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Of obvious interest for practical sapplications is the investiga-
tion of the problems, where the process conbrol is realized by mesans
of the parsmebers effecting the plant both at the boundary and abt ivs
given points which do not belong to the boundary [1].In this connection
we consider below an ¢ptimal control problem of heab transmission
process in a uniform thin bar of a finsl length.Control is realized by
means of a boundary and point paramebters.We have found necessary and
sufficient optimality condition,which makes possible to write down
Fredholm’s linear integral equations system of the second order relative
to the desired conbrols.It is proved theat this sysbem has a unigue
solution whose determimatbion is brought to the investigation of the
infinite system of linear algebraic equations.We study the question of
finding an approximate solution for the problem under consideration and
we give Ghe estimates of the errors sdmissible in this case.

Setting of the problem. Ophimality condibtion

Let function u(z‘,m),characterizing the controllable plant condi-
tion in the domain &= [0<x <f, U‘fér}satisfy the equabion

- 9
Ug -y, =pf)d(z - 2, )
while st the boundary 0 let it sabisfy additional conditions

ull,x) = 4 (t0)=0, yft, f)=dlglt)-ut1)], o =const>o2
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where p{f):{g/{ ), At )} is controlling vector-function from the space
(0,7 with the norm

T 1/
(Sl -pi]at) <,

and .Tlé /0,/) is the control action g/f)point of application.

In the following each function p(é}ezf(ﬁ,f )will be called an
admissible control.

With the fixed admissible control p‘-'p/f) there exists the
unique generalized sclubion u(z‘,x ) Ei/iég‘ff:w of the boundary problem
(1)-(2) which sabisfies the identity

‘S;lu(f,,x) b, x)dx - f; [u - u, @, Jdzdt +o(f;2//f,//¢/z‘, /)dt =

=£?@(f/¢(f,x’/ cdp )R I)dE Vot z)eW ), Y={ocnel 04t

Here f, is an arbitrarily fixed time moment from /0, T).*I‘his solubion
is determined by fomula[;z_]

0 ¢ 2.
uft,z) = mz‘_;@ci"xsg[fl(z*)aas/?”xuozpz(r)mﬂﬂ]e’z”ﬂ' .,

where {z?a.s’,/?”cc ] ' /?n s CJ,, are proper functions,values and normalizing
multiplier of the boundary problem associabed with (I)-(2).

We have to find such admissible comtrol p°(f) ,which together
with the corresponding generslized solution U"( £,2) of problem (I)-(2)

gives the least possible value to the functional
S = Tu17.2) - yw] B A e g1, promstoa o

where U[X) is the given function from LZ(O,/).The control minimizing
S we shall call optimal.

The exisience of the unique control optimal on § follows from
J.L.Lions” [I]results.@herefore we limit ourselves by its direct
estimation.For this purpose we write out optimality conditions.

Theorem J.In order to mske admissible control po{” optimeal by
S it is necessary and sufficient to fulfil the condition

Hlv(ta'), v (¢.1),p°E) (=) %fp//(zr/f,:c N, U(tA)p), (5)
At z'), (k1) p) = Ttz )p+ L VIL1)g - Bloi+4°)

Symbol (=) denotes equality which holds good
while the function ?)'(f,l') belongs to the space Wz

where

most everywhere
I’?%O) snd satisfies
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the correlations

$ley -y g)drat -a fownewne: v eew ),

f@rﬂﬁgl{zfﬁ,x) +2fult,x) - ua(a:)]ﬁix =0,

Such function as well ag in the case of boundary problem (I)-(2),
exists and in a unique way is determined by the formula

o0
U/ﬁz/=22£%/2”£{ f[ﬁ(z')aosﬁa: +a’p/z/m.cf?]e” dr]e (6)

where U are Fourier ‘s coefficients of function u(x) by the system

oosixg
{ ovided that there exists a generalized solution of the boundary
problem (I)-(2) and the function U(f,z)€ W”(O) theorem 1 may be
proved by calculating the augmentation of functional S [2]

Since different vector-functions from 1,2/0 T) are admissible
controls,then condition (5) enables us to determine the optimal control
by correlations

p m'Zﬁ vit,z"), g”ﬁ‘)j% it A). (7

Note 1.7+ In a similar way may be studied the cases of problems
with linear boundary conditions which differ from (2).

Note 1.2. No principal difficulty 1s caused by the investigation
of the case when any finite number of point parameters participate in
the process control.In this case correlations (7) are supplemented with
ones analogous to the first one from (7).

