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INTRODUCTION

Using a computer for the solution of problems - either by programming
some algorithm oy by performing retrieval operations in a data bank
system usually involves at each level of abstraction data items as

well as structured data, i.e. collections of data items which are some-
how related to each other. If we group data items together into a set
and endow this set with certain operations we get the concept of the
elementary data type. If we now group structured data together and want
to endow this set with certain operations, we can destinguish between
three kinds of operations: those which consider structured data as a
whole (without referring to their structure or to their components
explicitly), those which deal only with the structure between the data
items ("structural operations") and those which concern a data item
itself. In this paper we want to restrict curselves to structured data
and structural operations.

At this point I should 1like to motivate the need of a formalization of
structured data and structural operations. The arguments can be summar-
ized as follows:

(1) Structured data are used at each level of abstraction. The desrip=-
tion of these data varies considerably from one level to the other.
Even at the same level, e.g. in high level programming languages,
it is seldom uniform. The question, e.g., as to whether the oper-
ations which can be applied to the data should be part of the de-
scription has no uniform answer. Thus communication is difficult.

(2) The design and efficiency of an algorithm depend strongly on the
choice of the data structure which represents the objects to be
manipulated. In certain areas this dependency has been early rec-
ognized (e.g. for sorting and searching problems) and led to the
development of specific structured data (e.g. different kind of
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trees, binary trees, balanced trees, B~trees, etc.) These struc-
tured data have been formally described and analysed. Until now,
however, there exist very few approaches to the definition of
general data structures.

(3) A rigorous definition of the notion "realization" presupposes the
formalization of the concept "data structure".

(4) For proofs of correctness of programs the involved data structures

must be formally describable.

Qur formalism is chosen such that it is independent of a specific pro-

gramming language and a specific computer model.

I. FORMAL MODEL

When we speak of structured data we usually think of a composite en-
tity consisting of "simpler" constituents which are related somehow.
The nature of the relation may differ considerably in the different
levels of abstraction. It may be e.g. an order relation in a set, a
relation deseribing a family tree, & relation describing the access
mechanism in a computer memory etc. In general, the relation is the
appropriate mathematical concept for handling composite data. As
usually more than one relation is involved in describing structured
data we choose the extended directed graph for our purposes. Our claim
is that there is an extended directed graph corresponding to any struc-
tured data.

DEFINITION 1.
An extended directed graph is a pair (N,P) consisting of a nonempty
set N of nodes which is at most countable and a finite set P of partial

mappings from N to N.

If p is a partial mepping from N to N which is defined for some neN

then np denotes the value of p at n.

DEFINITION 2.
By H(P) we denote the semigroup with identity generated by P under
functional composition.

There is a simple way to represent an extended directed graph graphi-
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cglly. If peP and neN and m = np we display the nodes by circles and
express the fact that m = np by an arrow from n to m with designation

jo

o)

We want now to give some examples of extended directed graphs.

1. Let N )
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(N,P) 1s represented in the plane as follows
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(N,P) can be thought of as one possible representation of a chessboard.

2. Let N = (ni)iEN and

P = {pi,p2} where

N4Py = Moy i=1,2,...
nip2 = ngi+1 i=1,2,...
Hence
ny
2/ \&
v
n, 0 N,
VAN
o) o O O

(N,P) is an infinite binary tree.
3. Consider the following mode declaration in Algol 68

mode employee = (string name, real salary, ref employee boss,

ref employee next)

An object of this mode can be described by

We consider now three employees in alphabetic order, who have the

same boss
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If we are only interested in the relations between the four employee

&
<
& 3[\
C

o—;r-¢o 7;2—90

we get

Extended directed graphs can be investigated similarly as directed
graphs. Typical results are: decomposition of an extended directed
graph into disjoint constituents, determination of generating sets,
maximal constituents and so on. For these questions the reader is re-~
ferred to [1].

II., DATA STRUCTURES

We have now introduced our baslic concept, the extended directed graph.
We have seen how structured data can be described using these graphs.
Until now, the relations between the data items - these are repre-
sented by the nodes in the graph - were supposed to be given a priori
and fixed. Note that we never mentioned something like an "operation"
on the data. We are now interested in the dynamic behaviour of struc-
tured data. Before going into detail in the discussion of operations
let us first consider three well-known examples of data structures:
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a list, a pushdown-list, a queue. With each of these data structures
we have basiecally associated an ordered set of elements into which we
can insert or from which we can delete an element according to speci-
fic rules. The distinction between these data structures stems from
the different kinds of rules: in the first case, any element of the
ordered set can be removed and an insertion of an element is allowed
between (with respect to the given order) any two elements. In the
second case both, insertion and deletion, can only affect the last
element of the set. In the third case insertion affects only the last
element, whereas deletion affects only the first one.

