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1. Introduction

The concept of fuzzy sets defined by Zadeh 1)gives an important mathematical clue
for an approach to studies of systems with no sharp boundaries. Lately, the fuzzy integ-
ralz)based on the fuzzy set theory has been proposed and applied to the measurement of
fuzzy objects, especially, pattern recognitionms.

We consider the fuzzy integral is also available to be applied to the evaluation
of fuzzy systems, because the fuzzy measure in the fuzzy integral will be regarded as
a preference measure of evaluation and the fuzzy integral will represent a conflicting
process between the preference measure and the evaluated object. When we consider the
evaluation problem of complex systems composed of several subsystems, especially human-
istic type ones, it is very difficult to set up the utility model of overall system.
Because, in general, the human preference has a hierarchical, strongly nonlinear and
qualitative property. For such a case, we propose an utility model of evaluation by
applying a fuzzy multiple integral. In this model the preference measure for the overall
system is given by a composition of the subsystems' measure?J

Applying the proposed method to a practical cases, the preference measure has to
be determined by experiment. To realize such a process, we introduce a fuzzy distribution
function and give an algorithm to calculate the measure. Further, we introduce a fuzzy
correlation among subsystems in order that the fuzzy measure will be identified effect-
ively by experimental data.

The proposed method is successfully applied to the subjective evaluation of a

class of figures' largeness.

2. Evaluation of complex systems by fuzzy multiple integral

At first, we shall consider an evaluation of simple system composed of one sub-
system as a preliminarv for the evaluation of complex system.

The proposed model of evaluation is based on the fuzzy integral, where the fuzzy
measure g is considered as a measuring scale of preference, The fuzzy measure g is given
on a family of subsets 2 with respect to X as follows:

0<gX) <1, x'e2® )
XX X > g(X') < g(Xm) @

where the system X is a finite set.
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Now, let h(Xx) be a membership function with respect to the object of evaluation. Then
the fuzzy integral is defined by

£ Reg(+) = Vi [ hix)Ag(X,) ] 3)
where X={x1,x2,-—--,xN}, Xi={x1,x2,----,xi}.
The fuzzy integral will represent a conflicting process between the preference measure
and the evaluated object. The fuzzy measure g is called, hereafter, the preference mea-
sure of evaluation. Therefore, if the fuzzy measure gcxi) is given for any subset of
2X, the fuzzy integral (3) can be calculated. In order to simplify the successive dis-
cussion, we assume that the rule for the generation of subsets with respect to the mea-
sure is defined as follows:

g) (X'UX")=g, (X')+g, (X" +)g, (X') gy (X'1) Sl (8)
On the basis of the above mentioned results, we consider the evaluation of complex sys-
tem Z composed of two subsystems X and Y. When the fuzzy measure for the subsystems X
and Y are expressed by 8x and Zys respectively, we will consider a product measure gy
in the product space XxY., Let H be a family of subsets in Z, then H is expressed the
following form,

HUY_ XY, ] )
where {Xi},{Yi} are monotone increasing sequences formed by Xi = {xl,x2,~~-—,xi }s
Y, = {yl,yz,--i-,yi} ., respectively.
The product measure gy with respect to H is described as follows:

g, () = V}_) [, (X,)hg, (¥,)] ®)
Hence, the double integral with respect to the two variables function h(z)=h(x,y) is
defined as follows:

VL VE hixgy, hgy (%) Mgy (Y )1 )

(=V[V{h(xi,yj)AgY(Yj)}AgX(Xi)]) , where 0 < h < 1.
The equality in (7) is held when h(z)is fuzzy measurable with respect to the monotone
family HerZ. Thus, if the evaluation of overall system is given by the fuzzy double
integral and if we apply such a method to the practical problems, the preference measure
has to be identified. In order to realize the process, it is necessary to obtain the
fuzzy distribution function and the fuzzy frequency function of each subsystem, respect-
ively, given by the experiment.

