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Abstract

We considerthe following autocompletionsearchscenario:imaginea userof a
searchenginetyping a query; thenwith every keystroke display thosecomple-
tionsof the lastqueryword thatwould leadto thebesthits, andalsodisplaythe
bestsuchhits. The following problemis at the coreof this feature: for a fixed
documentcollection,givenaset � of documents,andanalphabeticalrange� of
words,computethesetof all word-in-documentpairs

z������ ~
from thecollection

suchthat
�	� � and

�
� � . We presenta new datastructurewith the help
of which suchautocompletionqueriescanbe processed,on theaverage,in time
linearin theinputplusoutputsize,independentof thesizeof theunderlyingdoc-
umentcollection.At thesametime,ourdatastructureusesnomorespacethanan
invertedindex. Actual queryprocessingtimeson a largetestcollectioncorrelate
almostperfectlywith our theoreticalbound.
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1 Intr oduction

Autocompletion,in its mostbasicform, is thefollowing mechanism:theusertypes
thefirst few lettersof someword,andeitherby pressingadedicatedkey or automat-
ically aftereachkey strokea procedureis invokedthatdisplaysall relevantwords
thatarecontinuationsof the typedsequence.Themostprominentexampleof this
featureis the tab-completionmechanismin a Unix shell. In therecentlylaunched
GoogleSuggestservicefrequentqueriesarecompleted.Algorithmically, this ba-
sic form of autocompletionmerelyrequirestwo simplestring searchesto find the
endpointsof therangeof correspondingwords.

1.1 Problemdefinition

Theproblemweconsiderin thispaperis derivedfrom amoresophisticatedform of
autocompletion,which takesinto accountthecontext in which theto-be-completed
word hasbeentyped. Here,we would like an(instant)displayof only thosecom-
pletionsof thelastqueryword which leadto hits,aswell asa displayof suchhits.
For example,if theuserhastyped search autoc , context-awarecompletions
might be autocomplete and autocompletion , but not autocratic .
Thefollowing definitionformalizesthecoreproblemin providing sucha feature.

Definition 1. An autocompletionquery is a pair
z � � � ~

, where � is a range of
words(all possiblecompletionsof thelast word which theuserhasstartedtyping),
and � is a set of documents(the hits for the precedingpart of the query). To
processthe querymeansto computethe setof all word-in-documentpairs

z�� � � ~
with

� � � and
� � � .

Givenanalgorithmfor solvingautocompletionqueriesaccordingto this definition,
weobtainthecontext-sensitiveautocompletionfeatureasfollows:

For the examplequery search autoc , � would be all words from the
vocabulary startingwith autoc , and � would bethesetof all hits for thequery
search . Theoutputwould beall word-in-documentpairs

z�� � � ~
, where

�
starts

with autoc and
�

contains
�

aswell asawordstartingwith search . 1

Now if theusercontinueswith the lastqueryword, e.g., search autoco ,
thenwe canjust filter the sequenceof word-in-documentpairs from the previous
queries,keepingonly thosepairs

z � � � � � ~
, where

� �

startswith autoc . If, on the
otherhand,shestartsa new queryword, e.g., search autoc pub , thenwe
have anotherautocompletionqueryaccordingto Definition 1, wherenow � is the
setof all wordsfrom thevocabularystartingwith pub , and � is thesetof all hits
for search autoc. For theveryfirst queryword, � is thesetof all documents.

In practice,we are actually interestedin the besthits and completionsfor a
query. This can be achieved by the following standardapproach. Assumewe

1We alwaysassumean implicit prefix search,that is, we areactually interestedin hits for all
words starting with search , which is usually what one wantsin practice. Whole-word-only
matchingcanbeenforcedby introducinga specialendof wordsymbol $ .
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have precomputedscoresfor eachword-in-documentpair. Given a sequenceof
pairs

z � � � ~
accordingto Definition 1, we cantheneasilycomputefor eachword� �

occurringin that sequencean aggregateof the scoresof all pairs
z � � � � ~

from
that sequence,as well as for eachdocument

� �

an aggregateof the scoresof all
pairs

z � � � � ~
. The precomputationof scoresfor word-in-documentpairssuchthat

theseaggregationsreflectuser-perceived relevanceto the given query is a much-
researchedareain informationretrieval [21], andbeyondthescopeof this paper. It
is for thesereasonsthattherankingissueis factoredoutof Definition1.

To answeraseriesof autocompletionqueries,wecanobtainthenew setof can-
didatedocuments� from thesequenceof matchingword-in-documentpairsfor the
lastqueryby sortingthematching

z�� � � ~
pairs.Thissorttakestime

� z%z��������
	 ���
� � 	 ~ �����\z��
������	 ��� � � 	 ~�~ andwould in practicebedonetogetherwith therank-
ing of thecompletionsanddocuments.Thetime for this sortis alsoincludedin the
runningtimesof ourexperimentsin Section6, but is dominatedby thework to find
all matchingword-in-documentpairs.

1.2 Main result

Theorem 2. Given a collection with ��� :i9
documents,� distinct words, and� � =N< � word-in-documentpairs 2, there is a datastructure AUTOTREE with the

followingproperties:

(a) AUTOTREE canbeconstructedin
� z�� ~

time.

