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Abstract

In this paper, the problem of stability analysis for a class of
impulsive Cohen-Grossberg neural networks with mixed
time delays is considered. The mixed time delays comprise
both the time-varying and distributed delays. By
employing a combination of the M -matrix theory and
analytic methods, several sufficient conditions are
obtained to ensure the global exponential stability of
equilibrium  point for the addressed impulsive
Cohen-Grossberg neural network with mixed delays. The
proposed method, which does not make use of the
Lyapunov functional, is shown to be simple yet effective
for analyzing the stability of impulsive neural networks
with variable and/or distributed delays. Moreover, the
exponential convergence rate is estimated, which depends
on the system parameters. The results obtained generalize
a few previously known results by removing some
restrictions or assumptions. An example with simulation is
given to show the effectiveness of the obtained results.
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1. Introduction

The Cohen-Grossberg neural network model, first
proposed and studied by Cohen and Grossberg in 1983 [1],
has attracted considerable attention due to its potential
applications in classification, parallel computing,
associative memory, signal and image processing,
especially in solving some difficult optimization problems.
In such applications, it is of prime importance to ensure
that the designed neural networks be stable[2,3]. In
practice, due to the finite speeds of the switching and
transmission of signals, time delays do exist in a working
network and thus should be incorporated into the model
equation [2]. In recent years, the dynamical behaviors of
Cohen-Grossberg neural networks with constant delays or
time-varying delays or distributed delays have been
studied, for example, see [2-26] and references therein.
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On the other hand, impulsive effect likewise exists in
a wide variety of evolutionary processes in which states
are changed abruptly at certain moments of time in the
fields such as medicine and biology, economics,
electronics and telecommunications. Neural networks,
which include Hopfield neural networks, cellular neural
networks and Cohen-Grossherg neural networks, are often
subject to impulsive perturbations that in turn affect
dynamical behaviors of the systems. Therefore, it is
necessary to consider both the impulsive effect and delay
effect when investigating the stability of neural networks
[27]. So far, several interesting results have been reported
that focusing on the impulsive effect on delayed neural
networks, see [27-39] and references therein. To the best
of our knowledge, few authors have considered the
dynamical behaviors of the impulsive Cohen-Grossberg
neural network model with both time-varying and
distributed delays.
Motivated by the above discussions, the objective of this
paper is to study the global exponential stability of
impulsive Cohen-Grossberg neural network with both
time-varying and distributed delays, and estimate the
exponential convergence rate index. By employing a
combination of the M-matrix theory and analytic methods,
we obtain several sufficient conditions for ensuring the
global exponential stability. Our proposed method does not
make use of the Lyapunov functional and is shown to be
simple yet effective for analyzing the stability of impulsive
neural networks with variable and/or distributed delays.
Our main results generalize a few previously known
results by removing some restrictions or assumptions. An
example with simulation is given to show the effectiveness
of the obtained results.
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2. Model description and preliminaries

In this paper, we consider the following model.

du, (t) n
= -, (u; (1)) {bi (Ui (1) = X ¢ (u; (1)
dt 1=

_J%ldij fJ (Uj (t — T (t)))

_J_i_lvijjtaoKij(t—s)hj(uj(s))d5+|i:|, t=t,,
1
U (€)= Py (Uy (&), U () + Gy (uy (8 =7, (8)) ),
U (=7, (1) )+, t=1t,

for i=12,---,n and k=1,2,---, where n corresponds
to the number of wunits in the neural network;
u; (t) corresponds to the state of the ith unit at timet.

