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i. In the present profit regulating system the objective of a Hungarian 

firm can be expressed [4] as the maximization of the ratio 

P 
H = aw+K / 1 /  

where 

P = profit 

= coefficient given by the planning authorities 

W= wage cost 

K -- capital (sum of the fixed and the average working capital) 

In the case of a large multidivision company this suggests the conside- 

ration of the following programming problem: x) 
% 

~ A . x .  = b 
J J 

J 

B.x. = b. 
J J J 

/j=l, Z .... / 

x. -~ 0 
J 

. cjx.+~'j 

max /2/ 
7-7, dj ~j + 6- 
J 

S e v e r a l  d e c o m p o s i t i o n  p r o c e d u r e s  can be d e v e l o p e d  fo r  s o l v i n g  th i s  

p r o b l e m .  Two s u c h  p r o c e d u r e s ,  o b t a i n a b l e  t h r o u g h  t r a n s f o r m i n g  the  above  

p r o b l e m  in to  a l i n e a r  p r o g r a m  to w h i c h  the  D a n t z i g - W o l f e  p r i n c i p l e  i s  a p p l i e d ,  

are considered. The economic interpretations of the procedures are also 

discussed. 

x) M a t r i c e s  a r e  d e n o t e d  by c a p i t a l  l e t t e r s ,  v e c t o r s  by s m a l l  l e t t e r s  and 

scalars by greek l e t t e r s .  
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Z. In this sect ion it is shown, how the Dantzig-Wolfe pr inciple  can be 

applied for  solving / 2 / l i n e a r  f rac t iona l  p r o g r a m m i n g  problem.  

It is a s sumed  that for  each j 

is non-empty .  

This is a necessary condition for having a feasible solution to problem 

/Z/. Checking wether these necessary conditions are satisfied easily can be 

built in the algorithm suggested below. Furtherly it is assumed that ~, d.x.+ 
j JJ 

+ ~>o for each ~ = /... ~ .... / satisfying the constraints in /Z/. I~ the abow 
) 

economic problem this does not mean a restriction since the value of the ', 

capital used always can be regarded positive. 

Denote Xjl, xj2 . . . . .  ~jl '  ~j2 . . . . .  the e lements  of the canonical  de-  

composi t ion of the polyhedron  S., where  one and two bars  r e p r e s e n t  the 
J 

bounded and unbounded components ,  r e s p e c t i v e l y  [3] . 

As it is in the l inear  p rog ramming  case,  p rob lem / 2 /  is equivalent  to 

the problem (with va r i ab les  ~jk  and /~jk ) [Z] 

= 

j k k 

~ Z j k  -- l 
k 

= b  

/j--t, z . . . .  / 

m a x  

~ j k  '/ajk ~ O 

k k ..&_ 

( ~  ~jk ~kjk + ~ 'O~jk /t6jk) + ' ' ~  
j k k 

/3/ 

where  
- -  = 

~jk = Aj x. k ~, = A _ j J k  j Xjk 

~ k  = cj Xjk ~f'jk = cj Xjk 

~jk = d .X .k  ~jk = d- 3 3 J Xjk 
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Following the algorithm suggested by Charnes and Cooper [i] for solving 

a linear fractionaI programming problem one can introduce the variable 

1 

-- ZI. (~k~k'J;k ' + z  k ~ k r j k  ) + E 9 

(~"~j k = 
~ k  

~ ,  ( 2  ~['jk ~ jk  + ~ ~ k  /&jk ) ~ O~ 
j k k 

.... A ' j k  

Pjk: + 
j k k 

and obtain the linear programming programming problem 

~ j  ( k  ~ ajkO6jk +~k ajk /~Jk) " b T = 0 

~____a~ik - T  = 0 / j : l , Z  . . . .  / 
k 

( ~  # j k ° ~ j k  + ~ ( ~ k  /3jk) + b~'~. I 
j k k 

~tjk. /~jk ~ o /4/  

This problem can be solved by using the Dantzig-Wolfe principle and 

the following algorithm is obtained: 

a~ Determine a. optimal basic fea~ibl'e solution t o / 4 / .  Denote ( f . . .  ~...~ 
a system of dual variables corresponding to this basic solution, 

b) Consider the LP problems 

max (% 

B . X .  = b.  
J J  J 

x . ~ O  
J 

- ~ . j  - Cdj) xj 

l j = l ,  Z . . . .  / l s l  
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c) If for each 

