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1. Introduction

The purpose of this paper is to display some relations between
different classes of graphs, in particular:
- the edge-critical graphs,
- the well-covered graphs ("every maximal stable set is
maximum"),
- the B-graphs ("each vertex is contained in some maximum
stable set"),
- the regularizable graphs,
- the quasi-reqularizable graphs.
Though some of the proofs have already appeared somewhere else,
we shall give them in full for the basic lemmas. No use of the Farkas
lemma will be made (as for similar researches about hypergraphs) and

this paper is self contained.

2. Edge-critical Graphs

Let G be a simple graph with vertex-set X. For x<X, let T'x denote
the set of all neighbours of x; if A ¢ X. put IA=uIx if A#f, and TA=f
if A=@. Let o(G) denote the stability number, i.e. the largest number
of independent vertices in G. An edge e of G is a-critical if

a(G-e) » a{G).

G is a~-edge-critical or edge-critical if every edge is

a-critical. This concept, introduced by 2Zykov [24], has been studied

by many authors (see Plummer [15], Erdds-Gallai [8], Hajnal [11],
Berge [3], George [10], Andrasfai [l], Suranyi [22], etc...)

In this paper we shall write qui if G is edge-critical and has
no connected component isomorphic to Kl (isolated vertex) or K,
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{isolated edge). We shall also consider some more general classes of
graphs. We write Gegz if each vertex is of degree ) 2 and incident
to at least one critical edge. An obvious result is:

Proposition 1. Every graph in 91 is also in‘%z.
Proof. It suffices to show that an edge-critical connected graph

different from Kl or K, has no vertex of degree 1. Let a be a
vertex with dG(a)=l. Since G 1is connected and has at least three
vertices, there exists a vertex x with [a,x]<G. 8ince G%Kz, and
dG(a}=l, there exists a vertex b#a adjacent to x. Since [b,x] is a
critical edge, there exists a set S of cardinality o{G)+1 which
contains only one edge, namely the edge [b,x]. Hence afS, and
{8~{x})ul{a} is a stable set of cardinality g{(G)+1l, a contradiction.
Q.E.D.

Definition. We shall write G593 if for each vertex x of G there
exists a maximum stable set TX such that ngX, xﬁTx.

Proposition 2. Every graph in gb is also in 9@.

Proof. Let x be a vertex of a graph G in(} Thus, x is incident

9°
to a critical edge [x,b], and there exists at least one edge

[x,al#[x,b]. Also, there exists a set be of cardinality oa(G)+1

which contains only one edge, namely {b,x]. So XeSy v agsbx.
Hence, T=be-{x} is a maximum stable set and x£T; since adT, we
have also T ATIx. Q.E.D.

THEOREM 1. In a graph Gga%, every stable set S satisfies |rsl » |SI.
Proof. We shall assume that G is connected without 1loss of
generality.

We shall show, by induction on |S], that |rS| » |8| for every
stable set 8.

First, let S={x} be a singleton. Then x is not an isolated vertex
(because Txu{x} would be a stable set larger than TX). Also, x is
not incident to only one edge, say I[x,y}, because ngx, hence
ysTx, hence rx c TX, a contradiction. Thus [T8| » i8],

Assume that every stable set S with cardinality ( p-1 satisfies
frsi » |8l, and consider a stable set S with cardinality p » 1. Let
asz5; we have

|FSﬂTa| > IS-TaI
Otherwise, trSnTat 4 {S—Tal, and Ta—(rSﬂTa}U(S~Ta) would be
a stable set larger than Ta' a contradiction.
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Case 1l: SnTa=ﬁ. Since ra—Ta#ﬂ,
ITsl > ArsnT | + [ra-T | > Ir8nT | > |8-T I=isl.
Case 2: SﬂTafﬂ. Then SﬂTa is a stable set with cardinality
¢ p-1, and by the induction hypothesis, [r(SnTa)l b ISnTaI. Hence
irsi lr(SﬂTa)iHrSﬂTal > iSﬂTaHIS-Tai = |si.
In both cases we have {78! » {8|, which completes the proof.
Q.E.D.