The first part is the continuous part of model (1), which
describes the continuous evolution processes of the neural
network, where g i fj and hj denote the activation
functions; 7; (t) corresponds to the transmission delay
along the axon of the jth unit from the ith unit and

O<yM<g; (7 s a

a; (u; (t)) represents an amplification function at timet ;

satisfies constant);

b (u; (t)) is an appropriately behaved function at time
t such that the solutions of model (1) remain
bounded; C = (C;)p » D =(djj)p and V =(v;)

nxn

are connection matrices; K. is the delay kernel function;

ij
I, is the constant input from outside of the network. The
second part is the discrete part of model (1), which

describes that the evolution processes experience abrupt
change of state at the moments of time t, (called
impulsive moments), where
P, (U, (t7),---,u, (t7)) represents impulsive perturbations of

the ith unit at time t and uj(t’) denotes the left
limit of u;(t); o (U ((t—7(®) ) u, ((t—75, (1)) )
represents impulsive perturbations of the ith unit at time
t which caused by transmission delays; J, represents

external impulsive input at time t the fixed moments of

time t

satisfy t <t, <o,

lim,_, . t, =40

and min {tk —tkfl} > max {rij}.

2<k<o0 1<i, j<n

Remark 1. When p, (u(t"),-u,(t")=ut)

Oy (U ((t =735 () ),y u, ((E =73, (1) 1)) =0 and
Jy =0(i=12,---,n;k=12,---), model (1) turns to the
following Cohen-Grossberg neural network model without
impulses
du; (t) n
——=—a (U ()| b; (u; (1)) = X ¢;;9; (u; (1))
dt jm v

_édij fj (U (t =75 (1) @
_i L. Kjj (t=s)h; (u; (s))ds + Ii}
=1

for t>0,i=12,---,n. Note that model (2) is a general
neural network that covers some popular models such as
delayed Hopfield neural networks, delayed cellular neural
networks, delayed BAM neural networks.

For convenience, we introduce several notations.
U= (U, Uy, -, u,)" eR" denotes a column vector; |u|
denotes the

absolute-value vector given

by  Ju|=(u|.|u,|.-- Ju,)" €eR" . For  matrix
A=(a;),, €R™, |Adenotes the absolute-value matrix
given by A|:(|aij )uen 3 P(A) denotes the spectral radius

of A; |u||denotes a vector norm defined by |ju]| = max|u;] .

1<i<n

C[X,Y]denotes the space of continuous mappings from
the topological space X to the topological
space Y PC[I.R"]={p:1 >R"|p(t") =p(t) for
tel,p(t")exists fort e (t,,+x), p(t") = o(t) for all but
points t, e(t0,+oo)} \where | <R is an interval, ¢(t")

and ¢(t7) denote the left-hand limit and right-hand limit
of the scalar function ¢(t), respectively.

Throughout this paper, we make the following
assumptions:

(H1) Model (1) has at least one equilibrium point.

(H2) a(u) is a continuous function and
O<a <a() ( a is a constant) for all ueR
i=12,--,n.

(H3) There exists a positive diagonal matrix

B =diag(b;,b,,---,b,) such that b-bv)
u

>b, for all

u, veR(u=zv), i=12,---,n.
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(H4) There exist three positive diagonal matrices

G =diag(G,,G,,"--,G,) » F=diag(F,F,,---,F,) and

H =diag(H,,H,,---,H,) such that
(u)-g, f.(u)-"f.(u

Gj:SUp g](l) g]( 2) ’ Fj:SUp j( 1) J( 2)

U #U u, —u, U #U u, —u,
h.(u)—h.(u

and Hj:supM for all u=u, ,

U #U, Ul—u2

j=12,---,n.

(H5) The delay kernel K; :[0,+00) — [0,+o0) is real
valued nonnegative continuous function and satisfies
J‘OmeﬂsKij (s)ds=r,(B) , where r;(B) is continuous
functionin [0,5), 6>0,and r;(0)=1,i,j=12,--n.

(H6) There exist nonnegative matrices P, = (pi(jk))nxn '
Q = (qi(jk))nxn such that

|pik(ul"“’un)_ pi|<(V11"'an)|S z; pi(jk)|uj _Vi|’
i

|qik(ul,---,un)—qik(v1,~~,vn)|szlq;“|uj—vj|
J=

for all (u,---,u,)" €R", (v,---,v,)" €R", i=12,,n,
k=12,---.