(cj - ~ .  - J ¢dj) xj qj 161 

where x. is an optimal solution of/5/, the procedure is terminated. 
J 

1 
If T / o in the regarded basic feasible solution of/41, x = ~: 

(''" ~=~jkXk + ~jkXk''" ) is an optimal solution of /i/. 
k 

If T = O, the actual objective function value in/4/ - which is the optimal 

value of/4/- is an upper bound for the objective function values in /Z/ 

and moving along the direction x - (... ~ OjkXk''') one can get a 
k 

solution for /Z/ for which the objective is arbitrarily close to this value. 

d) If for some j the optimal solution of/5/ does not satisfy the condition /6/, 

or /5/ does not have an optimal solution, new columns are introduced 

into the coefficient matrix of problem /4/, the same way as in the LP case. 

T h a t  i s  to  s a y  p r o b l e m  / 4 / i s  a u g m e n t e d  by  the c o l u m n  (Aj xj,_ 0 . . . .  1 . . . .  

• . . x. is  an  e x t r e m a l  s o l u t i o n  of / 5 /  not  s a t i s f y i n g  O, dj x j ,  cj x j ) ,  w h e r e  J 

condition / 6 / a n d / o r  by the column (Aj xj, O . . . . .  O, O, dj xj, cj xj), 
w h e r e  x. i s  an  e x t r e m a l  d i r e c t i o n  o b t a i n e d  in the c a s e  w h e r e  / 5 / w a s  found 

J 
unbounded ,  fo r  w h i c h  

) 

(cj  - fA.j - S d j )  x.j ~ O. 

Now the procedure is continued from a) with the augmented central program. 

if for this new matrix problem/4/is unbounded, /Z/is also unbounded and 

the procedure is completed. Otherwise the procedure is continued from b). 

If for problem /zl it is also assumed that for each solution of/5/ 

d. x.> o, then the sector problem can be formulated as 
J J 

B.x. = b 
J J 

x =~ 0 

(% - f a )  xj - -Sj 
m a x  

d . x .  
J J 

171 
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and the op t imal i ty  condit ion is that for each j the m a x i m u m  value o f / 7 /  is 

at mos t  7 0 . 

For  the solut ion of p rob lem / 3 / t h e  a lgo r i t hm proposed by Martos  [5] 

a lso  can be applied. As it was shown by Wagner  [6] for each solut ion obtained 

by / 6 /  co r r e sponds  a solut ion obtained by / 2 / a n d  vice v e r s a ,  and s t a r t ing  

f rom the same  bas ic  feas ib ie  solut ion gene ra l l y  in each step the same bas i c  

feas ib le  solut ions  a re  obtained. 

If we apply the Martos  p rocedure  the solut ion mus t  be kept as long as 

poss ib le  in the bounded par t  of the convex polyhedron defined b y  the cons t -  

r a in t s .  This  can be obviously fulf i l led if the cons t r a in t s  a re  given expl ic i t ly  

which is not the case for / 3 / .  Natura l ly  this p rob lem does not a r i s e  if the 

convex polyhedron defined by the cons t r a in t s  o f / 3 /  is bounded, which often 

can be a s sumed  in a r e a l - l i f e  economic  modei .  

