
ALGORITHMIC SPECIFICATIONS 

OF ABSTRACT DATA TYPES 

Jacques Loeckx 

Fachbereich 10 

U n i v e r s i t ~ t  des Saarlandes 

D-6600 SaarbrUcken 

Summary. A new method f o r  the s p e c i f i c a t i o n  of  a b s t r a c t  data types is  

p resented .  Being a l g o r i t h m i c  i t  avoids severa l  d i f f i c u l t i e s  o f  the a l -  

gebra ic  s p e c i f i c a t i o n  method. 

1. I n t r o d u c t i o n  

The a l g e b r a i c  s p e c i f i c a t i o n  of a b s t r a c t  data types as descr ibed i n ,  f o r  

i ns tance ,  [Zi 74, ADJ 78, GH 78 a, BDP 79] ra i ses  severa l  problems of  

t h e o r e t i c a l  and p r a c t i c a l  na tu re .  A f i r s t  problem is the t rea tment  of 

p a r t i a l  or ERROR-functions [Go 78, Gu 80, WPP 80] .  Furthermore c e r t a i n  

( p a r t i a l  computable) f u n c t i o n s  cannot be in t roduced  [Mj 79, BM 80] and 

there  are severa l  problems at tached to the enr ichment  of  s p e c i f i c a t i o n s  

[ADJ 78, EKP 78, K1 80] .  Next,  the v e r i f i c a t i o n  of  an a l g e b r a i c  s p e c i f i -  

ca t ion  requ i res  a p roo f  of  i t s  cons is tency  and s u f f i c i e n t - c o m p l e t e -  

ness [GH 78 a ] .  F i n a l l y ,  w r i t i n g  s p e c i f i c a t i o n s  fo r  a given data type 

is not n e c e s s a r i l y  a t r i v i a l  exe rc i se  - as is  i l l u s t r a t e d  by the data 

type Set -o f - In teger8  of  EGH 78 a, Gu 80J; one of  the axioms f o r  the 

f u n c t i o n  Delete removing an element from a set  i s :  
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D e l e t e ( I n s e r t ( s ,  i ) ,  j )  = 

i f  i = j then De le te (s ,  j )  

e lse I n s e r t ( D e l e t e ( s ,  j ) ,  i )  

the then-c lause of t h i s  equat ion is De le te (s ,  j )  r a the r  than s because 

an element of the data type S e t - o f - I n t e g e r s  may conta in  d u p l i c a t e s ;  

i n t u i t i v e l y  i t  is  not d i r e c t l y  c l ea r  why these dup l i ca tes  may occur nor 

where they occur. Other examples of " d i f f i c u l t "  s p e c i f i c a t i o n s  are in 

[Ka 79] and [Mo 80] .  

In the present paper a formal s p e c i f i c a t i o n  method fo r  abs t rac t  data 

types is proposed which avoids these d i f f e r e n t  problems. The basic 

idea cons is ts  in de f i n i ng  an abs t rac t  data type by a formal language - 

ca l l ed  t e r m  l a n g u a g e  - , an equiva lence r e l a t i o n  over the term language 

and some ex te rna l  func t ions  tak ing arguments and/or values in the term 

language; the func t ions  are def ined c o n s t r u c t i v e l y  using h - a b s t r a c t i o n  

and minimal f i x p o i n t  a b s t r a c t i o n .  The c a r r i e r  set  of the data type de- 

f ined  by such a s p e c i f i c a t i o n  i s ,  roughly speaking, the set of the 

equiva lence c lasses induced by the equiva lence r e l a t i o n ;  the operat ions 

on the data type are der ived in the c l a s s i c a l  way from the ex te rna l  

f unc t i ons .  

Sect ion 2 is  concerned wi th  the d e f i n i t i o n  of  the term language. Sec- 

t i on  3 in t roduces some no ta t i ons .  The d e f i n i t i o n  of  a l g o r i t h m i c  spec i -  

f i c a t i o n s  is  in Sect ion 4. The v e r i f i c a t i o n  of s p e c i f i c a t i o n s  is t rea ted  

in Sect ion 5. Sect ion 6 is  devoted to comments i nc l ud ing  a comparison 

wi th  r e l a t ed  work. 
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2. Term l a n g u a g e s  

2 . 1  D e f i n i t i o n s  

A basis i s  a p a i r  (~ ,  F)  where  ~ i s  a s e t  o f  types, such as Integer o r  

Stack ;  and F a s e t  o f  e o n s t r u a t o r s ,  such as p lus  o r  push.  With  each 

f E F a r e  a s s o c i a t e d  an i n t e g e r  n ~ 0,  an e l e m e n t  ( ~ I , T 2  . . . . .  Tn) o f  Tn 

and an e l e m e n t  % o f  T; one w r i t e s :  

f : T I x %2 x . . ,  x %n ÷ T 

f o r  i n s t a n c e :  

push :  Stack X Integer + Stack. 

