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ABSTRACT

We consider dynamical systems with norm-bounded uncertainty in (i) the systenm
parameters (model uncertainty) or in (ii) the input (disturbance).

For case (i), the nominal {null uncertainty) system is linear with constant
matrices. Such systems with norm-bounded control as well as with a control penalty
are treated. However, in the former the treatment is restricted to single input sys-
tems in companion form, and in the latter to second order systems. For case (ii), the
system is linear with time-varying matrices and norm-bounded control.

Using some results from the theories of differential games and general dynamical
systems, we deduce feedback controls which render the origin uniformly asymptotically
stable in the large for all admissible parameter uncertainties or input disturbances;
these may be both time and state dependent.

The application of the theory is illustrated by examples.
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INTRODUCTION

The problem of designing a feedback control for uncertain systems has been dis-
cussed in 8 serles of articles, [1-7]. In principle, we distinguish among three
types of uncertainties:
a) Uncertainty in the model (parameter)
b) Uncertainty in the input {disturbance)
¢) Uncertainty in the state (measurement)

Here we deal only with the first two types of uncertainty, model and input
uncertainties for linearT systems.

To motivate the discussion, consider an aircraft maneuvering at a high angle
of attack. It is possible to describe the dynamical behavior by a set of nonlinear
differential equations such that the "nominal" part is a set of linear differential
equations. Often two difficulties arise:
1) The nonlinear characteristics of the parameters are known but it is

impossible to find a "pest" controller for achieving desired specifi-

cations, e.g. controlling the system asymptotically to rest.
2) Because of lack of experimental data, there is incomplete information

about the parsmeter characteristics, except that their value belong

to known sets.
In both cases we approach the difficulty by allowing for the "worst" nonlinear
characteristics with respect to an appropriate performance index and for that
nonlinearity we seek the "best" controller. This "worst case" philosophy does
not imply that the "worst” situation will occur, but rather that a controller
capable of achieving the desired end under the "worst' of circumstances will also
do so under more favorable ones, and hence under all allowable ones.

The theory of two-person zero-sum games is employed to generate "worst case’
controllers. Towards this end, an appropriste performance index is stipulated;
it is to be maximized by the uncertainty and minimized by the controller, respec-
tively. If a saddlepoint strategy pair exists, then the controller assures him-
self a cost (in terms of the assumed performance index) that is no greater than

the saddlepcint one, no matter what the strategy of the disturbance.

MODEL UNCERTAINTY WITH CONTROL PENALTY
2.1 Problem Statement

Here we treat a class of second order dynamical systems with parameter

uncertainty. Consider

+

That is, when the "nominal” system (namely, the system without uncertainty) is linpear.
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(£) u(t) (1)

p
x(t) = [Ao + Z Ai vi(t)] x(t) + B vP+l

i=1
2t ) =x, , t€ [to,tl}
where

x(t) € Rz is the state of the system at time 1t ;

Ai s 1 =0,1, ..., p, are constant 2 X 2 matrices, each containing a single

non-zero element;
B is s constant 2 X m mnmatrix;

v {t) ,i=1, ..., p, with ]vi(t)'§~< 1, and

v-p+:|_

{(t) with vpﬂ(t) € [1,q] , ¢ = constant > 1 ,
are values of parameter uncertainty at time t ;
u(t) € B is the value of the control at time + .
We are interested in the asymptotic behavior of the system (1) under all
possible uncertainties

V(t) = (Vl{t>av2{t}3 ey V‘p‘*l(t)}" t € [to9 °°) .

Since we are concerned with the asymptotic stability of the origin x = {0},
we introduce a measure of deviation from that state subject to a control penalty.

That is, we introduce the performance index
t

N .
J= ( Ixt(e) @ x(£) + ut(s) Rult)] 4t (2)
t

o

where

Q 1is a constant positive semidefinite symmetric 2 X 2 matrix;

R. is a constant positive definite symmetric m X m matrix;

and consider the differential game with state equation (1) and cost {2} .

That is, we seek a saddlepoint (p*(+), e¥(+)}) in a given class of strategies

1
p(*) t B xR+ &, o(+) : B° x B + rP™L

such that
u(t) = px(t),t) 5 vit) = e(x(t),t)

Note that we are looking for a feedback control p*(*) while admitting an
uncertainty e(*) that may depend on state and time.