For describing the application of the Martos-algorithm consider the 

two LP problems, both with constraints /3/and one by taking the numerator 

and the other the denominator of the objective function in /3/ to be objective 

function. Denote (p...grj...) and (r,,. ?j,..) the vectors of the provisional 

dual prices corresponding to a basic feasible solution of the LP problems 

above, respectively, and denote ~ and 7" the objective function values in this 

basic solution. (i. e. "~ is the value of the numerator and 7" is the value of 

the denominator of the objective function in /3/. ) A solution is optimal if for 

each ~jk' 

(2jk" p a j k -  ~ )  - ]~ ( ~ j k "  r a j k -  ~j )  .4~ 0 

and for each ./~jk 

A ( ~ j k -  Pajk ) - r ( ~ j k  - rajk)  ~ O .  

It follows that a sector problem of the form 
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m a x  A <cj 

B . = b ; 
xj  

x.  A O 
J 

pA? xj- r [%- rA? xj- 

can  be  d e f i n e d ,  w h i l e  the  o t h e r  s t e p s  of the  d e c o m p o s i t i o n  p r o c e d u r e  r e m a i n  

the  s a m e ,  

/8/ 

If p r o b l e m  / 8 /  is  b o u n d e d  and  the o p t i m u m  v a l u e  i s  p o s i t i v e ,  the  v e c t o r  

s u b m i t t e d  to  the  c e n t r a l  p r o g r a m  a l w a y s  wi l l  h a v e  a p o s i t i v e  e l e m e n t ,  fo r  

e x a m p l e  the  e l e m e n t  c o r r e s p o n d i n g  to the  ~ 5kjk = 1 c o n s t r a i n t  and so the  

n e w  s o l u t i o n s  w i l l  be  kep t  in the  b o u n d e d  p a r t  of the  c o n v e x  p o l y h e d r a l  d e f i n e d  

by  the  c o n s t r a i n t s  of p r o b l e m  / 3 / .  

= 

If one of the  s e c t o r  p r o b l e m s  in u n b o u n d e d ,  an  a p p r o p r i a t e  x. can  be 
J 

c h o s e n  by s o l v i n g  the  L P  p r o b l e m  

191 

B,x. = O 
J J 

ex. = I 
J 

z~ (cj - pa j )  - 7 ~ (dj - r a j )  x.j ~ 6 

B-1 m a x  e A . x .  
J J 

w h e r e  B i s  the  a p p r o p r i a t e  p a r t  of the  a c t u a l  b a s i c  s o l u t i o n  of / 3 / ,  e is  a 

v e c t o r  a l l  e l e m e n t s  of  w h i c h  a r e  1 and ~ i s  a s u f f i c i e n t l y  s m a l l  p o s i t i v e  

number. 

3, Now we turn to the economic interpretations of the above procedures, 

The iterations in a Dantzig-~tVolfe type decomposition can be described as 

steps in a two-way planning process: 

I) The center gives the initial values of the centrally determined pa- 

rameters for the divisions optimization problems 

2) Each subdivision submits a feasible subdivisional program based 

on the centrally given parameters 

3) The center examines weather the optimum of the whole problem is 
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r e a c h e d  a s  a c o m b i n a t i o n  of the  s u b d i v i s i o n a l  p r o g r a m s ,  an d  i f  t h i s  i s  n o t  the  

c a s e  p r e a s s i n g s  a r e v i s e d  s e t  of p a r a m e t e r s  a n d  t h e  p r o c e s s  i s  r e p e a t e d .  

T h e  p r o c e d u r e s  a l w a y s  h a v e  t h i s  g e n e r a l  s t r u c t u r e  b u t  d i f f e r e n c e s  a r e  

found  in  t he  o b j e c t i v e  f u n c t i o n s  of the  s u b d i v i s i o n a l  p r o g r a m s  an d  in  t h e  

c e n t r a l l y  g i v e n  p a r a m e t e r s .  