(b) AUTOTREE usesat most
���-������� ��� bitsof space(which is thespaceusedby

anordinaryuncompressedinvertedindex)3.

(c) AUTOTREE canprocessanautocompletionquery
z � � � ~

in time

��� z�� �"! ~ 	 � 	#�%$ ����� 	 ��� � � 	 & �
where � � is thesetof documentscontainingword

�
. Here

�(')�"	 � 	+*�z �,� ~ ,
which is boundedaboveby

:
, unlesstheword range is verylarge (e.g., when

completinga singleletter). If weassumethat thewords in a documentwith-
wordsare a randomsize-

-
subsetof all words,

!
is at most

<
in expecta-

tion. In our experiments,
!

is indeedaround
<

on the average and about .
in the(rare) worstcase.Our analysisimpliesa general worst-caseboundof�����\z � � */� ~ .

Notethatfor constant
�

and
!

therunningtimeis asymptoticallyoptimal,asit takes0 z1	 � 	 ~ time to inspectall of � andit takes
0 z�� ����� 	 ��� � � 	 ~ time to outputthe

2Theconditionson 2 and 3 aretechnicalitiesandaresatifiedfor anyrealisticdocumentcollec-
tion.

3Strictly speaking,an uncompressedinverted index needseven more space,to store the list
lengths.
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result. Thenecessaryingredientsfor theproof of Theorem2 aredevelopedin the
next sectionsandthey arefinally assembledin Section5.

We implementedAUTOTREE , andin Section6 show that its processingtime
correlatesalmostperfectlywith theboundfrom Theorem2(c) above. In thatSec-
tion, we also compareit to an invertedindex, its presumablyclosestcompetitor
(seeSection1.4), which AUTOTREE outperformsby a factorof

:v[
in worst-case

processingtime (which is key for an interactive feature),andby a factor of . in
average-caseprocessingtime.

1.3 Relatedwork

This technicalreportis anextendedversionof [3], with full proofs.Theproblemis
derivedfrom asearchengine,whichwe havedevisedandimplemented,andwhich
is describedin [4]; for a livedemo,seehttp://search.mpi-inf.mpg.de/
wikipedia. Theemphasisin [4] is on usability (of the autocompletionfeature)
andoncompressibility(of thedata),andnotondesigninganoutput-sensitivealgo-
rithm. Thedatastructuresandalgorithmsin [4] arecompletelydifferentfrom those
presentedin thisarticle.

Themoststraightforwardwaytoprocessanautocompletionquery
z � � � ~

would
be to explicitly searcheachdocumentfrom � for occurrencesof a word from � .
However, this would give usa non-constantqueryprocessingtime perelementof
� , completelyindependentof therespective

	 � 	 or outputsize
����� �
	 � � � � 	 .

For thesereasons,we do not considerthis approachfurther in this paper. Instead,
ourbaselinein thispaperis basedonaninvertedindex, thedatastructureunderlying
most(if notall) large-scalecommercialsearchengines[21]; seeSection1.4.

Definition1 looksreminiscentof multi-dimensionalsearchproblems,wherethe
collectionsconsistsof tuples(of somefixeddimensionality),andqueriesareasking
for all tuplescontainedin a tupleof givenranges[12, 2, 10, 1]. Provided thatwe
arewilling to limit the numberof querywords,suchdatastructurescould indeed
be usedto processour autocompletionqueries. If we want fast processingtimes,
however, anyof theknown datastructuresusesspaceon theorderof

� �����

, where�
is the numberof word-in-documentpairs in the collection,and

�
grows (fast)

with thedimensionality. In thedescriptionof our datastructureswe will point out
someinterestinganalogiesto the geometricrange-searchdatastructuresfrom [6]
and[15].

Thelargebodyof work onstringsearchingconcernedwith datastructuressuch
asPAT/suffix tree/arrays[13, 9] is not directly applicableto our problem.Instead,
it canbe seenasorthogonalto the problemwe arediscussinghere. Namely, in
thecontext of our autocompletionproblemthesedatastructureswouldserveto get
from mereprefixsearchto full substringsearch.Forexample,ourTheorem2 could
beenhancedto full substringsearchby first building asuffix datastructurelike that
of [9], andthenbuilding our datastructureon top of the sortedlist of all suffixes
(insteadof thelist of thedistinctwords).

Thereis a largebodyof moreappliedwork on algorithmsandmechanismsfor
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predictinguserinput, for example,for typing messageswith a mobile phone,for
userswith disabilitiesconcerningtyping, or for thecompositionof standardletters
[14, 7, 19, 5]. In [11], contextualinformationhasbeenusedto selectpromising
extensionsfor aquery;theemphasisof thatpaperis onthequalityof theextensions,
while our emphasishereis on efficiency. An interesting,somewhatrelatedphrase-
browsingfeaturehasbeenpresentedin [18, 17]; in thatwork, emphasiswason the
identificationof frequentphrasesin acollection.

1.4 The BASIC schemeand outline of the restof the paper

Thefollowing BASIC schemeisourbaselinein thispaper. It isbasedontheinverted
index [21], for which we simply precomputefor eachword from thecollectionthe
list of documentscontainingthatword. Foranefficientqueryprocessing,theselists
aretypically sorted,andweassumeasortingby documentnumber.

