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Introduction -
In the first paragraph we consider a class of finite dimensionnal quasi-

variationnal inequalities problems, for which we recall a "Theoretical' algorithm
allowing the approximation of a maximal inequalities. Then we recall an heuristic
formulation of a method which mixt point relaxation method and the "Theoretical™
algorithm mentionned above.

In the second paragraph we introduce in a more general frame (Block-relaxa-
tion), a precise formulation and set convergence results for this mixt method.
Por this purpose we use a notion of "delays" previcusly introduced by CHAZAN and

MIRANKER, in the formulation of multiprocessor relaxation algorithms.

§ I - BACKGROUND : definitions, a finite dimensional I1.Q.V. problem ; a "Theoreti-

cal” algorithm ; First formulation of a mixt GAUSS-SEIDEL algorithm. Let B€N,

E=RE, K= -
We note < the partial order relation induced on E by the cone K.
We consider the application
g
Vo= VeV .,vg}eRB-i%—-)o%(v) = ﬂ?%l(v),‘ . ,&&e (v}, ..,g&s(v)}GR .
For k € {1,...,8} let fk ={0,...,0,1,0,...,0} ¥k,1& {1,...8} we consider
) ,1
: M -
the function Yt &R w———i=3 (‘ek,l(t) = Jél(v+tek).
Definition 1 -
The application J‘fa is an M—application (or M-function) if :
For k#1 £ —>(~Pk ,(t) is antitone and moveover :
tl

c}%‘(u) g Jeo(v) s Y £ D,
Definition 2 -
The application 3)(9 is an L-gpplication if :
A {Agseees }\B}é‘.K such that JQ’:+ A be an M—application from RB onto 1?B where
18 defined by :

A
v={v ”UZ’”"UB}—Q hy = {Alvl,...,lzvz,u..,7\806}.

PR
8
Let {uP} be a seqguence of vectors (V'peN Fer }, we note the fact that

{uP} is isotone (resp, antitone) and converges towards u, by WPty (resp. whu).
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Définition 3 -
Let a mapping ¢ : RB-—> }?8 be isotone, g is O-half-continuous on the right (resp.
the left) if :

(1.1) Py {resp Fru) g{upﬂg(u) (resp g(ung(u}).

Remark - Definition 1 is due to W.C. RHEINBOLDT, property (1.1) that we call here
O-half-continuity is due to BENSOUSSAN=GOURSAT-LIONS.

we consider now the hypothesis :

(1.2) Let 0& : RB > RB be a continuous mapping which is an L-application ;

and let fe‘.RB.

(1.3) Let ® K+ X be isotone for the order induced on RB by K, and O~half-
continuous on the right on K.

(1.4) ¥Yw'eX Let ’l(,(w,) = {vek|vse @ (w)l.

We formulate the I,Q,V. problem -~ (I.Q.V. for guasi=variationnal inequalities)
Find u€%(u) such that :
(l.S)a

(R w, v-w 5 (£,v-u) Vvet(,(u)

(where (,) notes the usual scalar product on &P 3.

Other formulation of problem (1.5)a : Yw'€X, we mark @ (w')={...,q>i,,...} for
1€ {1,...,8} .

Let ¥ l] is the indicatrix function of the segment [O, 3;,‘] , and let
0,87,
Y 1 ""be the sub-differential of ¥ 140"
[0.5.] [0.6.]
A\l
Then Yw'ek, Vle{l,...,B) we consider the multiapplication MZ
which : w!
Ml ! c
(1.8) VuyeR ——— M (u) =23y_ ,_(u)CR
0,2
and we note : Mw'
w' w!
= {ul,...,ul,...,us}éRB > W (u), ), 16, )

1
(" is an operator of diagonal type).

The problem (l.S)a can now be formulated in the following manner :
Find ue€D(M?) such that

(1.5)b u c?t
O€M (u) + (w - £

A "Theoretic" algerithm for the approximation of a solution of problem (l'S)a/op b/

Starting from a convenient initial wvector uo, we consider a sequence of
I.V. problems (for Variationnal Inequalities)
(1.7)a (c}t(upﬂ), v—up*l) > (£, v-up+1) VVGM P, p=0,1,...
These kind of algorithm has been proposed and studied by BENSOUSSAN, GOURSAT, LIONS

in the continuous case (A being then an elliptic second order, partial differential
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operator).

