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Introduction
In the paper we consider a parametric optimization problem for

an abstract parabolic equation. Problems of such a type are investi-
gated in the case of elliptic eqguations in [é] , [10] and parabolic
equations in [2] ’ [3] s [5] , [11] » In this paper two types of
observations : in spaces C(0,T;H) anda €(0,T;V) are considered.

For both cases sufficient conditions of existence of an optimal con-
trol are given. Using the so called generalized adjoint state equa-
tion necessary conditions of optimality are formulated. Proofs of
presented results are given in [7] , ib] s [9] .

Let there be given Hilbert spaces V, H with

/1.1/ VvV ¢ H , V dense in H

By Uad we denote the set of admissible controls which is assumed

to be a convex subset of a Hilbert space U.

Let there be given a family of bilinear forms on V

/1.2/ a, (t;y,2)
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where u € Uad
t+ €]o,T1])
vV, €V
We assume

{i} family /1.2/ is continuous on V, that is
/1.3/ fau(t;y,z)iﬁ,M ﬂy“v ilz"v ,Vté [O,T} ,
Vu € Gad ’ Vy,z €V
(ii) mapping
b —— au{’ H Y,z)

is measurable for all y,z ¢ V and all ue€ U with respect to

ad
Lebesque measure on the interval [O,T]

(1ii) )
/1.4/ au(t;y,y)zooiiy}lv , o >0

Vueu,, Vielor], ¥yev

Following [3] we denote by W (0,7) ¢ L®(0,1;V) a Hilbert space

with the scalar product
T

: ~ o (e
/1.5/ (y,Z}W(O,T) _g‘{(dt s dt >V'+ (.y,z).v }dt

where (. s ,) denotes scalar product in V .
v

Let there be given elements y € H and f ¢ 1.2 {o,T;v").
For given control u € U,y We define state trajectory y & W (o0,17)
as the solution of an abstract parabolic equation of the form :
dy .
/1.6/ ( 8 (4),z + au‘(t,yu (t),= )
T P )
vy

=(f (t),z) , Yzev, a.e. in Jo,7[
vy
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/1.1/ e (0) =¥,
where (. , .), denotes scalar product between V' and V .
vV
Under the above assumptions problem /1.6/, /1.7/ has the unique so-
lution [4] which continuously depends on the data Yo ¢ H and

£ €12 (o,7;v) .

2. Observation in € {(0,T:H)

Let us define on the set Uad ¢ U the cost functional

2 2
/2.1/ J(u) = é t}yu(T)— zafl + g ol
H U
where
YulT) = yul
t=T
and 24 € H is a given element.

We shall consider the following minimization problem :

/2.2/ find inf  J(u)
u € Uad

Lemma :
If we assume that

(i) bilinear form /1.,2/ is Lipschitzian with respect to u,

that is
/2.3/ | ay (t;v,2) - ag, (t3y,2)] € ¢C llui—uzﬂuﬂyu iz
v A’
Vielo,r], Vu ,u,e Upg » Vy,z ev
(i) set U,, CU is compact

then there exists a solution u € U,, to the problem /2.2/.
Proof is given in [8] .

Let us assume that at the point u € Uad there exists Frechet de-
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A Ao
rivative 4 (W) of the operator a(w)ed(r?® (0,1;v) ; 12(o,;;v"))

which is defined by the equality
/2.4/ (CT)( y,z')v,v = a,(t;y,2)
Yue u,, , Ytelo,T] , Vy,z e Vv
To obtain a simple form of necessary conditions of optimality we

introduce adjoint state j eVw (O,T) which is defined as the so-

lution of adjoint state equation :

ap
/2.5/ ”('&’t‘g (t)’Z)V'V + au<t,z,pu( t)) =
Yzev | a.e. in Jo,tl
/2.8/ pu{T) = - yu(T) + Bg

e
Optimal control u € U_, 1is characterized [2] s [8] by  inequa~
lity

/2.7/ f (<é (@), w-u) vg (), Dﬁ(ﬂ) o,

Vu 4 U

3. Observation in € {0,T:V)

In order to consider the case where cost dunctional is defined
on C (O,T;V) we have to use some representation of bilinear <form

/1.2/ . To do that we need some additional definictions.

Let there be given a Hilbert space S and linear, bounded ope-

rator XGdC(V,S). We assume

/3.1/ operator d’ maps V onto §
/3.2/ kernel ker 5 =V, is dense in H

It is easy to show that for givemn element %’elﬁ (O,T;S')linear
funetional
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/3.3/ Viz s (9), KZ)S’S e &

is continuous a.e, in ]O,T[
With the form /1.2/ we associate the so called formal operator
/3.4/ ae Lo, 15v) 5 120, 15v)))

whichis defined by the formula

/3.5/

o 0

T T
J au(t,y(t),Z(t3>dt = S (B v, z(t) , dt
vV V

0 0

Yz e 1%00,mv),  VYye 12(o,m;v)

Furthermore we assume that the domain =/ of operator A{u)considered
. 2 . 2 ,

as an unbounded operator in L (O,T;H) is a space L (O,T;D) where

DeV dis a given Hilbert space.