Here we call the function F defined by the following equation the fuzzy distribution

function. F(Z,) = VN_ [F, (X.)AF, (Y,)1 8)
i i=1V X1y

The function FX and FY are, respectively, defined on the monotone sequence sets {Xi}
and {Yi}’ and these functions have the following several properties.

0 <P (X)) <1, i=1,2,--=-,N (9)

FOG) S By (X) L i<k (10)

Fe(X) =1 iy
where X; = {x;,x,,~---,x;}, and Yo = {ypuyos - yer i}

FY has also the same proverties as FX’ but the inequality sign is converse of (10),



123

and then FY(Y1)=1. Hence, if the fuzzy distribution function is determined in each sub-
system, the distribution function of overall system can be determined.
On the other hand, when the rule (4) is applied to the functions g and g,e respectively
, the fuzzy frequency functions can be expressed by
= F, (), gi = (Fy (4,)-Fy (X)) / (1+AF, (X))
- = Fy(X))-Fg(X; 1)/ (eAFy (X 1)) (12)
g = Fy()), g5 = (Fy(Y))-Fy(¥,))/ (1A Fu (N,
------------- 18y = (Fy(Y, )-Fy(Y))/ (LeAFL(Y)) (13)
where -1 < XX’AY < oo,
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In consequence, we define g=g,*g, on the set S(Z}=U§31(Xiin) composed of the monotone

sequences of subsets in the system Z, and we define (14) as the fuzzy product frequency
function. .

g(5(2)) = V§_ eihg as)
Therefore, if the fuzzy distribution function of each subsystem can be given by using
the experimental data, the fuzzv distribution function and the fuzzy frequency function
of overall system can be, respectively, determined by equations (8),(12),(13) and (14).

3. Fuzzy correlation

We introduce a fuzzy correlation among subsystems in order that the fuzzy mea-
sure will be identified effectively by experimental data. We define the fuzzy correla-
tion Tyy between the subsystems X and Y as well as it in the sense of statistics.

Nyy = Txy/ExSy (15)
where Cyy CX and CY are the fuzzy covariance and the fuzzy variances, respectively,

and are represented as follows:

oy = Vi 0 ) gy () 16)
fy = Vi Oty “gghey () a”n
g™ Vi Vi (O O b8 (R Y e 0 ))Mgy (1)) 018)
By = V.=1Xiglﬁgx{xi} (19)
My = Vi Ysgphey () (20

The fuzzy correlation Nyy shows the degree of connection among subsystems X and Y in
fuzzifical sense. The range of its value is anyl < 1. In particular, if ny, equals

to zero, the subsystem X is sufficiently independent from Y. Therefore, both of the
fuzzy distribution function and the fuzzy frequency function of overall system can be,
respectively, formulated by the product of isolated ones with respect to the subsystems
X and Y. Then, the evaluation of overall system is given by the product of the respec-

tive fuzzy integral for the subsystems X and Y.

4. Numerical example

We will consider the length and extent of figures as the object of evaluation.
We synthesize a mathematical model of the subjective evaluation as is shown in Fig.l.
The proposed method will be inspected by experiments in the following section.
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4.1 Construction of subjective evaluation

- w
|0bilcfs of Evnlun!lon_] External mchumlmA for €n

Subjective Evaluation y
& {Fuzzy Mechanism) v

The model of subjective eva-

luation is shown in Fig.l.

The p and P are stimulus variables
from the object of evaluation and 1 i ) EXAMINER

are input variables to the external E?f:] 0 EXAMINEE
ml

and internal mechanisms, respecti- I i
-~ ~ Internal Mechanism y
vely. The Il and I convert p and P = fer
A x T {Subjective Evaluation

to the inner evaluation x" and %,
respectively. That is FIG. 1 Construction of Subjective Evaluation
H:p+xi ‘I\f:’ﬁ'—*?{ 21

The yi is an integrated inner evaluation which can be determined by means of the inter-
nal mechanism. The 0 and O are the ihterfaces so as to replace the inner evaluation
with numerical value. And sense and ability of examinee with respect to number are also
involved in it. The w is an outer evaluation computed by the external mechanism. The yo
is the outer evaluation obtained through the interface 0.