Having found a saddlepoint candidate (p*(+), e*f+)) , we inguire then under
what conditions the feedback control p¥(*) renders x = {0} uniformly asymptoti-
cally stable in the large (in the sense of Lyapunov) against every allowable

uncertainty e(*) .

2.2 Siability

Before discussing the asymptotic behavior of the system, we invoke necessary
conditions for & saddlepoint candidate {p*(+), e*(*)) , e.g. [8-9]. These con-

ditions lead us to consider the following procedure, [10]:
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Step 1. For each possible combination

{V§ : vg =1 or -1 ,1i=1, «ouy D}

Compute
P
A=AO+ZAiv§ (3)
i=]1
Let A(k) denote the value of A corresponding to the k-th possible combination.
Step 2. Using (3), compute Prg) » the solution of
PA + A'P - PBR T B'P + Q = 0 (1)

corresponding to the k-th possible combination of the v? .

Step 3. Define g}_l‘(-) : B > &Y by
k 4}_ 1 '

i(x) =x' [Py A + A P(k)] x (5)
Step 4, Define & decomposition of Re by the lines given by

o5(x) = 0 (6)

121, 2, ceis s E=1,2, o, 2P
and designate the decomposition by D 4 {Xl, Xys eves XZ}

The Xi are the open subsets of the decomposition, where Xi & Xj =g
.

for 1 # § and R =UX,
. i
i=1

Step 5. Determine a control candidate p*(') by the following algorithm:
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Algorithm 1:

Select Xj €D ‘
Select a possible
combination of the vg.

N

Compute the corresponding A and

P by Steps 1 and 2, say A(k)’ P(k)'

4 Select a nevw possible
combination of the v?.

For onef x € X, compute

k .
sgn oi(x) , 1 =1,2, civy Do

No

No

cssible- combination
of v? were checked

Equal

\LYes

-1
* | — 4
p*(x,t) BT B' Py x

for x€X, . Yes
J ¥
Algorithm
g

fails for X

Definition 1. Algorithm 1 is said to be positively satisfied on Xj iff there

is at least one possible combination of the v? such that the equality test is
answered in the affirmative.

Remark 1. If there is a region of R2 on which the equality test is met by

more than one possible combination of the v? , then one may be able to introduce
an altered decomposition of R2 , on each of whose members p*(‘) takes on values
corresponding to one of the combinations meeting the sign test; for instance, see
Example 1. If this has Deen done, we still dencte the members of the decomposition
by X, , i€ {1, 2, ..., &} .

T s . . R
Since U?(') is continucus on % , the sgn dg(x) ,1i=1,2, ..., p, remain

constant on Xj .
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Before continuing, we introduce some definitions.
Definition 2. The set 2 C R2 is positively invariant with respect to (p(e), e(*))
iff x ez=x(t)€Z Yt¢& fto, w} , where x{=} : fto, o) - % is a solution

of (1) generated by {p(*), e(*)) and x(to) =X, -
Definition 3. The origin is eventually uniformly asymptotically stable in the

2 1

large iff given any (xo, to) € R® X R, there exists at least one solution

x(*) : [to, @) RZ, x(to) =% and: for every such solution there is a T 2 b

such that the origin is uniformly asymptotically stable (in the sense of Lyapunov)

with respect to x{*) | .
[T,

Now suppose that Algorithm 1 is positively satisfied on Xi and Xj € D* ,

ii N ij 4 @ , 1 % J » for the ki—th and kj-th posgible combinations

2

of the v¥ , respectively. Consider pl*) : B® x Ri + K" satisfying

_.__'l 1 & 1
= -R ~ B P(ki)x Y(x,t) X, X B,

p(x,t)

1)

R e 1
R~ B P(k )X ¥(x,t) xj X R,

3 (1)
e {-rT 8'[q Py ¥ (-0 B I x i ae [0.11}
1

Ey

= = 1
v +% €&
Y{x,t} xj mxj X Ry .

Now we need one more definition.

~ - - ~ 2
Definition 4. Let xexiﬁxj+¢,i+j ,*x€{x:d%x=0,x€ER} .

