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Abstract

We present in this paper a general algorithm for solving first-order con-
straints in the theory T of the evaluated trees which is a combination of
the theory of finite or infinite trees and the theory of the rational numbers
with addition and subtraction and a linear dense order relation. The algo-
rithm is given in the form of 28 rewriting rules. It transforms a first-order
formula ¢ - which can possibly contain free variables - into a disjunction
¢ of solved formulas which is equivalent in T, without new free variables
and such that ¢ is either the formula true or the formula false or a formula
having at least one free variable and being equivalent neither to true nor
to false in T'. In particular if ¢ does not contain free variables then ¢ is ei-
ther the formula true or false. If ¢ has free variables then the solutions on
free variables are expressed in an explicit way and ¢ can be directly trans-
formed into a boolean combination of quantified conjunctions of atomic
formulas which do not accept elimination of quantifiers. The correctness
of our algorithm is another proof of the completeness of this theory.

1 Introduction

The algebra of finite or infinite trees plays a fundamental role in computer
science: it is a model for data structures, program schemes and program exe-
cutions. As early as 1976, G. Huet proposed an algorithm for unifying infinite
terms, that is solving equations in that algebra [12]. B. Courcelle has studied
the properties of infinite trees in the scope of recursive program schemes [8].
A. Colmerauer has described the execution of Prolog II, IIT and IV programs
in terms of solving equations and disequations in that algebra [4, 3, 1]. The
unification of finite terms, i.e. the resolution of conjunctions of equations in the
theory of finite trees has first been studied by A. Robinson [18]. Some better
algorithms with better complexities has been proposed after by M.S. Paterson
and M.N.Wegman [16] and A. Martelli and U. Montanari [15]. The resolution of
conjunctions of equations in the theory of infinite trees has been studied by G.
Huet [12], by A. Colmerauer [5, 4] and by J. Jaffar [13]. The resolution of con-
junctions of equations and disequations in the theory of possibly infinite trees
has been studied by A. Colmerauer [4] and H.J. Biirckert [2]. An incremental
algorithm for solving conjunctions of equations and disequations on rational
trees has been proposed after by V.Ramachandran and P. Van Hentenryck [17].
On the other hand, there exists an algorithm for elimination of quantifications
which transforms a first-order formula into a boolean combination of simple
constraints. We can refer to the work of M.J. Maher [14] and H. Comon [7].
M.J. Maher has axiomatized all the cases by complete first-order theories
with infinite set of function symbols [14]. We have then extended this theory by
giving a complete first-order axiomatization of the evaluated trees [10] which
are combination of finite or infinite trees with construction operations and the
rational numbers with addition and subtraction and a linear dense order rela-
tion. This theory T reflects essentially to Prolog III and IV which have been
modeled by Alain Colmerauer using combination of trees, rational numbers,
booleans and intervals [3, 1]. In this paper we give a general algorithm for solv-
ing the most general first-order constraints in 7, i.e. in all models of T. Our



aim is not only to decide the validity of the propositions (sentences) i.e. for-
mulas without free variables, but to be able to express solutions of constraints
in T, which can possibly contain free variables, in a simple and explicit way as
it has done in one of our previous works [9] for the theories of finite trees and
possibly infinite trees. By solving a constraint ¢ in T" we mean to transform the
logical formula ¢, which can possibly contain free variables, into a disjunction
¢ of solved formulas, without new free variables, which is equivalent to ¢ in
T and such that ¢ is either the formula true, or the formula false or has at
least one free variable and is equivalent neither to true nor to false in T'. In
particular if ¢ is a proposition, then ¢ is either true or false. We would be
able also to check formulas which contain free variables but are always true or
false in T. In this case ¢ is either true or false. We show also that if ¢ has
at least one free variable then ¢ can be directly be transformed into a boolean
combination of quantified conjunctions of atomic formulas which do not accept
elimination of quantifiers. The correctness of our algorithm is another proof of
the completeness of this theory.

Our algorithm is not simply a combination of an algorithm over trees with
one over rational numbers, but a powerful mechanism to solve mixed con-
straints. This algorithm is able to solve any first order constraint containing
untyped variables or typed variables and presents the solutions of the free vari-
ables in a clear and explicit way. One of the major difficulty in this work resides
in the fact that (1) the theory of trees does not accept full elimination of quanti-
fiers, (2) every algorithm deciding propositions in the theory of finite or infinite
trees has a non-elementary complexity [19] and (3) the function symbols + and
— of T have two different behaviors whether they are applied on trees or ra-
tional numbers. For example +(1,1) is the rational number 2, while +(1, fo)
is the tree whose root is labeled 4+ and whose children are 1 and the tree’s
constant fy. The result of the completeness of this theory given in [10] is not
enough to induce solved formulas over trees and rational numbers expressing
solutions of hard problems, such as: planning, wining-strategies in multiplayers
games,...etc. Indeed, our goal in these kinds of problems is not to know only if
there exists a winning strategy but to express this winning strategy in the form
of a first-order formula whose free variables have clear and explicit solutions.
While in [10] the proof of the completeness handles only propositions, in this
paper, our algorithm handles general first order formulas with free variables and
typed or untyped variables. It includes full systems of typing deduction and
constraints simplification and propagation. The expressiveness and clearness of
the solutions of the free variables in the final solved formula are our main goal
in this paper.

The paper is organized in four sections followed by a conclusion. This intro-
duction is the first section. In Section 2 we present the theory of the evaluated
trees and introduce an example of constraints in this theory. In Section 3, we
define the notions of basic formulas, blocks and solved blocks in T which are
particular conjunctions of atomic formulas. We end this section by showing that
every quantified solved block can be decomposed in three embedded sequences
of quantifications having particular properties which enable us to eliminate some
quantifiers. In Section 4, we present the working formulas, the general solved



formulas and the algorithm of constraint solving in 7. The algorithm is given
in the form of 28 rewriting rules and transforms an initial working formula of
depth d to a final working formula of depth less than or equal to three. The
main idea behind this algorithm consists in (1) a top-down simplification and
propagation of constraints, in each level, quantified blocks are solved locally, are
decomposed and propagated to the embedded sub-formulas, and inconsistent
sub-formulas are removed (2) a bottom-up elimination of quantifiers and work-
ing formulas’ depth decrease using distribution. The disjunction ¢ of general
solved formulas extracted from the final working formula is either the formula
false or true or a formula having at least one free variable and is equivalent nei-
ther to false nor to true in T. We show also that every general solved formula
is equivalent in T" to a boolean combination of quantified conjunctions of basic
formulas which do not accept elimination of quantifiers. We end this section
by giving an example of constraint solving in 7. The algorithm represented by
a set of rewriting rules, the working formulas and the general solved formulas
are our main contribution in this paper.

2 Theory T of evaluated trees

2.1 Preliminaries

Let F' be an infinite set of function symbols containing the symbols 4+, —, 0 and
1. To each element of F' is associated a non-negative integer, its arity. The
arities of +, —, 0 and 1 are respectively 2, 1, 0 and 0. Let R = {<, num , tree }
be the set of relation symbols, of respective arities 2, 1 and 1. Let V be an
infinite countable set of wariables. A term is an expression of the form z or
fti...t, where n > 0, f an n-ary symbol in F' and the ¢;’s are shorter terms.
A formula is an expression of the forms:

s=t, rti..ty, true, false, =(v), (P AVY), (VY), (p—vV), (p—1), Jxp, Ve,

where x € V, s, t and the ¢;’s are terms, r is an n-ary relation symbol in R
and ¢ and 1 are shorter formulas. The first four forms are called atomic. An
occurrence of a variable x in a formula is bound if it occurs in a sub-formula of
the form (Jzp) or (Vayp). It is free otherwise. The free variables of a formula
are those which have at least a free occurrence in the formula. For each formula
v, we denote by var(y) the set of all free variables of ¢. Let & = x; ...z, and
Y =Y1-.--Yn be two vectors of variables of the same length. The empty vector
is denoted by . Let ¢ and ¢(Z) be formulas. We write

3z ¢ for Jz1...3z, p,

VT ¢ for Vz1..Vx, ¢,

37z (z) for VaVG o(Z) A¢(F) = Nicr, ny
ANz  for (3T o) A (7T ).

2.2 Axiomatization of T

Let a be a positive integer and let ¢q, ...,t, be terms. Let us denote by:

[ ] tl < tQ, the term < tth, ° atl, the term tl + -+ t17
—_——
e 11 + to, the term +t1to, @
e —atq, the term
e t1 +ty+t3, the term +t1(+t2t3), (_tl) 4t (_tl)~
e (Oty, the term O, a



The theory T of evaluated trees is the set of first-order propositions of the

following forms:

1 VaVy ((tree fZ) A (tree fg) A fz = fy) — /\Z Ti = Yi,

2 VzVy fx = gy — num fT A\ num gy,

3 Vavy (N;ep numzi) A (N, treey;)) — (312 N\ (tree zu A zi = te(2, 9, 2))),

4 VaVyz <y — (numz A numy),

5 VaVy num x 4+ y <> numx A num y,

6 Vrnum — x < numx,

7 VZ tree hT,
8 VaVy (numxz A numy) - z+y=y+ =,

9 VaVyVz (numz A numy Anumz) — z+ (y+2) = (z +y) + 2,

10 Vznumzx — x+0=uz,

11  Vznumz —z+ (—z) =0,

12, Vznumz — (nz =0— z =0),

13, Vaznumzx — lynumy Any = x,

14  Vznumz — —a <z,

15 VaVyVznumz AnumyAnumz — (e <yAy < z) —z < 2),

16 VaVy (numz Anumy) - (z<yVz=yVy<x),

17 VaVy (numz Anumy) — (x <y — (FznumzAzx < zAz<y)),

18  Vznumz — (Jynumy Az <y),

19 Vznumz — (Jynumy Ay < x),

20  VzVyVz(numz AnumyA num z) = (z <y — (x+ 2z <y+2)),

21 Vz(-numz) < treex

2 0<1,
where n is a non-null integer, f and g are two distinct function symbols taken
from F, h € F — {+,—,0,1}, x, y, z are variables, Z is a vector of variables
xi, 4 is a vector of variables y;, Z is a vector of distinct variables z;, I and J
are finite possibly empty sets, and where t;(z, 7, Z) is a term which begins by a
function symbol fj, element of F' — {0, 1} followed by variables taken from z or
g or z, moreover, if fi € {4+, —} then t4(Z,y, Z) contains at least one variable
taken from 4 or zZ. The axiom 3 shows that all models of T' contain infinite
trees. In fact we have T' = 3!z z = fz A tree z for I = J = (). In this case, the
tree z is an infinite tree of the form f(f(f(...))). Note that we have not T |=
Venumxz — (32 z = x 4+ x A tree z), since we have T = numx < num (x + x)
according to axiom 5 which contradicts tree z and z = x + x. This is why we
have a condition if fj belongs to {+, —}.