Having precomputedtheselists, BASIC processesan autocompletionqueryz � � � ~
very simply asfollows: For eachword

� � � , fetchthe list � � of docu-
mentsthatcontain

�
, computetheintersection� � � � , andappendit to theoutput.

Lemma 3. BASIC usestimeat least
0 z�� ����� .q&���� 	 � 	 � 	 � � 	�� ~ to processan au-

tocompletionquery
z � � � ~

. The invertedlists can be stored using a total of at
most

��� �b����� � ��� bits,where � is thetotal numberof documents,and
�

is thetotal
numberof word-in-documentpairs in thecollection.

Proof. BASIC computesoneintersectionfor each
� � � andany algorithmfor

intersecting� and � � hasto differentiatebetween
<��	� 
���
 ��
 ��
 ����
 �

possibleoutputs.
For thespaceusage,it sufficesto observethattheelementsof theinvertedlists,are
justa rearrangementof thesetsof distinctwordsfrom all documents,andthateach
documentnumbercanbeencodedwith

�b����� � ��� bits (we do not considerissuesof
compressionin thispaper).

Lemma3 pointsout the inherentproblemof BASIC : its query processingtime
dependson thesizeof both

	 � 	 and
	 � 	 , andit canbecome

	 � 	�� 	 � 	 in theworst
case.

In thefollowing sections,wedevelopanew indexing schemeAUTOTREE , with
thepropertiesgivenin Theorem2. A combinationof four mainideaswill leadusto
this new scheme:a treeover thewords(Section2), relativebit vectors(Section3),
pushingup thewords(Section4), anddividing into blocks(Section5). In Section
6, we will complementour theoreticalfindings with experimentson a large test
collection.

2 Building a tr eeover the words (TREE)

Theideabehindourfirst schemeonthewayto Theorem2 is to increasetheamount
of preprocessingbyprecomputinginvertedlistsnotonly for wordsbut alsofor their
prefixes. More precisely, weconstructa completebinarytreewith � leaves,where

4



� is thenumberof distinctwordsin thecollection.Weassumehereandthroughout
thepaperthat � is apowerof two. Foreachnode� of thetree,wethenprecompute
thesortedlist ��� of documentswhichcontainat leastonewordfrom thesubtreeof
thatnode. The lists of the leavesarethenexactly the lists of anordinaryinverted
index, andthelist of aninnernodeis exactlytheunionof thelistsof its twochildren.
The list of the root nodeis exactly thesetof all non-emptydocuments.A simple
exampleis givenin Figure1.

Figure1: Toy examplefor thedatastructureof schemeTREEwith 10 documents
and4 differentwords.

Given this treedatastructure,an autocompletionquerygivenby a word range �
andasetof documents� is thenprocessedasfollows.

1. Computetheuniqueminimal sequence� �
�
�����
�
��� of nodeswith theproperty

thattheir subtreescoverexactly therangeof words � . Processthese
�

nodes
from left to right, andfor eachnode� invoke thefollowing procedure.

2. Fetchthelist �	� of � andcomputetheintersection�"����� . If theintersection
is empty, do nothing. If the intersectionis non-empty, then if � is a leaf
correspondingto word

�
, reportfor each

� � � � ��� the pair
z ��� � ~

. If �
is not a leaf, invoke this procedure(step2) recursively for eachof the two
childrenof � .

SchemeTREEcanpotentiallysaveustime: If theintersectioncomputedataninner
node � in step2 is empty, we know thatnoneof thewordsin thewholesubtreeof
� is a completionleadingto a hit, that is, with a singleintersectionweare able to
rule outa largenumberof potentialcompletions. However, if theintersectionat � is
non-empty, weknow nothingmorethanthatthereis at leastoneword in thesubtree
whichwill leadto ahit, andwewill haveto examinebothchildrenrecursively. The
following lemmashows thepotentialof TREEto makethequeryprocessingtime
dependon the outputsize insteadof on � asfor BASIC . SinceTREE is just a
stepon the way to our final schemeAUTOTREE , we do not give the exactquery
processingtime herebut just thenumberof nodesvisited,becauseweneedexactly
this informationin thenextsection.

5



Lemma 4. Whenprocessingan autocompletionquery
z � � � ~

with TREE,at most< z1	 � � 	 � :�~ ����� � 	 � 	 nodesarevisited,where � �

is thesetof all wordsfrom � that
occurin at leastonedocumentfrom � .

Proof. A nodeat height � hasat most
<��

nodesbelow it. So eachof the nodes
� �
�
� � �
�
��� hasheightat most � ������� 	 � 	 � . Further, no threenodesfrom � �

�
� ���
�
���

have identicalheight,which implies that �	� < � ����� 	 � 	 � . Similarly, for eachword
in � �

weneedto visit atmosttwo additionalnodes,eachatheightbelow � ����� 	 � 	 � .
The price TREE paysin termsof spaceis large. In the worst case,eachlevel of
thetreewould usejust asmuchspaceastheinvertedindexstoredat theleaf level,
whichwouldgiveablow-up factorof

����� � � .