Tet n.(x,t) and hj(x,t} be the r. h. s. of {1} corresponding to (5('}, e(*))
i

on ii and ij . respectively. The boundary ii n Xj is attractive iff
2

¥ (B(*), e{*)) and V¥ % € ii N ij there is & ball B(x) in R~ with center

at § such that
~ = 1
d’hi(x,t) >0 ¥(x,t) € B{x) N %, X By s and

a3 1
d'ny(x,8) < 0 ¥(x,t) € B(x) N X, x B,

where d points into X The boundary is a transition one iff Y(p(*), e(*))

J
d'hi(x,t) >0 and d‘hj(x,t) >0 or

d‘hi(x,t) <0 and d‘hj(x,t} <0

1

for all (x,t) € X, n Xj X R,

+Decomposition D' may be an altered decomposition; see Remark 1.
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Consider the following assumptions.

Assumptions 1.
+ 2
(1) Admissible umcertainty e(*) : R2 X Ri > B ig continuous on R and
piecewise continuocus on any compact subinterval of Ri .

(ii) Algorithm 1 is positively satisfied on every Xj €D .

(iii) Triple {C, A, B}, where Q = C'C and A is given by (3), is completely
controllable and observable for all possible combinations of the v? f

(iv) Every bvoundary ii n ij $¢ ,14% 3, is elther an attractive or a
transition one.

{v) Decomposition D 1is such that there exists at least one k € {1, 2, vees R}

such that, given p(*) , X, is positively invariant with respect to
(p(+) , e(*)) for all admissible e(*) .

{vi) If a solution x(*} : {to, w) + R® generated by (p(*¢), e{*)) reaches
an attractive boundary at x{(T) , then the origin is wniformly asymptotically

stable with respect to x(')[[ ; see Remark 3.
T,)

Now we are ready to state a stability theorem.
Theorem 1. Consider system (1)}, TIf Assumptions 1 are met there exists a feedback
control p(*) satisfying {7) such that the origin is eventually uniformly asymp-
totically stable in the large for all admissible uncertainties e(-).
Proof. Since p(+) is discontinuous and hence considered not unique, (1) becomes
8 generalized dynamical system, [11-16],
x(t) € o(x(t),t) (8)

where the set valued function C{+) 1is given by

p'
Cc(x,t) = {[Ab + ) A ei(x,t)]x +Be {x,t)u:u=p(x,t)}

e o+l
We show first that, given any (xo, to) € R2 X Ri , there exists at least
one solution of (8) and that such a solution can be continued on any compact sub-
set of R X Ri T This .can be done by showing, [10],
(i) C(x,t) is convex for all (x,t) € R X Ri .
(ii) c©(x,t) is compact on any compact subset of R X Ri .
(iii) ¢{+) 1is upper semicontinucus on R x Ri .
{iv) Every member of C(x,t) satisfies a linear growth condition.
To prove the eventual uniform asymptotic stability of the origin, we show
that the origin is eventually uniformly asymptotically stable with respect to
every solution, and, as indicated above, at least one solution exists and is

continuable for every initial point (XO, to} .

?At points of discontinuity of e(x,*) , solutions can be joined in the usual WaY .
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First consider any Xj € D . By Assumption 1 (ii), Algorithm 1 is positively

satisfied; suppose this is accomplished by the k-th possible combination of the

1
#* Lo} > :
Vi Let Vk\ R Xj R~ be given by

Vk(x) = X'P(k) x (9)

where P =P is the solution of
(k)

-1
+A} \P~PBR BP+Q=0 (10)
PAng * M) 9
with o .
A(k) = Ab +1£1 Ai sgn 0 (x)

k [ '
ci(x) = x'[P A + A Pl x

In view of {iii) of Assumptions 1, P(k) is positive definite and symmetric, [17].
Next we show that V, o x(t) decreases along a solution x(+) of (3)
generated by (p{*), e(*)) for all x(t) € Xj For all x(t) € Xj

i

W(t) = grad v, (x(t)) x(t)

t

D
2 x'(t) Py [(a, +iZlAivi(t) x(t) + B vpﬂ(t) Blx(t),5)]

where

vi(t) = ei(x<t),t>

Blx{t),t) = - R~ B'P(y) X(8)

However, since {vi(t) [<1,1€{1, 2, ..., 0},

of (x(t)) san I (x(8))> v,(t) flx(x)) (11)
so that

w(e) < x'(s) EP(k) Ay ¥ A‘(k) P(k)]x(t)

1

-2 x' (%) {P(k> B R B’P(k)] x{%) vp+l(t)

1

k

Since P( X

y B R B'P(yy s positive semidefinite and vF+l(t) e 1, ¢,

We) < x(8) DBy Ay + A% () Py = Py ® Rt B'P ] x(t)