Note that THEOREM 1 generalizes a result of Hajnal [11] who has
shown that in an edge-critical graph, every stable set S satisfies
Irsi » Isl.

3. Regularizable graphs and quasi-regularizable graphs

Let G be a multigraph with no loops. We denote by m{G) the number
of edges in G, by A(G) the maximum degree of its vertices, by v(G)

the matching number, i.e. the maximum size of a matching ("set of

independent edges"), and by 1 (G) the transversal number = n-qa(G). For

an integer k and an edge e of G, we say that we multiply e by k if we
replace e by k parallel edges; if k=0, multiplying e by K means
removing e. The graph kG is the graph obtained from G by multiplying
each edge by k. We say that & graph G 1is regularizable if by
multiplying each edge by an integer ) 1, we get a regular multigraph
(of degree #0). We say that 6 is quasi-regularizable if by

multiplying each edge by an integer ) 0, we get a regular multigraph
(of degree #0),
In this section, we shall denote:

94 = class of all regqularizable graphs which have no bipartite
connected components;

95 = class of all regularizable graphs;

?6 = class of all quasi-regularizable graphs.

Proposition 3. Every graph in €}4 is also in GLS’ and every graph

in @5 is also in 9‘6' The converses are not true (for example, the

graph P, is guasi-regularizable but not regularizable.)

A fractional transversal of G is a non-negative function t{(x},

defined for x:X, such that for each edge [x,vy]
t(x)+t(y) > 1.
T*(G) denotes the minimum of z t{x) for all fractional
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transversals t.

A k-transversal of G is a function t(x) on X such that:

(1) t{x)ei{0,1,2,...,k},

(ii) t(x)+t{y) 2 k for every edge [x,y] of G.
rk(G) denotes the minimum of EXEXt(x) when t ranges over all the
k-transversals of G. Thus Tl(G) is the usual transversal number
7{G), i.e. the minimum cardinality of a set T ¢ X which meets all the
edges. A partial graph H of kG is called a k-matching if A(H) ( k. So
a l-matching is an ordinary matching.

Denote by vk(G) the maximum number of edges in a k-matching.
Thus vl(G)=v(G) is the usual matching number.

Lemma 1. For every graph G,
vk(G)/k £ MG ¢ Tk(G)/k-

Checking these inequalities is easy.

Lemma 2., Let G be a simple graph. Then there exists an optimal
2-matching H of G such that each connected component of H is either a
single vertex or a pair of parallel edges ("double edge") or an odd
cycle. For every 2-matching of that kind there exists an optimal
2-transversal with values: 0 for a singleton of H, (0,2) or (1,1) for
the two vertices belonging to a double edge of H, 1 for a vertex
belonging to an odd cycle of H.
Proof. We may assume that G is connected. Let H be a maximum
2-matching. Every connected component of H which is a path or a cycle
of even 1length can be replaced by a set of pairwise disjoint
double-edges without changing m(H). No component of H is an odd path
(i.e. a path of odd length) since m(H) is maximum. Thus a connected
component of H is either a simple vertex or a double edge or an odd
cycle. Now we shall label each vertex with 0,1 or 2, by an iterative
procedure described by the following rules:

(1) label with 0 each vertex which is a singleton of H;

(2) label with 2 each vertex which is adjacent in G to a vertex
previously labelled with 0;

(3) label with 0 every vertex which is adjacent in H to a vertex
previously labelled with 2;

{(4) every vertex which cannot be labelled by the iterative
procedure described by rules (1),(2), and (3) will be labelled 1.

No odd chain, starting from a singleton of H and consisting
alternately of edges of G-H and of double-edges of H, ends with a
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singleton because such a chain would constitute a connected component
of a 2~matching H' with m{(H'} > m(H). Similarly no odd chain of that
kind can end in an odd cycle of H. No odd chain of that kind can
cross itself at a vertex labelled with O (because there would be a
better 2-matching having as connected components an odd cycle and a
set of double edges).

Thus a unique label t(x) is given to each vertex x by the above
rules; furthermore,

t(x)=0 if x is a singleton of H,

t(x)=2 and t(y)=0 (or vice versa) if ([x,y] 1s a double-edge
connectable to a singleton ({otherwise t(x)=t{y)=l), t{x)=1 if x
belongs to an odd cycle of H.