3 RelativeBitvectors (TREE+BITVEC)

In this section,we describeandanalyzeTREE+BITVEC,which reducesthespace
usagefrom the lastsection,while maintainingasmuchaspossibleof its potential
for a query processingtime dependingon � �

, the set of matchingcompletions,
insteadof on � . Thebasictrick will be to store the invertedlists via relativebit
vectors. The resultingdatastructureturnsout to have similaritieswith the static
2-dimensionalorthogonalrangecountingstructureof Chazelle[6].

In the root node,the list of all non-emptydocumentsis storedasa bit vector:
when

�
is thenumberof documents,thereare

�
consecutive bits, andthe 
 th bit

correspondsto documentnumber
 , andthebit is setto
:

if andonly if thatdocument
containsat leastoneword from thesubtreeof thenode.In thecaseof therootnode
this meansthat the 
 th bit is

:
if andonly if documentnumber
 containsany word

at all.
Now consideranyonechild � of theroot node,andwith it storea vectorof

� �

bits,were
� �

is thenumberof
:
-bits in theparent’sbit vector. To makeit interesting

alreadyat this point in thetree,assumethat indeedsomedocumentsareempty, so
that not all bits of the parent’s bit vectorareset to one,and

� ��� �
. Now the


th bit of � correspondsto the


th
:
-bit of its parent,which in turn correspondsto

a documentnumber 
�� . We thensetthe


th bit of � to

:
if andonly if document

number
�� containsaword in thesubtreeof � .
Thesameprincipleis now usedfor everynode� thatis not theroot. Construct-

ing thesebit vectorsis relatively straightforward;it is partof theconstructiongiven
in Section4.1.

Lemma 5. Let ��������� denotethetotal lengthsof theinvertedlistsof algorithmTREE.
Thetotal numberof bitsusedin thebit vectorsof algorithmTREE+BITVECis then
at most

< ��������� plus thenumberof emptydocuments(which costa
[
-bit in the root

each).

Proof. Thelemmais aconsequenceof two simpleobservations.Thefirst observa-
tion is thatwherever therewasa documentnumberin an invertedlist of algorithm

6



Figure2: Thedatastructureof TREE+BITVECfor thetoy collectionfrom Figure
1.

TREE thereis now a
:
-bit in the bit vectorof the samenode,andthis correspon-

denceis
:��t:

. Thetotal numberof
:
-bits is therefore� ��� ��� .

The secondobservation is that if a node � that is not the root hasa bit cor-
respondingto somedocumentnumber
 , thentheparentnodealsohasa bit corre-
spondingto thatsamedocument,andthatbit of theparentis setto

:
, sinceotherwise

node� wouldnothaveabit correspondingto thatdocument.
It follows that the nodes,which have a bit correspondingto a particularfixed

document,form a subtreethat is not necessarilycompletebut whereeachinner
nodehasdegree

<
, andwhere

[
-bits canonly occurat a leaf. The total numberof[

-bits pertainingto afixeddocumentis henceatmostthetotal numberof
:
-bits for

thatsamedocumentplusone. Sincefor eachdocumentwe have asmany
:
-bits at

the leavesastherearewordsin the documents,the samestatementholdswithout
theplusone.

The procedurefor processinga query with TREE+BITVEC is, in principle, the
sameas for TREE. The only differencecomesfrom the fact that the bit vectors,
exceptthatof theroot,canonly beinterpretedrelative to their respectiveparents.

To dealwith this,weensurethatwheneverwevisit anode� , wehavetheset
�
�

of thosepositionsof the bit vectorstoredat � that correspondto documentsfrom
thegivenset � , aswell asthe

	 �
�
	
numbersof thosedocuments.For therootnode,

this is trivial to compute.Foranyothernode� ,
�
� canbecomputedfrom its parent

� : for each 
 ����� , checkif the 
 th bit of � is setto
:
, if so computethe number

of
:
-bits at positionslessthanor equalto 
 , andaddthis numberto theset

�
� and

storeby it the numberof the documentfrom � that wasstoredby 
 . With this
enhancement,wecanfollow thesamestepsasbefore,exceptthatwehaveto ensure
now that whenever we visit a nodethat is not the root, we have visited its parent
before.Thelemmabelow showsthatwehaveto visit anadditionalnumberof upto< ����� � � nodesbecauseof this.

Lemma6. Whenprocessinganautocompletionquery
z � � � ~

withTREE+BITVEC,
at most

< z1	 � � 	 � :3~ ����� � 	 � 	 � < ����� � � nodesare visited,with � �

definedas in
Lemma4.

7



Proof. By Lemma4, atmost
< z 	 � � 	 � :�~ ����� � 	 � 	 nodesarevisitedin thesubtrees

of thenodes� �
�
�����
�
��� thatcover � . It thereforeremainsto boundthetotalnumber

of nodescontainedin thepathsfrom theroot to thesenodes� �
�
� ���
�
��� .

First considerthe specialcase,where � startswith the leftmostleaf, andex-
tendsto somewherein themiddleof the tree. Theneachof the � �

�
�����
�
��� is a left

child of onenodeof thepathfrom the root to ��� . The total numberof nodescon-
tainedin the � pathsfrom theroot to eachof � �

�
�����
�
��� is thenat most

� �t:
, where�

is thedepthof thetree.Thesameargumentgoesthroughfor thesymmetriccase
whentherangeendswith therightmostleaf.

