Output-Sensitie
AutocompletionSearch

HolgerBast ChristianW. Mortensen
IngmarWeber

MPI1-1-2006—-1-007 June2006



Authors’ Addresses

Holger Bast

Max-Planck-Institut fiir Informatik
Stuhlsatzenhausweg 85

66123 Saarbriicken

Germany

Christian Worm Mortensen
IT University of Copenhagen
Rued Langgaards Vej 7

2300 Copenhagen

Denmark

Ingmar Weber
Max-Planck-Institut fiir Informatik
Stuhlsatzenhausweg 85

66123 Saarbriicken

Germany

Publication Notes

This in an extended version with full proofs of the paper “Output-Sensitive
Autocompletion Search”, written by the same authors and published by
Springer in the proceedings of the 13th Symposium on String Processing
and Information Retrieval (SPIRE ’06).



Abstract

We considerthe following autocompletiorsearchscenario:imaginea userof a

searchenginetyping a query; thenwith every keystroke display thosecomple-
tions of the lastqueryword thatwould leadto the besthits, andalsodisplaythe

bestsuchhits. The following problemis at the core of this feature: for a fixed

documentollection,givenasetD of documentsandanalphabeticatangelV of

words,computethe setof all word-in-documenpairs (w, d) from the collection
suchthatw € W andd € D. We presenta new datastructurewith the help
of which suchautocompletiorqueriescanbe processedon the average,n time

linearin theinput plusoutputsize,independentf the sizeof theunderlyingdoc-
umentcollection. At thesametime, our datastructureusesno morespacehanan
invertedindex. Actual queryprocessingimeson alargetestcollectioncorrelate
almostperfectlywith ourtheoreticabound.
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1 Intr oduction

Autocompletionjn its mostbasicform, is thefollowing mechanismtheusertypes
thefirst few lettersof someword, andeitherby pressingadedicateckey or automat-
ically aftereachkey strokea procedureas invokedthatdisplaysall relevantwords
thatarecontinuationf the typedsequenceThe mostprominentexampleof this
featureis the tab-completiormechanismn a Unix shell. In the recentlylaunched
GoogleSuggesservicefrequentqueriesare completed. Algorithmically, this ba-
sic form of autocompletiormerelyrequirestwo simple string searcheso find the
endpointsf therangeof correspondingvords.

1.1 Problemdefinition

Theproblemwe considerin this paperis derivedfrom amoresophisticatedorm of
autocompletionwhich takesinto accounthe contect in which theto-be-completed
word hasbeentyped. Here,we would like an (instant)displayof only thosecom-
pletionsof the lastqueryword which leadto hits, aswell asa displayof suchhits.
For example|f the userhastyped sear ch aut oc, contet-awarecompletions
might be aut oconpl et e and aut oconpl eti on, but not autocrati c.
Thefollowing definitionformalizesthe coreproblemin providing sucha feature.

Definition 1. An autocompletiorqueryis a pair (D, W), where W is a range of
words (all possiblecompletionof thelastword which the userhasstartedtyping),
and D is a setof documentgthe hits for the precedingpart of the query). To
processthe query meansto computethe setof all word-in-documenpairs (w, d)
withw € W andd € D.

Givenanalgorithmfor solvingautocompletiorgueriesaccordingto this definition,
we obtainthe context-sensitie autocompletiorfieatureasfollows:

For the examplequery search aut oc, W would be all words from the
vocahulary startingwith aut oc , and D would bethe setof all hits for the query
sear ch. Theoutputwould be all word-in-documenpairs (w, d), wherew starts
with aut oc andd containsw aswell asaword startingwith search.?

Now if the usercontinueswith the lastqueryword, e.g., search aut oco,
thenwe canjust filter the sequencef word-in-documenpairs from the previous
queries keepingonly thosepairs (w', d'), wherew' startswith aut oc . If, onthe
otherhand,shestartsa new queryword, e.g., search aut oc pub, thenwe
have anotherautocompletiomueryaccordingto Definition 1, wherenow W is the
setof all wordsfrom thevocalulary startingwith pub, andD is the setof all hits
for sear ch aut oc. Fortheveryfirst queryword, D is the setof all documents.

In practice,we are actually interestedn the besthits and completionsfor a
guery This can be achieved by the following standardapproach. Assumewe

We alwaysassumean implicit prefix searchthatis, we are actually interestedn hits for all
words starting with sear ch, which is usually what one wantsin practice. Whole-word-only
matchingcanbe enforcedby introducinga specialendof word symbol $ .



have precomputedscoresfor eachword-in-documengpair. Given a sequencef
pairs (w, d) accordingto Definition 1, we canthen easily computefor eachword
w' occurringin that sequencen aggregte of the scoresof all pairs (w', d) from
that sequenceas well asfor eachdocumentd’ an aggre@te of the scoresof all
pairs (w, d’'). The precomputatiorof scoresfor word-in-documenpairssuchthat
theseaggre@tionsreflectuserperceved relevanceto the given queryis a much-
researchedreain informationretrieval [21], andbeyondthe scopeof this paper It
is for thesereasonghattherankingissueis factoredout of Definition 1.

