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I. Formulation of the problem

In many cases real~valued functions are essentlal only in respect
of perfect pre-orders they induce on their domains. Thus we define the
following equivalence relabtion in the space F (‘G) of all real-va-
lued functions given on one and the same set G

(i~ g) & (JB)S (P> g0 =< g (Y)).
Equivalence classes [, corresponding to functions f¢€ F(G)nave the
following simple functional description:

={ueg: ue U(T

F}' { § f> }a

where U (T;) is the set of all increasing functions defined on the nu-
merical set Tj_ =4 ( C‘):{j-(x): xe G} and Uef is a superposition

on U and $ thet is function géx) =u(}(9c))} xe G,
As usual the saturation of the class P ¢ F (G) related to the
above-described equivalence is defined as the seb

b =~f{€/cp Fo ={uey: ye P, ue U('T.f)},

In other words a function } € F(G) belongs to saturation Ucp of
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the class PcF(6)if there exists such a function ue U(T,) <that
Uefe P . t

If the class 0P ¢ F(GJcoincides with its saturation UCP then
it's called saturated.

Hereafter, it will be considered that G is arbitrary (contai-
ning more than one point) relatively open convex set in a real vec-
tor space, that is such a convex set that for any =x, Y€ G +there ex-
ists A> (0 for which Y +A(Y-%) e G.

By V( C—) we shall designate the class of convex functions,that
is such functions 4€ F(G) +hat

JUAC =N g) < A f0e) + (4=X) 4 () (D

nolds for arbitrary x,y€ & and A€ (1) . 5y W(G)we snana
designate the class of quasi-convex functions, that is such func-
tions fe F(G) that

f(Ae+U=-0Y) < max { £(X), f(y)} (2

holds for any X, ge G s )\6(0,1) and the inequality is strict when
$()F F(4) -

It is clear that the class of quasi-convex functions is satura-
ted. Hence, it contains saturation UV(C-) of more narrow class of
convex functions. But there always exist functions fe€ W (C)which
do not belong to UV(G'). In connection with this the American ma-
thematician W.Fenchel stated a well-known problem of characterizing
quasi-convex functions that belong to saturation UV (G) of the
class of convex functions (see [I] ,p.115-137). The present report is
devoted to solving that problem.

2. Auxiliary Functions

Let E: (G) be a subspace that consists of functions g & FC G)
guch that their traces on the cross-cuts of ( with any straight
line is continuous.

Tet us note now that it's sufficient to solve the question on
the quasi-convex functions, we are interested in, for more narrow
class W, (G) =We)n F (G).

Indeed, for every function 4 & W (G)NUW(6) it is possible tTo
construct an equivalent function fo= 1,"»} , where e U("i}) coinei-
des with Lebesque measure of set T, Ali;t] when te ‘7} is greater
than some fixed t,e‘Ti and if tst‘;:hen it equals Lebesque measure of
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set 'T;L N [t,t,] nultiplied by - I. If in this case §o & R () then

the initial function § 6<W(G)does not undoubtedly belong to the set
UV(G), we are interested in. Otherwise, the question is to examine
function 4, € V/:._ (G).

It's known (see [2] ) that if traces of function )ce F('G) on
cross~cuts of the set ¢ with any straight line are measurable <then
inequalities (I) and (2) are implications of related inequalities
with some fixed Ae (0,4) , for instance, with A= 7’; . Bpecifically,
it's true for all functions from UF.(6). ind that means we may stu-
dy question concerning functions from f€ M( €) in terms of auxilia-
ry functions

YY) = sup { x . -1, 4 -1
T () =sup {§ (X38-)1 xe (b, yes(£)}
defined on T, x T . _
Evidently, function J€ V/:; (G') belongs to set UV(G’) if and
only if such a function U: 7;~*R exists that inequalities

W) ~u) >0, uh+u) - ;z,uycf(»e}t’))zg (3

hold for any t <£f from T_; . Under this condition the <function
ue LI(T;) is automatically continuous.

All functions § e F; (C—) evidently have connected ranges. At
that if function (¢ WC(C-) is not constant it cannot attein it maxi-
mum on relatively open convex set G- . So, its range Tj- either co-

&

incides with its open core 'T;C or conbains, besides, one additional

point g= mtnxée + (%),

We shall call the point +% T, regular, the function § e W (6)
beeing fixed, if for some & >( ‘there is such a function u;T->R,
where T = r[} n (¥-g,t*+¢£), that for any t < t tron T inequalities
(3) hold.