- x' (%) [P<k> B R B’P(k>] x(t)
In view of (10) we have
W) < - ' (6) @ x(e) - x(8) [Py B B7R] x(0) (12)
Now we have two possibilities:
(1) =x(z) € Xj , € [t, t"] , and "Nature" does not use her "optimal"
strategy. Then (11), and hence (12), is a strict inequality; thus, wit) <0 .
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(ii) X(t) € Xj s Vi(t) = sgn 0?(X(t)) » 171, 2y viuy Py (t) =1,

Vp+l

t € [t', t"] . Then the system is linear with constant coefficlents (linear, time-
invariant}. PFurther more,

BRT B'P

)

- Wwit) = x'(t) @ x(t) + x'(t) P x(t)

k) k)
x'(t) CtC x(£) +u'{t) Ru{t) =0 (13)
on [t', t"] . Since both terms in (13) are non-negative

x'(t) cre x(t) 20, u{ty Bul(t) =0 .

Since R is positive definite, wu(t) = 0 , and the system is

x(t) = Ay x(8) 5 e € [e, ¢ .

But, since U, A(k)’ Bl is assumed to be observable, x'(t) C'Cx{(t) = 0o

k) © x(t)
decreases along a solution x{*) for all t such that x(t) € X, €D,

J

cannot occur and so neither can W(t) = 0 . We conclude that V(

Finally we note:

a) If a solution =x(*) : [to, © ) >R remains in an Xﬁ €D for all

telr, »), 7> to , the origin is eventually uniformly asymptotically stable

with respect to x{*) since the requirements for Lyapunov stability

are met with respect to x(*)
[T, «)

b) If a solution leaves an Xj € D it cannot return to it by Assumptions 1
{iv) and (v). Since the decomposition D. is finite, s solution must
remain in some Xj (case a)), or enter an attractive boundary, or reach
an invariant set Xk €D . TIf it enterg an attractive boundary, Assumption 1
{vi) assures eventual uniferm asymptotic stability. If it enters an invariant
X, » it must remain in X {case a)) or reach an attractive boundary. TIn
either case, eventual uniform asymptotic stability is assured, since Xk

exists by Assumption 1{¥).

Remarks

2.  Assumptions 1 aré sufficient but not nécessary to assure that p(*) is
stabilizing, [10].

3.  Assumptions 1 (iv) = {vi) depend on the properties of boundaries ii N ij .

For some caSes, for instance single input systems in companion form, these
properties are readily checked, [10].

L. TFeedback control pPl*) is defined alimost everywhere on R X Ri . Due to =&
real controller's delay in switching, chattering across an attractive
boundary occurs, [ll - 13]; see alsoc Example 1.

2,3 Example 1
Here we consider a simple example to i1llustrate the theory developed in

Section 2.2, namely, g second order system with a single input and a single

uncertainty: '
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x, (8) = x,(t) (1k)

<
—
o
~—
i

1.6 v(t) xz(“c) + u(t)

with uncertainty v(t) € [~1,1], and control penalty matrix R =1 .

Furthermore, let matrix

1 071
Q:

c ©
With .the gystem so specified, we have only two possible combinations for
k(x) and p{x,t) are listed

v* , These, together with the pertinent P( o

k) ®
below. The decomposition induced by Gk(x) =0 ,%k=1, 2, is shown in Fig. 1.

vé = 1 v# o= -1
2.1 1 2.1 1
P = P =
(1) 1 3.7 (2) 1 0.5
1 _ , 2 _
o (x) = Xy (3.2 x, + 12 x2) o° = x, (3.2 x, + 1.7 xg)
plx,t) = -x, - 3.7 %, plx,t) = X, - 0.5 x,

The algorithm is positively sabtisfied on each member of the decomposition
induced by Gk(x) =0, k=1, 2; the corresponding switching functions are in-
dicated on Fig. 1. As can be seen, on two members of the decomposition, the
algorithm is positively satisfied with both possible combinations. Furthermore,
both combinations satisfy the algorithm positively on two pairs of adjacent
menbers of the decomposition. Thus, these adjacent members can be combined into
a single one; e.g., the ones for sgn 02 = -1 . Recalling that one assumption
underlying Theorem 2 requires that every boundary of the decomposition be either

attractive or a transition one, we verify readily that the boundaries given by

1]

%y = 0 are transition ones; however, the boundaries given by 3.2 %y + 12 x2
are neither. Thus, we alter the decomposition by rotating this line uwntil we
obtain boundaries satisfying the above assumption, in this case attractivity.
The final decomposition is shown in Fig. 2.
If we denote system (14) by

x(t) = A x(t) + b ult)
then, upon setting u(t) = p(x(t),t) and v(t) = sgn Ok(x(t)) for
k=1, 2, we get
x(t) = A x(t)
where matrix

0 1
Aoy =

1 -2.1

Line ACA contains one eligenvector of ACL .

