
A MIXT RELAXATION ALGORITHM APPLIED TO QUASI-VARIA.TIONNAL INEQUATIONS 

J.C. MIELLOU 
Facult6 des Sciences et des Techniques 
La Bouloie - Route de Gray 

25030 - BESANCON CEDEX 

Introduction - 

In the first paragraph we consider a class of finite dimensionnal quasi- 

variationnal inequalities problems, for which we recall a "Theoretical" algorithm 

allowing the approximation of a maximal inequalities. Then we recall an heuristic 

formulation of a method which mixt point relaxation method and the "Theoretical" 

algorithm mentionned above. 

In the second paragraph we introduce in a more general frame (Block-relaxa- 

tion)~ a precise formulation and set convergence results for this mixt method. 

For this purpose we use a notion of "delays" previously introduced by C~ZAN and 

MIRANKER, in the formulation of multiprocessor relaxation algorithms. 

§ I - BACKGROUND : definitions, a finite dimensional ~ I.Q.V. problem ; a "Theoreti- 

cal" algorithm ~_ First formulation of a mixt GAUSS-SEIDEL al$orithm. Let ~N, 

E=R~, K:R~+ 

We note ,< the partial order relation induced on E by the cone K. 

We consider the application ~ : 

v :  { v  I . . . . .  . . . . .  . . . . .  . . . . .  

For k ~ {i .... ~B} let ~k = {0,...,0,i,0,.,.,0} Vk,l~ {1,...8} we consider 

the funotion 9t ~R _~l> ek,l{t ) = ~l(~+te~). 

Definition 1 - 

The application ~ is an M-application (or M-function) 4 f : 

For k#l t--~k,l(t) is antitone and moreover : 

Definition 2 - 

The application A is on L-application if ; 

{At, .... kB}~K such that ~+ A be an M-application from R ~ onto R 8 where 

is defined by : 

v ={ v I ..... Vl~.~.~vs}---~ Av = {hlVl, o..,llVl~ .... IBv~}. 

Let {u p } be a sequence of vectors (~p~N uP~R~), we note the fact that 

{u p } is isotone (resp, antitone) and converges towards u, by uP+u (resp. uP+u). 
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D6finition 3 - 

Let a mapping @ : R6--~ R ~ 

the left) if : 

(1.1) uP+u (resp ~+u) 

be isotone, g is O-half-continuous on the right (resp. 

g(uP)+g(u) (resp g(uP)+g(u)). 

Remark - Definition 1 is due to W.C. RHEINBOLDT, property (i.I) that we call here 

O-half-continuity is due to BENSOUSSAN-GOURSAT-LIONS. 

we consider now the hypothesis : 

Let ~ : R B ÷ R 8 be a continuous mapping which is an L-application ; (1.2) 
and let f~R B. 

Let } K ÷ K be isotone for the order induced on R ~ by K, and 0-half- (1.3) 
continuous on the right on K. 

(1.4) Vw'@K Let ~(w') = {veKlv ~ ¢ (w')}. 

We formulate the I..Q.V. problem - (I,Q.V. for quasi~variationnal inequalities) 

~ Find uC~(u) such that : 

(l'5)a t(~(u),v-u) ~ (f,v-u) Vve~(u ) 

(where (,)notes the usual scalar product on R 8 ). 

Other formulation of problem (1.5) : ~w' 6K, we mark a 
l ~ {1 ..... ~} . 

1 
(w')={...,%w, ,...} for 

Let ~ is the indicatrix function of the segment [0, ~ , and let [0,J,] 
~ w be the sub-differential of 
E0!  [00b 

W ~ "Then ~w'~K, ~le{l,...,~} we consider the multiapplication M 1 

w ~ which : M1 , 

W (Ul) : ~ (Ul)CR (1.6) VuI~R ~ Ml Fo,~l~ 
W 

and we note : M w' 
w v 

u : {ul, . . . .  "ul''" ,us}~R8 > M(u)_{w' _ . . . .  ,M 1 (Ul), ..}, I({I,..,B} 

(M w' is an operator of diagonal type). 

The problem (1.5) a can now be formulated in the following manner : 

~Find ugD(M u) such that 
(l'S)b ~o ~MU(u) + ~(u) - f. 

A "Theoretic" algorithm for the approximation of a solution of pr?blem (l. 5)a/or b/ 

Starting from a convenient initial vector u °, we consider a sequence of 

I.V. problems (for Varlatlonnal Inequalities) : 

(1.7) a (~(uP+l), v-u p+l ) ~ (f, v-u p+l ) ~v6~ (uP), p=O,l .... 

These kind of algorithm has been proposed and studied by BENSOUSSAN, GOURSAT, LIONS 

in the continuous case (A being then an elliptic second order, partial differential 
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operator)~ 

We can also formulate the problems (1.7) a in the following manner. 