To answera seriesof autocompletiorguerieswe canobtainthe new setof can-
didatedocumentd) from thesequencef matchingword-in-documenpairsfor the
lastqueryby sortingthematching(w, d) pairs. Thissorttakestime O((3>_ .y |1DN
D) 1og(d_,ew |D N Dy|)) andwouldin practicebe donetogethemwith the rank-
ing of the completionsanddocumentsThetime for this sortis alsoincludedin the
runningtimesof our experimentsn Section6, butis dominatedoy thework to find
all matchingword-in-documenpairs.

1.2 Main result

Theorem 2. Givena collectionwith n > 16 documents distinct words, and

N > 32m word-in-documenpairs?, thereis a datastructue AUTOTREE with the
following properties:

(a) AUTOTREE canbeconstructedn O(N) time.

(b) AUTOTREE usesat mostN [log, n] bits of spacgwhich is thespaceusedby
an ordinary uncompessednvertedindex)®.

(c) AUTOTREE canprocessanautocompletiorguery(D, W) in time

O((a+8)DI+Y. _ IDND.),

where D, is thesetof documentsontainingword w. Herea = N|W|/(mn),
which is boundedaboveby 1, unlessheword rangeis verylarge (e.g, when
completinga singleletter). If we assumehat the wordsin a documentvith
L words are a randomsize{, subsetf all words, 5 is at most2 in expecta-
tion. In our experiments; is indeedaround?2 on the average and about4
in the (rare) worstcase.Our analysisimpliesa geneal worst-caseboundof
log(mn/N).

Notethatfor constanty andg therunningtime is asymptoticallyoptimal,asit takes
Q(|D|) timeto inspectall of D andit takesQ(} ., |D N D,|) timeto outputthe

2Theconditionsonn and N aretechnicalitiesandaresatifiedfor anyrealisticdocumentollec-
tion.

3Strictly speaking,an uncompressedhvertedindex needseven more space,to storethe list
lengths.



result. The necessaryngredientsfor the proof of Theorem2 aredevelopedin the
next sectionsandthey arefinally assembledh Section5.

We implementedAUTOTREE , andin Section6 shawv thatits processingime
correlatesalmostperfectlywith the boundfrom Theorem2(c) abowe. In that Sec-
tion, we also compareit to an invertedindex, its presumablyclosestcompetitor
(seeSectionl.4), which AUTOTREE outperformsby a factorof 10 in worst-case
processingime (which is key for an interactve feature),and by a factor of 4 in
average-casprocessingime.

1.3 Relatedwork

Thistechnicalreportis anextendedrersionof [3], with full proofs.The problemis
dervedfrom asearchengine which we have devisedandimplementedandwhich
is describedn [4]; for alivedemo,seeht t p: / / sear ch. npi - i nf. npg. de/
wi ki pedi a. Theemphasisn [4] is on usability (of the autocompletiorfeature)
andon compressibility(of the data),andnot on designingan output-sensitie algo-
rithm. Thedatastructuresandalgorithmsin [4] arecompletelydifferentfrom those
presentedn this article.

Themoststraightforwardvayto procesanautocompletiomuery(D, W) would
beto explicitly searcheachdocumentrom D for occurrencesf aword from W.
However, this would give us a non-constantjuery processingime per elementof
D, completelyindependentf the respectie || or outputsize | ., |D N D,|.
For thesereasonswe do not considerthis approacHurtherin this paper Instead,
ourbaselinean this papeiis basedn aninvertedindex, thedatastructureunderlying
most(if notall) large-scaleommerciakearchengined21]; seeSectionl.4.

Definition 1 looksreminiscenbf multi-dimensionakearchproblemswherethe
collectionsconsistf tuples(of somefixed dimensionality) andqueriesareasking
for all tuplescontainedn atuple of givenrangeq12, 2, 10, 1]. Providedthatwe
arewilling to limit the numberof querywords, suchdatastructurescould indeed
be usedto processour autocompletiormgueries. If we wantfast processingimes,
however, any of the known datastructuresisesspaceon the orderof N'*¢, where
N is the numberof word-in-documenpairsin the collection,and d grows (fast)
with the dimensionality In the descriptionof our datastructuresve will point out
someinterestinganalogiego the geometricrange-searchlatastructuresrom [6]
and[15].

Thelargebody of work on stringsearchingconcernedvith datastructuresuch
asPAT/suffix tree/arrayg413, 9] is not directly applicableto our problem. Instead,
it canbe seenas orthogonalto the problemwe are discussinghere. Namely in
the context of our autocompletiorproblemthesedatastructuresvould serveto get
from mereprefix searcho full substringsearchForexample,our Theoren? could
beenhancedo full substringsearchby first building a suffiix datastructurelike that
of [9], andthenbuilding our datastructureon top of the sortedlist of all suffixes
(insteadof thelist of thedistinctwords).

Thereis alarge body of moreappliedwork on algorithmsandmechanismsor



predictinguserinput, for example,for typing messagewvith a mobile phone,for

userswith disabilitiesconcerningyping, or for the compositionof standardetters
[14, 7,19, 5]. In [11], contextualinformation hasbeenusedto selectpromising
extensiondor aquery;theemphasi®f thatpapelis onthequality of theextensions,
while our emphasisereis on efficiengy. An interestingsomevhatrelatedphrase-
browsingfeaturehasbeenpresentedn [18, 17]; in thatwork, emphasisvasonthe
identificationof frequentphrasesn acollection.