Definition 1: The equilibrium point
u”=(u,u,,---,u)" of model (1) is said to be globally
exponentially stable if there exist constants >0 and
M >0 such that

||u(t)—u*|| <M ||¢—u* et 3)

for all t>0, where u(t) = (u,(t),u,(t),---,u,(t))" is any
solution of model (1) with initial value
u;(t, +s) =¢(s) e PC((-»,0],R), i=1,2,---,n,and
|6-u"]|=max sup | (s)-u;].
<IN 5¢(o0,0]

Definition 2[18]: A real matrix A=(a;

ij /nxn

is said to be
an M -matrix if a; <0 (i,j=32--,n, i#]j) and
successive principle minors of A are positive.

To prove our results, the following lemmas that can be
found in [18, 33] are necessary.
Lemma 1[18]: Let Q be nxn matrix with
non-positive off-diagonal elements, then Q is an

M -matrix if and only if one of the following conditions
holds.
(i) The real parts of all eigenvalues of Q are

positive.
(ii) There exists a vector £>0 suchthat £'Q>0.
When A isan M -matrix, denoting

Q(A)={éeR"|A£>0,&> 0},
we know from Lemma 1 that Q(A) is nonempty.
Lemma 2[33]: Let A be a nonnegative matrix, then A
has an nonnegative eigenvalue that is p(A) and its

eigenvectors are nonnegative.
Let

[(A) ={S eR"| A = p(A)}-
When A is an nonnegative matrix, it follows from
Lemma 2 that T'(A) is nonempty.

3. Main Results

Theorem 1: Under assumptions (H1)-(H6), the
equilibrium point of model (1) is globally exponentially
stable and the exponential convergence rate equals &—a
if the following conditions are satisfied

(i) W=B-|C|G-|D|F-|V|H isan M -matrix.

(i) A= ﬁ[l‘(Pk) NC(Q)]NQW) is nonempty.
(iii) There exists a constant ¢ such that
Ine,

<a<egk=12,--- 4
t -t
where the sequence ¢, satisfies
a, > max{l, p(R) +e” p(Q)} (®)

and the scalar ¢ >0 is determined by the inequality

¢ (aii—biJ+jZn;§j (|cij|Gj +e*

dij|Fj +|vij|rij(g)Hj)<O

(6)
foragiven £=(&.&,,+.&) €A, 7= _max {r;}.

Proof. From assumption (H1), we let u” = (u;,u;,---,u;)’
be an equilibrium point of model (1). By denoting
i () =u; (1) —ur, & (v, (1) =& (v, () +1),
b, (¥, (1) =b, (y,(®) +u) ~b(u)) ,
g;(y;®)=9;(y;©)+u)—g,(u)),
fL(y; @) = f;(y;@®+u)) - f,u)),
h; (y; () = h; (y; ©) +u}) - h; (),
B (Vo (©), Yo (1) = Py (W (O) + Uy, Y, (0) +uy)
=Py Uy Up),
G (Vo (0)+, Yo () = Gy (Y (D) + U -, y, (D) +uy)
G (U, Uy,
we can rewrite model (1) as follows:
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dy; (t)

= —3,(y,(1) [Bi (i () - Ji:lcu@ i)

- édn iy t— ®)

_ilvij [ K (t— s)ﬁj (u; (s))ds}, t# & ()
Z

yi (t) = ﬁik (yl(ti):"': yn (ti)) + qik (yl((t - Til(t))i):

Y (=7, (1) ) 1=t
for i=12,---,n, k=12,---.