In thegeneralcase,where� beginsatsomeintermediateleafandendsatsome
otherintermediateleaf, thereis a node � suchthat the leftmostleaf of therangeis
containedin the left subtreeof � andthe rightmostleaf of the rangeis contained
in the right subtreeof � . By theargumentfrom thepreviousparagraph,thepaths
from � to thosenodesfrom � �

�
� ���
�
��� lying in the left subtreeof � thencontainat

most
� � �s:

differentnodes,where
� �

is thedepthof thesubtreerootedat � . The
sameboundholdsfor thepathsfrom � to theothernodesfrom � �

�
��� �
�
��� , lying in

theright subtreeof � . Adding thelengthof thepathfrom theroot to � , this givesa
total numberof at most

< � � =

4 PushingUp theWords(TREE+BITVEC+PUSHUP)

The schemeTREE+BITVEC+PUSHUPpresentedin this sectiongetsrid of the����� � 	 � 	 factorin thequeryprocessingtime from Lemma6. Theideais to modify
the TREE+BITVECdata structure suchthat for eachelementof a non-emptyin-
tersection,we find a newword-in-documentpair

z ��� � ~
that is part of the output.

For thatwe storewith eachsingle
:
-bit, which indicatesthata particulardocument

containsa word from a particularrange,one word from that documentand that
range.Wedo this in sucha way thateachword is storedonly in oneplacefor each
documentin which it occurs.Whenthereis only onedocument,this leadsto adata
structurethatis similarto thepriority searchtreeof McCreight,whichwasdesigned
to solvetheso-called3-sideddynamicorthogonalrange-reportingproblemin two
dimensions[15].

Let us startwith the root node. Each
:
-bit of the bit vectorof the root node

correspondsto a non-emptydocument,andwe storeby that
:
-bit the lexicograph-

ically smallestword occurringin that document. Actually, we will not storethe
word but ratherits number, wherewe assumethat we have numberedthe words
from

[ �
��� �
� � �o:

.
More thanthat, for all nodesat depth 
 (i.e., 
 edgesaway from the root), we

omit the leading 
 bits of its word number, becausefor a fixed nodetheseareall
identicalandcanbecomputedfrom thepositionof thenodein thetree. However,
asympoticallythis saving is not requiredfor the spaceboundsin Theorem2 as
dividing thewordsinto blockswill alreadygive a sufficient reductionof thespace
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neededfor thewordnumbers.
Now consideranyonechild � of therootnode,which hasexactlyonehalf

�
of

all wordsin its subtree.Thebit vectorof � will still have onebit for each
:
-bit of

its parentnode,but thedefinitionof a
:
-bit of � is slightly differentnow from that

for TREE+BITVEC.Considerthe


th bit of thebit vectorof � , which corresponds

to the


th setbit of therootnode,which correspondsto somedocumentnumber
�� .

Thenthis documentcontainsat leastoneword — otherwisethe


th bit in theroot

nodewould not have beenset— andthenumberof the lexicographicallysmallest
wordcontainedis storedby that



th bit. Now, if document
�� containsotherwords,

andatleastoneof theseotherwordsiscontainedin
�

, only thenthe


th bit of thebit

vectorof � is setto
:
, andwestoreby that

:
-bit thelexicographicallysmallestword

containedin that documentthat hasnot alreadybeenstoredin oneof its ancestors
(hereonly therootnode).
Figure3 explainsthis datastructureby a simpleexample.Theconstructionof the
datastructureis relatively straightforwardandcanbedonein time

� z�� ~
. Details

aregivenin Section4.1.

Figure3: Thedatastructureof TREE+BITVEC+PUSHUPfor theexamplecollec-
tion from Figure1. Thelargebitvectorin eachnodeencodestheinvertedlist. The
wordsstoredby the

:
-bits of that vectorareshown in gray on top of the vector.

Theword list actuallystoredis shown below thevector, whereA=00, B=01,C=10,
D=11,andfor eachnodethecommonprefix is removed,e.g.,for thenodemarked
C-D, C is encodedby

[
and D is encodedby

:
. A total of 49 bits is used,not

countingthe redundant000 vectorsandbookkeepinginformationlike list lengths
etc.

To processa querywe startat the root. Then,we visit nodesin suchanorder
thatwheneverwevisit anode� , wehavetheset

�
� of exactly thosepositionsin the

bit vectorof � thatcorrespondto elementsfrom � (andfor each
 � � � weknow its
correspondingelement

���
in � ). Foreachsuchpositionwith a

:
-bit, wenow check

whethertheword
�

storedby that
:
-bit is in � , andif sooutput

z � � ��� ~
. This can

be implementedby randomlookupsinto thebit vectorin time
� z1	 �

�
	 ~

asfollows.
First, it is easyto intersect� with thedocumentsin theroot node,becausewe can
simply lookupthedocumentnumbersin thebitvectorat the root. Considerthena
child � of the root. What we want to do is to computea new set � � of document
indices,which givesthe numberingof the documentindicesof � in termsof the
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numberingusedin � . Thisamountsto countingthenumberof
:
-bits in thebitvector

of � up to a givensequenceof indices.Eachof theseso-calledrankcomputations
canbeperformedin constanttime with anauxiliary datastructurethatusesspace
sublinearin thesizeof thebitvector[16].