1.4 The BAsic schemeand outline of the restof the paper

Thefollowing BAsIC schemas ourbaselinan thispaper It is basedntheinverted
index [21], for which we simply precomputdor eachword from the collectionthe
list of documentgontainingthatword. Foranefficientqueryprocessingthesdists
aretypically sorted andwe assumea sortingby documennumber

Having precomputedheselists, BAsIC processesn autocompletionquery
(D, W) very simply asfollows: Foreachword w € W, fetchthelist D,, of docu-
mentsthatcontainw, computetheintersectionD N D,,,, andappendt to theoutput.

Lemma 3. BAsIC usedtimeatleastQ(}, ., min{|D|, |D,|}) to processanau-
tocompletionquery (D, W). Theinvertedlists can be stored using a total of at
mostN - [log, n] bits,wheten is thetotal numberof documentsand N is thetotal
numberof word-in-documenpairsin the collection.

Proof. BAsIC computesoneintersectionfor eachw € W andary algorithmfor
intersectingD and D,, hasto differentiatebetweer2™™{IPLP« I} possibleoutputs.
For thespaceusageijt sufficesto observehatthe elementof theinvertedlists, are
justarearrangemerndf the setsof distinctwordsfrom all documentsandthateach
documennumbercanbe encodedvith [log, n] bits (we do not considerissuesof
compressioln this paper). H

Lemmas3 points out the inherentproblemof BASIC : its query processingime
depend®nthesizeof both|D| and ||, andit canbecomég D| - |IW] in theworst
case.

In thefollowing sectionsywe developanew indexing schemeAuTOTREE , with
thepropertiegyivenin Theorem2. A combinationof four mainideaswill leadusto
this new schemeatreeoverthewords(Section2), relative bit vectors(Section3),
pushingup thewords(Section4), anddividing into blocks(Section5). In Section
6, we will complementour theoreticalfindings with experimentson a large test
collection.

2 Building atreeover the words (TREE)

Theideabehindourfirst schemeonthewayto Theoren? is to increasgheamount
of preprocessindy precomputingnvertedlists notonly for wordsbut alsofor their
prefixes More precisely we construcia completebinarytreewith m leaves,where

4



m is thenumberof distinctwordsin thecollection.We assumédereandthroughout
thepaperthatm is apower of two. Foreachnodev of thetree,we thenprecompute
thesortedlist D, of documentsvhich containatleastoneword from the subtreeof
thatnode. The lists of the leavesarethenexactly the lists of anordinaryinverted
index, andthelist of aninnernodeis exactlytheunionof thelists of its two children.
Thelist of theroot nodeis exactly the setof all non-emptydocuments.A simple
exampleis givenin Figurel.

Doc 1 Doc 2| |[Doc 3| |Doc 4 A-D
AB D AB - 1,2,3,5,7,8,10
Doc 5| |Doc6| |Doc7| [Doc8 A-B / \ oD
BCD| | - AD| ABD 1,3,5,7,8,10 2.5.7.8.10
Doc 8| |Doc10 \
< pa ) VAR . ] / 3
1,3,7,8 1,3,5,8,10 5,10 2,5,7,8

Figurel: Toy examplefor the datastructureof schemelREE with 10 documents
and4 differentwords.

Giventhis treedatastructure,an autocompletiorquery given by a word rangeW
anda setof documentd) is thenprocesseasfollows.

1. Computethe uniqgueminimal sequencey, . . ., v, of nodeswith the property
thattheir subtreesover exactly therangeof wordsWW. Processhese/ nodes
from left to right, andfor eachnodewv invoke thefollowing procedure.

2. Fetchthelist D, of v andcomputetheintersectionD N D,. If theintersection
Is empty do nothing. If the intersectionis non-empty thenif v is a leaf
correspondindgo word w, reportfor eachd € D N D, the pair (w,d). If v
is not a leaf, invoke this procedure(step2) recursvely for eachof the two
childrenof v.

Schemé'REE canpotentiallysave ustime: If theintersectiorcomputedataninner
nodew in step2 is empty we know thatnoneof the wordsin the whole subtreeof

v is a completionleadingto a hit, thatis, with a singleintersectionwe are ableto

rule outalarge numberof potentialcompletionsHowever, if theintersectioratv is

non-emptywe know nothingmorethanthatthereis at leastoneword in the subtree
whichwill leadto a hit, andwe will have to examinebothchildrenrecursvely. The

following lemmashaows the potentialof TREE to makethe queryprocessingime

dependon the outputsizeinsteadof on W asfor BAsiCc . SinceTREE s justa

stepon the way to our final schemeAUTOTREE , we do not give the exactquery
processindime herebut justthe numberof nodesvisited, becauseve needexactly

thisinformationin the nextsection.



Lemma 4. Whenprocessingan autocompletiorquery (D, W) with TREE ,at most
2(|W'+1) log, |W| nodesarevisited,where W’ is the setof all wordsfromW that
occurin atleastonedocumenfrom D.