Thus, informally we can say that a data structure -~ as opposed to
structured data - is not only determined by the relations between its
data items but also by the operations which can be performed on the
structured data. We are going to suggest a definition of the notion
data structure based on our previous model in which the above con=-
siderations have been taken into account. In order to do s0 we need

a series of auxiliary definitions.

DEFINITION 3.
Let T = (N,P) be an extended directed graph, wé¢N. A pair (T,m), where
meNu{w}, is called a configuration of (N,P).

DEFINITION 4.
Let G be a set of finite extended directed graphs and % a set of con-
figurations of elements of G. A partial mapping
©: L~ T
is called an elementary

1) access operation, if
(r,mo = (T', m')

implies I' = T'' and either

i) there are no edges starting from m and m' = w
or
ii) there exists a mapping q which is defined at m, such that
m' = mq
In this case we say that we access m' along a path named
g starting from m.

2) node-ingert cperation, if
(I'ym)o = {(I'',m")
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implies
1) m'+w
ii) card (N) = card(N')-1
iii) the subgraph of I'' which is defined by N'~{m'} is =- up
to renaming - a partial graph of T such that np = n,
nieN peP implies ﬁiﬁ = 7

53 where ni(resp. p) corresponds

to Hi (resp. D) according to the renaming.
iv) m = w or W (i.e. the element corresponding to m) is con-

nected to m' by a single edge.

In the same way we can define node~deletion, edge-insertion, and -de-

letion.

There are some interesting features of the above definitions. Looking
e.g. at the definition of the access operation we see that we can per-
mit or prohibit the access to some element by defining the mapping O
in the right way. Moreover, our definition guarantees that a node n
can be accessed from a node m only if n and m are related in the graph.

Having defined what an elementary operation should be we can now con-
struct the data structures.

DEFINITION 5.
Let WL be a gset of finite extended directed graphs. An extended directed
graph

&= (To,m

consisting of

i) a set of configurations of elements of Wi, such that for each
graph e WL there is at least one configuration of T in ?au.

ii) a finite set T of elementary operaticns on 1:NL
is called a data structure class. The elements in H(T) are called
operations.

A pair (T, &), where T is an extended directed graph
and & a data structure class is called a data structure, if

there is a configuration of T which is a node of & .

EXAMPLES.

Let W= {(N,P) : (N,P) is extended directed graph, P = {p} and

pt = f?pﬂ'is an order relation on N}.
i=1
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For each natural number k we choose exactly one graph Fk with k nodes.
Then we put

™= {r k € N}

k

(Here T, = (Nks{pk}} with N ={ n, .}

k Dyegsr e Oy

NsPp = Ny 32 1...k-1)
Based on thisg set of graphs we construct now the following data struc-

ture classes.

1. Let Z;L be the set of all possible configurations of all elements
of M. . We choose the elementary operations as:

L L .
ta 2 s i=1,2,3
1 T’m T

. m / m -
S8 (Tps my D) ey (T s nk+1,1pk+1) for k>0, k-i»m»o and
k
(Fk,w> i 1 (I‘k*is nk"“l,lpk'i'l), <FO’0-)> e 4 (Fl’ nll)

tl is the operation "insert one element in front of the one at

which you point now.
ty (Pk, nkﬁpi)hm—, (Fk, nkipﬁ+1) for k>o k-izm>0 and

-7
(Tys n Pl ) s (1) ,0)

t2 is the operation "go to next element®

i m - m _
t3' (Fk, nklpk) P (lkul’ nk-l,lpk~i) k>0 k-1>m20
(r,, n, o5 Yy ey (T, _,s0)  kvo
k? "ki1k k-12

t_ is the operation "delete the element which is pointed at".

3

The extended directed graph
L= (el it ,0,,8,0)

m, 13 2’3

is called list class. A pair

(T L

is called list of length n.
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Pn is graphically illustrated by

The graph J which describes the list class is illustrated by
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L= (1;;{t1,t2,t3}) is an infinite extended directed graph with
entry. Please note that a list can only be traversed in one direc-
tion.