The path [ > 1 > Tl » V shows the process of internal evaluation and the path
[+ W'+ + U shows the process of external evaluation, The e is a deviation of w and
yo. In the external mechanism, we explain the fuzzy mechanism for the external evalua-
tion in order to obtain the value of evaluation w.

The fuzzy mechanism is depicted in Fig.J.

(P1) ~hPT) Ag(PY) .
Mm ——»m)/\q(ﬁ (P

g B(P2] IMox 8—1->W
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4.2 Computational algorithm

In this section, we attempt to show a computati-
B(Ph)

MPn)w*MPn)Ag(Pn

onal algorithm to calculate the fuzzy measure from exp-

erimental data. The algorithm will be easily obtained FIG. I FUZZY MECHANISM

with reference to Fig Bl as follows:

STEP 1 Formulate the membership function h(pi) for the objects of evaluation and rear-
range the elements h(pi):i=1,2,-———,n according to the ordering of largeness as shown
in FigX.

STEP 2 Calculate the fuzzy distribution and frequency functions according to (8),(12)
»(13) and (14), respectively, from experimental data.

STEP 3 According to (4), determine the fuzzy preference measure using the fuzzy frequ-
ency function.

STEP 4 Compute the value of evaluation w by means of the fuzzy mechanism.

STEP 5 Determine an optimal A so that the deviation €, is minimized.

4.3 Formulation of the membership function with respect to shape and color

We consider shapes and colors as attributes standing for length and extent of
figures. The attribute of shape consists of the ratio of length and breadth, the ratio
of the shortest and the longest length and the length of circuit etc., and the attribute

of color consists of brightness, chroma and hue. We define the composed objective mem-
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bership functions of length and extent, respectively, subject to these attributes.
Shape : X=(X1,X2,X3,x4)=(the longest length, ratio of length and breadth, length of a
circuit, ratio of the shortest length and the longest length)

Color : Y=(Y1,YZ,Y3)=(brightness, chroma, hue)

Z = (st) = (21’22923924925526327)
A) Membership function of length or extent with respect to shape and color
h1 P ZyXZyXemme X2+ [0,1] (22}
The h1 is the membership function for the length or extent of figure.
B) Membership function of length with respect to shape
hy @ XX [0,1] (23)
C) Membership function of length with respect to color
h3 : leszY3+ {6,1] (24)

We know that the color does not almost give an effect to the membership of length in
general. ’

D) Membership function of extent with respect to shape

‘h4 ¢ XXX, > [0,1] (25)

E) Membership function of extent with respect to color
h5 : Y1><Y2><Y3 + [0,1] (26)

F) Membership function of length and extent with respect to shape and color
h6 : hZth + [0,1] h7 : h4Xh5 + [0,1] (27)

In practice, the proposed formulations of membership functions are, respectively, given

by the followings:

At} h1=2§=lMi/K The M, is a membership function corresponding to the fractionized
part of shape.
B') h2=1/(1+a)'(hi+hj)—0.05 ,where 0.1<0<1.0 and hi and hj are the membership fun-

ctions for the longest length of figure and the ratio of length and breadth, respecti-
vely, and hi=10g X, hj=1og y.

C') The membership function of length with respect to color is constant, that is h3=0.5
D') h4=oahi+8hj , (o+B=1), where h.1 is membership function of length of circuit and hj
is the membership function of the ratio of the shortest length and the longest length.
Further, o and $ are constant scalars, respectively.

E'} h5=uhi+8hj+yhk+c, (a+B+y=1), where a,f and y are constant scalars, respectively
and hi’ hj and hk are the membership functions for brightness,chroma and hue, respecti-
vely.

Hence, the objective membership functions of length and extent can be composed by the
above described membership functions. According to the above formulation, the objective
memberships are obtained as shown in Tables 1,2,3 and 4. Further, on the basis of these
results, the composed objective memberships with respect to shape and color are given
by Tables 5 and 6.
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INO[Shape [M.F FJO Color NO.| Shape | M.F. NG.| Colar MF.

