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ABSTRACT

This paper is a shorter presentation of the Ref 11 presented at the IFIP

conference.

The analytical study of the homicidal chauffeur game problem is develop-
ped with the help of the Pontryagin's theory of optimigation and its generali-~

gation to deterministic two-player zero-sum differential games.

Different phenomena are encountered : universal line, disperal line,
barrier, equivocal line etc... and their equations or at least their differen=-
tial equations are given. The study is not complete because its end is very com—
plicated but is shows at least how a systematic construction of the "separatrix"

can soclve the problem and help to understand it.

INTRODUCTION

Many people (Ref. 1-7) have studied the homicidal chauffeur game problem
as a simple and easily understandable example of pursuit-evasion game. However
their results are surprisingly complicated and a systematic analytical study
using the generalization of the optimality theory of Poniryagin to determinis=-

tic two-player zero—sum differential games may help o understand these results.
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1 ~ THE HOMICIDAL CHAUFFEUR GAME

The evader and the pursuer are on an unlimited plane, the evader has no
inertia but a velocity limited to E, the limit veloecity of the pursuer is C
but he also has a limit radius of curvature equal to R, both players are consi-

dered as points and the capture distance is called L.

The performance index is the time of capture t{; and it is assumed that

the pursuer only goes at maximum speed in its forward direction.

The simplest set of axes is "the set of axes of the pursuer™ in which
the pursuer is at the origin and the y axis is in its forward direction. In this

set of axes, if x and y are the coordinates of the evader, the equations of mo-

tion are : dx/dt o cosq} -yﬂ
dy/o(l: = sin¥ -C +x_(2 (i)

with ¢+ V" = velocity of the evader : 0 S'\J"SE
'\?',"V = control parameters of the evader
C - velocity of the pursuer

L) = rate of rotation of the pursuer ‘ﬂ‘s C/R

.Q. ¢ control parameter of the pursuer

. The initial conditions are X, Yo, t05 the playing space is defined by
Xi-i-y >L9' and the "terminal surface” is the cylinder of equation x" -1-)/2: L2

in the x, y, % space.

2 - PRELIMINARY CONSIDERATIONS

2.1 = If E2 C the evader can always escape and the problem has no interest hen-

ce we will always assume E < C,

2.2 - The problem has an olvious symmetry (+x into —x) and scale considerations
on the units of length time show that the problem only depends on the two
ratios E/C and L/R and, since E<< C, we will put: A = Arc sin E/C.
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3 - THE PONTRYAGIN'S CONDITIONS

Let us call H the Hamiltonian of the problem and p, and pythe adjoint

parameters to x and y :

H= Px (VCOS"F- yﬂ) +p, (’!}' sin¥ ~C +x Q) (2.)

The Pontryagin's conditions lead to :

3.1 - Optimal controls and the maxi-minimum principle

It px-and/or Py;é 0 the maxi-minimization gives for the evader

v=E ; cos¥=p, MfpEepf]® ; sin¥ap, feiepf]® @

and for the pursuer @
) = -% sign (pey - py X) (4)

3.2 -~ Pinal or "transversality" conditions

We will only study a given value of the performance index :t_F=t the

1
other results being deduced from this case by a simple translation.

The "terminal surface" 8 is then divided into :
The half-cylinder &, : xP+y?t* [ E>L,
The circle €, : x*+ytzl® b= t; (5)
The half-cylinder €_ . x%. y".—.Le s k<t

Extremal trajectories of the problem of interest cannot end at €,.: in

the vicinity of these trajectories we have necessarily E >, at least as soon as
£7

E>t,

Usual transversality conditions give 3

st ot L=t 5 P /e =Py /e >0 Hg <0 (6)
At C__: b‘<t4 ; PX{/)‘{ =Py{/y_‘ >0 ; H-F':'O (7)

Conditions (2), {3), (4) give at the final instant s

- 2 h
He = E [PX; +PV{,‘2J - Py C (8)

Since PX\:/X-{=F)¢/7¢>O and x} +y;3=L9', the condition HFSO is equivalent
to s
o EL-yC<0 ©)
that is : Ye = L E/C =LsinA @o)

Hence the final conditions of extremal trajectories of the problem are
{fig. 1) :

Bither t$=t;1 and ( %;,y ) is on the arc ABA' of the figure 1, or t4<ti
and (X, ¥ ) is at A or at A' (it thus define the "useable part of the terminal

surface" ).
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sin A= E/C

Pigure 1 - The final conditions

3.3 - Pinal "ordinary trajectories of Pontryagin®

Let us integrate back the equations of Pontryagin from the final condi-

tions § these equations are :

dpe /At = 23,/ 9% = -Qp, ()
dp,/dt = -oH /3y = Qp, (12)
dH/dt = aH /ot =0 (13)

dx/dt = EP,(/[P,?-{-P)?]V" -y (14)
dy /dE = E'py/[p)f+F§]’/2-C +xQ  (i5)

(2), (3), (4) and {13) give :

He=H= E(p2+pt)-Cp, ~ S lny-pxl (9
on the other handﬂ.:% sign ( Pxy - PyX ), let us then study Pey Py X 1
. d (ny”Pyx)/db = CPx (‘7) L.
S1nce  Puc Y — Pyy Xp=0 and since Py /X, >0 L1 and py-~p,x are positive

in the wicinity of the arc AB of figure 1 and negative near A'B the two cases

being symmetrical.