It can be shown BJ that there exists the unique operator,cal-

led Neumann operator
/3.6/ o @) eL(t0,r ;p) ; 12(0,1;5))

such that the following representation takes place :

T
/3.7/ ’( au(t s y(), z(v) at
0
= (a() Y,Z%{ + oWy, y=))
¥y er?(o,7 ;0) , Va2 e1ro,nv)
where
'3{ = LZ(O,T;H)
(Xz)(t): XZ(t) a.e, in ]O,T[
and 'é‘f'eoﬂ(Lz(o,T;v); L2(0,1;5))

- > -)) denotes scalar product between LZ(O,T;S)

%/ It is the set of eiements yeé L2(0,T;V) such that
a(wy € L%0,18) .
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and Lz(O,T;S) .
Let us assume that there exist Hilbert spaces:
/3.8/ (1) wlo,r) cc (o,T;V),
injection Wi(O,T) -¢(0,T;V) is continuous
/3.9/ (i) Y ¢ 130,15

injection Y —> Lz(o,T;S'} is continuous

such that for aany given

/3.10/ Y, €V
/3.11/ £ e1%(0,T;H)
/3.12/ Yey

the following state equation has the unique solution Yo € Wi(O,T):

.13 dy ,
/3.13/ { E;E {t},z )VV' + au(t;yu(t), z)
=(f(t), Z}H + (&), 62)8'8 , Yo ev
a.e, 1in ]O,T[
/3.14/ v, (0) = v,
Remark

Problem of existence of the spaces /3.8/, /3.9/ is  discussed
in [9] . Using /3.7/ we obtain another representation [o] of  the

system /3.13/, /3.14/ namely
ay
u
— + Alu)y = £
= }y

/3.15/ Sy, = 9

v l0) = ¥,

We introduce an optimization problem similar to that in previous



629

section. We define cost functional

/8.16/ Jw= % lyy(m- 24 g Il \li , €20

where zde'V is a given element.

We consider the problem of minimization of the cost functional on a
given convex set UadCI}

If mappings

/3.17/ U 2U,, 3u ——s a(welwo,m;12(0, ;)

ad
/3.18/ U 2T,y ? u—s Swel(Who,);1)

are locally Lipschitzian and the set Uad ¢ U is compact then there

exists an optimal control 2 € Uad such that

/3.19/ J(a) € I, Vu e u,,
Proof is given in [9}
To obtain a simple form of necessary conditions of optimality
we introduce [8] the so called generalized adjoint state
(p,r) € L2(0,T;H) xY defined at the given point u € U,y as a so-

lution of generalized adjoint state equation of the form :

/3.20/ (p, + A (u) w) (r, G‘(u)w)Y
B - (yu(T)" Zd:w(T))V ) vw é Wi (O,T)
where
Wf)(o,'r) = { we wio,m) | w( = 0 }
t=0

It can be shown [8} , that there exists the unique solution of

/3.20/ for each u € Uad .

A

If u €U,,; is an optimal control, mappings /3.17/, /3.18/ are
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Frechet differentiable and (ﬁ,?) is a generalized adjoint state at

ﬁ € Uad then necessary conditions of optimality takes on the form :

/3.21/ (A () u-u) g5 .0 )'3’—6
* §<0‘u(ﬁ); g-u > yﬁ,?)Y - £(G,u-—/u\ . >0 , Vueu,,

where Au(ﬁ}, O'u(ﬁ) denotes Frechet derivatives of mappings /3.17/

/3.18/ taken at optimal point T €U, .

Example :
Let $2 be an open region in R™ with smooth boundary [’ =723Q

We introduce the following functional spaces :

(i) v = B H(Q) , " =13(Q)

(1) wio,1) = 821 (Q)
where g = S x Jo,TL , T > 0
(1ii) y = ul/2:4/% (5)
where Z= "x Jo,rL
(iv) p=u (Q;10)
where

(R A)= {ye Bl ye12(Q)}
s = 5/2(P)

We define the set of admissible controls Uad U = HZ(O,T)as the

set of solutions of ordinary differential equation

{ du
%-d—'t— 1U.+V1
dv
1
EE*’* 32V1+V

u{0) = vi(o) = 0

for all v e L2(0,T) such that
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0 € v(t) &1 a.e. in Jo,1[
where a,,a, > 0 are given constants.
Let there be given real functions F(.), g (.) such that
i) F(.), g(-) €c?[o,1]
(ii) Flr) >0 , ¥relo,]
glr) 2o , Y 4[0,13

We introduce the state equation of the form :

fayu - quu KBZ
Q : =2  aQ
Sg a0 z d + Fu(t)) ERQXi Kaxi |

+ gl (2) fyu z al = Xf z AR + Yz al’
r Q

1y
Vze Hi(Q), a.e in Jo,T[

ve (x,0) =y, (x) , xeQ
It can be shown that for given

@ e gl/2:1/4 ()

re1?(q)
Y, € Hi(Q)

u€Uad

There exists the unique solution Ya € Hz’i(Q) of the above
problem.

In this case operators /3.17/, /3.18/ have the form

A (Wy =F Ay | vyen=u(Q;n)
oWy = %‘3‘ +g) ¥y

where AT denotes normal derivative to the boundary V =R
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We introduce the cos t functional of the form

Ty =3 v, (m)- zd‘ﬁz * § flull

aHR) #%(0,1)

Wwhere £2 0 and 7, € H (Q) is a given element.
For any given £ 2 0 there exists [9] an optimal control

q e Uad which is characterized by the following inequality

J( [%E (ﬁ)(unu)] Avg P d e
Q

f adF .~ ,aYﬁ dg ,n L ANA
ar Lu ~ | (- b2
([ 2@ )0
&(?}., u-1y > 0 . Yuervu
v w2 (0,1) ad
where (P,%)er2(q)x (u1/2/1/%()) is the unique solution [0 of
the problem @
((2er@anpae
at
Q
+ g (F(ﬁ)%g + () W)Z/[‘\ aZ
2
2,1
==y, G D= mg W G T))stz) Vw e 50t (q)
such that w{., 0)= 0

where Wwe use the same notation for the scalar product in 172 (2) and
the scalar product between 1-11/2’1/4 (Z) and (H1/2’1/4‘ (Z)) .
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