Proof. A nodeat heighth hasat most2” nodesbelow it. So eachof the nodes
vy, ...,v hasheightat most |log, |W||. Further no threenodesfrom vy, ...,
have identicalheight,which impliesthat! < 2|log |W|]|. Similarly, for eachword
in W’ we needto visit atmosttwo additionalnodesgachatheightbelow |log |1V ].

0

The price TREE paysin termsof spaceis large. In the worst case,eachlevel of
thetreewould usejust asmuchspaceastheinvertedindex storedat the leaf level,
which would give a blow-up factorof log, m.

3 Relative Bitvectors (TREE+BITVEC)

In this section,we describeandanalyzeTREE+BITVEC,which reduceghe space
usagefrom the last section,while maintainingasmuchaspossibleof its potential
for a query processingime dependingon W', the setof matchingcompletions,
insteadof on . Thebasictrick will beto store the invertedlists via relative bit
vectors The resultingdatastructureturnsout to have similaritieswith the static
2-dimensionabrthogonakrangecountingstructureof Chazellg6].

In the root node,thelist of all non-emptydocumentss storedasa bit vector:
when /N is the numberof documentsthereare N consecutie bits, andthe ith bit
correspondso documennumberi, andthebit is setto 1 if andonly if thatdocument
containsatleastoneword from the subtreeof thenode.In the caseof therootnode
this meanghattheth bit is 1 if andonly if documenthumber: containsany word
atall.

Now consideranyonechild v of theroot node,andwith it storea vectorof N’
bits,were N’ is thenumberof 1-bitsin theparentsbit vector To makeit interesting
alreadyat this pointin the tree,assumehatindeedsomedocumentsareempty so
that not all bits of the parents bit vectorare setto one,and N' < N. Now the
jth bit of v correspondso the jth 1-bit of its parent,which in turn correspondso
a documentnumberi;. We thensetthe jth bit of v to 1 if andonly if document
numberi; containsawordin the subtreeof v.

Thesameprincipleis now usedfor every nodev thatis nottheroot. Construct-
ing thesebit vectorsis relatively straightforwardit is partof the constructiorgiven
in Sectior4.1.

Lemmab. Lets;,.. denotehetotal lengthsof theinvertedlists of algorithm TREE.
Thetotal numberof bits usedin thebit vectorsof algorithm TREE+BITVEGSs then
at most2s,.. plusthe numberof emptydocumentgwhich costa 0-bit in the root
ead).

Proof. Thelemmais aconsequencef two simpleobsenations.Thefirst obsena-
tion is thatwhererer therewasa documennumberin aninvertedlist of algorithm

6



A-D

Doc 1 Doc 2| |Doc 3| |Doc 4
AaBl | ol laBgl | . 1110101101
Doc 5| |Doc6| |[Doc?7| |Doc8 A-B / \ c-D
B C D, = AD| ABD 1011111 0101111
Doc 9] [Docid / \ \
- BC A B C / D
110110 111011 01001 11110

Figure2: Thedatastructureof TREE+BITVECfor thetoy collectionfrom Figure
1.

TREE thereis now a 1-bit in the bit vectorof the samenode,andthis correspon-
dences 1 — 1. Thetotal numberof 1-bitsis therefores;, ..

The secondobsenation is thatif a nodew thatis not the root hasa bit cor-
respondingo somedocumentnumber:, thenthe parentnodealsohasa bit corre-
spondingo thatsamedocumentandthatbit of the parentis setto 1, sinceotherwise
nodev would not have a bit correspondingo thatdocument.

It follows that the nodes,which have a bit correspondingdo a particularfixed
document,form a subtreethat is not necessarilycompletebut where eachinner
nodehasdegree2, andwhere0-bits canonly occurat a leaf. The total numberof
0-bits pertainingto a fixeddocumenis henceat mostthetotal numberof 1-bits for
thatsamedocumenplusone. Sincefor eachdocumentve have asmany1-bits at
the leavesastherearewordsin the documentsthe samestatementoldswithout
theplusone.

O

The procedurefor processinga query with TREE+BITVEC is, in principle, the
sameasfor TREE. The only differencecomesfrom the fact that the bit vectors,
exceptthatof theroot, canonly beinterpretedelative to their respectre parents.

To dealwith this, we ensurghatwheneerwe visit anodev, we have thesetZ,
of thosepositionsof the bit vectorstoredat v that correspondo documentgrom
thegivensetD, aswell asthe |Z,| numbersof thosedocumentsFor theroot node,
thisis trivial to compute.Foranyothernodev, Z, canbe computedrom its parent
u: for each: € Z,, checkif theith bit of « is setto 1, if socomputethe number
of 1-bits at positionslessthanor equalto ¢, andaddthis numberto the setZ, and
storeby it the numberof the documentfrom D that was storedby i. With this
enhancementye canfollow thesamestepsasbefore,exceptthatwe haveto ensure
now thatwheneer we visit a nodethatis not the root, we have visited its parent
before.Thelemmabelov shavsthatwe have to visit anadditionalnumberof up to
2log, m nodesbecaus®f this.

Lemma 6. Whenprocessinginautocompletiomuery(D, W) with TREE+BITVEC,
at most2(|W’| + 1) log, [W| + 2log, m nodesare visited,with W' definedasin
Lemmad.