This theory has been introduced in [10], where we have proved its complete-
ness. This theory has as model (possibly) infinite trees whose nodes are labelled
by QUF' such that each subtree labelled by QU{+, —} is evaluated in Q and
reduced to a leaf labeled by an element of Q.

Let us now introduce an example of constraints in T'. Let us consider the
following two-player game: An ordered pair (n,m) of non-negative rational
numbers is given and one after another each player subtracts 1 or 2 from n or
m but keeping n and m non-negative. The first player who cannot play any
more has lost.

Suppose that it is the turn of player A to play. A position (n,m) is called
k-winning if, no matter the way the other player B plays, it is always possible
for A to win, after having made at most k£ moves. The constraint defined in [6]



expressing that a position x is k-winning is:

Jymove(z, y) A ~(Fzmove(y, T)A
—(Jymove(z,y) A ~(Jzmove(y,x) A (... A

winning, () < —(ymove(z,y) A =(Izmove(y, x) A —(false)) . ..)
N~
2k

Each position (n,m) is represented by ¢(i, j) with ¢ a function symbol of arity
2 and 4,7 € Q. The constraint move(z,y) is defined by

FiFjx=cli,j)Ny=c(i—1,7) ANi>1AjF>0)V
Fidgz=c(i,j)ANy=cli—2,7) Ni>2ANj>0)V
FiFjz=cli,j)Ny=c(t,j—1)Ai>0AF>1)V
FiFjx=cli,j)Ny=c(i,j —2)ANi >0AF >2)V
(=(F3Fjz =c(i,5) Anumi A numj) Nz =y)

By replacing the definition of move in the constraint winningy(z), we have a
first-order constraint with one free variable x in the theory T of evaluated trees.
Solving this constraint means finding the positions  which are k-winning.

3 Block and quantified block in T

We will now present structured formulas called blocks and show some of their
properties. Essentially a block is a conjunction of atomic formulas where all
the variables are well typed and which gives enough informations to be locally
solved. We will also define a mechanism to decompose each quantified block in
three quantified blocks having interesting properties that will help us solving
first order constraints on quantified blocks.

3.1 Basic formulas and block in T

Suppose that the variables of V' are ordered by a linear strict and dense order
relation without endpoints, denoted by “ > ”. For each formula ¢, the bounded
variables are renamed such that for each sub-formula of ¢ we have x > y for
each bounded variable  and each free variable y. We denote by ¥i'_¢; the term
t1+ ... +t, +0 with t; + ...+ ¢, the term ¢; + ... + ¢, where all the terms 0
have been removed.

Let f € F—{0,1}, ap € Z and a; € Z. We call leader of the equation
g = fxi..x, or xyg = x1 the variable xg. We call leader of the formula
Y ja;x; = apl the greatest variable zj, (in the order >) such that aj # 0.

Let f € F, a9 € Z and a; € Z. We call basic formula every conjunction «
of formulas of the form:

e true, false, numx, tree x,
o v =y, &= fyi.Yn, Xi1a;x; = agl, X ja;x; < apl.

The formulas num x and tree x are called typing constraints. The formulas z =
Y, T = fy1...Yn, Lj—1a;x; = apl are called equations. The formula X7  a;x; <
aol is called inequation. Let o be a basic formula:

(1) We say that “numx is a consequence of o iff a contains at least one
of the following sub-formulas: numx, © = y A numy, y = x A numy, x =



—yANnumy, y = —xAnumy, z =y+xrAnumz, z =x+yANnumz, r =
y+zAnumzAnumy, x =0,z =1, ¥;a;x; = agl or X;a;x; < agl and x is one
of the x;’s.

(2) We say that “tree x is a consequence of a” iff o contains at least one of
the following sub-formulas: tree x, x = yAtreey, y = x Atreey, x = —yAtreey,
y=—xNtreey, t=y+zANtreez, zt =z+yNtreez,y=x+zN\treey A num z,
y=z+xAtreey A numz, x = hyy...yn, with h € F — {+,—,0,1}.

(3) We call tree-section of o the conjunction oy of the sub-formulas of « of
the form:

e true, treex,

e r=yorz= fyy..yy, with f € F—{0,1} and where z is such that tree z
is a sub-formula of a.

This tree-section «y is called formatted iff all the left-hand sides of the equations
of oy are distinct and for each equation x = y of oy we have x > y.

(4) We call numeric-section of a the conjunction «, of sub-fomulas of a of
the form:

o true, false, X' ja;,z; = apl, X a;z; < apl, numx,

e x =y, x=—y, x =1y+ 2, where x is such that num zx is a sub-formula of
Q.

This numeric-section «, is called consistent iff T = 3z o, with Z = var(ay,)
and formatted iff

e «, does not contain sub-formulas of the form =z =y, * = —y, r =y + z,
0 =apl, 0 < agpl, with ag € Z

® «, is consistent and each leader of the equations of «,, has one occurrence
in only one the equations of «;,, and no occurrence in the inequations of
.

(5) The variable u is called reachable in Iz« if u is a free variable in 3z« or
a has a sub-formula of the form y = ¢(u) A tree y with ¢(u) a term containing u
and y a reachable variable. In the last case, the equation y = t(u) is also called
reachable in JFZa.

Example 3.1.1 In the formula Jzyzw = fay A z = v A treew, the variables
w, v, x,y are reachable because w, v are free and x and y occur in the sub-formula
w = fxy A treew. The variable z is not reachable and since z is bound and v
is free, they must be such that z = v. The equation w = fxy is reachable while
the equation z = v is not.

We call block every basic formulas « such that for each variable z in « either
numx or treex is a sub-formula of o and « does not contain sub-formulas of
the form:

o r =0Atreex, x = 1A treex,



o x =yAnumzxAltreey, r =1y A treex N\ numy,

e r=—yANtreex N numy, x = —y ANnumzx N treey

e x=y+zAnumxANAtreey, x =y + z A numz A tree z, x = hy A num zx,
o r=y+zAtreex AN numy N\ num z,

o XU ja;x; = apl A treexy, X a;x; < apl A tree xy,

with h € FF—{+,—,0,1}, k € {1,...,n}, ap € Z and a; € Z.

Since each variable x in a block is typed i.e. occurs in a sub-formula of the
form num x or tree x, every block « can be divided into two disjoint sections:
a tree-section and a numeric-section.

A block « without equations is called relation block. A block o without
inequations and where each variable has an occurrence in at least one of the
equations of « is called equation block. A block « is called solved iff its tree-
section and numerical-section are formatted.

3.2 Decomposition of quantified solved blocks

Let ¢ be a formula. Let Z be a vector of variables and a a solved block such
that for all unreachable quantified variable v in dZ« and all reachable quantified
variable v in 3z« we have u > v. We call decomposition of the formula 3za A1
the formula

3zt al A (32 a? A (322 B AY))), (1)

obtained as follows : Let X be the set of the variables in Z. Let us decompose
the set X into two disjoint subsets: X, (the set of the elements of X which are
reachable in 3za)) and X,,. Let Lead be the set of the leaders of the equations
of a. We have:

— is a vector of the variables of X,.

is a vector of the variables of X, — Lead.

is a vector of the variables of X, N Lead.

is of the form ai A ad where o is the conjunction of all the equations in
Jza whose leader is reachable, a4 is the conjunction of all the typing constraints
of o which concern variables of var(af).

— a? is of the form a2 A a4 where a? is the conjunction of all the inequations
of a and 3 is the conjunction of all the typing constraints of o which do not
concern variables of zZ3.

— o3 is of the form o} A a3 where o is the conjunction of the other equations
and o3 is the conjunction of all the typing constraints of a which concern the
variables of var(a3). The restriction on the order = of the quantified unreach-
able and reachable variables is due to an aim to get as leader of the equations
of the numeric section of o unreachable variables. If one quantified leader is
reachable then we deduce that all the quantified variables of this equation are
reachable. This condition will help us for the algorithm of resolution given at
Section 4. The intuitions behind this decomposition come from an aim to de-
compose a quantified solved block into three embedded sections each one having

i,].
— 72
— 73
al



particular properties that enable us either to remove quantifiers or make special
distributions in ¢ and reduce the size of the formula 3za A .

Let A be the set of the solved blocks. Let A' be the set of the formulas of
the form 3z'a', where a! is a solved equation block and all the variables of '

are reachable in 37'al. Let A2 be the set of solved relation blocks.