In the  f i r s t  c a s e  d i s c u s s e d  a b o v e  a s u b d i v i s i o n  m a x i m i z e s  the  o b j e c t i v e  

f u n c t i o n  

T h e  f o l l o w i n g  i n t e r p r e t a t i o n  c a n  b e  g i v e n  to t h i s  o b j e c t i v e  f u n c t i o n .  T h e  

s u b d i v i s i o n  m a x i m i z e s  the  p r o f i t ,  bu t  t he  p r o f i t  of e a c h  a c t i v i t y  i s  r e d u c e d  by  

the  s u m  of the  " t a x e s "  pa id  fo r  the  u s e  of t he  c e n t r a l  r e s o u r c e s  (f Aj  x j )  and 

f o r  the  u s e  Of t he  f a c t o r s  of p r o d u c t i o n  ( ~  ~ w. + kj )  x . .  
J J 

T h e  e l e m e n t s  of  f c o r r e s p o n d i n g  no t  to  a c e n t r a l  r e s o u r c e  b u t  to  a 

c e n t r a l  t a s k  w i l l  b e  n e g a t i v e  (o r  z e r o )  s o  b e s i d e  the  t a x e s  t h e r e  c a n  be  s u b -  

s i d i e s  too. 

T h i s  d e c o m p o s i t i o n  p r o c e d u r e  d e f i n e s  a d e c e n t r a l i z e d  d e c i s i o n  m a k i n g  

p r o c e s s  in  w h i c h  the  c e n t e r  d e t e r m i n e s  the  t a x e s  an d  s u b s i d i e s  a f t e r  c o m p a r i n g  

t he  c e n t r a l l y  c o m p u t e d  "~j v a l u e s  and  the  o p t i m a l  p r o f i t  v a l u e s  of the  s u b -  

d i v i s i o n s  a n d  s o l v i n g  a new  c e n t r a l  p r o b l e m .  T h e  o p t i m a l  p r o f i t  v a l u e s  in  the  

s e c t o r s  g e n e r a l l y  w i l l  be  p o s i t i v e ,  w h i c h  a p p e a r s  to b e  p r e f e r a b l e  to  a s y s t e m  

i n  w h i c h  t h e  o p t i m a l  v a l u e s  of t he  s e c t o r s '  o b j e c t i v e  f u n c t i o n  wou ld  be  z e r o .  

In the  s e c o n d  f o r m u l a t i o n  - w h e n  i t  c a n  be  a s s u m e d  t h a t  f o r  e a c h  p o s s i b -  

le  s e c t o r  p r o g r a m  ~ w .  + k. w i l l  b e  p o s i t i v e  - the  o b j e c t i v e  f u n c t i o n  of the  
J J 

s e c t o r  c an  be  s t a t e d  as  

max 
(cj - fAj) xj - - f j  

This objective function requires the maximization of the ratio of the 

sectors profit to the weighted value of the additional (new) resource and capital 

requirements. The profit of the sector in this case is reduced by the taxes 
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pa id  a f t e r  the  u s e  of the  c e n t r a l  r e s o u r c e s  and by  an i n d i v i d u a i  p r o f i t  t ax .  

A c c o r d i n g l y  in the  c o r r e s p o n d i n g  d e c e n t r a l i z e d  d e c i s i o n  m a k i n g  s y s t e m  the  

c e n t e r  d e t e r m i n e s  the  r e s o u r c e  t a x e s  and  the  i n d i v i d u a l  s e c t o r  t a x e s ,  a f t e r  

c o m p a r i n g  the  c e n t r a l l y  c o m p u t e d  70 v a l u e  and the  v a l u e s  of the  o b j e c t i v e  

f u n c t i o n s  of the  s e c t o r s  s n d  s o l v i n g  a n e w  m a s t e r  p r o g r a m .  The  o b j e c t i v e  

f u n c t i o n  va lues  of t he  s e c t o r s  in t h i s  s y s t e m  wi l l  a l w a y s  be  p o s i t i v e .  

