with an unrestricted lender of last
resort, hyperinf lationary trajectories can be sustained in equilibrium. Indeed, in such an economy,
an expectation of inflation leads to a decrease in the holdings of reserves, which is offset — when

necessary — by the provision of aliquidity loan. This provision of liquidity by the lender of last
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resort, in turn, confirms the expectation of inflation. Consequently, hyperinflationary equilibria
arise as a self-fulfilling prophecy.

From the preceding discussion, it follows that the provision of unlimited and costless lender of
last resort services allows the economy to completely overcome the stochastic relocation friction.
Note that in the steady state, p; is constant even though the money supply is being changed every
period as banks borrow from the government. The money supply is being moved to exactly match
the stochastic movements in demand, leaving the value of money unchanged. In fact, the law of
motion (15) isidentical to the one that would obtain if there were no relocations in this economy.
It iswell known that the steady state is pareto optimal in this case, but that the hyper-inflationary
equilibriaare not®.

Therefore, we can conclude that the introduction of an unlimited lender of last resort may alow
the economy to attain a pareto optimal equilibrium. However, the presence of an unlimited lender
of last resort also introduces an indeterminacy of equilibrium and the possibility hyper-inflationary
equilibriawhich are not pareto efficient.

We now want to analyze whether the imposition of certain restrictions on the provision of lender
of last resort services would allow to improve on the efficiency of the reference economy, while
avoiding indeterminacies and hyper-inflationary equilibria. We first turn our attention to the case

of alender of last resort who charges interest on liquidity loans.

5. A Lender of Last Resort who ChargesInterest

We now examine the case where the government continues to make one-period loans of currency in
any quantity that banks desire. However, banks are now required to pay interest on liquidity loans.
After the realization of %, a bank determinesthe real amount b _ 0 that it would like to borrow at
time t —which will depend on the realization of ¥ — and the government prints bp; dollars for the
bank. Next period, the bank must return the dollars received in the lender of |ast resort operation.
These dollars are destroyed such that the money supply remains unaffected. In addition, the bank
must repay the lender of last resort brd in goods, r¢ _ 0. Agents derive no utility from the revenue

that the government earns from these interest payments.

3 Thisfollows from Proposition 5.6 in Balasko and Shell (1980). See aso Champ, Smith and Williamson (1996, p.
838).
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5.1 TheBank'sProblem

Under this arrangement, the bank’s constrai nts become

AT () = B () ° o2 £ () (16)
and _

QiWre@) =1 j®W)]°— pt+ + (1 °)Rei £ (%) m + rd b: (17)
Substituting (16) and (17) into the bank’s objective function (5), and dropping the constant terms
yields the problem

Ya- Ya
oo ;ll/un ®(§§)°t L 1541/4)’ o £ (%) dt + | )
1 . 1)1 © +. (1 >

O D e T T e (O

subject to
0-°-1
0-® ) -1
(%) .0

Again, given the timing of the bank’s decisions, we can first solve for the optimal values of ®; and

+¢; while keeping °, and ¥% fixed: That is, we can choose ®; and #; to solve

e o L. o W
max: Y%ln -ttt Py
®;be 1/41/ Yo P+ ] Y,
(i %In (1§ ®)° pt (1 t)R * P +rd>
LTi%) Ppen (1 i %) ( i %4) Pear
subject to
0-® -1
te O
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The solution to this problem sets

8 = -9 8 9
<Y 1+ %Rt% = = 8 =
@ (h) = _ 1 _ and £ (%) = noo T .
- . > Z oy ! =
8 o
< [0;%%) =
forva2 _ [%% %™ _
B G/
where %" continues to be given by (6), while
= .
o Pt 4 rd
t s
ASE Pt : (18)
°c = +rd + (1§ YRy

Pt+1

Hence for realizations of the relocation shock below the critical value %, the bank paysout only a
fraction of itsreservesto movers. When arelocation shock % 2 [%7; %] materializes, all reserves
are paid out to movers, but the bank does not resort to aliquidity loan. Finally, when the relocation
shock is larger than ¥%*%; the bank pays out all its reserves to movers, and in addition, obtains a
liquidity loan from the lender of last resort. For agiven level of reserves °, the returnjo the bank
of holding money that it already hasis th'f—l while the cost of acquiring more money is th'f—l + rd
per unit. This difference generates akink in the bank’s opportunity set, which in turn generates the
range of inaction [%°; ¥%"°]:

We now proceed to solve for the optimal value of °: To do so, we substitute the optimal values
of ®; and b into the bank’s objective function so that the only remaining variable to be determined

is ;- We thus obtain the problem

Z Y, e
max In ° U+ (1§ )R (%) dv+
0-°¢-1 Zo 1/2 pt+l ?/
Y= "o B : - o 574
1
Yiln fﬁ +(1j¥%)In (1'_1/t)Rt £ (%) dv +
A s _4 Pt+1 ( [ | 4)> o
Z12 Yiln °.-P + (13 ° Re _Pt_+E
_ R R i _F () de
AT @ iY)In oy B +rd +(1§°)Ry

Pt+1

This formulation of the problem makes it clear that the return earned by both movers and non-
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movers will be the same when % islessthan %®; but will - in genera - be different when % is greater

than %°. The first-order condition for this problemis

3 -~
Re i 22— Reji 2 +rd
Pt+1 o Pt+1 ) -
S —5 F %)+ —=2 [1iF@®M)]
tﬁ;&l-k(ll t)Rt °t %"‘fd +(1i°t)Rt
VAR Z po
= & WE () d i — (1§ %) F (%) d¥; (19)
t A l 1 t 1,8
which can be solved for* .
Y=
Sy =W F (%) dv: (20)

¥e

This completes the solution to the bank’s problem in the presence of a lender of last resort who

chargesinterest. e now turn to an analysis of general equilibrium for this case.

5.2 Equilibrium

Again, the market-clearing equations are the same as in the benchmark case, hence equations (9)
and (10) continueto hold. Substituting equations (9) and (10) into the expression for % in equation
(6) and the expression for % in equation (18) yields

o

W= (21)
t+1 Y
®pn 19

ag — -+ .

he = ot 22)
w1 T ¢+ =

Using these solutions for ¥%“and %* in equation (20), we obtain the law of motion for °;

° + rd° Z _crea+rder
Spi+rdo+ L
o — t+1 t , 1T =5 Uy [ -
t— o +rde, + Y 1 R F (%) d¥: (23)
t+1 t ?X t+1

“t+1t %
We can now state the following proposition.

Proposition 3 When thereisalender of last resort who chargesaninterest rater® _ 0 on liquidity
loans, the economy displaysaunique steady stateequilibrium 2 [°,; ©,]: Whenrd - = thereis
astationary equilibrium path for ©, = °, and a continuum of hyper-inflationary equilibrium paths
for °, 2 (0;°.). Whenrd > =, the economy displays a unique equilibrium, which is stationary
with °, = °_for al t:

4 Tofacilitate the refereeing process, we provide the solution method in referee’s Appendix B.
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The proof of Proposition 3 is presented in Appendix C.

Proposition 3isillustrated in Figure 3. The proposition states a very important result. When the
interest rate on liquidity loans charged by the government is smaller than r&° = =, our economy
continues to display hyperinflationary equilibria. However, when the interest rate charged by the
lender of last resort is greater than r°, the indeterminacy of equilibrium is eliminated, and our
economy displays a unique, stationary equilibrium.

What istheintuition for thisresult? Why can hyperinflationary equilibriabe sustained when the
interest rate charged by the lender of last resort is below the critical rate r*? To see that, suppose
the economy follows a hyperinflationary trgjectory, starting with an initia price level higher than
Pe = OM. That is, in Figure 3, the economy starts on the part of the law of motion that lies to the
left hand side of °: Along such atrajectory, °; approacheﬁ Z&0, and the expectﬂd real value of the
liquidity loan approaches I|m E(x)d = I|mO vlm, ol Y 1+ R g1 Fa)dY =

Pt+1

01 d=X7 Vi () di: Clearly, whenr? > £ = r%, the expected real value of liquidity loansis—in
the limit — smaller than the expected demand for real balances at zero return, E (%) d. Hence, an
excess demand for real balances exists even astheir return drops to zero, and therefore hyperinfla-
tionary trajectories can not be sustained. On the other hand, when r¢ < XL = r®; the demand for
real balances can aways be satisfied by liquidity loans provided by the lender of last resort, and
hyperinflationary equilibriamay arise. Notice that in this case, as the return on cash balancesfalls
to zero, al depositsin the economy are lent to borrowersat Ry = _lx while the lender of last resort

provides liquidity every period at rf < =

6. A Lender of Last Resort with an Upper Bound on L oanable
Funds

We now consider the case of alender of |ast resort who faces an upper bound ¢ 2 (0; 1) on thereal

value of liquidity per unit deposited that it can lend to a bank in distress.