(1.7) b O EM up (u p+l ) + &(u p+I ) - f p : O,i .... 

First formulation of a mixt GAUSS-SEIDEL algorithm - 

BENSOUSSAN - LIONS (see also the work of COMMINCIOLI and alt for analogous free 

boundary problems) had PrOposed for the resolution of each problem (l.5)a/ or b/ 

the point GAUSS-SEIDEL method with projection, which can be formulated by : let 

o~p up defined by : u = we approximate u p+I by a sequence {u q'p} 

, q+l,p .q+l,p~q+l,P q,p .q,P~-= 
Vie- { 1 , . . . , 8 }  d ; z t u  1 ,~ ~ , '''" I-_ i Ul+l'''''Ul J-~l ~ q £ N, 

(l'8)a ~u q+l'p Proj ~q+l,p 
i : Ul 

or equivently : 

~ .  q , l , p -  ~ l ( u ~ + l , p  uq*i,p uq,p . . )  
( 1 . 8 )  b V q e N ,  ~l~_... { 1 ,  . . . .  8} OeM1W(u I ) + ' ' ' ' '  1 ' 1+1 ' "  

- f i  ° 

For q "great" we replace in (l.8)a/ or b/ Up by u q'p and start again, in (1.8) 

a/ or b/, with u °'p+l = u q'p. 

Here it must be observed that u °'p+I ~ u p+I so we cannot by the use of GAUSS- 

SEIDEL algorithm for the approximation of I,V. subpreblems obtain exactly the 

"theoretical" algorithm (1.7). 

§ II - FORMULATION OF A MIXT RELAXATION ALGORITHM USING A NOTION OF DELAYS - 

Our main interest is now : To give a precise formulation of a mixt algorithm 

allowing the association of the "Theoretical" algorithm (1.7), and relaxation me- 

thods (namely under-relaxation and GAUSS-SEIDEL) ; moreover we place ourselves in 

a little more general frame, than above : that is to say, block-relaxation- 

methods. 

Subproblems associated to problem (1.5.!.- 

Let ~N such that ~ ~ 8, and a family of integers {61,...,6i,...,6 } 

(2.1) such that ~ 8 i : 8 • 
i=l 

6i 
i Vi~{l~.o.~} E i : R and ~ is the relation of partial order indu- 

i ~ 

= R Bi then E = ~ E i ; K = ~ K.. L cad by the cone K i + i=l i=l l 

( 2 . 2 )  

Vw',EE, Vi  ,~ (1 . . . . .  ~} 

~{i = {vie KiCEilvl (w') o l 

we note moreover : 

~ie{l ..... ~} ui~E i -- 

Let : 

~i = {...,~wl ,...} 
w ~ 

for 16 {81t...+6i_i-i ~ • • • ,61+ 

+...+ 6i}" 

M~ ' W ~ 
_~ M w' (ui) : { .... M 1 (Ul),...} , for 
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(2.5) b fjC MW'(uj) + 
] 

and we wright : 

1 ~ {Bl+...+Bi_l~,... 'Bi+"" '+Bi}" 
e 

~u : {ul,...,ui,...,ue}~ ~ E. 
i:l l 

... (u)} ~ ~ E. Let (u) = { l(U) . . . . . . .  e j=l ] 

e 

Vw : {w I ..... wj ..... w } ~- [ Ej, Vuj~ E i 
j:l 

(u.) : ~ . ,w) Let ~'i,w 1 i(Wl ' " " " 'Wi-l'Ui'Wi+l' ' ' 

Let @= {e I . . . . .  ej . . . . .  ee}ej~l [0,+~[ such that : 

(2.3) ~i ~{l,...,a} 8. >~ max I i 
3 .+Bj_I<I.<BI + BI+ . . . . .  +Bj 

where {ll,...,h8} has been introduced in definition 2. 

We consider also ~ : {~l,...,mj, .... m e } ~ K [0,13 such that : 
j:l 

~j ~ {I,...,~} either ~. = I, or d.~R, d. > 0 such that ] ] ] 

v2 RBj < 2 (2.4) ~w~R ~, ~v I with v I - v.. j' j ] j ] 

. (v2") - aj ~ -< ],w ] ,w (v) d. (v 2 v I) and (l-~j)dj .< e.. 
j ] J ~ ] 

we consider now the subproblems : 

[ ~{w, w ' ~ K ,  VJ ~ {i . . . . .  a} find uj6~w, ) such t h a t  : 

(2.5) J(8_j,w(~juj+(l-mj)w j) + e.(u.-w.),v.-u.). > (f.,vl-u.) ~v.£~!-, 
a ] ] ] 3 ] ] ~ ] ] ] ] [w ) 
! Bj 
kwhere (,)j is the usual scalar product on Ej = R ). 

which can also be formulated by : 