We can also formulate the problems (1.7)_ in the following manner.

(1.7), oer® (P ¢ kPt - ¢ p = 0,1,...

First formulation of a mixt GAUSS~SEIDEL algorithm -

BENSOUSSAN - LIONS (see also the work of COMMINCIOLI and alt for analogous free

boundary problems) had proposed for the vesolution of each problem (1.5)a/ or b/

the point GAUSS-SEIDEL method with projection, which can be formulated by : let

WP = P we approximate up+l by a sequence {u:P} defined by :
qtl,p qtl,p ~a+l,p  g,p 93Py
e Yoy, Vre {1,...,8} LR TR ullhs e out)EE)
@ ug+l’P = Proj 1 ‘ﬁ%+l’p
.08
u

or equivently :

it +1 +1 +1
(1.8), Yoen, Yie {1,...,8} OEMlP(uE ’P)+aq;l(u§ =P,...,u§l ’P,ug;]i,...)

- f .
1
For q '"great" we replace in (l.S)a/ or b/ Up By u® P and start again, in (1.8)
a/ or b/, with uO’P+l = y2eP, )
Here it must be observed that uo’P+l 7 up+l so we cannot by the use of GAUSS~
SEIDEL algorithm for the approximation of I.V. subproblems obtain exactly the

"theoretical™ algorithm (1.7).

§ II ~ FORMULATION OF A MIXT RELAXATION ALGORITHM USING A NOTION OF DELAYS -

Our main interest is now : To give a precise formulation of a mixt algorithm
allowing the association of the "Theoretical" algorithm (1.7), and relaxation me-
thods (namely under-relaxation and GAUSS-SEIDEL) ; moreover we place ocurselves in
a little more genepral frame, than a bove : that is to say, block-relaxation-

methods.

Subproblems associated to problem (1.5) -

Let o €N such that o g B, and a family of integers {gl,...,Bi,...,gu}
( o
(2.1) such that & B8, =B .

i=1
. B . . . .
Yie{1,...,a} Ei = R~ and £ is the relation of partial order indu-
i
(2.2} 3. o o
ced by the cone K, = R+l then E = I E; 3 K= 1 K, -
i=1 i=1
¥w e, Yieli,...,o} Let :
i - i 1 -
(') = {viéKiCEi|vi i o, = {...,@w,,...} for LE{8 4. 4By =l,e. 0Byt
Foaot Bi}'
we note moreover Mwv

1

1
Yiell,...,0} uw.€E ——— M (u) = (oo (w),...} , for
i i i i 1 1
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1€ {Bl+...+8.+'1... B

P T l+...+Bi}.

o
i,...,ua}e‘.ﬂ E;

i=1
tet dhiw = by, odsws L e 1
j=1

Yu = {ul,...,u

a
Vw: {wl,...,wj,...,wa}e.zl Ej’ VujeEi

|
Let a’i,w (ui) = dq;i(wl""’wi—l’ui’wi+1""’wa)

o
Let )= {91""’9j""’9a}€j¥1 [0,40]  such that :

(2.3) Viet,. ..ol o, max -
Bl+"'+6j“l<lssl+"'+sj
where {)\l,...,)\s} has been introduced in definition 2.
o
We consider also § = {ml,...,wj,...,wa} €n [O,lJ such that :
j=1
Vie {(1,...,a} either wg =1, or dje R, dy > O such that
8.
(2.4) VweRB, Vv%, VQ.GR] with v:.L N v?.
it iy 3
2 1 2 1
. L) - . (vy) € d, (v: - v)) and (1-w.)d. g ..
a'J:W(VJ) 4 J ] 33 ]

J.W ] j J

we consider now the subproblems :

Yw, w'eK, Yi€{1,...,0} find uje u’%w') such that

. _ - _ _ i
(2.5)&l (d_j’w(wjuj+(l wj)wj) + Gj(uj wj),vj uj)j % (fj,vj uj) Vyjeu(w‘)
B

where (,):.l is the usual scalar product on Ej =R j).

which can also be formulated by :

1
Yw,w'e K Vie{1,...,0}  find us€ D(M;Y ) such that :
W'
2.5 £.€ M. )+ . wou. (1w dw,) + 6.(u.-w.)
( )b ]G 5 (uj) a.]’w( 593 ( 3 w]) j(u] w]

and we wright :