Optimal control estimabion

Here holds good the following
Theorem 2. Optimal control p[{/ {ﬂ /z‘) p{f } is the unique

solution of the integral equations system

o) f/\’/z.‘ ) p)de = Fit), (8)

where /{/zf T ,lismatr:.x nucleus with elements /f {f r ) :

Aiesr-27) 1, 41 +T- 27’)

o0
K, =ﬂ__Za Leosq x' y Ky=Ky= a(Z . }40084,0054,% e

(ter-27)

o T A R
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o0 2 00 2/
5/1(/=7;/—;U,,"aaszﬂx’e’3 T g/f)=—%—,§ %"aasjgﬁgin/f 7)

Demonstration. By considering (6) (at P:Fafz‘) ) end (7),we make
sure that the optimal control satisfies system (8). Since [JAJ/<o0
//F/ <00 and (K v, 99)2 % ,then according to the integral equations
theory,there exists the unigque solubion for system (8).

In order to find the optimal control p”(f ) we write down system
(8) in the form

= - a Ple)
g =S Reosiz et ) pp-aipaege -

where
T 107 0y ARET) T 0y AT
B=hly'e, -cosjaf p)e™ at ~dloosi{ ke dt]
By substituting (9) into (8) and comsidering the linear

2
independence of the aggregate EQ,GJZH {f -7) we make sure that IQ,;
satisfies the sysbem of linear algebraic equatlions

o0
@,v‘;/gwﬁﬁgﬂ, n=ag1, .., (10)
h
W;re= 2o _//_g-/,z;+,z,f)77 a =4 (cosiz'cosd z'+deos i cos A )
nK /2;4‘.2/‘2 » n/o( %003 0.2? 0. b 7 R
b =46

Bquabions sysbem (10) hasnthe unique solubtion with a boundary
property in /Z .
Thus,optimal control has the form (9),where Rﬂ is determined
in the unique way from system (10).
Assuming in (3) that p:p"[f) ,we have
o0

o0
ul,x) =2 y(Meoste,  yir)=pl K Ay. (11

Considering (10) and (11) for finding § we obbtain the formula

oa 2 2
o g —
$t67= Sl T+ [y- 4,y mf=lu )] - (ofr.z). o).
Note 2.1. Analogous results can be obtained when investigabing
the case when a finite number of pointed parameters participate in the
control (see note 1.2+). Here the order of system (8) augments bubt the
properties of nucleous /\’/f,x) and function F(H remgin unchanged.

*) Here and in the following sbabement // // and (*, * ) there is a
norm and scale product in the space ,_/Jz 5,7' .
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Approximate optimal control esbimation

It is nabural that for algebraic equations system (10) it is
impossible to find an accurate solubtion;therefore, we shall esbimate it
approximatély.For this purpose we shall limit ourselves with a finite
number of items in all the root determining A(Z,f)and Flt) .18 a
result we obbain the integral equation

B+ [k () eide =), (12)

Solubion of eguabtion (12) we call /M-spproximation of optimal
control.It is of the form

Do) = S Rened,z e T gt =o S si e )

where /‘7” is determlned in the unique way from the equations sysbem
A] Zb/%/( n=G 1y, M
which corresponds to (10).
Approximabe value of § is found by the formula

2
S, L] =l = (tlTz), 4iz))

Now let us estimate the convergence rate of selected approxima-
tions to the accurate solution of the problem.Trom (8) and (12) we have
-p (U /( (= °) GV’FF f/(/() ywhere/ and /(m are Fredholm’s operators
in the equatlons (8) and (12).By multiplying the both parts of the found
equality by ﬂd- /7”: with the consideration of non-negabiviby of operator

4 (s We have
Ie*-g )4 /%) (1)
Similarly we find //ﬂ7/.é ///[// .Consequently,

14 )& IF=all 1K= P

For estlmatlng the convergence rabe of to with m-—-—oo

we egtimate the values //F F// ///( K //and ///.'77 JWe have [5]
IIF - F//--\[_’”’T //m)///z ) W// /)//W

—m;

14

rr

-t 4(5 S o) eeaeae) e 2

2
1
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Now considering the obtaz,ned 1nequa11tles it follows from (13)
that

o e[ e )]

Thus, //ﬂ -/0 //—-’0 with /7709 not sooner than L

For estlmatlng the convergence rate [pm]—-—.s’[p] with m=—e0
we have inequality

/S[ﬂ./ S.la ]/ ‘ﬂ[//ﬂ a//Zﬁz {g’z// %] Y =const>0.

Hence we find that S [/7 ]-‘*5[/7] with /T1+©9 not sooner than%

Note 3.1. The results expounded above represent the generaliza-
tion of paper [5].

It should be noted that generally speaking,it seems impossible
to essentially improve the estimabes obbained by minimizabion of the
functionals of type (4) by the method expounded sbove (compare With[B]}.
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