The rule (2) shows that t{(x) is a 2~transversal of G.
Furthermore, by lemma 1,

m(H) /2 ¢ vz(G)/2 L 1*(G) ¢ T2(G)/2 < ZXEXt(X)= m(H) /2.
Therefore, these inequalities hold as equalities; and t(x) is an

optimal 2~transversal and HE is an optimal 2-matching. 0.E.D.

Lemma 3. For every graph G,
v (G) mink vk(G)/k £ max, vk(G)/k = v2(G)/2 = 1*(G)
T2(G)/2 = mink Tk(G)/k < max, Tk(G)/k T(G).
Proof. - We ‘have v(G) ) inf vk(G)/k because v(G)=vl(G)-
- We have v(G) ( inf<vk(G}/k: let H be a maximum matching;

L}

i
#

so kH is a k-matching, and
VG)= m(H)= m(kH)/k ¢ vk(G)/k-
Hence v(G)= min vk(G)/k.
- We have t(G) ) sup 7 (G)/k.
Let T be a minimal transversal set , with characteristic function
t(x)}. Then kt{(x) is a k-transversal; hence:
1G) =IT|=2kt (x) /P 2 1,(G)/k
- We have 1(G) sup»fk(G)/k, because T(G)=T1(G). Hence,
T(G) = max Tk(G)/k.
- The other equalities follow from lemma 1 and lemma 2.
Q.E.D.

THEOREM 2. For a graph G, the following conditions are equivalent:
(1) G is quasi-regularizable;
(2) t(x)s 1 is an optimal 2-transversal;
{(3) G has a partial graph whose connected components are either a
K, or an odd cycle;
(4) 1781 » I8! for every stable set S.
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Proof. (1) implies (2). If G 1is quasi-regularizable and has n
vertices, there exists a k-regular graph H ¢ kG, and by counting in
two different ways the edges of the incident graph of H, we get
kn=2m(H). Hence:

n/2 = m(H)/k £ v (G)/k € T*(G)=T,(G)/2 ¢ n/2
(since t(x)=z 1 is a 2-transversal of G). Thus, the
gquasi-regularizablity implies T, (G)= n. So the 2-transversal
t{x)=z 1 is an optimal one.
(2) implies (1). By lemma 3 we see that 1*(G)= n/2 implies
VZ(G)= n; so by lemma 2 we can cover the vertex-set of G with
isolated double-edges and odd cycles; consequently G is
quasi-regularizable.
(2) implies (3) (as above).
(3) implies (2) (obvious).
(2) implies (4).

Let S be a stable set. Put

t(x)=0 if xeS,

t(x)=2 if xeTS,

t(x)=1 otherwise.

Clearly, t(x) is a 2-transversal, and by (2), Zt(x) ) n. Hence

ITsi-isl= z_(t(x)-1) > n-n = O.
(4) implies (2). Let t(x) be a 2-transversal; clearly, S={x|t(x)=0}
is a stable set and T[S ¢ {x|t(x)=2}. Hence

Ze(x)=n + 2 (t(x)-1) > n+|rS|-{8| ) n.

Hence the 2-transversal identical to 1 is an optimal one. Q.E.D.

COROLLARY. Let G be a connected graph of even order such that every
pair of vertex-disjoint odd cycles is linked by an edge. A necessary
and sufficient condition that G possess a perfect matching is that
IT8] ) Is| for every stable set S.

Proof. By Theorem 2, [TS| ) |S| for every stable set S if and only if
G can be covered with a set of Kz's and of odd cycles
(vertex-disjoint). The number of odd cycles is even, and each pair of
odd cycles, which is linked by an edge, can be covered by a set of

Kz's. Thus G can be covered with disjoint K.,'s, i.e. a perfect

2
matching. Q.E.D

REMARK. This corollary has been proved by different methods by
Fulkerson, McAndrew, Hoffman [9]. Theorem 2 was partly found by
Tutte([23]) who proved in 1952 the following result: G has a perfect
2-matching iff for every A ¢ X the number of connected components of



114

Gy_p which are isolated vertices is (|Al.
A similar condition for the existence of a perfect Z2-matching
without K3 was found by CORNUEJOLS and PULLEYBLANK ([7]). In [171,
PULLEYBLANK shows also that G has a perfect 2-matching iff for every
A g X,
[{xlxeX~A, rx ¢ A}l ¢ |A}.
Note that in Theorem 2, (2) can be replaced by:
(2') For every A ¢ X, [TrAl » 1Al.