~w,w'Q.K ~je{l ..... e} find u. CD(M w') such that : 
] ] 

~j,w(mjuj+(l-~j)wj) + ej(uj-wj) 

$~j ~ {i ..... e} G. ,ej(w,w') : u. 
(2.5)c ],mj 3 

[G~,~(w,w') : {u I ..... uj ..... u e} . 
Proposition 1 - 

The hypothesis (1.2), (1.3), (1.4), (2.1), (2.2), (2.3)being satisfied, 

w, w'6 K GQ 0 ~ G~L " ~ (w,w') is well defined (i.e. ~ a unique solution of 

each su~problem (2.5)a/ or b~ )" is an isotone mapping of each of its two arguments 

w, w', and is continuous relatively to the first argument w, and half-continuous 

on the right relatively to the second argument w'. Moreover u~li is a solution of 

the I.Q.V. problem (1.5)a/ or b~ iff u is a fixed point of the application : 
F 

w >F(w) = G~, O(w,w) 
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Mixt al$orithm associatin$ "theoretical" al$orithm (1.7) and relaxation methods - 

For the sake of simplicity we suppose that we want to perform r relaxation ite- 

rations for the approximation of the solution of each I.V. occuring in the "Theo- 

retical" algorithm (1.7) a. u ° being conveniently choiced (the precise choice shall 

begiven in proposition 2/) we introduce now three formulation of the same follo- 

wing mixt algorithm : 

let h(p) = p mod(~) + 1 ; k(p) = p mod(re). 

i uP+l _ u p 

If j~h(p) j -j 

If jeh(p) find u~+iE~J(u p-k(p) ) 

(2"6)a (aj,u p (~jU~ '+I + (l-~j)U~)~ + 8.(U~ +I - ]  ] U~)] , vj-u~+l)j 

If j~h(p) 

(2.6) b If j:h(p) 

uP-k(p) 
fj e Mj 

and : 

gif j~h(p) 

(2"6)c !if j=h(p) 

up +I : ~ 

] ] uP_k(p) p+l find uj 6. D(Mj ) such that 

u p+I u p ej(u~ +I u~) 
(u~ +I)3 + a-j,uP(m j j + (l-~j) j) + - ] 

u~ +I = u? 
] ] 

U~ +I : G. 
] ],~j,ej 

(u p ' uP-k(P)). 

Remarks - Ii we cancel the constraints of our problem and : 

- take ~ = I and so BI : B we can give an interpretation of algorithm (2.6) 

by the scheme : 

uP+1 - uP + ~ (~u p+i + (1-~)u p) - f = 0 
k 

1 
(Taking S = ~ ). 

as the discretisation of : 

+~(u) f : 0 u(O) : du U O 

d t  

- take e = B and suppose that ~ is a matrix with diagonal elements all 

equals to i then we find the classical relaxation method with relaxation parame- 

i and hypothesis (2.4) implies that we are here in the case of under ters ~.+e. 
3] 

relaxation and C~.USS-SEIDEL methods. 

- The sequence {k(p)} constitutes the "delays" : notion introduced by CHAZAN- 

Proposition 2 - 

The hypothesis are the some that those of proposition 1, and let u°~K, be such 

that f .< ~ o (u ), then the sequence {u p } produced by algorithm (2.6)a/ b~ or c~ 

is such that ~+u maximal solution of problem (1.5)a/ or b/" and f~xed point of 

~) ~w, w). w ~F(W) = 0~, 
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MIRANKER for multiprocessors relaxation algorithms which can also be mixted with 

"Theoretical algorithm" (1.7) in the following manner : 

h(p) c {l ..... ~} ~ kl(p) : {k~(p) ..... k~(p) .... Vp~N let 

k (p)} ~ N ~, k2(p)~N and we suppose that : 

~ie {i,...,~} {pen I i~h(p)} is indefinite 

Vs~ N such that ~ie {i ..... e} 0~k~(p)(s(p) O~k2(p)~s(p) 

i 
~i~ {i, .... ~} p + P-ki(p) is isotone, and p ÷ p-k2(p) is also 

isotone. 

Then we consider the algorithm : 
i 

uP+l P-ki(P) uP-k2(p)  
j F Gj( . . . .  u i . . . . .  ) i f  j=h(p)  

P+I I u~ if jgh(p) uj : 

Proposition 2 extends without difficulties to this more general situation. 

It seems that a particular interest of block relaxation methods in quasi-variation 

nal inequation problems lies in the fact that, these problems being often of great 

size, it can be necessary to decompose the arrays, which contain iterates vectors, 

in sub arrays corresponding to block sub problems, which can be contained in cen- 

tral memory of the processor used. Block relaxation can be interpreted as an 

iterat]ve coordination method between these subproblems, which needs relatively 
r 

simple (sequential), exchanges between central memory, and peripheral memories 

(disks). 
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