Let us study the first case and let us start from the final point
;=L ecosB , y =LsinB , bk, with AsBgWa ir b =k,

Let us choose px?'+p79;=i y we obtain :

Pxg = cosB ,  Pyp =sin B (18)
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and from (11) and (12) s

Pu= cos[B+ Cl-t)/Rl  ; py=sin[B+C-t)/R]  (9)
dx/dt = E wos [B + Clt-£)/R} - Cy /R (20)
dy/dt= E sin[B+ cf-£)/R]-C + Cx/R (21)

with L=V~l, (20) and (21) are integrated into :

x+iy= R [I— exp{iC(t-t) /ﬂﬂ+[L+E(l;~tA].exp{i. [B +C(t-t;) /R]} @2

these equations are valid only as long as Py =Py X remains positive (wich implies
N.=C/R), i.e. only for 3
Ee- R(T+2B)C <t <k (a3)

In the x, y plane the different ftrajectories defined by {22) nave a com-
mon point D (see fig. 2) for L + E(t—b;): O at »+iy = R"'RQXP{"':LC/RE})
on the otherhand the irajectories corresponding to B = A and t-FS t! have the same
projection ADin +the x, y plane (projection which is an evolute of circle) and

this phenomenum ¢orresponds to the phenomenum of barrier discovered by Isaacs
(Ref. 1).

3.4 - Singular trajectory

There exists a singular trajectory corresponding to ny-;:yx‘-.“—_o, it is
easy to study that case @

(17) implies : PXEO J px_F:O
the final point of the singular irajectory is B (fig. 1 and 2) and then t{: =t'i'

(11) and (12) imply then : O=0 i Py = Pye >0 (24)

\
i
{

X
1 o —

]
Fig., 2 - Trajectories corresponding 1o (221
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and from (14) and (15)
x=0 S, Y= L+ (C*E) (t4“t) (9.5)
The singular trajectory corresponds to a straight race along the y -
axis, with its tributaries of the next section it will be a "universal surface"
of Isaacs (Ref. 1).

3.5 - The tributaries of the singular trajectory

Let us start from an arbitrary point of the singular trajectory corres—
ponding to ¥ =t, g td s let us choose {L = C/'R (or symmetrically {L=-C/R)
and let us integrate the equations (11) to (15) for ks by, we obtain (if we
choose }?74.=j )

Px = sin[(te_- £) C/’RJ 5 py= cos [([71- t)C/R:’ (9.6)
iy = R +[R+ i {L+Cl-ty) + EE-E)] exp {-c(l:g-t)c/ﬂ} @7)

3.6 -~ Thus the Pontryagin's conditions and the symmeiry + x into - x lead to

four types of extremal trajectories of the problem of interest @

4) The two types the equation of which is written in (22), either for
tf = t1,and AsBsgor for tfst and B = A, this second type corresponding te the
"barriers”

B) The singular trajectory along the y - axis, the equation of which is

written in (25),

C) The tributaries of this singular trajectory depending on the parame-
ter t2 {with t2 < 131) and the equation of which, for t g te, is written in (2’{)

Let us note that the trajectories corresponding to the "barriers™ goes
into the "playing space " in the vicinity of t; if and only if Eycz+ L%2$1
if not there remain only three types of trajectories given by the ordinary
Pontryagin's conditions.

These trajectories can be used to built the "separatrix™, i.e. the sur-
face lying between the zone of the playing space ? where tf< t,l and the zone
where tf>t1, however these itrajectories are insufficient, they cannot go for
instance inside the loop of the barrers and they have to be completed with the
help of the generalization of the optimality theory of Pontryagin to determinis-—
tic two-player zero-sum differential games (Ref. 8).
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4 ~ CONSTRUCTION OF THE "SEPARATRIXY

We will only study the case when <osA +AsinA-l<L/R sm{-‘[;asAj("-o-?A)sia@]

s for instance, for C=9E and thus A.—."T/é»it gives 0.128_,“<L/’R<\:

0.866... That case is the case when the two symme$rical barriers exist, don't
meet in fromt of the pursuer (if not it is the "toreador case") and are prolon-

gated by an equivocal line.