A b a s i s  ( ~ ,  F)  d e f i n e s  f o r  each T E T a term language L w h i c h  i s  t h e  

s m a l l e s t  s e t  d e f i n e d  by :  

( i )  i f  f : ÷ T t hen  f E L ; 
- - T  

( i i )  i f  f : T 1 x . . . x  ~n -~ ~ '  n _> i ,  and i f  t I E L . . . . .  
- T  I 

t n E L then  f ( t  I t ) E _L . 
--T n ' " " ° ~ n 

The e l e m e n t s  o f  L a re  c a l l e d  terms ( o f  type %) 
- - %  

Term l a n g u a g e s  b e a r  s i m i l a r i t i e s  w i t h  t h e  c a r r i e r  s e t  o f  t h e  word  a l g e -  

b ra  o f  [ADJ 78]  and t h e  t r e e  l a n g u a g e  o f  [GHM 78 b ] .  As an e s s e n t i a l  

d i f f e r e n c e  c o n s t r u c t o r s  a re  s y n t a c t i c a l  e n t i t i e s  used in  the  c o n s t r u c -  

t i o n  o f  w o r d s  o f  a f o r m a l  l a n g u a g e  and a r e  n o t  g o i n g  to  be i n t e r p r e t e d  

as f u n c t i o n s .  

H e n c e f o r t h  o n l y  bases  (T ,  F) w i l l  be c o n s i d e r e d  where  ~ c o n t a i n s  ( a t  

l e a s t )  t h e  t y p e  B o o l e a n  and F the  c o n s t r u c t o r s  

t r u e :  ÷ Boolean 

f a l s e :  ~ Boolean 

2.2 !bm_~m}~} !~ !_ fu~} !em~ 

To each t y p e  % ( i n c l u d i n g  T = Boolean) are  a s s o c i a t e d :  

( i )  a f u n c t i o n  w h i c h  e x p r e s s e s  the  s y n t a c t i c a l  e q u a l i t y  in  L 
- - T  

E q u a l . m  : L 2 + L 
-% - B o o l e a n  
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( i i )  t h e  f u n c t i o n  

I f - t h e n - e l s e z  = ~ B o o l e a n  x L x L ÷ L : --% - - T  - - T  

I f - t h e n - e l s e  m ( b ,  s ,  t )  = ~ s i f  b = t r u e  

t i f  b = f a l s e .  

• ÷ T a r e  a s s o c i a t e d :  To e a c h  c o n s t r u c t o r  f : T 1 x .  . x  T n 

( i )  a f u n c t i o n  w h i c h  e x p r e s s e s  t h a t  t h e  l e f t m o s t  c o n s t r u c t o r  o f  a 

t e r m  i s  f :  

I s . f  : L ÷ _ L B o o l e a  n - - T  

( i i )  a f u n c t i o n  w h i c h  e x t r a c t s  t h e  i t~h c o m p o n e n t ,  1 ~ i ~ n : 

( A r g i . f )  : { t  E L I I s . f ( t )  = t r u e }  ÷ L 
- - T  - - T  • 

1 

( A r g i . f ) ( f ( t  I . . . . .  t n ) )  = t i ; 

( i i i )  a f u n c t i o n  w h i c h  c o n s t r u c t s  an e l e m e n t  o f  L : --% 

(Cons.f) : ~Zl x . . . x  ~T ÷ ~T : 
n 

(Cons. f ) ( t  I . . . . .  t n) = f ( t  I . . . . .  tn ) ,  

When no ambiguity resu l ts  we wr i te  I f - t hen-e lse ,  t [ i ]  and f ( t  I . . . . .  tn) 

instead of I f - t hen -e l se  , ( A r g i . f ) ( t )  and (Cons . f ) ( t  I . . . . .  tn) respec- 

t i v e l y .  