It's clear that if the function f €W, (6) velongs to UV(G)
then all points of the set ’T;_ are regular. The following inverse

statement is also correct (its complete proof is given in [ﬁ] )]
&
pheoren I. If all points of set ’T; are regular for the funec-

tion fé‘MCG)then the function is equivalent to some function YeV(G}.
So, if function ¢ e W, (G) does not belong to U V(e =
=F(6) n UV (G) ,then at least ome interior point of set 7;_
is not regular. To complete the characterization of the set 'Ua V()
we are to Find out necessary and sufficient regularity conditions of
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interior points of sets 'T; corresponding to functions .){é M (G).

3. Characteristics of regular points

Let us intreduce auxiliary normed linear space of additive func-
tions with finitesupports belonging to some bounded connected set

'T C R . For the purpose let us assign %o everytéTan additive func-

tion A, : L'R which equals {1 on sets € éZTcon‘caining t and
equals 0 otherwise. Further let ¢, (27) be the set of all fimi-
te linear combinabtions of introduced elementary functions with the
coefficient sum equal. to 0 . The norm li*fly in linear space CQ(:Z'T)
ig defined as the full variation of corresponding additive functiouns.
Iet us asssign now 1to every function € WL (G) and interval

T= [ty BT from rf:: a cone K ()C ,T) ¢ %(27‘ which is the conical
hull of the union of two sets:

A(f}T):«' {q(&,e,= /“t/ “’"/‘{t : ‘t<f/ from T}’
BT = {8y =p, +ppr X7 t<t’ gron T},

According to one of non-classical separation theorems ( see [4] s
theorem 9 ) and some properties deriwd from proof of theorem I of
the precaling paragraph it is possible to demonstrate the validitvy
of the following statements:

Theorem 2. Whatever a function § € W CG ) snd an interval

_[oc plfrom I} are, {(#* )-closure of the cone K()(,'T') coincides

with closure of this cone in the topology of normed space cp (2, )
and,hence,also with its closure in the strongest local-convex topolo-

.

*
Theorem %. The interior point +7 of the range T;;_ of the func-
tion § € WCG) is regular if and only if for some oL < t¥< e
from T the point -~ 0O, L A% does not belong Ho0 the closure of the

cone K(f &pj) in one of the three topologies of Theorem 2 ( and ,
therefore, in all the topologies).

Gorollary I, The necessary and sufficient regularity condition
of inner point 4% of the range Tj_ of function eW, (G) 1is the
existence of some o <t <P such that set T= [, 8] satisfies
the condition

P (—a’ot.f,* ) K (f)rT')) = "’n‘;a,e K(f,T) ha+ a’ol.’t* ”v— > 0'
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Corollary 2. If J(eW',;C&) and all points of an inberval
Cote, ;1 are reguler, then for any t* € (o, 5 $:) inductively defi-
ned polnts

- . ¥ . ¥ a ;o
"(’L‘Tf(dﬂ.-l}‘;)a ﬂ)i,"tf(éau@c—l)y b"iszi"‘
are such that for some nabtural number w1 inegualities

‘.Cf (O('('. 5 J”pg-m) < {;x

hold. for all ¢=0,1,2,...
With the help of the last corollary we can eagily verify, for
example, that for ( = (—3J1) function

—x—9 if =3<%x<-{
Feo = x3 ir —-f{<x< i

from Wc (.G)o is not equivalent to any convex function, because
the point Qe'}; is not regular.

In conclusion let us mention one circumstance which is of—
ten useful for the practical solution of poblems of transformation
of quasi~convex functions into the convex ones.

First of all it's clear that if functions {e€ 'Wc CC‘,) and
9¢ W, (G, ) bave the same range and "CJ (ttheT t,t)is true for
any t <t’ from s =7:? , then the function u ¢ U (’7'3) for which

uvg EV.(G,,), satisfies also the condition L(ol( é'V(Gg).SpecifL—
cally, it covers the case when G,JC R and function ge W; (G,) is
inereasing. Then the function « :g’jé U, ):U(’]}')can be taken as

the transforming one for .
Let U#s note here that if 'T < R is a connected set without the
largest element and a function T ! T xT-»R is such that for any
t < 1‘,/ from T
. 7/ ; /£
Tty =t , t<T(E )<t
then for the existence of an increasing funciion g/ satisfying
condition T, =T , it's necessary and sufficient that for any
tt, tyend t, from T the following equality takes place
LW & . 7 ; - . ; .
C(T(tt,), Tty ty)) =T (Tltgts), Tltsty)).

Besides, the function we are interested in can be effectively
constructed with the help of the function T .
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