Consideragainthe checkwhethera word
�

storedby a
:
-bit corresponding

to a documentfrom � is actuallyin � . This checkcanonly fail for relatively few
nodes,namelythosewith at leastoneleafnotfrom � in theirsubtree.Thesechecks
donotcontributeanelementto theoutputset,andareaccountedfor by thefactor

!
mentionedin Theorem1, andLemmas7 and9 below.

Lemma 7. With TREE+BITVEC+PUSHUP, anautocompletionquery
z � � � ~

can
beprocessedin time

��� 	 � 	��#! � ����� �
	 � � � � 	 � , where
!

is boundedby
����� � �

aswell asby theaverage numberof distinctwordsin a documentfrom � . For the
specialcase,where � is therangeof all words,theboundholdswith

! ' :
.

Proof. As wenoticedabove,thequeryprocessingtimespentin any particularnode
� canbe madelinear in the numberof bits inspectedvia the index set

�
� . Recall

thateach
 � � � correspondsto somedocumentfrom � . Thenfor reasonsidentical
to thosethatled to thespaceboundof Lemma5, for any fixeddocument

� � � , the
setof all visitednodes� whichhaveanindexin their

�
� correspondingto

�
form a

binarytree,andit canonly happenfor theleavesof thattreethattheindexpointsto
a
[
-bit, sothatthenumberof these

[
-bits is at mostthenumberof

:
-bits plusone.

Let again � �
�
��� �
�
��� denotetheat most

< ����� � � nodescoveringthegivenword
range � (seeSection2). Observethat, by the time we reachthe first nodefrom
� �
�
� � �
�
��� , the index set

�
� will only containindicesfrom � �

, asall the
:
-bits for

thesenodescorrespondto a word in � �

. Strictly speaking,this is only guaranteed
aftertheintersectionwith thisnode,whichaccountsfor anadditional� in thetotal
cost.Thus,eachdistinctword

�
wefind in at leastoneof thenodescancorrespond

to at most
	 � � � � 	 : -bits met in intersectionswith the bitvectorsof othernodes

in theset,andeach
:
-bit leadsto at mosttwo

[
-bits metin intersections.Summing

overall
� � � givesthesecondtermin theequationof thelemma.

The remainingnodesthat we visit are all ancestorsof one of the � �
�
� ���
�
��� ,

andwe have alreadyshown in the proof of Lemma6 that their numberis at most< ����� � � . Sincetheprocessingtime for a nodeis alwaysboundedby
� z1	 � 	 ~ , that

fractionof thequeryprocessingtime spentin ancestorsof � �
�
� ���
�
��� is boundedby� z 	 � 	������ � � ~ .

Lemma 8. Thebit vectorsof TREE+BITVEC+PUSHUPrequirea total of at most< � � � bits. Theauxiliary datastructure (for theconstant-timerankcomputation)
requiresat most

�
bits.

Proof. Justasfor TREE+BITVEC,each
:
-bit canbeassociatedwith theoccurrence

of aparticularwordin aparticulardocument,andthatcorrespondenceis
: �F:

. This
provesthat the total numberof

:
-bits is exactly

�
, andsinceword numbersare

storedonly by
:
-bits andthereis indeedonewordnumberstoredby each

:
-bit, the
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totalnumberof wordnumbersstoredis also
�

. By thesameargumentasin Lemma
5, thenumberof

[
-bits is atmostthenumberof

:
-bitsplus

:
for eachdocumentplus

thenumberof
[
-bits in therootnode.

4.1 The index construction for TREE+BITVEC+PUSHUP

Theconstructionof the treefor algorithmTREE+BITVEC+PUSHUPis relatively
straightforwardand takesconstantamortizedtime per word-in-documentoccur-
rence(assumingeachdocumentcontainsits wordsortedin ascendingorder).

1. Processthedocumentsin orderof ascendingdocumentnumbers,andfor each
document

�
do thefollowing.

2. Processthedistinctwordsin document
�

in orderof ascendingwordnumber,
andfor eachword

�
do the following. Maintain a current node, which we

initialize asanartificial parentof therootnode.

3. If thecurrentnodedoesnotcontain
�

in its subtree,thensetthecurrentnode
to its parent,until it doescontain

�
in its subtree.For eachnodeleft behind

in this process,appenda
[
-bit to thebit vectorof thoseof its childrenwhich

havenotbeenvisited.

Note: for a particular word, this operationmaytakenon-constanttime,but
oncewego froma nodeto its parent in this step,theold nodewill never be
visitedagain. Sinceweonly visit nodes,by whicha word will bestoredand
such nodesarevisitedat mostthreetimes,this givesconstantamortizedtime
for thisstep.

4. Setthecurrentnodeto thatonechild which contains
�

in its subtree.Store
theword

�
by this node.Add a

:
-bit to thebit vectorof thatnode.