Note the notat ional  convention that  constructors s ta r t  wi th a lower- 

case, funct ions with an upper-case l e t t e r .  

2.3 ~ [ Y ~ [ ~ ! _ ~ Q ~ § ~ Q ~  

The p r i n c i p l e  of s t ruc tu ra l  induct ion ([Bu 69, Au 79]) is appl icable in 

a proof of a property of a term language. As an example, assume the con- 

s t ruc tors  of type T to be: 

f o : ÷ T  

f l  : % x %' ÷ % 

with %' w ~; for  proving the property: 

fo r  a l l  t E L : q ( t )  holds --% 
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i t  suff ices to prove that: 

( i )  (base step) q( fo )  holds 

( i i )  (induotion step) f o r  a l l  t E L and a l l  t '  E L ,  : --T --% 

i f  q ( t )  holds,  then q ( f l ( t ,  t ' ) )  holds.  

3. A formal ism fo r  computable func t ions  

3.1 The formal ism chosen 

In order to provide a sound theoretical basis we decided to use (pure) 

LCF [Ni 72]. In this strongly typed formalism a function is described 

as an LCF-term; an LCF-term is build up from constants, variables and 

functions by composition, ~-abstraction and minimal f i xpo in t  abstrac- 

t ion. Minimal f i xpo in t  abstraction is expressed with the help of the 

operator a: i f  t is an LCF-term and M a function variable, [mM.t] de- 

notes the minimal f~xpoint of [~M.t]. 

A typical def in i t ion  in this formalism is 

Factorial = [mM.E~n E I ntege ~. 

i f  Is.zero(n) then suc(zero) 

else Mul(n, M(Pred(n)))]] 

For more detailed descriptions of LCF and i t s  foundations the reader 

is referred to [Mi 72, Mi 73, St 77]. 

3.2 The domains 

The interpretat ion of the LCF-formalism requires the domains to be 

complete par t ia l  orders and the basic functions to be continuous [Mi 73]. 

The domains and functions introduced in Section 2 have therefore to be 

extended, 

To this end we add to each term language ~'z the elements mT and Q 

called the bottom (or: undefined) element and the top (or: error) ele- 
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merit of type %(~); thus we de f ine  

= L u { m ,  - - ~  ~T } 

the extended term language o f  type T. This language ! t oge the r  w i th  the 

r e l a t i o n  !T  def ined by 

( t  I !~  t 2) def ( t l  = ~ )  or ( t  I = t2)  or ( t  2 = ~T) 

c o n s t i t u t e s  a complete p a r t i a l  o rde r ,  as i l l u s t r a t e d  by F igure 1. 

T 

t l ~ i  I " . .  

CO 
% 

FIGURE 1: The cpo (~, IT) w i th  -zL = { t  1, t 2, t 3 . . . .  } 

The index % of  m and ~ is  omi t ted  whenever no amb igu i t y  a r i s e s .  
% T 

The ex tens ion  of  an a r b i t r a r y  s y n t a c t i c a l  f u n c t i o n  f d i f f e r e n t  from 

I f - t h e n - e l s e  is  the doubly s t r i c t  f u n c t i o n  fe de f ined by 

f e ( t l  . . . . .  tn)  = { -  t j  i f  f o r  some j ,  l ~ j ~ n: ( t j  = w or t j  = Q) and 

L (none of  the t j +  I . . . . .  t n is  m or ~) ( ~ )  

f ( t  I . . . . .  tn)  o the rw ise  (cf~ [St  77 ] ,  p. 178) 

(*) S t r i c t l y  speaking i t  is  s u f f i c i e n t  to i n t roduce  m . We moreover 
i n t roduce  ~T fo r  being able to d i s t i n g u i s h  betwee~ a r e s u l t  m~ 
cor respond ing  to ( p o s s i b l y  undec idab le)  n o n - t e r m i n a t i o n  and a re-  
s u l t  ~T cor respond ing to a (dec idab le )  "meaning less"  co~;putat ion.  

(*~)  I n t u i t i v e l y  t h i s  c o n d i t i o n  corresponds to computing the arguments 
from r i g h t  to l e f t .  
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The e x t e n s i o n  o f  the I f - t h e n - e ! s e  f u n c t i o n  i s  d e f i n e d  by: % 

I f - t h e n - e l s e  e (b ,  s,  t )  = ~ b i f  b = w or  b = QT 

I f - t h e n - e l s e  (b ,  s,  t )  o t h e r w i s e .  