THEOREM 3. For a simple graph G, the following conditions are
equivalent:

(1Y G is regularizable and has no bipartite connected component;

(2) the optimal 2-transversal is unigque and is defined by t(x)s 1:

{(3) IT8l » 18] for every stable set S.

Proof. (1) implies (2). Let G be a graph and let H be a regular
multigraph obtained from G by edge-multiplication. Then

15 (G) =21* (G) =2 ¢* (H) =2m(H) /A (H) =2n (H) /2= n.

Thus, t(x)z 1 is an optimal 2~transversal for G.

Now, assume that there exists another optimal 2-transversal
£'(x), and for s=0,1,2, put

AS={X'X€X, t'(x)=s}.

Then EADI=1AZI#O. The set AO is stable (otherwise t'{x) would
not be 2-transversal), and TAg ¢ Ay We have T A=A,
(otherwise, t'(x) would not be optimal; a better 2-transversal can be
obtained from t'(x) by replacing a 2 by a 1. Since H is regular,

A(H)|A01= mH(AO’AZ)

< zxeA m (2, A5) ¢ IAzl (H)=A(H)|A0l-
Hence mH(x,A0)=ZKH) for all XEAZ, and no edge goes out of
AOUAZ. Since G is connected, its vertex set is AOUA2 and G is
a bipartite graph having two vertex <classes with the same
cardinality. This contradicts the hypothesis.

(2) implies (3). Let S be a stable set, and let H g 2G be an
optimal 2-matching as described in Lemma 2.

Since t(x)= 1 is an optimal 2-transversal, we have TZ(G)= n, Sso
the connected components of H are either double edges or odd cycles.
Hence

i?GSi 2 g8t > ist.

Iif lTGS5=IS§, it would follow that all the components of H meeting
S are double edges. We can then define a 2-transversal t'{x) by

putting
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t'"(x)=0 if x=8,
2 if x<TS,
1 if x<X~-(SuUTrs).
Since t'(x) would also be an optimal 2-transversal of G, this
contradicts the wuniqueness of the optimal 2-transversal. Thus
irsi » Isi.

{3) implies (1). Now assume that [I'S| » |S| for every stable set
S. Let H be a bipartite graph whose vertex-classes are two copies X
and X of the vertex set of G, the vertices xz:X and ?sg being joined
by an edge in H if and only if x and y are adjacent in G.

Let B g X, B#f, B#X, be a set such that the subgraph GB has no
isolated vertex. Then FH(B)Q B. Now let S ¢ X be a set such that
GS has only isolated vertices. Then 8 is a stable set of G, and by
(3},

IFHSI=IFGSi > 18],

So, for every set A=BUS, A#f#, A#X, we have

ITgal > 1Af,
noting that rHsnB=ﬂ if there are no edges between B and S.

First, we shall show that each edge [a,b] of H belongs to at
least one perfect matching, that is , the subgraph H' of H induced by
(XuX)-{a,b} has a perfect matching. For every A ~ X-{a},

ITgiAl=ITA-{b} > ITgAlI-1 > IA].

Thus, by Konig's theorem, H has such a matching.

Consequently, for each edge [a,b] of G, there exists a 2-matching
which saturates all the vertices and which uses the edge [a,bl. The
union of all these possible 2-matchings defines a regular multigraph
which is from G by edge-multiplications. Thus G is regularizable.

Q.E.D.