Since W is an M -matrix and the set A s
nonempty, from lemma 1, there exists

E=(&.8.&) e Ac QW) such that
o+ 3 (o] C, [0, Fy [ H,) <0 =120
®

We can choose a sufficiently small positive constant
& >0 such that

< (bi _f}ri‘fi (le;| & +e*

dy|F + vy 1, (S)HJ)<O'

i=12,,n 9)
Let
X (t) =e* |y, (), i=12,n
Calculating the upper right derivative D*x;(t) of x(t)

along the solutions of (7), from the assumption (H2), (H3),
(H4) and (H5), we can get

D", (t) = " |y, (1) + £e” ™ sgn(y, (t)){

-4y, )] B,(%, 0) —écﬁ 0,(y,(®)
—Zdu Ly, (=7, @)

_Zv” [ K-y, (s))ds}}

< ge® WI i ()] + ee” {

-4y (t»{bi MO/,
_Z|dij I, |y, -2, @)

‘i|"u K, =)y, jds}}

97

= gmxi ) —-ay; (t)){ b x; (t)

8;

_g|cﬁ|<3jxj (t)—jzn;|dij|Fjeg"l“)xj (t-7; 1)
Sl -0l o |

<&y (t))Hbi —aij X (t>+g|c”|e,~xj ®
+e”§|d” |Fx, (-7, ()

P HL K E-s))x, (t)|ds}

for i=12,---,n; t_,<t<t,, k=12,--.
Leting

|¢-v’

min{¢}’

1<i<n

l, =

then we have
X (5) =& |y () <[y (5)] = | (s—t)) —u;
, —0o<s<t, i=12.--,n.
Let us prove

x®)<&l,, t,<t<t, i=42,---,n. (11)
If (11) is not true, then there exist some i and
t" e[t,,t,] such that

x(t)=&l,, D'x(t)=0 and x(t) <&l

for —o<t<t", j=12,---,n. However, from (9), (10)
and (H5), we get
DX (1) <& (y; (t*)){—(b. —aﬁjé

<p-u<ab

+g|ci,.|e £ +eﬂ§|du|p £

_Zn:Vinjﬁj (5)§j:||0
i1

<0,
and this is a contradiction. So
x®)<&ly, t,<t<t, i=42,---,n,
which is
;@< &le ™, ty <t<t, i=12--n. (12)

In the following, we will use the mathematical induction to
prove that
VO] < @ &L * Y, b <t<t, =120,

k=12, (13)
holds for «, =1.
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When k=1, from (12) we know that (13) holds.
Suppose that the inequalities

|Yi (t)| = aoal"'ak—lfiloeig(tito) v b
holds for k =1,2,---,m

From assumption (H6) and (14), the discrete part of
model (7) satisfies that

1Y ()] <[ B (), Vot
+|qim(y1((t ~ 7 () ) Yo (b = 70 (6,))))

< Z P |y, Zq“”’ Y, ((t, —7, ()]

(m) &(tn—to)
SZ pijm QO = Oy 1§ 2

<t<t,, i=12--,n

=& (tn =75 (tn)—to)
: am—lgj loe '

S(Z pi(jm)fj +eSTZHZQi(jm)6EjJa0a1 Ot gy
= =
(15)
for i=12,---,n.
From &=(&,&,,,&) €A and Lemma 2, we
knowthat £eT'(P,) and £eTI(Q,).Thus
P.&=p(R)S, Q.&=pQ,)S,

i.e.,
From (15), (16) and (4), we get

Vi) < ((Py) +€7 p(Qy)) gt -+t 1 e an
<aya,---a, a,Ele
for i=1,2,---,n. This, together with both (14) and (12),
lead to
IY; ()] < ooty - @ Elpe ™) 1=1,2,-4n
te(-ot,] (18)
ie.,
Xx@t) <o, 0,8, 1=42,---,n; te(-o,t,]1(19)
In the following, we will prove that
X@t) <o, 0,8, 1=L2,---,n; telt,,t ) (20)
holds.