6.1 TheBank’'sProblem

For this case, the bank’s constraints continue to be given by (12) and (13). Substituting these con-

straintsinto the bank’s objective function (5), dropping the constant terms, and taking into account
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the upper bound on loanable funds yields

Z, . Ya
® ) ° ()
max Y In SRS SR T () d +
®c(h); £e(%); °¢ 0 11//5‘ A P Ya
1 - ° i°
[1i®®)]° pt 1i°y e () P
1§ %I + i U f ) dv:

o( e B PR R R I P
O = ot = 1
0- @) -1
0 -+ -c

Clearly, the upper bound on loanable funds can only be binding for some statesif itsvalueissmaller
than the value of the loan a bank would take for ¥ = 1 in the presence of an unlimited lender of last
resort. Hence, the above program differs from the onein Section 4 only if ¢ < (1 j °¢) B 7 &
We will henceforth assume that this condition is satisfied. "
Asbefore, we can first solve for the optimal values of ®; and £; while keeping °, and ¥ fixed:

So we can choose ®; and *; to solve

1/z-® o 4> Ya
max: Yln -ttt Poooy
®cite 1/41/2 Y pt+1 Y,
QLi®)°% pe . A% . Pt
1i%lin + R, i
(1i%) T3 s @1 N T %) pes
subject to
0-® -1
0- % -c:
The solution to this problem sets
8 3 -9 8 o
2 Y 1+ HR b = = s 0 -G =
t 't - o
®c () = _ 1 oands () =_ % 1+1!,—tthp;,—:l il

- 1 c

8 o
< [0%) =

forv,2 _ [%*%™ _;
- (%DU; 1] -
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where %° continues to be given by (6), while

(° + C) Pt
1/4nu — t Pt+1 (24)

otﬁi%l +(1i )R

Hence for realizations of the relocation shock below the critical value ¥, the bank paysout only a
fraction of its reservesto movers. When arelocation shock % 2 [%°; ¥*%] materializes, al reserves
arepaid out to movers, and the bank obtainsaliquidity loanb (%) < cd. Finally, when therelocation
shock is larger than ¥*%; the bank pays out al its reserves to movers, and in addition, takes the
maximum loan cd it can get from the lender of last resort. Notice that ¥%4* = 1 when ¢ = ¢; which
confirms that the program laid out above is only correct for ¢ < ¢:

We can now determine the bank’s optimal portfolio in the presence of a constrained lender of

|ast resort: To do so, we substitute the optimal values of ®; and by into the bank’s objective function:

Thisyields the problem
Z . - . Z e - .
max. i °t%+(1 i “ORC A+ n °t%+(1 i o) Ry () dv+
t -+ 1,0 +
Z, % -3 - . - . Ya
" um S P B T o i T L e Y
yee B P 1i% (L i%) P+t
AL - -
= I ot SOR )G
ZO 1/2 "3}+1 - N - R 3/4
Y O S - SRRV IS PSP S < ST
e L (R VT li'% (Li%) P+

Hence the return earned by both movers and non-movers will be the same when % is less than ¥%*°;

but will - in general - be different when ¥ is greater than %*°. The first-order condition for this

problemis
Pt i Rt zﬂﬂ 1 Zl R Zl
Pt+1 — t - .
T #%)dvs + Yif (Ya)d%, = 1§ Y)f#)dva:
@R, O eRs MO S TER G GTO
(29)
which can be solved for®
71
1§ %"+
©=1i 2 Fde (26)
1i%

1/,@8

5 Tofacilitate the refereeing process, we provide the solution method in referee’s Appendix C.
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We are now ready to state the general equilibrium conditions for this case.