1‘Fox' special features of single input systems in companion form see [10].
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Finally, Fig. .3 shows some typical solution curves of system {14) subject
to s parameter uncerteinty that is a random piecewise constant function of
time, Note that the solution curves reach the attractive boundary X, N X

2 3
and then move along it towards the origin.

INPUT DISTURBANCE WITH BOUNDED CONTROL

3.1 Problem Statement

Now we treat a class of dynamical systems with input disturbance. Consider

x(t) = A(t) x(t) + B(t) ult) + B(t) v(t) (15)
x(tO) =x ,t€ [tc, tl]
where

x(t) € R" is the state of the system at time t 3
A{*) is'an n X n wmstrix, continuous on Rt 5
B{*} is an n X m matrix, continucus on Rl 3
wt)eu={uer" Il ull €
v(it)Ev={veR : I vII<op

Since we are again concerned with the asymptotic stebility of the origin

constant € (0,»=)} is the control;

©
1]

constant € (0,%)} is the disturbance.

x = {0} , we introduce a measure of deviation

J = ftl x'(t) ale) x(t) at (16)
%o
where Q(*) is a symmetric n X n wmatrix, continuous on i .
and consider the differential game with state equation (15) and cost (16}.
That is, we seek a saddlepoint (p*{+), e*{*)) in a given class of strategies

p(+) B xRE > B, e(+) : B x RF+ B®
such that
u(t) = plx(t), £) , v(t) = elx(t), t).

Again, we look for a feedback control p*(*) while admitting a disturbance
that may depend on state and time.

Having found a saddlepoint (p*(*), e*(+)), we inquire under what condi-
tions feedback control p*(+) renders x = {0} uniformly asymptotically stable

in the large ( in the sense of Lyapunov) against every allowable disturbance

e(*) .

3.2 BSaddlepoint Strategy

On invoking necessary conditions for a saddlepoint, e.g. [8-9], and then
sufficient conditions, e.g. [18-191, we find the following saddlepoint for the

case p = p_=p i

B (t)P{t)x

Y o ¥lx,t) €N
p*(x,t) = - e¥(x,3) = T8 (£)P(% )4

(xn
any admissible valte ¥(x,t) €N
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where
N = {(x,t) € &* x B : B'(t) P(t) x = 0}
and matrix P{(¢) is the solution of
P(t) + P(t) Alt) + A'(%) P(x) + g{t) = © (18)
P(tl) =

The details of the derivation can be found in Chapter 2 of [10].

3.3 Stability
Having deduced a saddlepoint, we ask now whether the controller’s

saddlepoint strategy p¥{*) results in asymptotic stability of the origin
against any allowable disturbance strategy e(*) . Thus, consider a

feedback control P{+) : R x Ri + U given by

B'(t)P(t)
slxst) = _ETT__fT€7§T'p Vix,t) € X (19)
w€U={ueER ) ull< pu} ¥(x,t) €N
with, [20]
P(t) = { o' (t-t) Q(7) &{t-t) ar (20)

t
which is a particular solution of (18), where ¢(+) is the transition matrix
of x(t) = Alt) x(t)

Consider the following assumptions.

Assumptions 2.
(i) Admissible disturbance el*) : R X Ri >V CEY is continucus on
" and piecewise continuous on sny compact subinterval of Ri .
(11) 3 o), ¢, € (0, ®) such that NA(E) < ) , BN Sy WVt € R, .
(3i1) @t} is positive definite (symmetrie); that is, 3 cqs0y € {0, =), c3 < ey »
such that ¢ I< Q{t) < oI ¥t € Ri .
{iv) A(t) is uniformly asymptotically stable.

>0 .
(v) 0,0,

Now we are ready to state a stability theorenm.