REMARK. It is easy to see that in Theorem 3, (3} can be replaced by
(3') For every non-~empty set A, |I'Al > I[A}.
Theorem 3 was stated as above in [3],[4], but equivalent results were
found independently by PULLEYBLANK [17], NEMHAUSER and TROTTER [14],
BRUALDI [&]. In fact, those graphs are also called "2-bicritical"™ by
PULLEYBLANK, with the following definition:
{4) For every X, GX-{x} is guasi-regularizable.
Clearly (3} implies (4) because every stable 8' of Gi:GX-{x}
satisfies Ir.,s8'[ » ITg8'I-1 2 I8'l, and (4) follows from Theorem
2. Conversely, if (3) is false, there exists in G a stable S with
Irgsl ¢ Isi. so for X8, Gl:GX-{x} satisfies Ir;,81 ¢ |s{,
and (4) is false.
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Proposition 4. Every graph in 93 is also in 944.
This follows from Theorem 1 and Theorem 3.

Lemma Let G=(X,Y;E) be a bipartite connected graph.
Then G is regularizable if and only if

TSl » Is] (ScX, S#X),
[rTf > (T| (TcY, THY),
IXI=1Y1#8.

Proof. This follows immediately from the theorem of Konig, which
gives a necessary and sufficient condition that for each edge [x,y],
the subgraph induced by (X-{x})u(¥-{y}) has a perfect matching, that
is G has a perfect matching containig [x,y]. (The union of all these
perfect matchings gives a regular multigraph, which shows that G is

regularizable). Q.E.D.

THEOREM 4. A graph G is regularizable iff |rS| ) [S| for every stable
set S, and |rS|=18| = r(rs)=s.
This follows immediately from this lemma and Theorem 3.

In [5], we have also shown that the line-graph of an r-uniform
hypergraph with no vertex of degree 1 and no edge meeting less than r
other edges is regularizable. An impotant class to be considered is

the claw-free graphs, i.e. the graphs which have no induced subgraphs

isomorphic to Kl,3 (for instance, the line-graphs). M. Las Vergnas
[13] and D. Sumner [21] have shown independently that a connected
claw-free graph with an even number of vertices has a perfect
matching (and therefore is quasi-regularizable). A claw-free graph is
not always regularizable, as we can see with the following graph:
take an even cycle, whose vertices are colored alternately with red
and blue, and add a few (at least one) triangular chords connecting
two blue vertices at distance 2. Such a graph is called a C-graph;

Jaeger and Payan have shown:

THEOREM 5([12]). A connected claw-free graph G 1is regularizable if

and only if G has no pendant vertices and is not a C-graph.
Proof. It suffices to show that a connected claw-free graph G with no
pendant vertices and which is not regularizable is a C-graph.

Thus, G is not bipartite (otherwise, a vertex in one vertex-class
is adjacent to exactly two vertices in the other class, so G is an

even cycle, so G is regularizable, a contradiction).
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So, by Theorem 4, there exists a stable set s with [I'S| ¢ |S].
Each vertex in S has at least 2 neighbours in S (otherwise there is
a pendant vertex), and each vertex in TI'S has less than 3 neighbours
in S (otherwise there is an induced Kl,3)' So the number of edges
m{S,’'S) between 5§ and TS satisfies:

218} izx;.s d(x)= m(8,rs) ¢ 2[rs| ¢ 2{sl.

Hence [S|=|rs| and every vertex in S has exactly two neighbours
in TS, and every vertex in IS has exactly two neighbours in T8S.
Furthermore, a vertex in 'S8 has no neighbour in X-(SurTs8), and since G
is connected, X=Surs.

Since G 1is not bipartite, GFS has at least one edge e=[x,y];
the vertices x and y have a common neighbour z in 8 (since G is
claw-free). So G is a C-graph. Q.E.D.

The same proof shows that a claw-free graph with no pendant

vertex is quasi-regularizable. So, a claw-free graph with no pendant
vertex is quasi-regularizable.

4. Well-covered graph

A graph G 1is well~-covered, or G’*%W if G has no isolated
vertices and if every maximal stable set is also a maximum stable
set. This class is independant of qﬁ_. For instance, the graph P,
(elementary chain with four vertices) is well-covered but is not in
9.1; the graph Cqy is in 9‘1 but is not well-covered.
Nevertheless, we shall see that the two <classes have similar
properties.

A graph G is a B-graph, or G“gs' if G has no isolated vertices
and if each vertex belongs to some maximum stable set.