The third possibility discussed above defines the following objective 

function in the sectors 

j 
+k/xj J-%Ax-J 

It also can be regarded as a special profit function, in which the profit 

is reduced by the taxes paid for the use of the central resources and for the 

u s e  of the  f a c t o r s  of p r o d u c t i o n .  H o w e v e r  now t h i s  l a t t e r  t ax  is  d e t e r m i n e d  in  

s e v e r a l  s t e p s .  F ~ r s t  the  f a c t o r  u s e  is  m o d i f i e d  and  t h i s  m o d i f i c a t i o n  is  a l s o  

m a d e  in  two s t e p s :  t h e r e  is  an  i n d i v i d u a l  m o d i f i c a t i o n  e l e m e n t  ( ~ j )  and  a 

m o d i f i c a t i o n  e l e m e n t  d e t e r m i n e d  by the  u s e  of the  c e n t r a l  r e s o u r c e s  ( r j A  xj) .  

The  s e c t o r  pay  a f a c t o r  t ax  a f t e r  t h i s  m o d i f i e d  v a l u e  of f a c t o r  u se  and  

the  t ax  r a t e  is  d e t e r m i n e d  by the  a c t u a l  v a l u e  of the  o b j e c t i v e  f u n c t i o n  ~ ) ' .  

T h i s  o b j e c t i v e  f u n c t i o n  a p p e a r s  to be  h i g h l y  c o m p I i c a t e d ,  a l t h o u g h  t h e r e  can  

be  c a s e s  w h e r e  t h i s  s y s t e m  can  be  p r e f e r r e d  to  a s i m p l e r  one  b e c a u s e  i t  o f f e r s  

the  p o s s i b i l i t y  of a dua l  v a l u a t i o n  of the  s c a r c e  r e s o u r c e s  and  t a k e s  i n to  a c c o u n t  

the  d i f f e r e n c e s  in  the  f a c t o r  n e e d s  of the  s u b d i v i s i o n s .  

In the  c o r r e s p o n d i n g  d e c e n t r a l i z e d  d e c i s i o n  m a k i n g  s y s t e m  the c e n t e r  

d e t e r m i n e s  two s e t s  f o r  r e s o u r c e  t a x e s  ( p a n d  r ) ,  the  f a c t o r  t ax  r a t e  ( - ~ - )  

and  the  s u b d i v i s i o n a t  f a c t o r  use t ax  ( ? j ) .  

It d o e s  not  s e e m  a p p r o p r i a t e  to r a n k  the  a b o v e  d e c e n t r a l i z e d  d e c i s i o n  

m a k i n g  s y s t e m s ,  the b e s t  s u i t a b l e  one can be  c h o s e n  on!y a f t e r  t ak ing  in to  

a c c o u n t  the  l o c a l  c i r c u m s t a n c e s .  



361 

R E F E R E N C E S  

[1] CHARNES, A. - COOPER, W,W, : P r o g r a m m i n g  with l i nea r  f rac t iona l  

funct ionals .  Naval R e s e a r c h  Logis t ics  Qua r t e r ly ,  9/2 (196Z). 

[2]  DANTZIG, G.B.  - WOLFE,  Ph. : The decompos i t ion  a l go r i t hm for l i nea r  

p rog rams .  Economet r i ca ,  29/4 (1961). 

[3] GOLDMANN, A. I. : Resolu t ion  and sepa ra t ion  t heo rems  for polyhedra l  

convex sets.  In: L inear  inequa l i t i e s  and re la ted  sys tems .  

Edited by KUHN, H.W. and TUCKER, A.W,  P r ince ton ,  1956. 

Un ive r s i t y  P r e s s .  

[4] KOV/~CS, A. : On the n o r m a t i v e  behavious  of the f i r m  in the Hungar ian  

probi t  sys t em,  in Colloquia Mathemat ica  Societat is  J~nos 

Bolyai:  12. P r o g r e s s  in Opera t ions  Resea rch ,  Eger  1974, 

5] MARTOS, B. : Hyperbol ic  programming.  Naval R e s e a r c h  Logis t ics  

Qua r t e r l y ,  June-Sept .  {1964). 

[6] WAGNER, H. M. - ¥UAN, J. S. C. : A lgor i thmic  equiva lence  in l i n e a r  

f rac t iona l  p rog ramming .  Management  Science,  14/5 (1968). 