Property 3.2.1 For all decomposed formula of the form (1) we have : 3ztal €
Al a? € A%, aP € A and T |= V22 o? — 317303,

Example 3.2.2 Let v,w,x,y, z variables such that w >y > z > x > v. Let us
decompose the formula

v=for Aw+2z+ (-2)z=1Ay+ 3z =0A
Jwzyz | 2 <1A3z42x <O0A (2)
tree v A\ numw A\ num x N\ numy N\ num 2

The reachable variables in the formula (2) are v and x. We have X, = {z,v},
Xy = {w,y, 2} and Lead = {v,w,y}. Since w = y > z = x then the formula
(2) is equivalent in T to the decomposed formula

dxv = fox A tree v A num A
(3zz < 1 A3z 4 2x < 0A numz A numaz A tree vA
(Fuwyw+2x+(—-2)z=1Ay+32=0A numw A numzx A numy A num z))

Note that the elements of A' does not accept elimination of quantifiers, this
is due to the fact that all the variables of T' are reachable in 3z . Indeed in
the formula 3x v = fvx the quantification Iz can not be eliminated in T.

1 2 3 1 2

In all what follows we will use the notations z!, z2, z3, a!, o?,a® to refer to

the decomposition of the formula Iza.

4 Solving first-order constraints in T'

4.1 Working and general solved formulas

Definition 4.1.1 A normalized formula ¢ of depth d > 1 is a formula of the
form

(3T a A Nier #i)s (3)

with I a finite (possibly empty) set, o a basic formula and the ¢; normalized
formulas of depth d; and d = 1+max{0,d1, ...,d, }. Formulas of depth 1 (I =)
are of the form —(3% o) with « a basic formula.

Property 4.1.2 FEvery formula is equivalent in T to a normalized formula.

Definition 4.1.3 A working formula is a normalized formula in which all the
occurrences of — are of the form —F with k € {0,...,9} and such that each
occurrence of a sub-formula of the form

¢ = "3z NP A Ny #3), (4)



has of = true if k = 0 and satisfies the first & conditions of the following
condition list if k > 0. Here o is a solved block and is called propagated
constraint section, o is a basic formula and is called core constraint section,
the ; are working formulas, and in the conditions: BP A B¢ is the conjunction
of the equations and relations of the immediate top-working formula v of ¢ if
it exists. i.e. Y = —F(3IGBSABP A A Njes &5) with ¢; working formulas.

1. if ¢ exists then T = oP AN a® — [P A B¢, and the tree-sections of o and
B¢ N BP have the same set of left-hand side of equations,

2. the tree-section of of A af is formatted and the formula o A a does not
contain tree x \ num x for any variable x,

3. o N af is a block,

4. the numeric-section of o A a° is consistent, and we have u > v for u any
unreachable variable in  and v any reachable variable in T,

5. o A af is a solved block,

6. aP is the formula B° N (P if ¢ exists, and is the formula true otherwise.
The formula of is a solved block and for each relation num x (or tree x)
i oP, if x does not occur in an equation or inequation of af then num x
(resp. treex) does not occur in af,

7. (3z a®) is decomposable into (3z' ot A (322 a® A (3¢ true))),
8. (3T a®) is decomposable into (3z' a* A (Fe a? A (3¢ true))),
9. (3 a®) is decomposable into (3x' ot A (Je true A (3e true))).

The use of k aims to be able to control the execution of our rewriting rules on
working formulas. We strongly insist in the fact that —=* does not mean that
the normalized formula satisfies only the k" condition but all the conditions i
with 1 <1¢ < k. We call initial working formula a working formula of the form

-5 (3¢ true A /\ ©i)
i€l

with ; working formulas where all negation symbols —=* have k = 0 and all
propagated constraint sections are true. We call final working formula a formula
of the form

=T@etrue A N\ =*Gxiaf Ak AN\ = (Fws; 655 A 7)) (5)
icl Je€J;
where the 3¢ are different from true.

ij
Definition 4.1.4 A general solved formula is a formula of the form
3ztat na? AN =30 B, (6)
i€l
where 3zt ol € A, o? € A2, 3yl B} € AL, all the o* Ao A B} are solved blocks
and all the 3} are different from true.

10



According to the properties of =% and =7, in the final working formula (5),
7 = true and 3, = of A af. Thus the formula (5) is equivalent in T' to the

following disjunction of general solved formulas

VGziaf A N\ =05 55)) (7)

iel Jj€J;

(a4

Property 4.1.5 Let ¢ be a general solved formula of the form (6). If ¢ has no
free variables then ¢ is the formula true, otherwise neither T |= ¢ nor T = —p.

Property 4.1.6 Every general solved formula is equivalent in T to a boolean
combination of formulas of the form 3z'a' Aa?, with Iz'al € Al and o? € A2,
which do not accept elimination of quantifiers.

4.2 Main idea

The general algorithm for solving first-order constraints in 71" uses a system of
rewriting rules. The main idea is to transform an initial working formula of
depth d to a final working formula of depth less than or equal to three. The
transformation is done in two steps:

(1) The first step is a top-down simplification and propagation. In each
sub-working formula, a® A of is transformed to a solved block, then Jdzac is
decomposed into three parts as in subsection 3.2. The third part is eliminated
and added to the core-constraint section of the immediate sub-working formu-
las using a special property of the quantifier 3!. The constraints of the two
other parts in o are propagated to the propagated-constraint section of the
immediate sub-working formulas. In this step, the rules 1 to 24 are applied and
transform the initial working formula to a working formula where each negation
symbol is of the form —7.

(2) The second step is a bottom-up simplification and elimination of quan-
tifiers. This step is done by the rules 25 to 28. In each sub-working formula
of depth one or two, the rule 25 eliminates quantified variables of the second
part of the decomposition (the third one had been already removed in the first
step). The rule 26 eliminates the constraints of the second part in the deepest
level. Each sub-working formula of depth 3 is transformed step by step to a
conjunction of working formulas of depth 2 by the rule 28 using a property of
the quantifier 47. The transformations in this step can create new sub-working
formulas where the first step needs to be done. At the end of the transformation,
we obtain a final working formula of depth less than or equal to 3.

4.3 Rewriting rules

We present in Figure 1 the rewriting rules which transform an initial working
formula to a final working formula, which is equivalent in T. To apply the
rule p; = psy to the working formula p means to replace in p, a sub-formula
p1 by the formula po, by considering that the connector A is associative and
commutative. In all these rules, « are basic formulas, ¢ and 1) are conjunctions
of working formulas.

11



Figure 1: The rewriting rules

1 ='GanumzAtreex AaA = true
®
2 S'Guz=fyrcz=giAtreexAaA = true
¥
3 —tFaz=zAaAyp) = ~'Faany)
4 ﬁl(_ﬂﬂy:x/\treea:/\a/\go) = ﬁl(_ﬂﬂx:y/\treex/\a/\go)
5 Jux = fy1..yn Ax = fz1...2n A\ 1 Jux = fyi...yn /\/\i Yi = ziA
treex Na N\ @ treex Na N\ @
6 Jux=yANx = fz1...2n\ o Juxr=yAy= fz1...2nN\
treex N treey N a A\ ¢ treex N treey N oA\ ¢
7 'Qur=yAr=zAtreexAaAp) = '@z =yAy=zAtreexAaAp)
8 -*IW0=01AaAy) = *Faanyp)
9 —*(3u0<al Aany) = —Guany)
10 -4 Jux = yA N Juz + (—1y) = OA
numx Anumy N o/ @ numx Anumy N\ o\ @
1 [ Juz = —yn 1 . [ Jux+y=0n
numx A numy N\ o/ @ numx A numy N\ o\ @
1o 4 [ Juz=y+2AnumaA | . 4 [ Jux+ (—1y) + (—1z) = OA
numy Anumz Ao e numx A numy ANnumzA\a /@
[ FuXiia;x; = aglA [ FJuXiia;x; = aglA
13 -4 Z?zlbi:ci = bolA = Z;(L:l(bkai — akbi)xi = (bkao — akbo)l/\
L N L ANy
[ FuXiia,x; = aglA [ FJuXi_ia;x; = aglA
14 =% | =P bz < bolA = ! Ezzl)\(bkal arbi)z; < (brao — arbo)1A
L N L AN
15 ='3zaAa® Ap) = —*(3Ta°AaP Ayp)
16 —2(3za° AP Ap) — —!'@ZnumzAa®Aal Ap)
17 =2(3za°AaP A ) = —~'(3TtreezAa AP Ap)
1 = c
_ = (3T num z A a® AP A p)A
18 —2(3 P (
8 Bz o Ao A ) — —1(3z tree z A o AP A @) :|
19 —2(3za° AP Ap) — *@3za°AaP Ayp)
20 —*(FzaAaP Ag) = true
21 —-*3zaAaf Ap) = -*(3Ta AP Ay)
22 —\4(39305 NP A p) e L EANN N
[ 3za® Aa? ApA [ 3za® Aa? Apn
23 -7 7
s =*(3y B A B A) ] - =°(357° AP AY)
01 6 [ 3za® A aPA . 7 [ 3z'2% 2t A A aPA
LN\ (3B A B A i) LA GEEE A A i)
o5 7 [ 3z ac A aPA s [ 3z 0t A AaPA
L /\ie[ RNETTA A BY) L /\iel’ - (3% ABYY)
o5 7 [ wa A a¥ Aph . —|7(3§solf /\EP/\@/\:QG@Q?“ A BP)A
~%(3yB° A B7) Nier = (3ZGB” A B A B A o)

[ 3za® AP A PA
7
21 -9 (3etrue A BP) ] = frue

[ 3z a®AaP A oA
Za*ANaP Ay ="(3za AP A A-5(3G8° A BP))A

35 6° A BPA
28 =7 = -%(3z5z; 65 A 67
= | A @zAg AT ANSEREE S
iel
el
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In the rules 1 to 14, the equations and relations in a® and of are mixed
by considering the connector A associative and commutative. In these rules,
except the rule 6, all modifications in the right hand side are done in €, since
aP is a solved block.