6.2 Equilibrium

The market-clearing conditions (9) and (10) continue to hold. Substituting these equationsinto the

expression for %" in equation (24) yields

o

o +1
+

1/55_ t+1 ot C.

4 ~— S L v
t+1+—_x

Using the solution for %" in egquation (26), we obtain the law of motion for °, whenc < ¢;

3
Lic 2icwmit 4
°t=1i Y o F (%) dY: (27)
L ot

For ¢ > ¢, the law of motion of this economy is given by (15). We are now ready to state the

following proposition.

Proposition 4 Whenthereisalender of last resort with an upper bound on loanable funds, ¢ _ O,
the economy displays a unique steady state equilibrium ©4 2 [°}; °,]: When ¢ < <£; the economy
displays a unique equilibrium, which is stationary with °, = °, for al t: Whenc _ £ thereisa
stationary equilibrium path for ©, = °4 = °,, and a continuum of hyper-inflationary equilibrium
pathsfor °, 2 (0; °4)-

The proof of Proposition 4 is presented in Appendix D.

For the case with ¢ < £, Proposition 4 isillustrated in Figure 5. Whenc _ %, the economy is
exactly like the economy with an unrestricted lender of last resort which is depicted in Figure 2.

The proposition states a very important result. When the upper bound placed on liquidity loans
is smaller than ¢® = <, the economy displays a unique, stationary equilibrium. However, when
that upper bound islarger than c®, hyperinf lationary equilibria can arise, and the economy displays
an indeterminacy of equilibrium.

(Need to add intuition for thisresult.)
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7. Conclusions

We have studied a simple endowment economy in which spatial separation, limited communication
and random relocation create a role for money which may be dominated in rate of return. Banks
arise endogenously in this world to insure agents against the liquidity shocks implied by random
relocation. This benchmark economy displays a unique stationary equilibrium which is not effi-
cient.

When we introduce a lender of last resort into this economy providing costless and unlimited
liquidity loans to banks in distress, the stationary equilibrium is pareto optimal. However, the
presence of an unrestricted lender of last resort is al so associated with the existence of a continuum
of hyperinflationary equilibria that are not pareto efficient. Thus, while allowing the economy to
achieve a pareto optimal stationary equilibrium, the introduction of an unrestricted lender of last
resort also makes the economy vulnerable to currency instability.

We then show that these hyperinflationary equilibria disappear when the lender of last resort
chargesaninterest rate on liquidity loanswhichissufficiently high or when the central bank credibly
commits to acap on liquidity loans which is sufficiently low.

In our analysis we have abstracted from several issues that figure prominently in contemporary
discussions of the desirability and optimal design of lender of last resort services. First, we set up
the model in such away that the provision of liquidity loans does not affect the government’s in-
tertemporal budget constraint. Yet thefiscal cost of bank bailoutsisaprimary concernin the design
of lender of last resort arrangements. Second, it is often argued that the explicit or implicit access
to liquidity loans provides banks with an incentive to take on “ excessive” risk in its asset portfolio.
Clearly, our model is not equipped to study thisissue. Third, in many emerging economies coun-
tries, and certainly in those that are contemplating to adopt the U.S. dollar aslega tender, alarge
fraction of banks' liabilities and assetsis denominated in foreign currency. Hence, the provision of
lender of last resort services, because of its effect on the money supply and thus on the exchange
rate, may affect thereal value of that part of the portfolio which isdenominated in foreign exchange.
This should be taken into account when designing lender of last resort arrangements. We plan to

address all these important questionsin future research.
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APPENDIX A: PROOF OF PROPOSITION 1

We cannot solve (11) explicitly for °,,, asafunction of °,; but we can derive some properties of
the implicit function. First note that when ©,,; = 0, which isits minimum value, °, is given by
°.=1i R01 F ) dy = Rol vif (%) d% = E (%): Thus the implicit function is not defined for
values of °, below the expected value of %: Next, when °,; = 1, which isits maximum value, °,
isstrictly below one. Sincetheimplicit function is continuous, there exists at |east one steady state

for °: Moreover, at a steady state, (11) implies
YA 1
°=1ji _ F()du

°+I
X

We know F < 1 always holds; so any steady state, ©; must satisfy

Zl o
°>1i d1/4=°+2,_:

= X

Hence for any steady state
y
°>1jf = 2
= (28)

must hold.