Proposition 5. Every well-covered graph is a B-graph.
(Trivial).

Proposition 6. Every graph in 92 is a B-graph.
(Trivial).

The converse is not true: the graph C6 is a B-graph, but is not
ingtz. The characterizations of well-covered graphs and of B-graph
are difficult problems as quoted by Plummer [16]; Ravindra [19] has
shown that a 2-connected graph G with no odd cycles of length > 5 is
a B-graph if and only if G is isomorphic to K3, or to K4, or is a
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bipartite graph with a perfect matching.

For a graph G with n vertices, a transversal set is the
complement of a stable set, and therefore, the cardinality of a
minimum transversal set is ¢(G)= n-4{G). A vertex x is g¢-critical if
T{G-x) ¢ T{G), that is if there exists a maximum stable set SX
which does not contain x. A graph G whose vertices are all t-critical

is said to be T1-vertex-critical, or to be in classq‘g.

Proposition 7. Every B-graph is t-vertex-critical.
(Trivial).

Proposition 8. Every graph in 5}3 is t-vertex~critical.
(Trivial).

The converse 1is not true. The graph in FIGURE 1 is in ?9 but
not in 98 or in 9¢3.

FIGURE 1. o = 4

V[ \l,

—_——_\
k———%

FIGURE 3. g = 3

fl
(=23

FIGURE 2. ¢
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A t1-vertex-critical graph is not necessarily regularizable, as we
can see with the graph in FIGURE 2; a graph regularizable is not
necessarily rt-vertex-critical, as we can see with the graph
represented in FIGURE 3.

However, we shall show that every t-vertex-critical graph is
quasi-regularizable, We first need a lemma.

Lemma. In a graph G, a stable set § is maximum if and only if every
stable set T disjoint from S can be matched into 8.

Proof. 1. Let S be a maximum stable set, and let T be a disjoint
stable set.

Let H=(T,S;E) be the bipartite graph defined by the edges having
one end point in T and the other in S.

For B¢ T, we  have 1B} ¢ iFHB§ (otherwise, IBf > IFHBI, and
BU(SfrHB) would be a stable set with <cardinality » {81, a
contradiction).

Thus, by the theorem of Konig, there exists a matching between T
and S saturating all the vertices in T.

2. Now, assume that every stable set T can be matched into S; let
B be a maximum stable set, B#S; then T=B~S can be matched into S, and
therefore into S-B. So, |B-S| ¢ |S8~-B|.

Hence [S] » IBl, and S is a maximum stable set. Q.E.D.
THEOREM 6. Every ft-vertex-critical graph is quasi-regularizable.
Proof. Let G be a t1-vertex-critical graph; so for every vertex a,
there exists a maximum stable set Ta with a%Ta.

Now, we show that [I'sS| > |S| for every stable set S by induction
on |S].

- if |8|=1, this is trivial,
- if |8|=p » 1, consider a vertex acS, and a maximum stable set Ta
which does not contain a. By the lemma, S--Ta can be matched into

T, and therefore into Ta—s; also, SnTa can be matched into
X-{snTa}, by the induction hypothesis (because IS-Ta§ ¢ |8]l= p).
Thus S can be matched into X-8 and TS| » |8]. Q.E.D.

Remark that the converse is not true; the graph in FIGURE 3 is
quasi-regularizable but is not +t~vertex-critical (because all the
maximum stable sets contain a).

The results of this section can be summarized by the diagram
shown in FIGURE 4.

We see that G534 = Gs?9, because the graph in FIGURE 3 is
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regularizable and not Tt-vertex-critical (because of the point a).