Theorem 2. Consider system (15). If Assumptions 2 are met there exists a
feedback control p(*) satisfying (19) such that the origin is uniformly
asymptotically stable in the large (Lyapunov) for all admissible disturbances
e(*).

Proof. Since p(*) is discontinuous and hence considered not unigue, (15)
becomes a generalized dynamicsl system, [11—16]

x(t) € c(x(t), t) (21)
where the set valued function C(+) is given by

Clxst) = {Alt)x + B(t)u + B(t)elx,t): u = p (x,t)}
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As iy the proof of Theorem 1, it can again be shown, {103, that, given any
(xo, to) € Rg* x Ri , there exists at least one solutign ofl(21) and that such.a
solution can be continued on any compact subset of R X R+ .

To demonstrate the uniform asymptotic stability of the origin, we consider
the function V{(+) : B" X Ri » R given by
Vix,t) = x"P{t)x (22)
where P(t) is defined by (20).

Since A{t) is uniformly asymptotically stable and Q(t) is positive
definite according to (iii) and (iv) of Assumptions 2, matrix P{t) is positive
definite, [20]. In particular, there exist cs, g € (0, ), c6‘> c5, such that
el dl® < V(x,8) % cgldl® ¥(x,6) € B x RY
Thus, V(*) is a Lyapunov function candidate.

Finally, we observe that V o x(t) decreases along a solution =x(+) of

(21) generated by (B(+), e(+)) . Hemely, for (x{t), t) ¢ W,

W(t) = grad V(x(t), t)x(t) + w.%m

|1}

2x' (4)P(t)[A(t) x(t) - B(t) %%% o+ Bt)e(x(t),t)]

+ x"(£)P(t)x(t)

x"(£)[B(t) + P(£)A(t) + A" (£)P(+)] x(t)
20 I1B"()P(t)x(t)) + 2x'(£)P(t)B(t)e(x(t),t)

]

-x'(8)el{t)x(t) - ZQuIIB'(t)P(t')X(t)ﬂ + 2x (£ )P(%)B(t)elx(t),t)

< = x'(e)ale)x(e) -2(p, - p B (£)P(t)x(t)

<0 Yo o .

For x(t) €W but =x(+) 0,
Wit) = - x"(t)g(t)x(t) <0 .
This concludes the proof.
Theorem 2 has an immediate corollary.
Corollggx"l. The average measure of deviation from the origin along a solution
x(*} : {to, ®] - §", x{ta} = x_  , generated by (pl*), e(*)) is

rx'(t)Q(t)x(t.)dt < x'P(t )x .
4 o) [« RN o]
o

. i . . . 1
Proof. In view of (ii) - (iv) of Assumptions 2, P(t) ig bounded on R, » [20].

Thus, the result follows upon integration of W(t).

Remarks

5. If matrices A{t) and Q(t) are constant and t, > =, then P{*) is the
constant matrix solution of the ILyspunov equation, [20],
PA+A'P+Q=0 (23)

6. Chattering across the singular manifold N is possible,[ll—lB].
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7. 1In the scalar input case, the control p(x,t} is bang-bang.
8. If the matrix A is not staeble but {A,B} is stabilizable, Theorem 2 is
applicable,[El].
9. The results of this section, in particular Theorem 2, remain unaltered if
input matrix B is state and time-dependent; i.e., B(*) may be continuous
on R X Rl .
10. For state-independent input matrix B{+} , coutrol p{x,t) is only output~

dependent for outputs y = C(t)x where C{t) = B'(¢t)P(t) depends on @Q{+} .

3.11 Example 2
As an example illustrating the theory of Section 3.2 consider the third
order system

(t) = A x{t) + B ult) + B v{t)

where
[0 1 ¢ 0 0O

A= 0 0 1 B = o 1 N Q= 2T
-1 -3 -2.9 1 0

The solution of (15) is

L6 3.8 1
P=i3.8 6.3 1.6
1 1.6 0.9

X, * 1.6 %, + 0.9 xg

B'Px =

3.8 Xt 6.3 Xy * 1.6 x3
Hote that N is of dimension n - 2 = 1.
Figure 4 shows the response of this system under a random piecewise constant

disturbance and a control given by (19).