For the slope of (11), we can use Leibnitz’ integral ruleto obtain
A '

de o Y
t — F t+1 - X
do o + :L
t+1 t+1 o
X 1+

> > 0

Thus °; asafunction of °,, isawaysincreasing and hence isinvertible. The inverse function is
the law of motion for °,, and it is also strictly increasing. By the inverse function rule we obtain

the dlope of the law of motion,

3 "2
° .+ L
de t+1 X 1 -
o = y 2 > 0: (29)
d t = E t+1
°t+1+I*x

We can now evaluate the derivative of the law of motion, (29), at any steady state. Given (28) and
taking into account that the economy is a Samuel son case economy, which impliesthaty < = x, the

first term of (29) is greater than one for any steady state. The second term is always greater than or
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equal to one, so for any steady state the derivativeitself must be greater than one. Thelaw of motion
for ©, must therefore cross the 45* line from below at every steady state. Thisimpliesthat thereis
exactly one steady state, which wewill denote by ©, and that this steady stateisin the open interval
(E (*4) ;1) : The steady stateisglobally unstable, and al nonstationary trajectories eventually leave
the feasible region. Hence the steady state is the only equilibrium of this economy. B
APPENDIX B: PROOF OF PROPOSITION 2

The law of motion (15) starts at the origin, and is increasing and convex. The slope of (15)
a its origin is &£ < 1; and hence there is a unique steady state, the value of which is given by

°, = 1§ £ > 0. From Proposition 1, weknow that 1 j £ < °,, therefore °; < °,. The slope

of (15) evaluated at the steady state is 7X > 1. Hence the unique steady state is unstable. Each
°o > °, generates atrajectory that leaves the feasible region and hence cannot be an equilibrium.
Each °, 2 (0; °,] is associated with atrajectory that remains within the feasible region, and hence
there is a continuum of equilibrium paths. For °, = °,, the equilibrium path is stationary. For
°0 2 (0;°p), tIi!rrll % :tli!rrll zy = 0; hencetli!ni pr = L and the equilibrium trajectories display
hyperinflation. B
APPENDIX C: PROOF OF PROPOSITION 3
We cannot solve (23) explicitly for °,,; asafunction of °; but we can nevertheless derive some
properties of the law of motion for °,. First note that when °,,; = 1; °, is strictly below one.
Moreover, when °,,; = 0; (23) implies
z rd:(::— A rd !
*FM)dh=° —— i1l : (30)

do 1
0 ra°y + %

Clearly, °, = 0 satisfies (30), so the law of motion starts at the origin. Since (23) is continuous, we
can conclude that there exists at least one steady state.

However, °; = 0 may not be the only value for which °.,; = 0. Indeed, when r? > X then
there will exists at least one other °, 2 (0; 1) for which °,, = 0:

Further, at any steady state, °, (23) simplifiesto

i, gbe Z (e
1+r _ e

a — =i * F () d
1+ r9) +_lx

o

=

X
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Noticethat thisimpliesthat for rd = 0;° =1 j < = °,: Moreover, weknow F < 1 awaysholds:
Thus, for r¢ > 0, the steady state level of ° must satisfy

i z () i
o = 1+ ° > : (1+T)°+-§d1/— C 1+r9°
1 1 = i :
(1+rd)°+_lx - °+_lx (1+rd)°+_lx
X

Hence, at any steady state, (28) is satisfied.
Next, it can be shown that

h 3 ‘1
1 rd % 1: F Ctr1 %
o 17 - 2 1 o +rdc + L
ey Comrgray 1 e
de - % ”1 F ©pr1 9oy ) % F %1 ' ( )
t X - —+ + X +
7 [ ] S S > >
(°t+1+rd°t+,ix) 119+ (°t+1+*Lx) w1t

Clearly, the law of motion isincreasing everywhereif r¢ - = : However, when rd > = ; that isno
longer the case.

Indeed, for °,; = °; = 0, weobtain

o
d°y .