If (20) is not true, then there exist some i and
t"elt,,t,,,) suchthat
(7)) =y anély, DX (t7)=0 and
X; O <o ,a,6l,
For —o<t<t™, j=1,2,---,n. However, from (9), (10)
and (H5), we get

D+Xi (tﬁ) < é-i (yi (tﬁ)) |:_[bi _aiJ éi

+jznll|cij|Gj§j +e”szn;|dij|Fj§j

+ZVin (5)5 :|aoa1 Ay 1Ol
=

<0,
which is a contradiction. This indicates that (20) holds. To
this end, by the mathematical induction, we can conclude
that (13) holds.
From (5), we have

a, < ea([k —tey) 1
It follows from (13) that
|yi (t)| < ea(ti’lu)ea(lz -t) .. ea(tk’rtk’z)é |0e*€(140)

£

gggq{f}"¢ v
£

<yl Y

1<i<n

k=12,

w(tk rtu)e*&(t %)

e (t-t0) g4 (t-to)

S atl

1<i<n

forany teft, ,.t,), k=12, thatis

(é*a)(t*tu)

[L]Ln{f }|
for t>t,, So

u@®) —u'[ <M p-u|e e
s

for t>t;, whereM = >1. This means that the

I<i<n
equilibrium point u” of model (1) is globally
exponentially stable, and the exponential convergence rate
equals & — a . The proof is completed.

Remark 2. We may choose appropriate matrices P, and
Q, in assumption (H6) to guarantee that the set A in
Theorem 1 is nonempty. In particular, when P, =p,E
and Q, =q.E (p,, g, are nonnegative constants and

E is a unit matrix), A is certainly nonempty. So, by
using Theorem 1, we can obtain the following corollary
easily.
Corollary 1: Under assumptions (H1)-(H5), the
equilibrium point of model (1) is globally exponentially
stable if the following conditions are satisfied

(i) There exist nonnegative constants p, and q,

such that
|pik(u1""un)_ pik(v 1"'Vn)| < Py |ui _Vi|
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|qik(u1""un)_Qik(V x"'Vn)| <q, |Ui _Vi|

for all (u,---,u,)" €R", (v,-Vv,) €R", i=12,-,n,
k=12,--.

(i) W=B-|C|G—-|D|F-|V|H is M -matrix.

(iii) Let o, =2 max{l p, +q,e“}. Assume that there
exists a constant « such that

Ine,
t -t

where the scalar & is determined by the inequality

£ [aﬁi—bi}jz_;cfj (|(:ij|Gj +e
foragiven &=(&,&,, &) eQW).

Proof. Noticing condition (i) is a special case of (H6) with
P =pE and Q =q,E, we know that (H6) is satisfied.

It can be easily computed that
A=N[C(R)NT(Q)]NQW) =QW) . From condition
k=1

(ii), we know that Q(W) is nonempty, and therefore the

condition (ii) of Theorem 1 is satisfied. By using
Theorem 1 we can deduce the conclusion, and the proof is
complete.

From Theorem 1 of [18] and Corollary 1 of this paper,
we can prove the following result. For simplicity of the
presentation, the proof is skipped.

Corollary 2: Under assumptions (H2)-(H5), model (2) has
a unique equilibrium point, which is globally
exponentially stable if W =B—|C|G—|D|F-V|H isan
M -matrix.

Remark 3. In [2-16], [19, 20, 21, 23, 25, 26], the
amplification  functions were required to satisfy
O<a <au)<a <+w for all ueR, i=12,---,n. It
is worth pointing out, in our paper, the upper bound
constraint on the amplification functions is no longer
needed. In addition, assumption (H3) on the behaved
functions in our results is the same as that in [5, 8, 18], and
the condition for differentiability imposed on behaved
functions in [2-4], [6], [7], [9-11] is removed in our results.
Remark 4. Corollary 2 of this paper shows that there is a
unique equilibrium point u” of the continuous part of the
system (1) under assumptions (H2)-(H5). In many cases,
u” may not be a solution of the discrete part of the system
(1) without the external impulsive input. In other words,
the entire system (1) may have no equilibrium point. In
order to guarantee that the entire system (1) has an
equilibrium point, as in [33], we can introduce the external
impulsive input J, so that u” is also an equilibrium
point of the discrete part of the system (1).