Th is  i n d i c e s  e and %,e o f  the ex tended f u n c t i o n s  are o m i t t e d  when- 

ever  no a m b i g u i t y  r e s u l t s .  

4. The a l g o r i t h m i c  s P e c i f i c a t i o n  method 

4.1 !~_~p~!fi~!ie~_e%_~_~_~ 

An algorithmic specification of  the data type % c o n s i s t s  o f  

i )  a l i s t  o f  the c o n s t r u c t o r s  o f  type T; 

i i  the d e f i n i t i o n  o f  a subse t  -T L° o f  the term language k~ by means o f  

a doub l y  s t r i c t  f u n c t i o n  I s . ~ ,  c a l l e d  acceptor funct ion:  

< C L ° ~ I s . T ( m )  = t r u e ;  -T  Def 

2 i i i  the d e f i n i t i o n  of  (a doub ly  s t r i c t  e x t e n s i o n  over  % o f )  an e q u i -  

va lence  r e l a t i o n  over  L noted Eq.T;  ( * )  

( i v  the d e f i n i t i o n  o f  some f u n c t i o n s ;  these f u n c t i o n s ,  t oge the~  w i t h  

the s y n t a c t i c a l  f u n c t i o n  I f - t h e n - e l s e  and the e q u i v a l e n c e  r e l a -  
~,e 

t i o n  Eq.~ c o n s t i t u t e  the external funct ions,  v i z .  the f u n c t i o n s  

wh ich  are a t  the d i s p o s a l  o f  the user  o f  the data t y p e ;  

(v )  the d e f i n i t i o n  o f  some f u n c t i o n s  c a l l e d  aux i l i a ry  or hidden. 

Note t h a t  none o f  the e x t e r n a l  or  a u x i l i a r y  f u n c t i o n s  has to be doub l y  

s t r i c t .  

The c o n s t a n t s  and f u n c t i o n s  wh ich  may occur  in  the r i g h t - h a n d  s ides  of  

the f u n c t i o n  d e f i n i t i o n s  in  ( i i )  to (v )  a re :  

(a)  the e lements  o f  L U {~ } "  these e lements  c o n s t i t u t e  c o n s t a n t s "  ( * * )  

(b)  the ( e x t e n d e d )  s y n t a c t i c a l  f u n c t i o n s  o f  t ype  T; 

( * )  Do no t  con found Eq.T w i t h  the s y n t a c t i c a l  f u n c t i o n  E q u a l . T .  

( * * )  m is  the " r e s u l t "  o f  a n o n - t e r m i n a t i n g  c o m p u t a t i o n  and is  t h e r e -  
f o r e  not  r e p r e s e n t a b l e  as a c o n s t a n t .  
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(c) the ex te rna l  f u n c t i o n s  of  o the r  data t ypes ;  

(d) the ex te rna l  and a u x i l i a r y  f unc t i ons  of  type %, prov ided there  

e x i s t s  no. sequence of  ex te rna l  and/or  a u x i l i a r y  f unc t i ons  

F I , F 2 . . . . .  F n , n ~ 2 

where Fi+ I occurs  in  the ( r i g h t - h a n d  s i d e  o f  t h e )  d e f i n i t i o n  o f  

F i ,  1 ~ i ~ n - 1, and F n = F 1. 
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( i )  Cons t ruc to rs  

emptyset : ~ S e t  

i n s e r t :  Set x Integer ÷ Set 

( i i )  Acceptor  f u n c t i o n  

I s . S e t  = [aM.[hs E Set .  i f  I s . emp tyse t ( s )  

then t rue 

e lse  i f  Memberof (s {1 ] ,  s [ 2 ] )  

then f a l s e  

e lse  M ( s [ l ] )  ] ]  

( i i i )  Equivalence r e l a t i o n  

Eq.Set = { ~ s l ,  s2 E Set.  

i f  Subset(s1,  s2) 

then Subset (s2,  s l )  e lse  f a l s e  ] 

( i v )  Ex terna l  f unc t i ons  

Emptyset = emptyset 

I n s e r t  : [hs E Set ,  i E I n t e g e r .  

i f  Memberof(s, i )  then s e lse  i n s e r t ( s ,  i ) ]  