Vi e {1,...,0} ¢, (w,w') = u,
w,,0.
(2.5)0 Jﬂ j’ ] :]

GQ,®(w,w') = {ul,...,uj,...,ua}
Proposition 1 -
The hypothesi(s} (1.2), (1.3), (1.4), (2.1), (2.2), (2.3) being satisfied,
w, W€K

8, @ > G_Q_ @(w,w’) s well defined (i.e. A a unique solution of
each subproblem (2.5)a/ o; b/)’ 18 an 'Lsotone mapping of each of its two arguments
w, w', and is continuous relatively to the first argument w, and half-continuous
on the right relatively to the second argument w'. Moreover u €K is a solution of
the I1.Q.V. problem (1.5)a/ or b/ 1ff u 71:;5 a fized point of the application :

w ——F(w) = GQJ @(w,w)
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Mixt algorithm associating "theoretieal! algorithm (1.7) and relaxation methods -

For the sake of simplicity we suppose that we want to perform r relaxation ite-

rations for the approximation of the solution of each I.V

. occuring in the "Theo-

retical" algorithm (l.7)a. u® being conveniently choiced (the precise choice shall

begiven in proposition 2/) we introduce now three formulation of the same follo-

wing mixt algorithm :

let h(p) = p mod(a) + 1 ; k(p) = p mod(ra).
If  i#hip) u§+l o
I 32h(p) find u?*le RIS 2
(2.8, p+l P ptl _ P ptl
: (glj’up (mjuj' + (l—m )u )+ 6 (u uj), v,y )j 2
_ P I
(f], vy )j ije%(up k(p)y
If  3#n(p) B o P
J i P k(p)
(2.6)b If  j=h(p) find u e_D(M ) such that
p-k(p)
w ptl ptl - D ptl _ P
fjéle (uj } o+ éLj,uP(wj uj + {1 m ) u )+ 9 (u ul)
and :
cir imn(p) w2t = P
(2'6)c j+l ’ -k(p)
if  j=n(p) wE'TT = q (WP, PP
\ il 39wj=ej

Proposition 2 -

The hypothesis are the some that those of proposition 1, and let WK, be such

that f ab(uo), then the sequence {F}

produced by algorithm (2.6) , ., .. o/

is such that 1WFvu maximal solution of problem (lfé)a/ or b/ and fiwed point of

m__ff__;ff’(w) = Gy @(a;,w).

Remarks - Il we cancel the constraints of our problem and :

- take o 1 and so Bl

by the scheme :

- o + a{o(w P (weP) - £ 20
(Taklng 8 = % 3.
as the discretisation of :

+ &k(u) - Ff=0

u

du

It u(0) =

= B we can give an intevpretation of algorithm (2.6)

- take o = B  and suppose that &% is a matrix with diagonal elements all

equals to 1 then we find the classical relaxation method with relaxatioh parame-

1
ters w,+8,
3 3
relaxation and GAUSS-SEIDEL methods.

{k(p)}

- The sequence

constitutes the "delays"

and hypothesis (2.4) implies that we are here in the case of under

: notion introduced by CHAZAN-
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MIRANKER for multiprocessors relaxation algorithms which can also be mixted with

"Theoretical algorithm" (1.7) in the following manner :

1
Vpen let h(p) € {L,ensod 5 KHP) = {K1(D),ern ki (D),
ka(p)} e n°, kQ(p)éiN and we suppose that :

- Vie {1,...,0} {peN[ ieh(p)} 1is indefinite
- ¥seX such that y’ie{l,...,a} Oskj’f(p)ss(p) osk‘?(p)ss(p)

- ¥Yie {1,...,a} p =~ p—ki(p) is isotone, and p > p—kQ(p) is also
isotone.

Then we consider the algorithm :

1 2
u§+l = G.(...,uli”ki(l’),..., PPy e Smnip)
|
i
u§+l = if )

Proposition 2 extends without difficulties to this more general situation.

It seems that a particular interest of block relaxation methods in quasi~variation
nal inequation problems lies in the fact that, these problems being often of great
size, it can be necessary to decompose the arrays, which contain iterates vectors,
in sub arrays corresponding to block 'sub problems, which can be contained in cen-
tral memory of the processor used. Bléck relaxation can be interpreted as an
iterative coordination method between these subproblems, which needs relatively
simple (ééquential), exchanges between central memory, and peripheral memories
(disks).
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