In the rule 2, f and g are two distinct function symbols taken from F'. In the
rules 4, 6, 7 z > y This condition prevent infinite loop and makes the procedure
terminating. In the rule 5, the equation © = fz;...z, does not belong to aP.
In the rule 6, if the equation x = fz...z, belongs to o, then x = y A treey is
moved to aP. In the rule 7, the equation x = z does not belong to o?.

We recall that the notation 01 in the rule 8 means the term 0. In the rule
9, ag > 0. In the rules 13 and 14 the variable xj is the leader of the equation
Yia;z; = apl and by, # 0. More over the equation ¥;b;z; = bgl does not belong
to of. In the rule 14, the relation ¥;b;x; < byl does not belong to o and A =1
if ap > 0 and A = —1 otherwise.

In the rule 15, the tree section of a® A aoP is formatted and there is no
sub-formula in a¢ A of of the form num x A treex. In the rule 16 respectively
17, the typing constraint num z, respectively tree z is not in a® A of and is a
consequence of a® A of. In the rule 18, z does not have typing constraint in
af A of and neither num z nor tree z is a consequence of a€ A oP.

In the rule 19, a“AaP is a block. In the rule 20, the numeric section of a®Aa®
is inconsistent. In the rule 21, the unreachable variables in Z are renamed if
necessary such that u > v for each unreachable variable u and each reachable
variable v in Z and the numeric section of a®A o? is consistent. The consistency
can be verified for example by using the first step of the Simplex. In the rule
22, a® A aP is a solved block.

In the rule 23, 7€ is obtained from ¢ as follows: for all variable z € var(3°),
we add all the relations num x or tree x which are in GP but not in 3¢, and for
all the variables y which do not occur in an equation or inequation of 3¢ we
remove all relations num y or tree y which are both in 4¢ and GP. The formula
~P is the formula o A af.

In the rule 24, 3za° is decomposed to Izlact A (37202 A (3z3a3)), 7§ =
BN a® and v = B A at Aa? Aab.

The four rules 25, 26, 27 and 28 can not be applied on the occurrence of -7 of
the first level of the general working formula. In the rule 25, I’ is the set of ¢ € I
such that 8¢ does not contain occurrences of any variables in #2. The formula
a® is such that T | (3z%a?) < a®* and is computed using the Fourier
quantifier elimination. The propagated-constraint section 57 = atAa®?* Ao,

In the rule 26, ¢ is such that every negation symbol =% has k > 6, g is
obtained from ¢ by replacing all occurrences of =¥ by = and all propagated-
constraint sections by true. Let 32 the formula obtained from 3 by removing
the multiple occurrences of typing constraints and for all the variables y which
do not occur in an inequation of 3> we remove all relation numy or treey
which are both in ' and . If 3? is the formula true then I = (), otherwise
the 3¢2* with i € I are obtained from 32 as follows: Since 32 € A? then it is of
the form

(Aver, num z¢) A (Apeg tree vi) A
(Ajes 2it1 aijri < agj) A Ny num ) |’

13



thus =32 is of the form

(Veer tree ze) V (Vger numug) V (V=1 tree Tm,)V
\/jeJ((Z;Lﬂ a;jr; = ag;l A N\j—q num )V
(it (=aij)mi < (—agj)L A Npy—y num x,,))

Each element of this disjunction is a block and represents a formula ﬂfz* Of
course we have T |= (=4?%) </, 8.

In the rule 28, T # ), ¢ is such that every negation symbol —* has k > 6, ¢q
is obtained from ¢ by replacing all occurrences of =¥ by =0 and all propagated-
constraint sections by true. Moreover 8¢ = o? and 67 = 7§ A 3¢ A aF.

Property 4.3.1 Every repeated application of the precedent rewriting rules on
an inital working formula terminates and produces a final working formula
equivalent in T and without new free variables.

4.4 Algorithm for solving constraints in 7T’

Solving the constraint ¢ in T' is made as follows:

1. Transform ¢ to a normalized formula, then to an initial working formula
¢, which is equivalent to ¢ in T

2. Transform ¢ to a final working formula ¢ using the rewriting rules defined
in the subsection 4.3.

3. Extract from 1 the disjunction of general solved formulas, equivalent to
v in T. If the disjunction contains the general solved formula true, then
it is reduced to true.

Example 4.4.1 Let ¢ be the following constraint having i,j as free variables: Ixx =
fig Ni > 0OAtreex AnumiAnum jA—(3kj =2k Anumk). We can see that num j A—(3kj =
2k A numk) is always false in T since for every variable j, there exists a unique variable
k such that j = 2k (aziom 13,). Let us transform ¢ to an initial working formula (the
propagated-constraint sections are underlined):

=03z = fij Ai > 0A treex A num j A true A =°(3k j = 2k A num k A true))
After having applied the rules 24, 15, 16, 15, 19, 21, 22, 23 in this order, we obtain:
-3z z = fij Ai> 0A treex A numi A num j A true A =" (3kj = 2k A num k A true))
The rule 24 being applied changes the formula to:

7 7| ¢ >0Anumi A numj A true/
| SY3zkx = fig A j =2k Anumk A treex Ai > 0 A numi A num j)

After having applied on the sub-working formula =*(...) the rule 15, 19, 21, 12, 22, 23

T_7

i |

1> 0 A numi A numj A true/
~S(3zkx = fijAj—2k =0AnumkAtreex Ai >0 A numiA numj)

The rule 24 is applied then we obtain:

=70 > O A numi A num j A true A =" (true Ai > 0 A num i A num j))

14



The rules 25, 26 being applied in this order, giving:

=TT > 0 A numi A num j A true A —° (true Ai > 0 A num i A num j))

Finally, by application of the rule 27, we obtain the final working formula —" true, which is

equivalent to the empty disjunction of general solved formulas, i.e. false.

Since T has at least a model [10] and according to Property 4.1.5 and Property
4.3.1 we obtain the following corollary, which is another proof of the complete-
ness of the theory T"

Corollary 4.4.2 Every formula is equivalent in T either to true or to false or
to a disjunction of general solved formulas, which has at least one free variable
and which is equivalent neither to true nor to false in T.

5 Conclusion

We have given in this paper a general algorithm for solving the most general
first-order constraints in the theory of the evaluated trees. The algorithm is
given in the form of 28 rewriting rules and its correctness is another proof of
the completeness of T'. The algorithm transforms a formula ¢ which can contain
free variables to a disjunction of solved formulas ¢ equivalent in 7', without new
free variables and such that ¢ is either the formula true or false or has at least
a free variable and is equivalent neither to true nor to false in T. Our aim in
this work was not only to decide proposition i.e. to decide if a formula without
free variables is true or false in T but to simplify a general constraint with free
variables and to present its solutions in a clear and explicit way. This algorithm
is also able to detect formulas having free variables but being always false or
true in T', by giving at the end false or true.

S. Vorobyov [19] has shown that the problem of deciding if a proposition
is true or not in the trees theory is non-elementary, i.e. the complexity of all
algorithm which solves it cannot be bounded by a tower of powers of 2's (with
a top down evaluation) with a fixed height. A. Colmerauer and B. Dao [6] have
also given a proof of non-elementary complexity of solving constraints in the
trees theory. Thus our algorithm must not escape this kind of complexity in
the worst case. This is why we have used two strategies in the algorithm: a
top down propagation of constraints and a bottom-up elimination of quantifiers
and distribution. This technic can detect quickly (using propagation and local
solving) sub-formulas which are equivalent to false and prevents us from solving
a big sub-working formula which contradicts its immediate embedding working
formula. We have programmed a similar algorithm only on the theory of finite
or infinite trees and in spite of the high complexity we can solve formulas on
two partners games having 160 nested quantifiers [9].

Actually we plan with Thom Fruehwirth [11] to add to CHR a mechanism
to treat the normalized formulas which will enable us to implement easily our
algorithm in CHR. We try also to find an automatic axiomatization for a com-
bination of any theory 1" with the theory of finite or infinite trees.
Acknowledgements We thank Alain Colmerauer for our many discussions
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and his help in this work. We dedicate to him this paper with our best wishes
for a speedy recovery.
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6 Appendix

In what follows we use the abbreviation wnfv for “without new free variables”.
By saying a formula ¢ is equivalent to a wnfv formula ¢ in 7" we mean T' |=
@ < 1 and 9 does not contain other free variables than those of .

6.1 Preliminaries

We present here new properties that will be used to show the properties given
in this paper. Some of these new properties are already defined and proved in

[10].
Property 6.1.1 [10] Let T a theory. If T |= ¢ — (3\zg) then
TE@AEZeA—9) < (b A-ETp A ¢))

Property 6.1.2 [10] Let T a theory. If T |= 3?y¢ and if each variable of §
does not have free occurrences in ¢ then

T |= (A A =3y A ) < (BZe A=(3ye)) Vv (BTye A ¢ A —1p)

We call instantiation of a formula ¢ by individuals of Djs the obtained
formula from ¢ in which for each free variable z in ¢, we replace each free
occurrence of z by the same individual i of Dy;.