Delete = [aM.t~s E Set ,  i E I n t e g e r .  

i f  I s . e m p t y s e t ( s )  

then emptyset 

e lse  i f  E q . l n t e g e r ( s [ 2 ] ,  i )  

then s [1 ]  

e lse  i n s e r t ( M ( s [ 1 ] ,  i ) ,  s [ 2 ] )  ] ]  

Memberof = [mM.[~s E Set ,  i E I n t e g e r .  

i f  I s .emptyse t  (s) 

then f a l s e  

e lse i f  E q . l n t e g e r ( s [ 2 ] ,  i )  

then t rue  

e lse  M ( s [ 1 ] ,  i )  ] ]  

Subset = [mM.[~s l ,  s2 E Set.  

i f  I s . e m p t y s e t ( s l )  

then t rue  

e lse  i f  Memberof(s2, s 1 [ 2 ] )  

then M ( s l [ l ] ,  s2) 

e lse  f a l s e  ] ]  

FIGURE 2: A s p e c i f i c a t i o n  of  the data type S e t ;  the data type 

I n t e g e r  is  assumed to have been s p e c i f i e d .  Note tha t  I s . S e t  avoids 

the occurrence of  d u p l i c a t e s  in the term language and t ha t  Eq.Set 

i d e n t i f i e s  sets which d i f f e r  on ly  by the o rder  of occurrence of  

t h e i r  e lements.  
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( i )  C o n s t r u c t o r s  

e m p t y s t a c k l :  ÷ S t a c k l  

p u s h l :  Stackl X Integer + Stackl 

i i )  Accep to r  f u n c t i o n  

I s . S t a c k l  = [As E S t a c k l .  i f  Dep th (s )  ~ 10 

then t r ue  e l se  f a l s e ]  

(v) 

i i i )  E q u i v a l e n c e  r e l a t i o n  

Eq. S tack l  = Equa l .  S tack l  

i v )  E x t e r n a l  f u n c t i o n s  

Emptys tack l  = emptys tac ' : l  

Pushl = [ A s  E S t a c k l ,  i E I n t e g e r .  

i_j_f Dep th (s )  < 10 then p u s h l ( s ,  i )  e l se  Q] 

Popl = [As E S t a c k l .  

i f  I s . p u s h l ( s )  then s [ 1 ]  e l se  Q] 

Topl = [As E S t a c k l .  

i f  I s . p u s h l ( s )  then s [ 2 ]  e l se  Q] 

Isnewl  = [As E S t a c k l .  

i f  I s . p u s h l ( s )  then f a l s e  e l se  t r u e  ] 

A u x i l i a r y  f u n c t i o n  

Depth = [aM. [hs  C S t a c k l .  

i f  I s . p u s h l ( s )  then M ( s [ 1 ] )  + 1 e l se  0 ] ]  

FIGURE 3: A s p e c i f i c a t i o n  of  the data type Stackl ( * ) ;  the data 

type I n t e g e r  ( w i t h  the f u n c t i o n s  "~ " ,  " < " ,  e t c . )  i s  assumed to 

have been s p e c i f i e d .  The s tack  can not  c o n t a i n  more than ten 

i n t e g e r s .  

( * )  In Bava r i an  " S t a c k l "  means " l i t t l e  s t ack "  
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Examples o f  s p e c i f i c a t i o n s  are in F igu re  2 and 3. More e l a b o r a t e  

examples - i n c l u d i n g  the t r a v e r s a b l e  s tack  o f  [Mj 79] and the Tu r ing  

machine may be found in [Lo 81 ] .  

For the data type Set of  F igu re  2 one has f o r  i n s t a n c e  

D e l e t e ( i n s e r t ( i n s e r t ( e m p t y s e t ,  z e r o ) ,  s u c ( z e r o ) ) ,  ze ro )  

= i n s e r t ( D e l e t e ( i n s e r t ( e m p t y s e t ,  z e r o ) ,  z e r o ) ,  s u c ( z e r o ) )  

because o f  the f i x p o i n t  p r o p e r t y  

= i n s e r t ( e m p t y s e t ,  s u c ( z e r o ) )  

For the data type Stack~ of  F igu re  3 one has f o r  i n s t a n c e  

P u s h l ( P o p l ( E m p t y s t a c k l ) ,  Zero)  

= P u s h l ( P o p l ( e m p t y s t a c k l ) ,  Zero)  

= Pushl (~,  Zero)  

= i f  Depth (Q) < 10 then . . .  