. Let

K
T (T, n ) k211 U (T L)}

we choose the following operatilons
K X
k':t"’—')
R m tm

ky ¢ (Ty, npq) —r (Fk+1’ nk+1,1) k#o, (To,w) h—-+(F1,n11)
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Ky 8 @p,qs nk+1’1) h__ﬁ(Fk, nki) k#o, (Fl’n11> h__*(ro,w)
The extended directed graph
_ X .
¥=(t ’{Ki’k2})
21

is a data structure class describing the cynamic behaviour of pushdown
lists. The class is illustrated by

For more complicated examples we refer to [1] where a large number of
interesting data structures has been described using our model of ex-
tended directed graphs. Here we restrict ourselves to point at some
of the benefits of our model: The fact that a configuration of an ex-
tended directed graph can be a node in two different data structure
classes enables one to construct a "connection" between these two

classes. Let be

% - (€L 1)
1 Wy

2
= 2T
iQ /t'mz 5

two data structure classes. We set

1 2
= U T, U T
Eilu 5% (1an1 ﬂ:ﬂlg 1 2>

. . s 1 . 2 . _
If a configuration cccurs in ’le and in ’sz then in &1 U ﬁz
which is also a data structure class according to our definition - the

operations of both T1 and T. can be applied to that configuration.

2
Thus, starting from some given classes new datastructure classes can

be created.

Another point to be mentioned is that equivalence of data structures
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as well as questions concerning the simulation of one data structure

by another data structure can be treated within this model.
Moreover, those data structure classes which can be defined by spe-
cific methods, e.g. so-called definition only by operations, can be

characterized with the help of our model.

IIT. REALIZATIONS OF DATA STRUCTURES

How can we formally define the realization of data structures? As a
data structure is given by a pair

(T, &)

one part of our task will be to allocate storage to I'. The other part
of our task will then be to declare how the operations have to be
treated. As time is lacking, we will here concentrate on the first
project.

DEFINITION 6.
Let (N,P) be an extended directed graph an A a set, [A] 2 [N|. A pair
(r,p) consisting of an one-to-one mapping

r : N = A
and an one-to-one homomorphism of semigroups

p : H(P) » A(A> (A(A) is the set of partial mappings
from A to A.)
such that
i) np e N * {nr){(pp) & Nr
ii) (np)r = (Nr)(pp), 1f p is defined at n.

REMARK.
Restricted to strongly connected extended directed graphs this defini-
tion coincides with the one given in [2].

We can interprete our definition as follows: Let A be a contiguous set
of addresses, i.e. & = {x ¢ N : agx<b} for some a,b e N. If the ele-

ments of N are considered as external names, the mapping r can be con-
sidered as the addressbook for the structured data. It assigns a unique
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address to each element of N. Pp is both a representation for the edges
of (N,P) and a mechanism for calculating the address of np from the
address of n according to

{np)r = (nr){(pp).

When using structured data we often do not refer explicitly to an ele-
ment by an external name but we refer to by its relation to some other
element. Imagine for example the use of binary trees, where in most
cases a node 1s referred to as "son of node n", n being its father
node. In this case we need not keep the whole addressbook r in memory.
We Jjust keep

where ng is the root of the tree. The address of some element in the
tree can be calculated with the help of

pp pebl

IV. DISPLACING OF REALIZATIONS

As one can easily see, any extended directed graph (N,P) can be real-
ized in any set A,|A|l » |N|. The question which interests us now is:
What happens if such a realization has to be shifted within our memory
A? In the worst case we must set up a completely new addressbook r and
redefine p. For a big class of extended directed graphs, however, there
exists a possibility to avoid this effort of complete redefinition.

DEFINITION 7.
A node 1, of an extended directed graph is called entry, if for every
neN there exists a mapping p such that n,p = n.

DEFINITION 8.
Let (N,P) be an extended directed graph with entry n,. (N,P) is said
to have a displacement mapping in A, JA| » |[N|, if there exists

§% N - o

with the following properties

i) é* is one-to-one
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ii) for any a & A there exists a realization (v,

ga»P,) such that

a) nr, = a
nr, a(né*)
b) the mapping Ba
By ¢ {t ¢ H(P)pa i at € Nra} - A
which is defined by for all b € A
b(pp, )8, = (ncp)rb
is well defined and one-to-one onto N&*.

]

A

If an extended directed graph with entry g has such a displacement
mapping 6* we proceed in the following way: Instead of maintaining
information about a specific realization which has to be updated all
the time we keep 8* in memory. Then, if one gpecific value a € A is
given, which is supposed to be the future address of n, we can easily
calculate the position of n ¢ N with respect to the realization (ra,pa)

nr, = a(né*).

Property ii,b constructs an intrinsic correspondence between the par-

() which do not lead out of the

realization T, of (N,P) and the total transformations in N§* < AA. Via

tial transformations in H(P)pa c A

this correspondence all realizations are related in the following way:
Let a,b ¢ A and Sa’gb the corresponding mappings. Then we get for
p e Fun(n )

poy = (o) (8, 8,7

and hence have built up a relation between oq and Po-

EXAMPLES.