Proof. By Lemmad4, atmost2(|W’| + 1) log, |IW| nodesarevisitedin thesubtrees
of thenodesvy, ..., v, thatcover W. It thereforeremaingo boundthetotalnumber
of nodescontainedn the pathsfrom therootto thesenodesv, . . ., v;.

First considerthe specialcase,wherelV startswith the leftmostleaf, and ex-
tendsto somavherein the middle of the tree. Theneachof thev,, ..., v, is aleft
child of onenodeof the pathfrom therootto v;. Thetotal numberof nodescon-
tainedin thel pathsfrom therootto eachof v, ..., v, isthenatmostd — 1, where
d is the depthof thetree. The sameargumengoesthroughfor the symmetriccase
whentherange endswith therightmostleatf.

In thegenerakasewherelV beginsatsomeintermediatdeafandendsatsome
otherintermediatdeaf, thereis a nodeu suchthattheleftmostleaf of therangeis
containedn the left subtreeof » andthe rightmostleaf of the rangeis contained
in theright subtreeof . By the argumentrom the previous paragraphthe paths
from u to thosenodesfrom vy, ..., v; lying in theleft subtreeof « thencontainat
mostd, — 1 differentnodeswhered, is the depthof the subtreerootedat u. The
sameboundholdsfor the pathsfrom u to the othernodesfrom vy, ..., v, lying in
theright subtreeof u. Adding the lengthof the pathfrom therootto u, this givesa
total numberof atmost2d — 3

O

4 PushingUp the Words (TREE+BITVEC+PUSHUP)

The schemeTREE+BITVEC+PUSHUPpresentedn this sectiongetsrid of the
log, |W| factorin the queryprocessingime from Lemma6. Theideais to modify
the TREE+BITVECdata structure suchthat for eachelementof a non-emptyin-
tersection,we find a newword-in-documenpair (w, d) thatis part of the output.
For thatwe storewith eachsingle1-bit, which indicatesthata particulardocument
containsa word from a particularrange,one word from that documentand that
range.We do this in suchaway thateachword is storedonly in oneplacefor each
documentn whichit occurs.Whenthereis only onedocumentthis leadsto a data
structurethatis similarto thepriority searchtreeof McCreight,whichwasdesigned
to solvethe so-called3-sideddynamicorthogonalrange-reportingroblemin two
dimensiong15].

Let us startwith the root node. Each1-bit of the bit vectorof the root node
corresponds$o a non-emptydocumentandwe storeby that 1-bit the lexicograph-
ically smallestword occurringin that document. Actually, we will not storethe
word but ratherits number wherewe assumehat we have numberedhe words
from0,...,m — 1.

More thanthat, for all nodesat depth: (i.e., i edgesaway from the root), we
omit the leadings bits of its word number becausdor a fixed nodetheseareall
identicalandcanbe computedirom the positionof the nodein the tree. However,
asympoticallythis saving is not requiredfor the spaceboundsin Theorem2 as
dividing the wordsinto blockswill alreadygive a sufficient reductionof the space



neededor theword numbers.

Now consideranyonechild v of theroot node,which hasexactly onehalf H of
all wordsin its subtree.The bit vectorof v will still have onebit for eachl1-bit of
its parentnode,but the definition of a 1-bit of v is slightly differentnow from that
for TREE+BITVEC. Considerthe jth bit of thebit vectorof v, which corresponds
to the jth setbit of theroot node,which correspondso somedocumennumber;;.
Thenthis documentcontainsat leastoneword — otherwisethe jth bit in the root
nodewould not have beenset— andthe numberof the lexicographicallysmallest
word containeds storedby thatjth bit. Now, if document; containsotherwords,
andatleastoneof theseotherwordsis containedn H, only thenthe jth bit of thebit
vectorof v is setto 1, andwe storeby that1-bit thelexicographicallysmallesword
containedn that documenthat hasnot alreadybeenstoredin oneof its ancestors
(hereonly theroot node).

Figure 3 explainsthis datastructureby a simpleexample. The constructionof the
datastructureis relatively straightforwardandcanbe donein time O(XN). Details
aregivenin Sectior4.1.

Doc 1 Doc 2| |Doc3| |Doc4 ADA p]‘S-DAA B
AB| | B | [AR) | - / 1110101101 \
00110001000001
Doc 5| |Doc6| [Doc7| |Docé8 A-B C-D
BCD - AD| ABD BB B CDDC
1010010 0001111
Doc 8| [Doci10 111 0110
BC / \ / \
A B C D
000 000 0000 1000

Figure3: Thedatastructureof TREE+BITVEC+PUSHURor the examplecollec-
tion from Figurel. Thelargebitvectorin eachnodeencodegheinvertedlist. The
words storedby the 1-bits of that vectorare shown in gray on top of the vector
Theword list actuallystoredis shavn below the vector whereA=00, B=01,C=10,
D=11, andfor eachnodethe commonprefix is removed,e.g.,for the nodemarked
C-D, C is encodedby 0 andD is encodedby 1. A total of 49 bits is used,not
countingthe redundan00 vectorsand bookkeepingnformationlike list lengths
etc.