Definition 6.1.3 (Quantifier zero-infinite[10] ) Let M be a model. Let p;
and ¢(z) be M-formulas and let U(u) be a set of formulas of the form Izu =
fz A treeu, with f € F —{0,1}. We write

M = 3 Wz o(x), (8)

iff for any instantiation 3x ¢'(x) of Iz p(x) by individuals of M one of the
following properties holds:
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e the set of the individuals i of M such that M = (i), is empty,

e for all finite sub-set {11 (u),..,¢n(u)} of elements of W(u), the set of the
individuals © of M such that

M E @' (i) A Njeqr,...ny —5(0) is infinite.

Let T be a theory. We write T' = W x @(x), iff for each model M of T we

have (8).
Property 6.1.4 [10] If T = 33’&2 x(x) and if for each @;, one at least of the
following properties holds:

o T'[=3xy;,
e there exists v;(u) € W(u) such that T = Vx p; — ¥i(x),

then
T | Bz p(x) A Nier i) < (o))

Proof L et M be an any model of T. Let 3z ¢'(x) an instantiation of 3z p(x)
by individuals of M. Let us show that if the conditions of the Property 6.1.4
hold then

M= 3z ¢'(2) A \jey —pj(x)) < Bz ¢'(2)). (9)
Let J' the set of the j € J such that M |= 37z ¢;(z) and let m be the cardinality
of J'. Since for all j € J', M |= 37z p;(x), then it is enough to have at least
m + 1 individuals of M in order to have M = 3z A;c;» —pj(x). On the other

hand, Since T | £l xgo( ) and according to Definition 6.1.3 of the infinite
quantifier two cases arise:

(1) Either M = =(Fz ¢'(x)), thus M |= =(37 ¢'(x) A \jes () and thus
the equivalence (9) is true in M.

(2) Or, for all finite sub-set {¢1(u), ..., ¥ (u)} of ¥(u), the set of the indi-
viduals 4 of M such that M = ¢'(i) A Aj_; ~t;(i) is infinite. Thus, since for all
j€J—J wehave, M |=Vzp;(z) — w]( x), then there exists an infinite set &
of individuals i of M such that M |= /(i) A \ ey —p;(i). By removing from
this infinite set £ the m preceding individuals we get another infinite sub-set of
¢ such that for all i € § we have M = ¢'(i) AN\ ey =05 (1) A Ngey—y ~r(i) and
thus M = 3z ¢'(2) A\jes —pj(x). Since We have M |= 3z ¢’ (2) A\ je s ~pj(2),
then we get M | 3z ¢/(z) and thus the equivalence (9) is true in M.

Property 6.1.5 [10] Let « be a basic formula. If all the variables of T are
reachable in 3T o then T = Iz

This property is a direct consequence of the axioms 1 and 2 of T
Property 6.1.6

k k
T =Yk aix; =ag A /\ num x; < apxy = S5 (—a;)x; + ag A /\ num ;.
i=1 i=1
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This property uses the axioms 5,6,8...13 of T'.

Property 6.1.7 [10] if 3z'a' € A then T |= 372! o' and for each free vari-
able y in 3z'al, at least one of the following properties holds:

o T | Jyztal,
e there exists 1(u) € U(u) such that T |=Vy 3z al) — (y),
Property 6.1.8 [10] if o® € A? then for each 22, T |= 3??..%2 a?

Property 6.1.9 [10] if o® € A? then for each x2, the formula 3z%a? is equiv-
alent in T to a formula which belongs to A?,

This property uses the Fourier elimination of quantifiers. Recall that formulas
of A? are solved and contains only inequations and typing constraints.

Property 6.1.10 Let a a solved block and T the vector of the variables of .
We have T = 3za.

Proof L et M a model of T let us show that M = Jza. Since « is a solved
block then the numeric section is consistent, all the leaders of the equations of
« do not occur in the inequations of o and all the leaders of the equations of «
are distinct and have one occurrence in only one equation. Let us transform the
equations of the numeric section by moving to the right hand sides all the terms
containing variables that are not leaders of equations (see Property 6.1.6). We
get a conjunction of equations with distinct left hand sides that do not occur
in other right hand side of equations of the numeric section or in inequations
of a (see definition of solved block). Since the inequations are consistent then
there exists an instantiation of the variables of the inequations of o that makes
true these inequations. Thus, using this instantiation and for all instantiation
of the variables of the right hand sides in the equations of the numeric sections
there exists a value for the leaders of these equations(axiom 13). Using this
instantiation and for all instantiation of the variables of the right hand sides of
the equations of the tree section and which are not leader, there exists a value
for the leaders (axiom 3). Thus there exists an instantiation of a that makes
true a i.e. M = Jza.

Property 6.1.11 Let 3z'al o formula without free variables that belongs to
Al. We have ' = ¢ and o' = true.

Proof S ince the formula 3Z'a! has no free variables then there is no reachable

variables in 3z'a! and thus using the definition of the set A' we get ' = e.
Thus the formula 3z'a! is equivalent in T to o! which has no free variables.
According to the definition of A!, a' is a solved block and since it does not
contain free variables then it is reduced to the formula true. It can not be
reduced to false because it is a solved block thus consistent. It can not be
reduced also to an equation or inequation without variables according to the
definition of solved block and more exactly formatted.
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Property 6.1.12 Let a be a solved equation block. Let T be the vector of the
leaders of the equations of a. Let o be the conjunction of the typing constraints
of a which concern elements that do not belong to T. We have

T|:a*—>3!a_c04

Proof R ecall that we write 7' = 3!z« if for every model M and every instan-
tiation o’ of a by individuals of M we have M = J\za.

Using this recall, let us prove now Property 6.1.12. This property is a
consequence of the axioms 3 and 13, of T'. In fact, since the tree-section of «
has distinct leaders i.e. distinct left-hand sides and since the equations of the
numeric section of « have distinct leaders which have one occurrence in only
one equation of numeric section of «, then by moving in the numeric section
the terms containing variables that are not leader in the right hand sides (see
Property 6.1.6), we get a system with distinct left hand sides which do not
occur in a right hand side of the equations of the numerical section of a. Thus,
for any instantiation of the free variables which are in the right hand sides of
the numerical section by an any numeric value, we get a unique value for all the
numerical leaders of the numeric equations of « (using axioms 5,6, 13). Thus
for every unique value of these variables and every instantiation of the other
variables in the right hand sides of the equations of the tree section of a (by
values which respect the typing constraints of ), there exists a unique solution
for the right hand sides of the equations of the tree section (axiom 3). Note
that each time we instantiate by value which respect the typing constraints;
this is why we need the implication of a*. Let us show this in the following
example: Let x,y, z,v, w be variables such that x > y > z > v > w we have

T = fryw ANy = A
2242w =1A3v+w=0A
tree x N\ num v A\ num wA
tree y \ num z

T = numw — lvzzy

Note that this property can be written in the following form by moving the
leaders in the left-hand sides of the equations and the others in the right hands
sides and by doing the needed changes in signs we get:

x = fryw Ay = xA
22=14(—2)w A 3v = —wA
tree x A\ num v N\ num wA
tree y \ num z

T E numw — lvzzy

For each instantiation of w by numerical value (and not with tree value) there
exists one and only value for v and z (axioms 5, 6, 13) and thus for x too (axiom
3). The unique solutions of v and z are due to the fact that according to our
definition of solved block, the leaders have one occurrence in only one equation
of a. If w is instantiated by tree value (for example fg0) the formula will be
false. This s why it is an implication by the typing constraints of the variables
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which are not leaders. In fact, we have

= fryw Ay = xA
z+2w=1ANv+w=0A
tree x N\ numv N\ num wA
tree y \ num z

T b Svzzy

because the unique value of vzzy must be for all instantiation of w and here
if w is typed as tree then the numerical equation will be false and then all the
formula will be false. Thus we have just the implication of the unique solution.

Property 6.1.13 Let ¢ a working formula of the form

=FEzat Ao AN ¢)
el

with 6 < k <9 and ¢; working formulas. We have

TE-3za®Aa? A N ¢F) « —(a? A (Bza® A N 6)))
i€l el

with ¢ the normalized formula obtained from ¢; by replacing all =k by .

Proof L et ¢ - if it exists - be the immediate top-working formula of ¢. Thus,
1 is of the form
“FEgB ABP Ao A\ )
JjeJ
with gb;- working formulas. According to Definition 4.1.3, since k > 6 then the
normalized formula satisfies the k first conditions of this definition and thus
according to the sixth point of this definition we have two cases:

(1) if ¢ does not exists then o is the formula true according to the sixth
condition of Definition 4.1.3. Thus the property is true.

(2) if ¢ exists then o = BP A€ according to the sixth condition of Definition
4.1.3. Since the variables of ¥ can not occur in 3¢ A 8P, then these variables
can not occur in of, thus we can lift the formula o before the quantification
dx and thus the property is true.

Property 6.1.14 Let o and 3 two solved blocks having the same numeric-
section and typing constraints. Let oy and (B, the respective tree-sections of «
and B. If T = a — B and if ay and (¢ have the same left hand side variables,
then T = a < .

Proof S ince a and  have the same numeric-section and typing constraints,
there exists a conjunction § such that a = § Aoz and =48 A B;.

Let & be a vector of the left-hand side variables of «; (then of ;) and
X be the set of all variables in Z. Since « and § are solved blocks, we have
X Nvar(d) = 0. Let v be the conjunction of the typing constraints of o (then
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also of ) which concern variables not belong to z. Thus + is a sub-formula of
5. By Property 6.1.12, we have T' = v — J'Zay and T = v — 3!26;. Thus we
have T =6 — Ty and T = 6 — 3z G;.