_ Y .
° —° —Q— — r-.
dot J t+1 t 0 X 1
Hence ) C h i)y
d t+1 j° o 2 OI_LX <1 if I,.d - L
dot t+1="¢=0 <0 > _X-

Moreover, using (31), (21) and (22), itisclear that at any steady state ® >0, S jeo | o > 1

iff i ¢
I1+rd A Y

h 5 [Li FU™)+ 3——SF#) <1 (32)

(1+rd)°+L °+ L

holds. Given that (28) holds at any steady state, (32) is equivaent to

i ¢
h |1+rd° H - 1/ @a 3 ° < 1/ 8 o.
1§ F o)+ 2—2F () <

) d y y
(l+l’)°+7 °+ = X

which, using (21) and (22), can be expressed as
YR § F W)+ WF W) < ¥

X
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But from Referee’s Appendix B, equation (38), we have
Z o0 .
YL § F W™ +%F @) =°j Yf () d%s < ©° < <

o Y
Ya X

- —-> 1 aways holds, and the law of motion must cross the 45* line from below

] t+17= t

Hence d;f,:l Jo
at every steady state. Thisimplies that there is exactly one steady state, which we will denote by
°.. From (28) and Proposition 2, it is clear that °, > °, for r¢ > 0, while°, = °, forr¢ =0

Moreover, °. < °, aso holds. Indeed, it can be shown that

" 1.
(1+19)°

o Yy -
doc C™ x 1 1 F (1+rd)°+% -
W = 3 o % =10 R T, F* (1+rd)o =
liF ig @Z (1+rd) +_LX +(1+rd)—ix 1iF m

Clearly, given (28), 3? > 0: Moreover, for r® ¥ 1., which is the case without a lender of last

resort, ot:jjrtziiﬂx ¥ 1; and hence (23) collapsesto (11). Henceforrd ¥ 1;°_ ¥ °_holds,
while°, <°, forri < 1.

Given that the law of motion crosses the 45* line from below at any steady state, °, is globally
unstable. When rd - =+, each °, 2 (0; °.] is associated with atrajectory that remains within the
feasible region. Hence there is a continuum of equilibrium paths. For °, = °, the equilibrium
pathis stationary. For °, 2 (0; °,), tIi!rri % :t"!”i my = 0; hencetli!rrll p: = 1 ; and the equilibrium
trajectories display hyperinflation. On the other hand, when rd > =, dl nonstationary trajectories
eventually leave the feasible region. Hence the steady state is the only equilibrium. l
APPENDIX D: PROOF OF PROPOSITION 4
Again, itisimpossible to solve (42) explicitly for °,,, asafunction of °,: However, we can derive

o

certain properties of the law of motion for °,. First note that in equilibrium, e = £ = holds.

S
X T+

Hence for a steady state equilibrium to exists, it has to be the case that ¢ < £ : [For ¢ > Z; the
case of the lender of last resort with an upper bound on loanable funds reduces to the case of the
unlimited lender of last resort.]

Next, when °,,; = 0, whichisitsminimum value, °; isgivenby °, =1 j [1 + ] ¥ F (¥)dv =
E(®) i c[liE #)]: Thus the implicit function is not defined for values of °; O< E (%) i
c[l § E (*4)] . For the uniform distribution, E (%) j c[1 i E*)] = 0:5(1 j ¢c) > 0: [More-
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over, it iseasy to verify that °, isstrictly below onewhen °,,, = 1]. Since theimplicit functionis
continuous, there exists at |east one steady state for °:
Further, at a steady state, (42) simplifiesto

R
2L [1+] ) F (%) d%

+C
°+

2 X 3: (33)

I
[EEN
-

oS N Feydud

°4c

x <

X

Notice that (33) impliesthat © ¥ °_forc ¥ 0: Also, it isclear from (33) that
h i

|
cht

whichissolvedby © =1 j £ = °,. Hence at any steady state, © 2 (°,; °,) must hold.

X

In addition, note that the law of motion (42) can be written as

1
1ji¥%* +c
°=1i L B _4 . F (Yx)dve: (34)
1§ %
1/4!]!]

