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1, Introduction

Lindenmayer systems or shortly L-systems were introduced by Linden-
mayer, [59] and [60], for describing the development of filamentous or-
ganisms. Because of this biological origin one interesting aspect in
the study of deterministic L-systems is the theory of growth functions.
It is known, [75] and [104], that if a DOL-system grows faster than any
polynomial it grows exponentially. In [50] there is an example which
shows that the same does not hold for D2L-systems. Here we deal with
this example shortly.

Functions f(n)=k" and g(n):nk, where k is a natural number, are
DOL growth functions. The inverse functions of these, i.e., logarithm
functions and fractional powers, are D2L growth functions, cf. [104],
but they are not DOL growth functions. So after we have established the
existence of a D2L-system with the growth type 2%, a natural question
arises: is there any context-dependent DL-system such that its growth
function lies between logarithm functions and fractional powers? In Sec~
tion 4 of this paper we shall give a positive answer to this question.

For more backround material concerning growth functions the reader

is referred to [75], [104] and [116].
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2, Preliminaries

We use standard formal language notations, c¢f. [102]. Here we de-
fine only growth types of deterministic L-systems. We say that the
growth in a DL-system with the growth function f(n) is exponential or
type 3 iff there exist n, and a constant t > 1 such that

f(n) » for myn .
Iff there are polynomials pq(n) and pz(n} {with positive rational
coefficients) such that f(n) satisfies the condition

p,(n) < £(n) < py(n)

we say that the growth is polynomial or type 2. In the case, where the

empty word does not beleng to the sequence and the growth function is
bounded by a constant, we say that the growth is of type 1. Iff the
growth function becomes ultimately O we say that the growth is of
type O.

This classification is exhaustive for DOL-systems, cf. [104]. The
same does not hold for context-dependent DL-systems. As we mentioned,
logarithm functions and fractional powers, which lie between growth
types 1 and 2, are D2L growth functions., We say that this kind of
growth is of type 1%. Furthermore we say that the growth is of type 2%
iff the growth function is neither bounded by a polymomial nor of

type 3.

%, Growth type 2%

In this section we give an example of a PD2L~-system with the
growth type 2%. First we informally describe the development of our or-
ganism.

At certain intervals our organism is of the form (gak}mg. Thus,
consider the word gakg. The letter g is called a node. These nodes al-

ways send messengers b and B to the right and to the left, respectively.
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At the same time g changes to an inactive form g (which does not send
any messengers). While moving on, messengers b and b duplicate every
letter. When b and b meet, they create a new node which is in the in-
active form. Furthermore, b and b disappear and new messengers f and ¥
are born. They travel to the right and to the left, respectively.

At the beginning, g sends to the right also another messenger
(letters c and d). This messenger travels at the rate which is only
half of the rates of the other messengers. When this messenger and T
meet, this slow messenger changes to the messenger f. Now we have three
messengers travelling on. Moreover, these are synchronized in the sense
that they reach each an inactive node simultaneously. When this hap-
pens, they disappear and transform the nodes to the active form g.

During this process, we increase the number of a’s between letters

k+1gak+1g , i.e.,

g by one. So the word gakg has changed to the form ga
it has essentially duplicated. Note that the time in which the organism
duplicates its length increases linearly.

The development, described above, can be obtained as follows. Con-

sider a PD2L-system with the following productions:

838 5 Ba ,
822 5 ab s
baa
aaE
baE
dax - C if x=a or x=b,

faX for all x,

£
Xaf -» 7 for all x,

aae -

[}
-

e.a , ¢
-

hpa g,
a2, 4,

ab 75,



~

Xd

Above o« is the input from the environment. To simplify the
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d if x#a or y4f,

a if x#a or y4%,

a for all x and vy,
a for all x and vy,
f,

a if x4d or ya,

gd ,
ag ,
agd ,
h for all x,
h for all x,

g for all x,
g for all x,

x otherwise.

growth

function we use two kinds of nodes, g and h. The details of the fol-

lowing are in [50]. If we take g
then after 3n2 steps, where n2>3, the organism is of the form

n-3
(haZn—1)2 L h

4

So the growth fumction f{n) satisfies the condition

£(3n2) = 2n 227794 4

s 2 3 .

a'g to the 19th word of our system,

From this we obtain easily, because our system is \~free, the result
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that there exists n, such that

2J5.5 f(n) € (ngsJE- ,n2n

So our system is indeed of the growth type 2%.

o

4, Growth between logarithm functions and fractional powers

In this section we show, how we can obtain PD1L growth functions
which lie between logarithm functions and fractional powers. Particu-
larly, we show that there is a PD1lL-system such that its growth func-
tion is asymptotically equal to the function (210g n )2. The develop-
ment of our organism can be described as follows,

The organism consists of two parts. The left one is called the
growing part and the right one is called the control part. The growing
part is a DL-system, and it determines essentially the length of the
organism. The purpose of the control part is to tell to the growing
part when it has to take one step. This can be accomplished by means
of a messenger which is sent at certain intervals by the control part
and which travels through the growing part.

In the next example the control part will be a PDil-system with
the growth function asymptotically equal to the function 210g n , Fur-
thermore, the growing part will be a PDOL-system which grows asympto-
tically like the function n2. So it is needed 2" steps to change the

2

length of the organism from n“ to (n+1)2.