3.5 Example 3
Finally, as another illustration of the stabilization of a system with

input disturbance consider the second order single input system

2t) = A x(t) + b ult) + v vit) (25)
0 1 6} 1 0
A= , b = , Q= 3
22 24 22 0 EE

Following Section 3.2, it is readily shown that
plx,t) = —sgn(xl + XQ) for x, * X, %0 (26}
Here, the singular menifold N is of dimension n -~ 1 = 1 , and chattering

occurs due to delay in digital computation.
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Figures 5 and 6 show the system's response under four types of disturbance —-
constant, sinusoidal, random piecewise constant, and "worst" -- and control (26).
For comparison, Figure T shows the analog computer solution for zero as well as
sinusoidal disturbance. As expected, the analog solution is smoother than the
digital computer one (of the discretized system); the response slides along N

rather than chattering across it.
MODEL UNCERTAINTY WITH BOUNDED CONTROL

4.1 Problem Statement
Now we return to a class of model uncertainty problems. Here we treat

n-th order single input systems in companion form. Consider

D
x(t) = [a, +i§-1 Av (8)] x(2) + b ult) (21)

x(t) = x5 t€lt,, ]

where
x(t) € B® 1is the state of the system at time t;

Ao is a constant n X n matrix of the form

i 1
6] S o]
AO = . .
|0 ] Q 1
-.-Otl —0&2 —CIB « 2 —U.nJ
with al = ¢onstant, 1i=1, 2, ..., n
Ai ,1=1,2, «v., p , are constant n X n matrices of form
Aj_ = f e e e e e e = =
0O ... a, «... 0
i
with a, = constant> 0 , b = [o...0 1]ter*,

vift), i= 1,2, vo., Py With }vi(t}]fi 1 , are values of parameter uncertainty

at time %3

u(t) € BY, with Ju(t)] € e, € (0, ®) , is the value of control at time t
Again, we are interested in the asymptotic behavior of system (27) under

all possible parameter uncertainties. Towards that end we introduce a

performance index
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J = J x'{t) Q x(t)dt (28)
t

where Q 1is a constant positive definite symmetric n X n matrix.

4.2 Stability
Before proceeding we note that the system may be converted into an

equivalent input disturbance one:

x(t) = A x(t) + b ult) + b F(t) (29)
with

v(t) = e (t)x(s)

where

el {t) = [alvl(t) a2v2(t) P ahvn(t)] €’ , and

iy 1
)] < Beot tx(e)l <[ T &8)% hx(o)l
i=1
Thus, we allow disturbances subject to
p 1
[(6) ] < o, = T a)? Ix(e)l (30)
v o, i
i=1
We see now that the equivalent input disturbance problem is of the type
treated in Section 3, with the sole exception of the state dependence of the
disturbance constraint.
Upon applying necessary conditions for a saddlepoint (p*(+), e*(*)) , with
/P
1.
b= 0p =KE 221 1l = o(1xl) (31)
u v i
i=1
one Tinds the results of Section 3 unchanged. Hence, we can state a stability
theorem for the egquivalent input disturbance problem.

Theorem 3. Consider system (29). If Assumptions 2(i) and (iv) are met there

exists = feedback control (-} : R x Ri > Rl satisfying

- ?%i ollxh) ¥(x,4) € {(x,t) : b'Px.% 0}

an sdmissible value V(x,t) € {{xst) : b'Px = O}

plx,t) =

where
PA +A'" P+Q=20
o] o
such that the origin is uniformly asymptotically stable in the large for all

admissible disturbances e(*).

Remarks
11. If, in addition to the parameter uncertainties, there is also an
input disturbance, say w with |w| < P, » then B(+) is stabilizing
b

2\%
provided p(ixt) = pw>+ z a; bxf .
i=1
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12. The results are readily extended to the case of time-varying matrix
Ab by means of Section 3,[10} .

4.3 Example b
To illustrate the preceding results let us consider a second order systenm

{(27) with

[0 1 0 0 0 0
Ao = R Al = » A2 =

_O 0 L1 0 0 3
and -

1
Q =

0 1

Of course, herd

o (I=h) = Izt /10

Then it is readily shown that

plx,t) = - (xl + 2.4 x2) - p{lxh) sgn (Xl + 2.0 X2)

for all (x,t) ¢ {(x,;8) + % + 2.k x, = 0} .

Here, matrix Ao is not stable but {AO, b} is stabilizable by linear feedback;
this accounts for the first term in the expression for p(*) ; see Remark 8.
Finally, the digital computer response of the system under the indicated

parameter uncertainty and control p{+) is shown in Figure 8.
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