To processa querywe startat theroot. Then,we visit nodesin suchanorder
thatwhenererwe visit anodev, we have thesetZ, of exactly thosepositionsin the
bit vectorof v thatcorrespondo elementgrom D (andfor eachi € Z, we know its
correspondinglementd; in D). Foreachsuchpositionwith a 1-bit, we now check
whetherthe word w storedby that1-bit is in W, andif sooutput(w, d;). Thiscan
beimplementedy randomlookupsinto the bit vectorin time O(|Z,|) asfollows.
First, it is easyto intersectD with thedocumentsn theroot node,becauseve can
simply lookup the documeninumbersn the bitvectorat the root. Considerthena
child v of the root. Whatwe wantto do is to computea new set/, of document
indices,which givesthe numberingof the documentindicesof D in termsof the
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numberingusedin v. Thisamountdo countingthenumberof 1-bitsin thebitvector

of v up to agivensequencef indices. Eachof theseso-calledrank computations
canbe performedin constantime with an auxiliary datastructurethat usesspace
sublinearin thesizeof thebitvector[16].

Consideragainthe checkwhethera word w storedby a 1-bit corresponding
to adocumenfrom D is actuallyin W. This checkcanonly fail for relatively few
nodesnamelythosewith atleastoneleafnotfrom W in theirsubtree Thesechecks
do not contributeanelemento the outputset,andareaccountedor by thefactor g
mentionedn Theoreml, andLemmas/ and9 below.

Lemma 7. With TREE+BITVEC+PUSHUPan autocompletiorguery(D, W) can
beprocessedn timeO(|D|- 8+ >, cw |D N Dy|), where 3 is boundecby log, m
aswell as by the average numberof distinctwordsin a documenfrom D. For the
specialcasewhere W is therange of all words,theboundholdswith g = 1.

Proof. Aswe noticedabove,thequeryprocessindgime spentn ary particulamode
v canbe madelinearin the numberof bits inspectedvia the index setZ,. Recall
thateach:i € Z, correspond$o somedocumenfrom D. Thenfor reasonsdentical
to thosethatledto thespaceéboundof Lemmab5, for any fixeddocument! € D, the
setof all visitednodesv which have anindexin theirZ, correspondindo d form a
binarytree,andit canonly happerfor theleavesof thattreethattheindexpointsto
a0-bit, sothatthe numberof these0-bits is at mostthe numberof 1-bits plusone.

Letagainvy, ..., v; denotethe at most2 log, m nodescoveringthe givenword
rangeWV (seeSection2). Observethat, by the time we reachthe first nodefrom
v1,...,v;, theindex setZ, will only containindicesfrom D', asall the 1-bits for
thesenodescorrespondo awordin W’. Strictly speakingthisis only guaranteed
aftertheintersectiorwith this node,which accountgor anadditionalD in thetotal
cost. Thus,eachdistinctword w we find in atleastoneof thenodescancorrespond
to at most|D N D,,| 1-bits metin intersectionswith the bitvectorsof othernodes
in the set,andeach1-bit leadsto at mosttwo 0-bits metin intersectionsSumming
overall w € W givesthesecondermin theequationof thelemma.

The remainingnodesthat we visit are all ancestorf one of the vy, ..., v,
andwe have alreadyshawn in the proof of Lemmaé thattheir numberis at most
2log, m. Sincethe processingime for a nodeis alwaysboundedby O(|D|), that
fractionof the queryprocessindime spentin ancestor®f vy, . .., v; is boundedoy
O(|D|log, m).

[]

Lemma 8. Thebit vectorsof TREE+BITVEC+PUSHURequire a total of at most
2N + n bits. Theauxiliary datastructure (for the constant-timeank computation)
requiresat most/\V bits.

Proof. Justasfor TREE+BITVEC,eachl-bit canbeassociatedvith theoccurrence
of aparticularwordin a particulardocumentandthatcorrespondends 1 — 1. This
provesthat the total numberof 1-bits is exactly NV, and sinceword numbersare
storedonly by 1-bits andthereis indeedoneword numberstoredby eachi-bit, the
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totalnumberof word numbersstoreds alsoN. By thesameargumentasin Lemma
5, thenumberof 0-bitsis atmostthenumberof 1-bits plus1 for eachdocumenplus
thenumberof 0-bitsin therootnode.

[]

4.1 Theindex construction for TREE+BITVEC+PUSHUP

The constructionof the treefor algorithmTREE+BITVEC+PUSHURS relatively
straightforwardand takesconstantamortizedtime per word-in-documentccur
rence(assumingeachdocumentontaingts word sortedin ascendingprder).

1. Processhedocumentsn orderof ascendinglocumennumbersandfor each
document do thefollowing.

2. Processhedistinctwordsin document in orderof ascendingvord numbey
andfor eachword w do the following. Maintain a currentnode which we
initialize asanartificial parentof theroot node.

3. If thecurrentnodedoesnot containw in its subtreethensetthe currentnode
to its parent,until it doescontainw in its subtree.For eachnodeleft behind
in this processappenda 0-bit to the bit vectorof thoseof its childrenwhich
have not beenvisited.

Note: for a particular word, this operationmaytake non-constantime, but
oncewe go froma nodeto its parentin this step,the old nodewill never be
visitedagain. Sincewe only visit nodes by whicha word will be storedand
sudh nodesare visitedat mostthreetimes,this givesconstantamortizedtime
for this step.