1] X |os6 |1 Black | 11 O Joz8 1 | Red 064

2/ 2 |oe4 2 | Brown 2| A |oas 2 |orange | 069

3|~ 08! 3 | Red 3| NS |o78 3 | Yeitow Orange) 0.71

4 2 09 4 | Purple s | [ 049 4 [Yellow | 0.90

5 A 1096 5 Yeliow | 5 <> 056 5 | Yellow Green | 0.75
6~/ 1092 6 [ Orange

s (> o8 6 | Green 054
7] < (083 7 | Blue

s 1A, 095 8 Toreen 712X 058 7 | Green Blue | 0.52

9 i 050 - 8 | <> o5 8 | Blue Green | 043

10| A/_losi T’:",“’Z'm"m,m ship f';“gar s | [ o7 9 |Blue 046

B e hoe 10 ] ‘070 10| Bise Purple | 027

Table 1. Meabership function ~ Bosic Coler = NO. 1] L1 Joar PP T 230

of length with respect 1o shape. b L4 :
Basic Shape : NO.9 Table 3. Mexbership function of 12 | Red Purple | 0.31
extent with respect fo shape. Tabled. Masbership function of

Basic Shape : NO. 11 extent with respect to color

Basic Color : NO. 7

W MF 1]2]s]a]sle][7]8]910]1n]i2 NO.| Shape | Color NO.| Shape| Calor
110.58 1 o«o.wolgss laxtloat0aclozs osrioerinzsiazs 1050 |0.50 1040050
2057 2 1054 56057 TP i 37037 2 10.6010.50 2 10.860/040
3l06s 3_loriraoreossores 3 [030l050 3 0,70 |0.50
40072 4 pselsl 137/0.390.39) 4 10.30,0.50 4 10.50 Q40
: 5 _lsopezos. 41043043 5 | 0.70 | 0.50 5 10.60 040
510.73 s 77 7 6 060 0.50 6 | 050 050
6,0.71 7 s 7 0401050 7 |0.6C 10,50
7,056 8 los70sops 8 070,050 8 1050 {060
8,072 9 prioT30N 9 050 9 10.600.70
8050 10 bstoeve 10 1060 10 10.70 | 0.60
10,0.55 11 450,37 3 Table 7. Results of on 11 1050 070
Table 5. Composed  Table 6. Composed membership function of extent. experiment for length 12 ;070
membership function of with respect t0 ShABE 1o Results of an experiment
fength with respect to shaps and color. and color. for extent with respact % shape aod color.

On the other hand, in order to identify the preference measure of evaluation, we had
an experiment such that examinees evaluate the length and extent of figures. As the
results of experiment, we have obtained the values of evaluation with respect to shape
and color as shown in Tables 7 and 8.

According to the computational algorithm described in section 4.2, an optimal A for

the preference measure is given by Table 9.

In order to inspect an advantage of the prop-

o
osed method, the evaluation of figures is executed Length { Shape) 0\21 o.):so _0:,8
by using the calculated measure. The comparison of LengthiShapeke] 057 | 060 | -0.20
computed results and experimental results is shown by |Exfent{ShapeColod 045 | 040 | 1.00
Table 10. It shows that a good consistency is held Table 9. Exomple of optimal
within the limit of this problem. -

5. Conclusion Extent | W ¥ £

Figuret| 0.565 | 0.500 | 0.065
Figure2| 0.505 : 0.600 | 0.095

We have proposed a mathematical model of subjective

evaluation on the basis of fuzzy integral. In particular, Table 10. Gomparison of a computed

we have developed the evaluating method of complex systems result and an experimental result,

composed of several subsystems by vintue of fuzzy multiple integral.
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Furthermore, for the sake of idemtifying the preference measure, that is fuzzy measure
, effectively, we have introduced the fuzzy correlation.

In order to show how the proposed method works, an example of the subjective eva-
luation for a class of figures has been illustrated and the consistency of experimental
values and computed values has been successfully obtained as shown in Table 10.

Applications to the marginal evaluation problem to meet specification will be a
future extension of this approach.
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