Now we go to the formal example. Let H be the following PDOL~-
system
H = ({a,b,c}, v, = cc, {a>a, b~-»ba, c = chal).
(Note that we have not specified the axiom vo). Using the methods of
[98], one can easily see that the growth function g(n) of this system
satisfies the equation
g(n) = (@+1)? = (n+1) ,n> 1.

This will be the growing part of our system.
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Now we define the whole system G, The alphabet V is
V= {e0,1,8 UV, U7V, ,
where V, = {a,b,c} and 71 = {a&,b,c,8}. The input from the environ-
ment iz g. The axiom is not specified, but w3 is the word cceO, The

productions are as follows:

¥ - a for all xeV,

5% » ba  for all xeV,

g% » cba for all xeV,
8%+ e  for all xeV,
&S » 50 ,

x = % for all x€V, and §GV1,

nn W

%7 x otherwise.

Assertion 1. Let P be an arbitrary word over V. Then for all
i 2> 1, the following two conditicns hold
. i .
(1) po1t =27 pr43*T gng

k

(11) if Po1t =¥ P'xQ , where k < 2%, XeV and 1g(Q) = i , then

X differs from the letter S.

Proof. Because the productions for the letters S, 0 and 1 are
length preserving, the word P above derives exactly the word P’ in
both cases. Moreover, the rewriting of our system depends only on the
right neighbour of a letter. Thus, we may assume that P and P~ are
empty words.

Consider the derivations
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01 = 08 =11,
011 = 018 = 081 = 108 = 111 and
0111 = 0118 = 0131 = 0305 = 1011 = 1018 = 1051 = 1108 = 1111

So the Assertion is true if 1< 3.

Assume now that the Assertion is true for every k £ i-1 , where
i > 3 . Consider now the derivation starting from the word O1i. Let 3
be the least natural number such that i+1 ¢ 29. Then clearly
3¢ 3 & i-1, After i+1 steps the word O’li has changed to the form 10R.
So by the induction hypothesis, the considered derivation begins as

follows:
01141111

011 %1145
011‘41131
011-*1s0s

011“45011

2

_________ 25 4+ ...+ 23-1 steps

_______ 23 4 L4212 steps

Note that during this part of the derivation the leftmost symbol dif=-
fers from S. During the next 21'1 steps the second letter from the left

differs from S by induction hypothesis. So the leftmost symbol differs

i-1

from 1. Furthermore, the word 01 changes to the word 1t

Thus, the word 01" has changed in

141424 ... #2720t

steps to the word 1i+1, and in every stage the leftmost symbol differs

from S. So we have proved Assertion 1.

Assertion 2. For all i > 1 , the following is true
i 21+1

(1) o1t = o1t

and

(11) if e1t =¥ rg , where k < oM ang E¢{e,e}, then E =&
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if and only if k =1+ 1 .

Proof. One can easily see that the Assertion is true if i ¢ 3 .
If i > 3 , the derivation starting from the word e1t begins as fol=~

lows.

e11%1111 = 134118 = 111181 = 1141508 = e1i 45011 .

Now S is travelling on to the left., At each step it changes to 0 and
the next 1 changes to S. When S meets e, it disappears and e changes
to the word 0. At the next step this bar disappears.

By Assertion 1, the {(i+1)st letter from the right differs from S
during the first

14142+ 0., + 28 203

steps. Thus, by Assertion 1, the word e1i changes in Zi+1 steps to the

word e1i+1. Clearly, the claim (ii) is also true.

Let E(H) and E(G) be the sequences generated by H and G, respec-
tively. Denote

E(H)

E(G)

it

Vos Vq = CCyp Vosees

B

Wor Wys Wo, w3 = cce0, Wyseeo
The whole derivation according te G is as follows:

ccel

i

WB

Wy, ccel

#

cced
cced
cce0S
w, = cchael
cbacbae18
cbacbaeS1
cbacbasC0S
cbachae011
cbacbae01s
cbatbaae0S1
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cbacbabaae108
Wig = cbacbabaae111
cbhaacbabaae11S
v3e181
w32 = vee €1111
V4e111S
Wgn = v5e11111
i
W21+1 = v,el
The word v:.L_,‘e’li"1 changes in (i+1) + 1g(vi_1) steps to the word

v4EP, where Ee{e,e}. Thus, it follows from the fact
2l > (i+1) + (4%-1) , 15

that the general formula for w is indeed as above,

2i+1

If f(n) is the growth function of our system, then
2y = (141)2 , 1> 5.

l+1’21+2]'

Assume nel2 Then, because our system is A-free, the following

approximations are true for n > 32
£(n) < £(2¥2) = (1+2)2 ¢ (Plog(n) + 1)° and
£(n) > 2211 = (1+1)% > (Prog(n) - 1)2 .

Thus, the function f(n) is asymptotically equal to the function
(2

log n )2.

We can generalize the above example as follows. Let p and r be
natural numbers. The function (n+1)T-(n+1) is a PDOL growth function,
¢f. [111]. Moreover, there exists a PD1L-system with the growth func-
tion asymptotically equal to the function plog n (P. Vitdnyi, personal
communication). So the above construction gives us a PD1L-system with

the growth function asymptotically egual to the function (Plog n )¥.