Having T = o — B, ie T = Vy¥VZ o AN oy — 6 A B¢, with gZ a vector of all
variables in a A 3. The following formulas are all equivalent each to other in T

VyVi'(S/\Oét —>(5/\ﬁt
Yg—(3Z A ax A =(6 A Br))
Yy ((5 A (HZE (673 A ﬁﬁt))
(6 A (37 az A Br))
y=(0 A (3T G A o))
(6 A (33 By A —ar)
ng—'(EIi A ﬁt A —'(5 A Oét))
ng.f'(S/\ﬂt — (5/\6%

since X Nvar(d) =0
since T' = § — 3!Z a4 and by Property 6.1.1

since T' = § — 3!z B; and by Property 6.1.1

11711111
S
1

That means T' = (v — () <> (8 — «). Since T = o — 3, wehave T' |= o <> [3.

6.2 The main proofs
Property 3.2.1 For all decomposed formula of the form

ztal A (3% A (322 A ¢))

we have : Iztat € A, o € A%, o € A and T = V22 a? — J73a3.

Proof L et 3z'a*A(F22a? A (37303 A¢)) be the decomposed formula of Iz A¢.
By construction of the set 2!, 22, 23, o', o and o? using Definition 3.2, it is
clear that 3z'a! € A' and o? € A2. Let us show that Vz2a? — 3!z3a3. Since
o? contains at least the typing constraints of all the variables of o which are
not in z> and since Z3 contains the leaders of the equations of a® then using

Property 6.1.12 we have T = o? — 317303 ie. V22 a? — 733

Property 4.1.2 Every formula is equivalent in 7" to a normalized formula.

Proof 1t is easy to transform any first-order formula to a normalized formula
equivalent in 7. It is enough! for example: (1) to introduce a supplement of
equations and existentially quantified variables to transform the conjunctions
of equations to conjunctions of flat atomic formulas, (2) to express all the
quantifier, constants and logical connectors with =, A and 3, (3) to remove the
double negations i.e. =@ becomes ¢, (4) to replace each sub-formula of the
form —num x by tree x and —tree x by num x, (5) if the formula ¢ obtained does
not start with -, we replace it by =—¢, (6) to name the quantified variables by
distinct names different from the names of the free variables, and as different as
possible, (7) to put the quantifier before the conjunction i.e. @A (3Z 1) becomes
(3% ¢ A 1) because the free variables of ¢ are distinct from those of . If the

1To make the notations easier in these transformations, we will remove the quantification
dz if Z is the mepty vector and put an empty conjunction rather than the formula true i.e.
——3Z « is the normalized formula —(3e true A —(37 a)).
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starting formula does not contain the connector < then this transformation
will be linear i.e. there exists a constant k£ such that no < knq, where n; is the
size of the starting formula and ns the size of the normalized formula.

Property 4.1.5 Let ¢ be a general solved formula of the form. If @ has no free
variables then ¢ is the formula true, otherwise neither T = ¢ nor T = —p.

Proof L et ¢ be a general solved formula of the form

Aztal A’ A N\ (3T B, (10)
i€l
where 3zt ol € A, o? € A2, 3y} B} € AL, all the o' Aa? A B} are solved blocks
and all the 3} are different from true. Two cases arise:

Case 1: Let us show that if ¢ has no free variables then ¢ is the formula
true. Since ¢ has no free variables then 32! o' A @ has no free variables. Since
3z' o' € A' and has not free variables then according to Property 6.1.11 the
formula (10) is equivalent in 7" to the following formula without free variables

a? A\ =35 6)), (11)

i€l

Since a? € A% and o? has no free variables then according to the definition of
the set A% we have o? = true. Thus the precedent formula is equivalent in T
to the following formula without free variables

A\ -G 8)), (12)

i€l

Since 3y} 3} € A! and has not free variables then using Property 6.1.11 we
deduce that 373} = Jetrue. But according to the condition of the formula
(10) all the formulas 3} are different from true and thus I must be the empty
set. Thus the precedent formula is equivalent to true in T'. (recall that A;c; @i =
©1 A .. A pp A true thus A\;cg @i = true).

Case 2: If ¢ has at least a free variables then let us show that there exists
a model M of T and two distinct instantiations ¢’ and ¢” of ¢ by individuals
of M such that

ME-¢ and M E§"

Let us choice M be the model of finite or infinite trees labeled by @ U F' and
where all the sub-trees labeled by Q U {+, —} are evaluated in @ and reduced

to a leaf labeled by Q. (more details of this model can be found on [10].)
(1) Let us show that ¢’ exists. Let z be a free variable of ¢:

e If z occurs in the formula a! A o? then since 3z' a! € A' and o? € A2,
the formulas o' and o are solved blocks, thus all the variables are typed,
thus num z or —num z is a sub formula of o' A a?. To make false ¢’ it is
enough to instantiate the free variable z by an element of @ if —num z is
a sub formula of a' A a? ; and by h if num z is a sub formula of a' A a?
with h € F —{0,1} a O-ary function symbol i.e. a tree constant. By
this instantiation ¢’, we make a contradiction in the typing of z, thus

M E —¢'.
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e Else, there exists k € I such that the formula Elgj,i ﬂ,ﬁ with & € I has at least
a free variable. Since Hg,i ﬂ,i € A', then ﬂ; is a solved block then according
to Property 6.1.10 there exists an instantiation 3y 8} of the free variables
of 3y} B such that M = Jgi B thus M = —(3z ol Aa? AN ~(341 BY)),
thus M = —¢'.

(2) Let us show now that there exists ¢” such that M = ¢”. The formula
¢ is of the form

ztal A’ A N\ (3T B, (13)
i€l

where 3zt ol € A, o? € A2, 3y} B} € AL, all the o' Aa? A B} are solved blocks
and all the 3} are different from true.
Let o®* the formula o in which we remove the typing constraints which concern
the leaders of the equations of a'. Let us also transform the equations of
the numeric section of o' and 3! by moving to the right hand side the terms
containing variables that are not leaders (see Property 6.1.6). The precedent
formula is equivalent in T to

Izt ot Ao AN\ -3 B, (14)
i€l

where the equations of the numeric section of a! (respectively 4}) have distinct
left hand sides that have no occurrences in other right hand sides of equations
of the numeric section of a! (respectively 3}). This is due to the fact that
Jztal € Al and 3y} 3! € Al thus o! and B} are solved. Since 33! 8} € A® then
Bil is a solved block, thus it is consistent and different from false. Moreover
since 3} are different from true then each ﬁil has at least a variable. According
to the definition of Al all the variable of | are reachable and thus there exists
at least a free variable in each (3} according to the definition of the reachable
variables. Since al A a?* A B! are solved blocks then they are consistent and
thus there exists an instantiation of 3z' a! A o®* such that this instantiated
formula is true in M (Property 6.1.10), thus according to Property 6.1.8 there
exists an infinite instantiations of the variables of o** which make it true in M
(and not zero because there exists at least an instantiation since the blocks are
solved). For each value of these instantiations and for all instantiation of right
hand sides of the equations of the numeric section of a!, there exists a value
for the leaders of these equations because the leaders of the equations of a! do
not occur in o®* (ol Aa? A B} are solved blocks). For each of these values and
instantiations of the variables of the equations of the tree section of a! which
are not leaders, there exists a value for the leaders of these equations (axiom 3).
Then there exists an infinite instantiations of the free variables of 3z' a! A o/?
which make the instantiated formula true in M. Let us show now that there
exists from this infinite instantiation, an instantiation which makes false each
formula of the form 3y!A! and thus make true ¢”. In each sub-formula of
the form 37} 3} the leaders of the equations of the numeric section of 3! do not
occur in the equations and inequations of a! Aa? because al Aa? A3} are solved
blocks. Since for each instantiation of the right hand sides of the equations of
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the numeric section of 3} there exists a value for the leaders. Thus it is enough
to choose a different value to these leaders to make false all the 3y! 3. This is
possible because the domain M is infinite and more exactly @ is infinite. For
each instantiation of the variables which are not leaders in the tree section of
3} there exists a unique value for the leaders thus it is enough to take another
value to make false all the 3y 3. This is possible because the domain of the
trees is infinite and more exactly the set of the function symbols of F' is infinite.
Thus there exists an instantiation which make true 3z'a! A o and false each
sub-formula of the form 37} 3. Thus this instantiation is the formula ¢”.

Property 4.1.6 Every general solved formula is equivalent in T to a boolean
combination of formulas of the form 3z'al A o2, with 3z! € A and o? € A2,
which do not accept elimination of quantifiers.

Proof E ach general solved formula
V@zafn \ ~(39:5) (15)
i€l jEJi
where the (37; are different from true, is extracted from a final working formula
-7 (Jetrue /\ -8(3z;af Aol A /\ e A BL))
i€l Jjed;

P = true and all the variables of Z; are

i
Also by these conditions, 3%;af is decomposed in T' into

1

By the conditions of =%, we have «

reachable in 3T;af

<.
3z;0cl; A a$?, with 37;acl; € Al and of? € A2
By the conditions of =%, we have (3}, = af A of = af, Bf; A B]; are solved
blocks and 3Jy;;3j; is in A'. We deduce then 7 A\ af are solved blocks. Since
each variable in Z; is reachable in 37,07, it remains reachable in 3z;y;;05 A 55
Since each variable y in g;; is reachable in 3y;;57;, there exists two possible
cases: (1) y is reachable without using variables in Z;, in this case, y remains
reachable in 37;y;;af A 3f;, and (2) y is reachable using variables in Z;, in this
case, since all variables in z; are reachable in 3%;y;;05 A G5, y is still reachable
in this formula.
In consequence, the formulas Hi‘igijaf/\ﬂfj can be decomposed into Hiigjijafl/\
A af?, with 3z;7;;051 A i € Al and of? € A%
According to Property 6.1.5, the formula (15) is equivalent in T to the
formula
V(Gzia§) A N\ ~(3zigijas A 5G))
iel JeJ;
We have proved that each quantified conjunction is of the form 3z'al A o?
where z'a! € A! and o € A%. This property is then proved.