1. The first three examples of section I have a displacement mapping.

2. An extended directed graph with entry which has no displacement
mapping is given by
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We proceed now in the investigation of extended directed graph with
displacement mappings and look for a simple criterion for determining
whether an extended directed graph has such a mapping.

PROPOSITION 1.

Let (N,P) be an extended directed graph with entry n_. la] » |Nl;
the following statements are equivalent

i) (N,P) has a displacement mapping §* : N - AA such that

* = 3

B nos ldA‘
ii) for all p,q defined at n, n.p=ngq implies p = .
Proof:

i) implies ii). Let us assume that nopy = ngp, and Py * Py

Then for all b e A b<plpa}8a = (ncpi)rb = (nop2)rb = blp,p,)8,-
Hence we get (plpa)Ba = (pzpa)ﬁa-

As Ba and Ba are one-to-one we get P, = Py

ii) implies i). For any a ¢ A let us choose a realization (ra,pa)

i r = a,
with n.r, a

Let n € N Dbe given. There is a unique p e H(P) such that

n = ngp.

We put for all a e A a(né*) := a(ppa).
§*¥ : N - AA is a displacement mapping.

Proposition 1 gives us an useful criterion to decide if an extended
directed graph has a displacement mapping. Moreover, if we once found
out that n, is an entry which satisfies ii) and choose for each a ¢ A
a realization (ra,pa) with n,r, = awe can construct a displacement

mapping ¢*. This is described in the following corollary.

COROLLARY 1.
Let n, be an entry satisfying ii). Let for each a ¢ A& a realization

{ra,pa} with nr, = a be given. We define

a(né*) := a(ppa)

where n = n p. §* is a well defined mapping from N to AA and satis-

fies the conditions of a displacement mapping.

In order to make the involved concepts clear to the reader we demon-

strate our techniques for the case A = {0,1,2,...M}.
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PROPOSITION 2.
Let (N,P) be an extended directed graph with entry n.

A= {0,1,...M}, M > [N].

e}
placement mapping &* : N - AA such that

a(né*) = a + nr mod | A|

Let (ropo) be any realization with n r, = 0. Then there exists a dis-

(i.e. the total funection
né* : A - A
is additive).

Proof:

Let n = n,p then nr = O(ppo) = kn e A, We put
a(né*) := a + k, mod |A].

Then we get
nr_ = k= 0+kn = 0{né*).

For each & € A we define now ra’pa’ﬁa' First we meke the following ob-

servations.
1. né* : A - A
né* 1s a total mapping and a(né*) ¢ A for any a. Hence
A
§* : N -» A

2. 8% is one-to-one: Suppose that
né* = n'ex,
then
nr_ = Q(né*) = 0(n'é*) = n'ro. Hence n = n'.

We put now for a £ A

nr, iTa nr, i= ané* = atk mod|A|.
Surely r, is a one-to-one mapping from N to A, By defining
_o.-1
PP, = T, P T,

we complete the proof.

COROLLARY 2.
Let n_ satisfy 11) in proposition 1. We define
. A
60 : N—A
(nop)sO Rl A then for the mappings 8%, TasPy which are given in
proposition 2 the following equations hold:
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]
3
n

a + (0)(ng ) mod|A|

(np)r, = a + (n r_ )(pp,) mod|A]

il

a + (0)(nps,) mod|Al

We can now make the following conclusions:

1. It follows from corollary 2 that we can make use of the existence
of a displacement mapping 8* without explicitly calculating it.
Once we found a realigation (ro,po) of (N,P) with nry = 0 for
which moreover

n 60
is easily determined and n 60 is a "simple" function from A to A
(e.g. additive) then for each a & A we get a nice realization
(ra,pa) if we use

1

nr

o a + (0)(nd ) mod| A

(np)r, = a + (0)(npé ) mod |A]

= a + (0)(ns,)(pp,) mod|A|

2. It is clear that the above propositions can also be stated if we
choose a realigzation (rs,ps) with n,ry = s as a starting point
instead of (r_,p ).

%, If we define for each a € A
(ngp)8, 1= po,

{(where n_ is a basic entry)
© ()

Sa : N » A
and
.
ha héa - NSO
h / pp, » Pog
then
Ba : ha Bo

In this section we showed that there is an interesting technique for
realizing structured data such that relocations can be easily per-
formed. This technigque works for extended directed graphs with basic
entry. In [1] we demonstrate how these techniques can be easily
adapted to the more general case. To give you an idea how this works:

we introduce auxiliary "imaginary" edges and nodes which only appear
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when addresses are determined. These auxiliary elements are n o t

part of the structured data.

11

[2]
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