<a<e k=12,

dij|Fj +|vij|rij(g)Hj)<0

4. Example

Example 1. Consider the following model

%= ~(2+ cost, ) [L1u, () — f(L @)+ T, (U, 1)

—0,(u(t-r) -2[ K, t-s)h(s)ds
+J‘;K12(t—s)hz(s)ds—1l] t>0,t2t,,

d“_ozlt(t) = —(3-sinu, (1) [120, (1) + 2f, (U, (1))

=29, (u, (t—7(t))) =39, (u, (t— (1)) (30)
-1 Kut-9)h(s)ds
<2[' Ky (t-9)h,(s)ds— 23] t>0t=t,

u, (t) = 0.2e*%u, (t7) — 0.16*®u, (t7)
+0.4e°% U, ((t—7(t)) ) +1-0.4e°%, t=t,

u, (t) = —0.4e°® u, (t7) + 0.2 u, (t)
-0.4e"%*u, ((t—7(t))") +2-0.8e*®, t=t,,
where gl(x) = gz(x) = fl(x) = fz(x) = hl(x) = hz(x) =X,
K, (X) = K, (X) = K, (X) =K,, (x) =te™! ,
z(t) =|cost|+0.1, t, =0, t =t +05k, k=12
One can verify that the point (1,2)" is an equilibrium
point of model (30), and model (30) satisfies assumptions

. 11 0
(H2)-(H6) with a =1, a,=2 , B_[O 12},

1 -1 1 0 2 -1
C = y D = ’ V = ’
LR G AP
10 2
F-G=H-= , P =0.1e"% ,
01 4 2

10
Q, = 0.4¢°% {o 1}’ r=11.

It can be easily checked that

[E

7 -2
W=B-|C|F -|D|G-|V|H =( ]
-3 5

p(R)=pQ)= 0.4e%*
Therefore, T'(R)={(z.2,)" |z,=2z} , T(@Q)=R",

QW) ={(z,2,)" |0.6, <7, <352,2>0,2, >0} , 50

is an M -matrix, and

A={(z,2,)" |2, =22,2,>0,2,>0} is nonempty. Let

£=12" €A and £=0.2164 so that the following
inequalities
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;(aii_q};gj (]G, +e 6|, +]iy |y )M, ) <0
hold for i,j=12. Taking a, =€, a=01, we
know that the inequalities
o, > max {1,046 +0.4°™ e} | k=12,

and

Ing,  Ine®™

t.—t_, 05k
are satisfied. Clearly, all conditions of Theorem 1 are
satisfied. From Theorem 1, we know that the unique
equilibrium point (1,2)" of model (30) is globally
exponentially stable, and the exponential convergence rate
equals 0.1164. The global exponential stability of
equilibrium point (1,2)" of model (30) is further verified
by the simulation given in Figure 1, where the initial state
is taken as u,(s)=2-sin(3s) , u,(s)=-1+cos(4s) ,
s e (—x,0].

<a<e, k=12,---,

—ul
— u2

2 4

-3 L L L L I I
0 5 10 15 20 25 30

t
Fig. 1 Quantization procedure for measurement of noise level fluctuation.

5. Conclusion

In this paper, the problem on exponential stability has been
investigated for a class of impulsive Cohen-Grossberg
neural networks with both the time-varying and distributed
delays. Several sufficient conditions for checking the
global exponential stability of equilibrium point have been
established by using the M-matrix theory and analytic
methods. Moreover, the exponential convergence rate
index has been estimated, which depends on the system
parameters. The proposed results have generalized some
recently known ones in the literature, and removed some
restrictions on the neural networks. An example with
simulation has been given to show the effectiveness of the
obtained results.
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