Property 4.3.1Fvery repeated application of the precedent rewriting rules on
an inital working formula terminates and produces a final working formula
equivalent to the inital formula in T and without new free variables.
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Proof T he proof is divided into three main sub-proofs: (1) every repeated
application of the rules on an initial working formula terminates, (2) all the
rules are correct, i.e. in each rule, the left-hand side formula is equivalent in
T to the right-hand side one and (3) at the end of the rules’ application, the
eventual formula is in the final working form.

Every application of the rules terminates Let us observe that the rules
1 to 7 are applied on a sub-working formula with —! and do not change the
negation symbols, as well as the rules 8 to 14 are applied on a sub-working
formula with —=*. Thus we can divide the proof of termination into three parts:
(1) every application of the rules 1 to 7 on a sub-working formula with —!
terminates, (2) every application of the rules 8 to 14 on a sub-working formula
with =% terminates and (3) having considered the terminations of the rules 1
to 7 and 8 to 14, every application of the rules 15 to 28 terminates.

Let us prove that every application of the rules 1 to 7 on a sub-working
formula with —!(3Za A ¢) terminates. Since the variables of V are ordered by a
total strict order >, we can associate to each variable x an integer no(z), such
that z > y if and only if no(z) > no(y). We consider three following integers:

e 17 the number of equations of the form = = fy;...y, in «,
e 1y the sum of no(z) for all occurrences of all variables = in «,
e n3 the number of equations of the form y = xz with z > y in a.

We will show that each application of each rule decreases an n; but keeps all
other n; with j < ¢ unchanged. Indeed, n; is decreased by the rule 2 and 5,
ng is decreased by the rules 1, 3, 6 and 7, and n3 is decreased by the rule 4.
Since n1, ne and ng are integers, they cannot be decreased infinitely. Thus any
application of the rules 1 to 7 terminates.

Let us prove that every application of the rules 8 to 14 on a sub-working
formula with =% terminates. This is quite evident, since the rules 8 to 12 put
the equations or inequations into the right form, and the rules 13 and 14 remove
a double occurrence of the variable xj, by setting its coefficient to zero.

Having considered the terminations of the rules 1 to 7 and 8 to 14, let
us prove now that every application of the rules 15 to 28 terminates. Let us
prove that any application of the rules in the first step terminates. This step
concerns the rules 15 to 24. We can see that starting with an initial working
formula —%(3etrue A @), where ¢ is a conjunction of working formula where
all the negation symbols are =, the rule 24 is the only one can be applied.
With the application of 24, the first negation symbol is changed to =" and the
next level ones are changed to —!. On the sub-working formula with —!, any
application of the rules 1 to 7 terminates, then the rule 15 changes —' to —2.
We can see that on each sub-working formula —2, the rules 16, 17 and 18 can
be applied at most once for each variable in a® A of. The application of these
rules resets a sub-working formula with =% to —', but an application of the rules
1 to 18 cannot be infinite, since no new variable is added. Any application of
the rules 19 to 24 terminates also since each rule can be applied only once on
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each sub-working formula. We then proved that the first step on a sub-working
formula always terminates.

In the second step, the rules 25 and 27 can be applied only once on a sub-
working formula. The termination of this step thus depends on the rules 26
and 28, which expand the length of working formulas. Concerning the rules 26,

7| FXa® ANaP A pA
—5(3y6° A BP)

T3z A aP Ao A=2(FGBeL A BP)A
Nicr =1 (3ZYBP A B A B A o)

we replace a sub-working formula containing a sequence —'—8 by the same
working formula but with a sequence —='=? and by |I| working formulas (]| is
finite as shown in the description of the rule). On each working formula of the
right-hand side formula, the conjunction g contains one less element than the
left-hand side formula of the rule. It is true that the working formulas in this
Nier are became -1, that is the first step must be redone on these ones, but
we have proved that the first step always terminates. Thus on one sub-working
formula, the rule 26 cannot be applied infinitely.
With the same reasoning, in the rule 28

dxa® A aP A A

i =T(3za’ A aP Ap A=8(3g B°A BP))A
T | FEBeAsA = /\16(3@25%?“905)% v
| A3z AP [ e
i€l

we replace a sub-working formula containing a sequence —'—8=9 by the same

but with a sequence —='=% and by |I| (finite) sub-working formulas. On each
sub-working formula of the right-hand side formula, the conjunction g contains
one less element than the left-hand side formula of the rule. On the sub-working
formulas of A;c;, the first step must be redone but it terminates. The rules
28 can be reapplied, but after a while, the left-hand side formula will have the
depth less than or equal to 2, so that the 28 cannot be applied anymore.

We can see that even the rules 26 and 28, while being applied on a sub-
working formula, expand the length of the formula, but after an finite number
of applications, the working formula will have the depth less than or equal to 2.
Thus these rules cannot be applied infinitely. We then proved that the second
step terminates, thus any application of the rules terminates.

The rules are correct The rules 1..12 are evident in 7" and deduced directly
from the axiomatization of 1. The rule 13 and 14 are the properties of the
theory of the rational numbers section of the axiomatization of T". These two
properties are well known we will not prove its again. The other rules are much
less obvious and need some formal proofs.

In the rule 15, since the tree-section of a¢ A of is formatted and there is
no sub-formula in a¢ A o of the form num x A tree x, the symbol —! can be
changed to —2.

In the rule 16, since num z is a consequence of a A oP, we have a“ A oP is
equivalent to a® A a? A num z. This rule is then correct. In the same way, we
prove that the rules 17 and 18 are correct.
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In the rule 20, Since the numeric-section of a® A o is inconsistent then
a® A o is equivalent to false, this rule is then correct.

The rules 19, 21 and 22 are correct because their conditions ensure that the
number of the first negation symbol can be changed.

In the rule 27

=T(3z a® A aP A p A= (Tetrue A BP)) = true

by the definition of =2, 3P is the formula a° A aP. This rule is evidently correct.
Correction of rule 23: description:

7| Fxa®AaP A pA
=2 (35 B° A BP A1)

7| Fxa ANaP A pA
=5(3g 4 AP A )

~¢ is obtained from (¢ as follows: for all variable z € var(3°), we add all the
relations num x or tree x which are in GP but not in 8¢, and for all the variables
y which do not occur in an equation or inequation of 3¢ we remove all relation
numy or treey which are both in 8¢ and #P. The formula +? is the formula
aP A af.

Proof: Since no typing constraint is removed from (P, we have 3¢ A (P is
equivalent to v¢ A BP. Let BY the tree-section and (£ the numeric-section of
BP. Let ay? the tree-section and o the numeric-section of a® A a”. By the
conditions of =%, a;” and (] have the same left hand side variables. Let us
observe that by the propagation and since the rule 14 does not change the
numeric-section of 87, we have a? = 3P. According to the properties of =, we
have T' = 3¢ A P — a A oP. We have then

TEANB - °Na NP

and
Ty ABYABE =4 AP Aa?

and
TS A B A =4 Ao Aa?

Since the tree-section of y¢ A 37 and the tree-section of v A ;¥ have the same
left hand side variable, according to Property 6.1.14, we have

TEA AB AP o1 Ao AasP

then
TEBANLB <~ Na’ANdP

Since v* = a® A o, the rule 23’s correction is then proved.
Correction of rule 24: description:

—_

6| ITacAaPA .7 37172 ot A a®? A aPA
N =3935 A BY A i) Ni = GUEPAE AYY A i)

with 7¢ = 8¢ A a®® and W=p"N at Aa®? AP,
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Proof: According to Definition 4.1.3 of the working formula, since we have
—6 then the condition 6 of Definition 4.1.3 holds then B = a“ A aP. Thus the
left-hand side of this rule is equivalent in 7" to

=@z a AP A N\ (o AP A @RS A @)
i
Which is equivalent in 1" after distribution and simplification to
3z AP A N\ (355 A pi)

i

According to Property 6.1.13 the precedent formula is equivalent in T to
—(a? A (Fza® A N\ ~(F0B A i)
i

According to Definition 4.1.3 of the working formula, since we have —® then
the conditions 4,5,6 of Definition 4.1.3 hold then the formula IZa® can be
decomposed in T according to Definition 3.2 and Property 3.2 . Thus the
precedent formula is equivalent in 7" to

—(a? A (3z'a™ A (Bz2a? A (FF3a® A /\ (F9:65 N i)

with T = Vz2a®? — 3z3a. According to Property 6.1.1, the precedent
formula is equivalent in T to

—(a? A Bztat A 32 A /\ (32°5; A BF A ¢1))))

which is equivalent in T to

~(3z'z2 o Aa® AaP A N\ -G a® A B A QT Aa® AaP A ;)

i
Thus this rule is then correct and the —=F are correct.
Correction of rule 25 description:

3z af A aPA . Izt at A af?* A aPA
/\iel _‘g(agiﬁz‘c A ﬁf) /\zEI’ - (Hyzﬁf ﬁf*)

where I’ is the set of i € I such that 8¢ does not contain occurrences of any
variables in z2. The formula a®* is such that T | (322a?) < a®* and is
computed using the Fourier quantifier elimination. The propagated-constraint
section 87" = at A o A .