The construction of the separatrix (fig. 3) can be done with only
Pontryaging trajectories until the point G of the barrier corresponding to
tp -t = (Ir+ 2 A) R/C, that is until the instant ty defined by the interseo-
tion of the barrier at (tf - t) = (T + 2 4) R/C and the proper tributary of the

universal line BF: Hence t3 is the largest instant definded by:

b, > by > Ly (23)

ReR ex -2iA) +f(aARainA- Jerp {-L A} <R +[R +ifL+Qct) +E byt exp iC(ta-tg/k} &

Fig. 3 - Case when : cos A 4+ AsinA-1 <L/R g in{ [casA;(Tf+2A)sinA]

The symmetrical line ADGF G'D'A' (fig. 3) is the intersection of the se=-
paratrix with the x, y plane at the instant t3.

.- L/E) the tributaries of the univer-

sal line BF and ihe trajectories of the barrier meet at poinis of the symmetri-

At later instants (for <t t

cal curves DG and D'G' in conditions of a dispersal line, but at G and t = ‘h3
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the conditions of the begining of an "equivocal line" are satisfied (Ref. 8) be-
cause the conditions (23) end there to be satisfied and the Pontryagin's trajeo-
tory of the barrier would continue with f1 = - C/R instead of 1= + C/R.

Let us try to obtain the differential equations of this equivocal line
GKH (fig. 3) ; along that line the generalized conditions of Pontryagin (Ref. 8)
must be satisfied, that is x, y, Py py and the Hamiltonian H must be such
that :

dx/dt = Ep, /[p2+p$]% -y Q
dy/dt = E Py, [p¥ +p§]'/2 -C +x {1
BxY -Pyx>0 3> Q=CR
Q= —%— sign (Pey=pyx) | BxY-Py*=0=|Q|< /R
Puy - Pyx<0=> Ll=-C/R
dpy/db= ~3H/3x + M (bxPgy) = ~S2py+ X (b ~Pex)
d p, Ab=-3H/0y 4+ )by b)) = 2 put My pay)
dH/dE= 3H /Bt + A(H-Hg) = A\[H-Hg)
A=0

-
—
P’x,pwa.nd H2 being the components of the adjoint vector P and the value of

the Hamiltonian H along the tributary of the universal line BF at the point x,

(30)

7s t of interest (which implies of course that the equivocal line remains on

the surface defined by the tributaries in the x, y, t space).

Since the equivocal line remains on the surface of the tributaries let
us describe it with the help of equation (27) of these tributaries, t2 being
now considered as a funection of % and not as a constant as along a given tribu-
tary.

The only solution of the system (30) is obtained for Fx/x = P>’/7<0
and thus Puy ~Pyx=0  and it gives with (27) s

dé(-o—{y)/at =-E (x+i.y)/6<i+y9-)’/9- -iC -iQ) x+iy)=
= ic (- )iy -RYR +i(E-cC slﬁz).exp LC -t /R]}

The two real quantities {) and J.L'z /ALt can be deduced from the first

(E])]

degree and complex equation (31) which is thus the differential equation of the
equivocal line GKH.

Along the equivocal line the evader can choose between 2 strategies,
either the strategy corresponding to (26) and to the local tributary, or the
strategy corresponding to Px/" = F7/7<o 3 the evader runs into the di-
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rection of the pursuer and follows the equivocal line until he chooses the
other sirategy and the pursuer must adapt his own strategy to these modifica~

tions.

In the x, y plane the equivocal line reaches either the down part of
the circle ><gq.y2= Li or the negative part of the y axis (as in fig. 3), Heo
is then an ordinary dispersal line and JH is a universal line (where the eva=
der chase the pursuer !) with tributaries such as M¥ or PQ. There is also tri-~
butaries of the equivocal line such as KL starting at K with F&/&'=P»(y <0.

The analysis can be continued inside the region ADCGHJ according to the
same principles and leads to many singularities such as the "safe contact mo-
tion" (above Q, along the circle of capture), the switch envelopes and the fo-
cal lines of Ref. 6 and T ; the results are very complicated and numerical com-

putations cannot be avoided.

CONCLUSION

Because of its simplicity the homicidal chauffeur game problem can be
studied analytically very far. The notion of "separatrix" (i.e. the surface
which, in the playing space, separate the points corresponding to performance
indices larger than and smaller than a given value) allows a systematic study
of the problem and helps to understant it, for instance the "barriers"™ corres-—
pond to cylindrical parts of the separatrix the generatrices of which are pa=
rallel to the % axis.

On the other hand the complexity of the results of this apparently
very simple problem emphasizes the need of a systematic way of research and so-
lution of differential game problems.
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