5 Divide into Blocks(TREE+BITVEC+PUSHUP+BLOCKS)

This sectionis our laststationon theway to ourmainresult,Theorem2.
Foragiven � , with

: ��� � � , wedividethesetof all wordsin blocksof equal
size � . WethenconstructthedatastructureaccordingtoTREE+BITVEC+PUSHUP
for eachblockseparately. As weonly have to considerthoseblocks,whichcontain
any wordsfrom � , this givesa furtherspeedupin queryprocessingtime. An au-
tocompletionquerygiven by a word range � anda setof documents� is then
processedin thefollowing threesteps.

1. Determinethesetof
�

(consecutive) blocks,which containat leastoneword
from � , andfor 
 ' : �

�����
� �

, computethesubrange� �
of � that falls into

block 
 . Notethat � ' � ���� � ��� �� � � .
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2. For 
 ' : �
�����
� �

, processthequerygivenby � �
and � accordingto TREE+

BITVEC+PUSHUP, resultingin a setof matches� ��� ' �;z ��� � ~ ����� � �
� � � � � � �

, where
�

is thesetof of word-in-documentpairs.

3. Computetheunionof thesetsof matchingword-in-documentpairs
� � ���

� � �
(asimpleconcatenation).

Lemma 9. With TREE+BITVEC+PUSHUP+BLOCKSandblock size � , an auto-
completionquery

z � � � ~
canbeprocessedin time

� � 	 � 	���z�� � ! ~ � ��������	 �
�
� � 	 � , where

��' 	 � 	+* � and
!

is boundedby
����� � � as well as by the average

numberof distinctwordsfrom � �
� � � (thefirst andthelastsubrangefromabove)

in a documentfrom � .

Proof. Let � �
denotethesubsetof � pertainingto block 
 . Sinceeachblockcon-

tainsatmost � words,accordingto Lemma7,weneedtimeatmost
� z 	 � 	I������� � ������ �	��	 � � � � 	 ~ for a block 
 . However, for all but at mosttwo of theseblocks

(thefirst andthelast)it holdsthatall wordsof theblocksarein � , sothataccording
to thespecialcasein Lemma7, the queryprocessingtime for eachof theat most	 � 	+* � inner blocks is actually

� z 	 � 	 � �������
��	 ��� � � 	 ~ . Summingtheseup
givesustheboundclaimedin thelemma.

Lemma 10. TREE+BITVEC+PUSHUP+BLOCKSwith block size � requiresat
most

= � � � � � � * � � bits for its bit vectorsand at most
�)�b����� � � � bits for the

word numbersstoredby the
:
-bits. For � � � � */� , thisaddsup to at most

�wz . ��-����� � � � ~ bits.

Proof. To count the numberof bits in the relative bitvectors,we usethe same
argumentas for Lemma8: thereis exactlyone

:
-bit for eachword-in-document

occurrence.Thetotalnumberof
[
-bits is exactlyonemorethanthetotalnumberof:

-bits,plusthenumberof
[
-bits in thebit vectorsof therootsof thetrees.Thelatter

canbeboundedby � ��� � * � � � � �#� * � , sincethereare � documents,and
� � * � �

blocksof size � andat most
� * � blocksof volumelarger than � . To encodea

particularwordwithin ablock,
�b����� � � � bits areobviouslysufficient.

With all the requiredmachineryin place,we cannow prove Theorem2. Part(a)
of Theorem2 is establishedby the constructiongiven in Section4.1. Part(b) of
Theorem2 follows from Lemma10 by choosing� ' � � � *#� � . This choiceof �
minimizesthespaceboundof Lemma10,andwecall thecorrespondingdatastruc-
tureAUTOTREE . Part(c) of Theorem2 follows from Lemma9 andthefollowing
remarks.If thewordsin adocumentwith

-
wordsarearandomsize-

-
subsetof all

words,thentheaveragenumberof wordsperdocumentthat fall into a fixedblock
is at most

:
. In ourexperiments,theaveragevaluefor

!
was

<
�
<
.

As mentionedjust beforeLemma7,
!

countsthe numberof bitvector lookup
operationsfor a candidatedocumentin � , which do not contributeany elementto
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theresultset.If thewordrange� spansmultiple treeblocksof size �
' � � � * � � ,

thensuch“useless”bitvectorlookupscanalsooccurat theroot nodesof the inter-
mediatetreeblocks. However, thesecomparisonsareaccountedfor by the factor�

, which boundsthenumberof suchintermediateblocks,and
!

only countssuch
bitvectorlookupsin theboundaryblocks,which alsocontainat leastoneword not
in � .

Formally,
!

is definedasthe numberof bitvectorlookupsthat needto be per-
formed in the boundaryblocks (of which thereare at most two) for a candidate
documentin � until either(a) this documentcanberuledout asanelementof � �

(asit containsno valid completions)or (b) a relevantcompletionis reportedfrom
this document(at which point the total numberof additionalbitvector lookupsis
boundedby twice thenumberof matchingoutputelementsfor this document).A
small,constant

!
thusindicatesastrongoutput-sensitivebehaviourof thealgorithm.