Differentiating (34) with respect to °, yields

%™ 1§ %™ )
@ot = ol o) = C R .
(1 j Y™ +c)F®™) F (Y4)d%

I @ivee)
(i )%m

ao R' .
To determine the sign of 2= notethat F(¥%)d% < 1 j %™ since F (%) < 1: Hence we have

S 1
e yie

R
1§ %" +c)FE™) j (1+?4)1/ Fds > (1§ %™ +c)F®™) i c. Moreover, for the case

R

of a uniform distribution, F (%) = %" Hence (1 j %™ +c¢) F(%™) i ﬁ F()d% >
P/

(1 § %) (%" § c):Inaddition, it follows from (24) that 4™ = Tt& in any steady state. Hence,

forc < £ <1;itisthecasethat (%™ j c) > 0insteady state. Therefore, (1 § % + ¢) F (%) j

R' 1/(](]
WC/) FE)dY > (1§ %) (%™ § c)>0and@@+>0aswell.
ygom t
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R
Since F isdtrictly increasing, clearly  F(%)d% > F (%) (1 j %"°) holds. Therefore, given
Yyme

that @@;/1,“: > 0 for auniform distribution, it is also the case that

i 4 I
i 1 1/(,(,)':(1/4!“1) (1 = %uu) %nu

@1/4un - 1
@ot (1 i %nu + C) F(1/4un)

holds. Moreover, differentiating (24) with respect to °,, yields

3 .
I @
is 1+ +%— 1+£& =t
@1/4::3:1 _ I?tz Xoti—l X°%+,1 T @ot . (35)
e, y Z ’
t + =
1 X4

which establishes arelationship between —£2 @t gang @1/“— : Indeed, evaluating (35) at any steady state,

@O

we obtain 3 -

@1/41111 iC °+_LX (°+C)@t+l

= 32 .
@ot o o +_L 2
X
an T o+ L) eo(exX)+c .
Since §¢- > 1, th|S|mpI|e£@@£+1 > ;X) f+§)+c :Giventhat® _, 1§ £ or° Jla
“h 1

any steady state, we know that & g > 3 Ig = 7X > 1: For auniform distribution, the law of

motion for °, must therefore cross the 45* line from below at every steady state. Thisimplies that
there is exactly one steady state, which wewill denote by ° ; and that this steady state isin the open
interval (°,; °,) : Thesteady stateis globally unstable, and all nonstationary trajectories eventually

leave the feasible region. Hence the steady state is the only equilibrium in this economy. B
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REFEREE’'SAPPENDIX A: DERIVATION OF EQUATION ((8))

Using (6), the first-order condition (7) can be written as
YA 1

Z 1
YOE U7) +  %F () dv = %Rtwﬂ: (") +
t

(1§ %) F () dv;

o

=- O

Y2 1 t YR
or
Z 1 ° 1/2 Z 1 ?/4
YOE (6°) +  %F (%) d% = %RM“F () + = i F OO T W () d
Y2 t 1 t YR
If we add ;+-%°F (%) to both sides, we have
o Z 1
YPF (%°) + ] L YPE (W) + Y (W) dv =
: t1‘|’ /A . 1/2 Z 1 %
Plpr — WEE)+—L LiFE)] i UF)dY
Pt 1i% 1i% ¥
which reduces to
z 1

WE )+ AF )= (1i°t>%Rt+°t WO (%) +°¢ i °F (46°):
1/41:! t

Making use of (6) again, we obtain
Z 1
VR W)+ YT ) dh = oF (1) +° i °F (6°) = °,

Ya
This can be written in another form by noting that

2 [XF (9] = F (9 + XF ()

which allows us to write

Z 1 YA 11/2 d %
Yif () d% = - [AF ()] i F (%) d%
1/4n 1/40 d/4
1
= UF Wi i Fds
1/4“2 L

= 1j%F®)i F (%) d%:

Y=
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This demonstrates that
YA 1 YA 1
1 F @) d% =%F @)+  %F (%) dv:
vim %
Substituting this into equation (36) yields the solution presented in equation (8).
REFEREE’'SAPPENDIX B: DERIVATION OF EQUATION (20)