4. Setthe currentnodeto thatonechild which containsw in its subtree.Store
theword w by thisnode.Add a 1-bit to thebit vectorof thatnode.

5 Divideinto Blocks(TREE+BITVEC+PUSHUP+BLOCKYS)

This sectionis our laststationon the way to our mainresult, Theoren?.

ForagivenB, with 1 < B < m, wedividethesetof all wordsin blocksof equal
sizeB. Wethenconstructhedatastructureaccordingo TREE+BITVEC+PUSHUP
for eachblock separatelyAs we only have to considerthoseblocks,which contain
arny wordsfrom W, this givesa further speedupn queryprocessingime. An au-
tocompletionquery given by a word rangeWW anda setof documentsD is then
processedh thefollowing threesteps.

1. Determinethe setof ¢ (consecutre) blocks,which containat leastoneword
from W, andfor ¢ = 1,..., ¢, computethe subrangéV; of W thatfalls into
block:. NotethatW = W, U - - - UW,.

11



2. Fori =1,...,¢, processhequerygivenby W; and D accordingto TREE+
BITVEC+PUSHURTresultingin a setof matchesV/; := {(w,d) € C : w €
W;,d € D}, whereC is the setof of word-in-documenpairs.

3. Computethe union of the setsof matchingword-in-documenpairsUt_, M;
(asimpleconcatenation).

Lemma 9. With TREE+BITVEC+PUSHUP+BLOCK&ndblock size B, an auto-
completionquery(D, W) canbeprocessedh timeO(|D| - (a+ ) + > ew DN

D,|), where o = |W|/B and g is boundedby log, B as well as by the average
numberof distinctwordsfromW; U W, (thefirstandthelast subange fromabove)
in adocumenfromD.

Proof. Let WW; denotethe subsebf W pertainingto blocki. Sinceeachblock con-
tainsatmostB words,accordingo Lemma7, we needtime atmostO(| D| log, B+
> wew; 1D N Dy|) for ablocki. However, for all but at mosttwo of theseblocks
(thefirstandthelast)it holdsthatall wordsof theblocksarein W, sothataccording
to the specialcasein Lemma7, the queryprocessingime for eachof the at most
|W|/B innerblocksis actually O(|D| + >_ . |D N Dyl) . Summingtheseup
givesusthe boundclaimedin thelemma.

O

Lemma 10. TREE+BITVEC+PUSHUP+BLOCKSVith block size B requires at
most3N + n - [m/B] bits for its bit vectorsand at mostN [log, B] bits for the
word numbersstored by the 1-bits. For B > mn/N, thisaddsup to at mostN (4 +
[log, B]) bits.

Proof. To countthe numberof bits in the relative bitvectors,we usethe same
argumentasfor Lemmaa3: thereis exactlyone 1-bit for eachword-in-document
occurrenceThetotal numberof 0-bitsis exactly onemorethanthetotal numberof
1-bits, plusthenumberof 0-bitsin the bit vectorsof therootsof thetrees.Thelatter
canbeboundedoy n - [m/B]| + n - N/n, sincetherearen documentsand|m/B]|
blocks of size B and at most NV/n blocks of volumelargerthann. To encodea
particularword within ablock, [log, B] bits areobviously sufficient.

O

With all the requiredmachineryin place,we cannow prove Theorem2. Part(a)
of Theorem?2 is establishedy the constructiongivenin Section4.1. Part(b) of
Theorem?2 follows from Lemmal0 by choosingB = [nm/N]|. This choiceof B
minimizesthe spaceboundof Lemmal0, andwe call thecorrespondinglatastruc-
ture AUTOTREE . Part(c) of Theorem2 follows from Lemma9 andthe following
remarksIf thewordsin adocumentith L wordsarearandomsize subsebdf all
words,thenthe averagenumberof wordsperdocumenthatfall into a fixedblock
isatmostl. In our experimentstheaveragevaluefor g was2.2.

As mentionediust beforeLemma?, 5 countsthe numberof bitvectorlookup
operationdor a candidatedocumenin D, which do not contribute ary elemento
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theresultset.If thewordrangeV” spanamultiple treeblocksof size B = [nm /N1,
thensuch“uselessbitvectorlookupscanalsooccurat the root nodesof the inter-
mediatetree blocks. However, thesecomparison@re accountedor by the factor
«, which boundsthe numberof suchintermediateblocks,and g only countssuch
bitvectorlookupsin the boundaryblocks,which alsocontainat leastoneword not
inW.

Formally 3 is definedasthe numberof bitvectorlookupsthat needto be per
formedin the boundaryblocks (of which thereare at mosttwo) for a candidate
documenin D until either(a) this documentanberuled out asan elementof D’
(asit containsno valid completions)or (b) a relevantcompletionis reportedfrom
this document(at which point the total numberof additionalbitvectorlookupsis
boundedby twice the numberof matchingoutputelementdor this document).A
small,constanii thusindicatesa strongoutput-sensitie behaiour of thealgorithm.