6 Experiments

We testedboth AUTOTREE andour baselineBASIC on the corpusof the TREC
2004RobustTrack(ROBUST’04), whichconsistsof thedocumentsonTRECdisks
4 and5,minustheCongressionalRecord[20]. WeimplementedAUTOTREE with a
blocksizeof 4096,which is theoptimalblocksizeaccordingto Section5, rounded
to thenearestpowerof two. Thefollowing tablegivesdetailson thecollectionand
on the spaceconsumptionof the two schemes;aswe cansee,AUTOTREE does
indeeduseno morespace(andfor this collection, in fact, significantly less)than
BASIC , asguaranteedby Theorem2.

bits perword-in-docpair

Collection raw size � � � * � ��� BASIC AUTOT

ROBUST’04 1.9GB 528,025 771,189 219.2 4,096 19.0 13.9

Table1: Thecharacteristicsof our testcollection: � = numberof documents,� =
numberof distinctwords,

� * � = averagenumberof distinctwordsin a document,
� � = space-optimalchoicefor theblock size.Thelast two columnsgive thespace
usageof BASIC andAUTOT(REE) in bits perword-in-documentpair.

Queriesarederivedfrom the200“old” 4 queries(topics301-450and601-650)
of theTRECRobustTrackin 2004[20], by “typing” thesequeriesfrom left to right,
taking a minimum word lengthof . for the first queryword, and

<
for any query

word after the first. From theseautocompletionquerieswe further omittedthose,
whichwouldbeobtainedby simplefiltering from aprefixaccordingto theexplana-
tion following Definition1. Thisfiltering procedureis identicalfor AUTOTREE and
BASIC andtakesonly a small fractionof the time for theautocompletionqueries

4Theyare“old” astheyhadbeenusedin previousyearsfor TREC.
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processedaccordingto Definition 1, which is why we omitted it from considera-
tion in our experiments.To give anexample,for theadhocquery world bank
criticism , we consideredthe autocompletionqueries worl , world ba ,
and world bank cr . We considereda total numberof 512suchautocomple-
tion queries.

WeimplementedBASIC andAUTOTREE in C++ andmeasuredqueryprocess-
ing timeson a Dual Opteronmachine,with 2 Intel Xeon3 GHz processors,8 GB
of main memory, runningLinux. We measuredthe time for producingthe output
accordingto Definition 1. Thetime for scoringandrankingwould beidenticalfor
AUTOTREE and BASIC , and would, accordingto a numberof tests,takeonly
a small fraction of the aforementionedprocessingtime. We thereforeexcludedit
from our measurements.For BASIC , we implementeda fast linear-time intersect,
which, on average,turnedout to be fasterthanits asymptoticallyoptimal relatives
[8].

Scheme Max Mean StdDev Median 90%-ile 95%-ile Correl.

BASIC 6.32secs 0.19secs 0.55secs 0.034secs 0.41secs 0.93secs 0.996

AUTOT 0.63secs 0.05secs 0.06secs 0.028secs 0.11secs 0.14secs 0.973

Table2: Processingtimesstatisticsof BASIC and AUTOT(REE) for all 512 au-
tocompletionqueries. The 6th and 7th column show the

�
th worst processing

time, where
�

is
:i[��

and
8 �

, respectively, of the numberof queries. The last
columngivesthe correlationfactor betweenqueryprocessingtimesandtotal list
volume

� ��� � z1	 � 	���	 � � 	 ~ for BASIC , andinput sizeplus total outputvolume	 � 	/� 8 � ����� 	 ��� � � 	 for AUTOTREE .

Theresultsfrom Table2 conformnicely to our theoreticalanalysis.Fourmain
observationscanbemade:(i) with respectto maximalqueryprocessingtime,which
is key for an interactive application,AUTOTREE improvesover BASIC by a fac-
tor of 10; (ii) in averageprocessingtime, which is significantfor throughputin a
high-loadscenario,the improvementis still a factorof . ; (iii) processingtimesof
AUTOTREE aresharplyconcentratedaroundtheir mean,while for BASIC they
vary widely (in bothdirectionsaswe checked);(iv) thealmostperfectcorrelation
betweenqueryprocessingtimesandour analyticalbounds(explainedin the cap-
tion of Figure2) demonstratesboththesoundnessof our theoreticalmodellingand
analysisaswell astheaccuracyof our implementation.

Table3, finally, breaksdown queryprocessingtimesby the numberof query
words.Aswecansee,BASIC is significantlyfasterthanAUTOTREE for the

:
-word

queries,however, notbecauseAUTOTREE is slow, but becauseBASIC is extremely
fast on thesequeries. This is so, becauseBASIC doesnot have to computeany
intersectionsfor

:
-querybut merelyhasto copyall relevantlists � � to theoutput,

whereasAUTOTREE hasto extract,for eachoutputelement,bits from its (packed)
documentid andword id vectors.On multi-word queries,BASIC hasto processa
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1-word multi-word

Scheme Max Mean Max Mean

BASIC 0.10secs 0.01secs 6.32secs 0.30secs

AUTOTREE 0.37secs 0.09secs 0.63secs 0.02secs

Table3: Breakdown of queryprocessingfor BASIC andAUTOTREE by numberof
querywords.

muchlargervolumethanAUTOTREE , andweseeessentiallythesituationdiscussed
above for theoverallfigures.
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