Using (6) and (18) in the first-order condition (19), we obtain
Z 1/4:1:1

YOE W) 4+ YL G F @)+ %F () dv =
Y=

Z e
R o Yy
PR F (0°) + e [ § F ()] + (1§ W) F () s
Pt par T T 1i % w
or
Z 0
UWF )+ %M1 § F @™)]+ Yok () dv. =
R e ., * A Y
PR (1) + et [L i F OO+t FO™) i F OO T 4 )
Pt Pe+1 +r Li® K
If we add l:zt%“F %" +%E,t14“ [1 § F (%")] to both sides, we have
z =9 o o
YPF (%) + %1 § F (%™)] + Yf () d¥% + —=Y°F (%°) + —=¥%"[1 § F (%™)] =
) q ; Lige 1j°,
MRt_F oto 1/4UF (1/4:1) + —LRt _ . °to 1/4nn [1 i F (1/4!10)] +
Pe Li % Pr+1 +r Li®%
., * A Y
L [F®™) i FE) i Yif (%) dv
1i°% v
This reduces to
Z 1/4un
UWF ) +Y%7 1§ F @™+ Yok () dv. =
) e #
> R
(1 “) BERGECHF () (L1 %) T + o WL F ()] % F (6) i F (4]
t Pr+1
Making use of (6) and (18) again, we obtain
Z o0

YWE @) +%T 1§ F @)+ Yif (%) d%

A
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= SF )+ i F T+ °F () i °F (47

Therefore, the solution to the problem is

Z oo
L =YWF (W) + YT § F W)+ Yif (%) d: (38)
Yo
Using (37), note that
Z 1/4(](] Z 1/4(](] 1/2 d ?/4
Yf ()dvs = — [F ()] i F () d%
1/4(] 1/4(] d/4
y,me
= UWF () i F (%) d¥
" Z 1/4cm
= YUF %) i %F () i F (%) dva:
/A
Therefore, it is the case that
Z AL Z y,ea
i F (%) d% = Y°F (%°) § %°°F (%) + vif (%) dva:
v Y=

Substituting this into equation (38) yields the solution presented in equation (20).
REFEREE’'SAPPENDIX C: DERIVATION OF EQUATION (26)

Using the definition of %" given by (6), the first order condition (25) can be rewritten as:

7 1 Z R z
pt+l 4 oo t
l1i Ri—)—F® )+ Yif (Y)d% =
(1 tpt %t ¢ °t+cC ) (1§ °)Rei e

1,08 Pt+1 y,o0

(1 i WFE)d%:  (39)

Now, note that (6) and (24) imply that

1 w1
I S R /i
and
Rt _ W Pe+1 1|
o - t - oo\t o
(1 i t)Rt 1 C#;_l 1 1 Ya Pt ¢
Thisalows usto write (39) as
/1 1/“ /1
(@ § REELYEE 455+ Y (h)dY = i RPEL (1§ %) F (W)de (40)
Pt om 1i% Pt om
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Using (37), note that

zZ, Z, %, 7

vf () d% = — [F ()] i F (%) dv%

1/400 1/Ann d]/4
1
= YUF (%) jieo i F (%) d%
o0

71

= 1j %WF®™) i F (%) dYa:

Y=
Hence, (40) reduces to

Z1 Z1

%™ Pt+1
1j F (%)d% = R F (%)dY:
P FOd= R E g

yie e

Multiplying (41) by (1 j %) and rearranging gives
H 122

1500 = 1% +1/4°“Rt% F (%) d%:

t

1/,98

But (24) implies that
Ot(l i 1/4UD)+C

an pt+1
TR =
o Pt Ti°y

Therefore, equation (42) becomes

71
" (Li %)+ e’

Liw™= 1j%"+
' ' 1i°y)

o0
Multiplying (43) (1 j °;) and rearranging termsyields

. 1
1 i o )(1 i 1/4nu)+o (1 i 1/4un)+c> YA
( t t

1j°.=
b (i %)

1/,@8

Clearly, this reduces to (26).

F (%) d¥:

F (%) dv%:

(41)

(42)

(43)
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Figure 1:
Timing of Events Within a Period
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Figure 2: No Lender of Last Resort
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Figure 3: An Unrestricted Lender of Last Resort
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Figure 4: A Lender of Last Resort
Who Charges Interest, r‘6y/bx
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Figure 5: A Lender of Last Resort
Who Charges Interest, r'1y/bx
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