6 Experiments

We testedboth AUTOTREE andour baselineBAsic on the corpusof the TREC
2004RolustTrack(ROBUST'04), which consist®f thedocument®n TRECdisks
4 and5, minustheCongressionaRecord20]. WeimplementedAUTOTREE with a
block sizeof 4096,whichis the optimalblock sizeaccordingo Section5, rounded
to thenearespower of two. Thefollowing tablegivesdetailson the collectionand
on the spaceconsumptionof the two schemesaswe cansee,AUTOTREE does
indeeduseno more space(andfor this collection, in fact, significantlyless)than
BAsIc , asguaranteedby Theorem2.

bits perword-in-docpair
Collection raw size n m N/n | B* || BAsic | AutoT

ROBUST'04 | 1.9GB | 528,025| 771,189| 219.2| 4,096|| 19.0 13.9

Tablel: Thecharacteristicef our testcollection: n = numberof documentsyn =
numberof distinctwords, N/n = averagenumberof distinctwordsin adocument,
B* = space-optimathoicefor the block size. Thelasttwo columnsgive the space
usageof BAsiC andAUTOT (REE) in bits perword-in-documenpair.

Queriesarederivedfrom the 200“old” * queries(topics301-450and601-650)
of theTRECRohkustTrackin 2004[20], by “typing” thesequeriesrom left to right,
taking a minimum word length of 4 for the first queryword, and2 for ary query
word after the first. Fromtheseautocompletiorquerieswe further omittedthose,
whichwould beobtainedoy simplefiltering from a prefixaccordingo theexplana-
tion following Definition 1. Thisfiltering proceduras identicalfor AUTOTREE and
BAsic andtakesonly a smallfraction of thetime for the autocompletiorqueries

4Theyare“old” astheyhadbeenusedin previousyearsfor TREC.
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processeaccordingto Definition 1, which is why we omittedit from considera-
tion in our experiments.To give anexample,for theadhocquery wor | d bank
criticism, we consideredhe autocompletiorqueries wor| , worl d ba,
and wor | d bank cr . We considered total numberof 512 suchautocomple-
tion queries.

WeimplementedBAsiC andAUTOTREE in C++andmeasuredjueryprocess-
ing timeson a Dual Opteronmachine with 2 Intel Xeon3 GHz processors3 GB
of main memory runningLinux. We measuredhe time for producingthe output
accordingto Definition 1. Thetime for scoringandrankingwould be identicalfor
AUTOTREE andBAsic , andwould, accordingto a numberof tests,take only
a smallfraction of the aforementionegbrocessingime. We thereforeexcludedit
from our measurements-or BAsIC , we implementeda fastlineartime intersect,
which, on average turnedout to be fasterthanits asymptoticallyoptimal relatves

[8].

Scheme| Max Mean | StdDer | Median | 90%-ile | 95%-ile | Correl.

BAsiC 6.3%ecs| 0.1%ecs| 0.55secs| 0.034%ecs| 0.41secs| 0.93Fecs| 0.996

AUTOT || 0.63ecs| 0.05ecs| 0.06secs| 0.02&ecs| 0.11secs| 0.14secs| 0.973

Table2: Processingimes statisticsof BAsic and AuTOT(REE) for all 512 au-

tocompletionqueries. The 6th and 7th column showv the kth worst processing
time, wherek is 10% and 5%, respectiely, of the numberof queries. The last
columngivesthe correlationfactor betweenquery processingimes andtotal list

volume)_ .. (ID| + |Dyl|) for BAsic , andinput size plus total outputvolume
|ID| 453 ,ew |D N D,| for AUTOTREE .

Theresultsfrom Table2 conformnicely to our theoreticalanalysis.Fourmain
obsenationscanbemade:(i) with respecto maximalqueryprocessingime, which
is key for aninteractve application,AUTOTREE improvesover BAsiC by afac-
tor of 10; (ii) in averageprocessingime, which is significantfor throughputin a
high-loadscenariothe improvementis still a factorof 4; (iii) processingimesof
AUTOTREE are sharplyconcentratecaroundtheir mean,while for BAsIC they
vary widely (in both directionsaswe checked){iv) the almostperfectcorrelation
betweenquery processingimes and our analyticalbounds(explainedin the cap-
tion of Figure2) demonstrateboththe soundnessf our theoreticamodellingand
analysisaswell astheaccuracyof ourimplementation.

Table 3, finally, breaksdown query processingimes by the numberof query
words.Aswe cansee BAsic issignificantlyfastethanAuToTREE for thel-word
guerieshowever, notbecaus@UTOTREE is slow, butbecaus@Asic is extremely
faston thesequeries. This is so, becauseBAsIC doesnot have to computeary
intersectiondor 1-querybut merelyhasto copyall relevantlists D,, to the output,
whereasAUTOTREE hasto extract,for eachoutputelementpits from its (packed)
documenid andword id vectors.On multi-word queriesBAsIC hasto processa
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1-word multi-word

Scheme Max Mean Max Mean

BAsSIC 0.1Gsecs 0.01secs 6.3%ecs 0.30secs

AUTOTREE 0.37%ecs 0.0%ecs 0.63ecs 0.0%ecs

Table3: Breakdavn of queryprocessindor BAsiC andAUTOTREE by numberof
querywords.

muchlargervolumethanAuTOTREE , andwe seeessentiallythesituationdiscussed
above for theoverallfigures.
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