Proof: According to Definition 4.1.3 of the working formula, since we have
-9 then the condition 6 of Definition 4.1.3 holds then 37 = a® A a?. Thus the
left-hand side of this rule is equivalent in T to

3z a AP A N\ —(a® AP A EEBE A @)

%
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Which is equivalent in T after distribution and simplification to
=(3za AP A N\ =G5BS A i)
i
According to Property 6.1.13 the precedent formula is equivalent in T to
~(a? A (Fza® A \=E5b5 A i)
i

According to Definition 4.1.3 of the working formula, since we have =7 then
the conditions 4,5,6,7 of Definition 4.1.3 hold then the formula Jza‘ can be
decomposed in T according to Definition 3.2, Property 3.2 and 373a® = Jetrue.
Thus the precedent formula is equivalent in 7" to

—(a? A 3zt A (32 A /\ (Fw:65 A ¢i))))

Let us denote by I, the set of the i € I such that z2 does not have free
occurrences in the formula Elyl ﬂZ , thus, the preceding formula is equivalent in
T to

(3l pel
—(a? A (3@10601 AP A (ﬂx%...ﬂxiil [Eg\;?&‘ﬁ(/\y/z\ili (Hyzlﬂfl))] ). (16)

According to Property 6.1.4, Property 6.1.7 and Property 6.1.8, the formula
(16) is equivalent in T to

(P A (FEal AP A (Fad.. 302, l(/\zeh SEINA .

According to Property 6.1.9 there exists a? € A2 such that T |= (322 a?) <
a? thus the preceding formula is equivalent in 7" to

~(a? A (Fztat Aa? A (Bt 3o (A ~Gw b)) Aai?)). (18)
i€ly

thus to

—(a? A (Ela_clozCl AaP A (EIx%...Em?L_l osz A /\ Hyl ﬂl )))). (19)

€l
By repeating the four preceding steps (n — 1) times and by denoting by Ij the
set of the ¢ € I, such that x(n k1) does not have free occurrences in 3y 3¢t
the preceding formula is equivalent in T" to the following wnfv formula
=(a? A (3Fztat Aaf? A aP A N, (35 671))),

which is equivalent in T" to

—(3ztat A as? A aP A Nier, 737 B A at A af? A o)),
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Thus the rule 25 is correct in 7.
Correction of rule 26 description:
7| AT a AN aP ApA
=5(356° A BP)

"Bz A aP Ao A=2(FGBeL A BP)A
Nier = (3262 A B A BF A o)

¢ is such that every negation symbol —* has k > 6, g is obtained from ¢ by
replacing all occurrences of =* by —° and all propagated-constraint sections by
true. Let 32 the formula obtained from $°? by removing the multiple occur-
rences of typing constraints and for all the variables y which do not occur in an
inequation of 3% we remove all relation numy or treey which are both in 5
and 5°%. If 52 is the formula true then I = (), otherwise the @Q* with ¢ € I are
obtained from (32 as follows: Since 3% € A? then it is of the form.

(Aeer, num z¢) A (Npex tree vi) A
((Ajes Xir aijes < aoj) A Njmy num m)

)

thus =32 is of the form

(Vier tree z0) V (Viex numvg) V (V=1 tree £,)V
VjeJ((Z?ﬂ a;jx; = ag;l A N\py—q num )V
(i1 (=aij)zi < (—agj)L A Ap—q num z,,))

Each element of this disjunction is a block and represents a formula 3¢2*. Of
course we have T |= (=) </, B%*.

Proof: By the definition of =8, 353¢ is decomposable into 373! A 3% with
JyB°! € A'. By the description of the rule, let 3% be the formula obtained from
(3% by removing the multiple occurrences of typing constraints and for all the
variables y which do not occur in an inequation of 3> we remove all relation
numy or treey which are both in 5! and 3. The left-hand side formula of
the rule is equivalent to the formula

~(3za’ A af Ao A=(3FBP A B A BP))

According to the definition of A!, to Property 6.1.5, we have T |= 3?53
then T = 3?7yt A BP. According to Property 6.1.2, the precedent formula is
equivalent to

—(3zaC AP A A=(3GP A YY) V(35PN B A G2 A )

The formula —3? is equivalent to a disjunction Vier 3¢%* (see descriptions of this
rule). By making a distribution of \/ over A, the precedent formula is equivalent
to
~(3za® AP N A=(EFgBP A BN) A N\ —BTgs A BN A B A )
i€l

The sub-formula —~(378P A 3°!) verifies the conditions of =%, Let us consider
the occurrences of ¢ inside /\;. Since in ¢, each negation symbol —=* has k > 6,
by applying Property 6.1.13 from the most nested sub-working formulas of ¢
to ¢ itself, all the propagated-constraint sections can be removed and replaced
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by true. All symbol —* in theses occurrences of ¢ can be then replaced by —°.
This formula is then the right-hand side formula of the rule. The correction of
this rule is proved.

Correction of rule 28 description:

Jza N aP A pA

e T3z AaP Ao A-8(3F A BP)A
_7 . Elyﬁ /\ﬁp/\ _— /\_‘6(3‘%:&250/\619/\%00)
=51 A3z 48 AAP) i B
i€l

I # (), ¢ is such that every negation symbol —* has k > 6, g is obtained from ¢
by replacing all occurrences of =¥ by = and all propagated-constraint sections
by true. The formula 67 = o, §¢ = ~v¢ A B A a“.

Proof: By the definitions of =8 and =7, we have P = a® A o and 7P =
a®AaP A B€. The left hand side formula of the rule is equivalent to the formula

=3z’ Aa? Ao A=(FGB°A N\ —(3Z75))) (20)
i€l

Also by the definition of =%, all variables of ¢ are reachable in 3y3°. According
to Property 6.1.5, we have T' = 37y3°. According to Property 6.1.2, the formula
(20) is equivalent in 1" to

=((Fza® AP A A=(FyBo)) V \/(El:fgjzwf ABENaNaP Ay))
el

This formula is equivalent to the formula

~(3za’ AP Ap A=(FGBAat AaP)) A N\ ~(BE§zivs A BN oS A P A )
i€l

Having P = a® A o?, 67 = of and 0F = £ A 3¢ A af, the formula —(353° A GP)
satisfies the conditions of —?. Let us consider the occurrences of ¢ inside A;.
Since in ¢, each negation symbol —* has k > 6, by applying Property 6.1.13
from the most nested sub-working formulas of ¢ to ¢ itself, all the propagated-
constraint sections can be removed and replaced by true. All symbol —* in
theses occurrences of ¢ can be then replaced by . Giving each negation an
appropriate number, we obtain the right-hand side formula of the rule. The
correction of this rule is proved.

At the end of the rules’ application, the eventual formula is in the
final working form Recall that the application of the rules starts with an
initial working formula —%(Je true A Nicr ¥i), where in ¢; all the negation sym-
bols are —°. In this situation, the only rule which can be applied is the rule 24.
With this rule, the top-down step of simplification and propagation is started
and is done by the rules 1 to 24. This step is done on a sub-working formula
independently from the transformation of the other sub-working formulas. At
the end of this step on a sub-working formula ¢, the obtained sub-working

formula ¢’ is such that all negation symbols are —7.
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The rule 25
.| 3Tac A aPA s | FTtat A a®* A aPA
9/05.AC 14 = 9/05.AC D*
Nier =" (3555 N B;) Nier =" (3485 N B;)

with I = () can be applied on the most embedded sub-formulas of ¢'. It changes
the negations —7 of this level to —8. The rule 26 thus can be applied

7| FXa® AaP A pA
=8(3ypc A BP)

T3z A aP Ao A=2(FGB A BP)A
Nier = 3ZYBP A B A B A o)

and it changes a sequence —'—% to =7—=?. This rule creates a conjunction of
working formulas with —', on which the first step is restarted. Concerning the
sequence —'—?, the rule 27 can be applied

=T(3z o A aP Ao A= Fetrue A BP)) = true

or the rule 25 can be reapplied, in the last case the formula is changed to =89,

Let us observe that if the most embedded level has the symbol —?, then the
immediate embedding level must have the symbol —=® and the others embedding
levels must have the symbol —7. If the symbol =7 of the embedding formula is
not the first symbol of the general working formula, the rule 28 can be applied,
which remove one embedded level —*

3z a N aP A pA

. =73z AaP A A=B(3F 5 A BP))A
AN Hyﬁ’;AﬁpA = Aiﬁ(axyzi5¢A§PAw(§)yﬁ "
L A2Gzive A il s
i€l

This rule cannot be applied on the first level of the working formula. Thus in
case of the symbol =7 being the first symbol of the working formula, a part of
this formula is of the form —7—=8-9.

This procedure is repeated with the other parts, at the end, we obtain a
working formula of the form

=7 (3e true A A =83z af Aol A A = (305 B A BE))),
iel JeJs

which is a final working formula.

Property 4.4.2 Every formula is equivalent in T either to true or to false or
to a disjunction of general solved formulas, which has at least one free variable
and which is equivalent neither to true nor to false in T

Proof L et ¢ be a formula. According to Property 4.3.1 the formula ¢ is
equivalent in 7' to a final working formula ¢ i.e. to a disjunction of general
solved formulas. If this disjunction is empty then ¢ is the formula false thus
T = —p. If the disjunction is not empty two cases arise:

e the disjunction ¢ contains at least a general solved formula ¢; without
free variables then according to Property 4.1.5 ¢; is the formula true then
according to the third point of our algorithm section 4.4 the formula ¢ is
reduced to true and thus T | .
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e the disjunction ¢ does not contain general solved formulas without free
variables, then according to Property 4.1.5 each of these general solved
formulas are neither equivalent to true nor to false thus neither 7' = ¢
nor T' = —o.

Thus, in the particular case where ¢ has no free variables one at least of these
properties holds: T' = ¢, T = —p and since T has at least a model [10] we have
either T' = ¢ or T' |= —¢. Thus T is complete.
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