Also, Ge 9:#:9 G@s, because the graph in FIGURE 2 belongs to

97, 9‘8’ 9(9, but not to 9(5.
Gggl Gggg

( o-edge-critical with no (well-covered with
isolated vertex and no no isclated vertex)
isolated edge)
Pr. 1 Pr. 5
v Pr. 6
A
Gegz 7 ngé
Pr.2 (B-graph with
N no isolated vertex)
G5@3 \
Pr.4 \ Pr.8 Pr.7

|
Gag \ LRI

{regularizable with no
bipartite connected

component) t~vertex~critical

Pr. 3

G‘*’gs

(regularizable)
Pr. 3 Th. &
Geg%

(quasi-regularizable)
FIGURE 4

5, Case of bipartite graphs

If G is  Dbipartite, we have G;{?\l, Gg{?‘z, G;{?y Gs%l, and
the other properties considered in the preceding sections are easier
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to characterize.
We have:

Proposition 9. For a bipartite graph G=(X,Y;E), the following

properties are equivalent:
- G is quasi-regularizable,

G has a perfect matching,
- G is a B~-graph,
- G is t-vertex~critical.
Proof. If G is guasi-regularizable, then G has a perfect matching by
Theorem 2 (characterization 3).
If G has a perfect matching, then X is a minimum transversal set
(by the K&nig theorem), hence X and Y are both maximum stable sets;
so G is a B-graph.
If G is a B-graph, then G is T-vertex-critical, by Proposition 5.
If G is T~-vertex critical, then G 1is quasi-regularizable, by
Theorem 6. Q.E.D.

Proposition 10. (Ravindra [18]). A tree T is well-covered if and only

if its pendant edges constitute a perfect matching.

Proof. 1. An edge is pendant if it is incident to a vertex of degree
1. Let G be a graph {(not necessarily a tree) whose pendant edges
constitute a perfect matching M; then the pendant vertices constitute
a stable set of cardinality n/2, and a(G)= n-T(G) ¢ n-|M|= n/2. So
o{G)= n/2. If a stable set S0 has 1less than n/2 elements, there
exists an edge es:M which does not meet SO’ SO0 SO plus the pendant
vertex attached to e is also a stable set. This shows that every
maximal stable set is also maximum, i.e. Ge 7°

2. Now, let T be a well-covered tree. So, ngg, and since T is
bipartite, T has a perfect matching M (by Proposition 7 and Theorem
6).

Hence, o{T)= n-1(T)= n-|M|= n/2, and a maximal stable set has
exactly one point in each edge of M.

Now, let e=[a,bleM, and assume that e is not a pendant edge. Then
there exists two edges [b,b'] and [a,a’] with a'#b', [a',b'l1¢T (since
T has no cycle), Therefore, the maximal stable set which contains a‘
and b' does not meet {a,b} and cannot be maximum: a contradiction.
Thus, every edge in M is pendant (and every pendant edge is in M,
because the matching M is perfect). So T has the required property.

Q.E.D.
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Lemma. Let G be a well-covered graph having a perfect matching M such
that no alternating chain constitute two disjoint odd cycles linked
by an odd chain. Then for each edge f[a,bl«M, the set {a,bluraurb
induces on G a complete-bipartite graph.
Proof. By a theorem of Sterboul [20], if there exists a perfect
matching of the described kind, then T(G}=v(G). Hence
o{G)= n~-t{(G)= n-v(G)= n/2.

S0, a2 maximum stable set has exactly one point in each edge of M.

Let [a,b]l=M. If a' is a neighbour of a and b' a neighbour of b,
then a'#b' (otherwise a maximum stable set containing {a'} cannot
meet [a,bl). Also, [a',b'] is an edge of G (otherwise a maximum
stable set containing {a‘,b'} does not meet [a,bl).

So {a,bluTauTb induces on G a complete bipartite graph.

Q.E.D.

Proposition 11. Let G be a connected regularizable bipartite graph;

then G is well-covered if and only if G is isomorphic to a complete
bipartite graph K, e
’
Proof. Clearly Kr r is well-covered.
A r
Conversely, Let G=(X,Y;E) be a well-covered bipartite graph. If G
r,s’ then there

exists a xe<X and a y<Y whose distance d{(x,y) is larger than 1, so

is not isomorphic to a complete-bipartite graph K

there exists a set {x,b,a,y} which induces a Py- The edge [a,b]
belongs to some perfect matching M (since a regular bipartite
multigraph has the edge-coloring-property). Applying the lemma with
the edge [a,b], we get a contradiction.

Thus G is isomorphic to K and since G 1is regqularizable,

r,s’
ITsi > I8l for all stable set S, hence r=s. Q.E.D.
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