= i f  ( i f  I s . p u s h l  (Q) then . . . )  < i0  then . . .  

= i f  ~ < 10 then . . .  

because I s . p u s h l  is  doub ly  s t r i c t  

= ~ i f  we assume t h a t  in the s p e c i f i c a t i o n  o f  Integer "<" 

has been d e f i n e d  as a doub ly  s t r i c t  f u n c t i o n .  

4.2 Two more d e f i n i t i o n s  

The s p e c i f i c a t i o n  o f  a data type T is .said to depend on a data type %', 

T' ~ ~, i f  i t  makes use o f  an e x t e r n a l  f u n c t i o n  o f  %'. 

A ( f i n i t e )  set  o f  s p e c i f i c a t i o n s  is  c a l l e d  h i e r a r c h i c a l  i f  i t  i s  

p o s s i b l e  to o rde r  i t s  e lements 

S I • S 2 , S 3 . . . . .  S n 

such t h a t  

- the s p e c i f i c a t i o n  S i depends o n l y  on types s p e c i f i e d  by 

S 1, S 2 . . . . .  Si_ 1, f o r  a l l  i ,  1 ~ i ~ n; 

- the s p e c i f i c a t i o n  S 1 is  a s p e c i f i c a t i o n  o f  Boolean.  
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4.3 !b~_~!~f~.g~!i~g_~_~_bi~c£bi~!_~_e~.~£!~i£~i9~ 

The data types d e f i n e d  by a h i e r a r c h i c a l  se t  o f  s p e c i f i c a t i o n s  c o n s t i -  

t u t e  a he te rogeneous  a l g e b r a .  Th is  a l geb ra  is  d e f i n e d  by i t s  c a r r i e r  

se ts  C T ( v i z .  one c a r r i e r  se t  -%C f o r  each type z) and i t s  o p e r a t i o n s  

Fop ( v i z .  one o p e r a t i o n  Fop f o r  each e x t e r n a l  f u n c t i o n  F).  

For each t E L ° l e t  [ t ]  denote the equivalence class of  t induced by --% 

Eq.m on the set L ° .  Then the c a r r i e r  set f o r  type % is 

C = { [ t ]  I t E _L~} u {UNDEFINEDT, ERROR } 

where UNDEFINED and ERROR are two new e lemen ts .  
% T 

Let  ~ be the f u n c t i o n  

U (L°  T U {~T' ~ } )  ÷ U C : 
T - -  T - - T  

~ ( t )  : [ t ]  i f  t E L ° f o r  some T --% 

UNDEFINED i f  t = m f o r  some % 

ERROR i f  t = ~ f o r  some T 
% % 

To each e x t e r n a l  f u n c t i o n  

F .: !1  x . . .  x ! n  ÷ ! , n _> o , 

co r responds  an o p e r a t i o n  

Fop ÷ C : : ~ Z  x . . .  X ~%n --T 

F o p ( ~ ( t  1) . . . . .  ~ ( t n ) )  = ~ ( F ( t  I . . . . .  t n ) )  

Note t h a t  f o r  the d e f i n i t i o n  o f  Fop to be c o n s i s t e n t  the f u n c t i o n  F must 

s a t i s f y  c e r t a i n  c o n d i t i o n s ;  r ough l y  speak ing ,  F has to p rese rve  the p re -  

d i c a t e s  I s . T  and Eq.~;  the s tudy  o f  these c o n d i t i o n s  is  the s u b j e c t  o f  

Sec t i on  5. 

Note t h a t  the o p e r a t i o n  (Eq.%)op is  the e q u a l i t y  in the c a r r i e r  set  

C o r ,  more p r e c i s e l y ,  is  an e x t e n s i o n  o f  the e q u a l i t y  in  
~ T  

C {ERROR UNDEFINED } ( ~ ) .  

(~) The d i f f e r e n c e  between (Eq.T)O p and the e q u a l i t y  "=" in C~ may be 

i l l u s t r a t e d  as f o l l o w s  : ERROR = ERROR bu t ,  i f  Eq.T is  doub ly  
T T 

s t r i c t :  (Eq.T)op(ERRORT, ERROR ) = ERROR 
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Note tha t  ~ may be viewed as an epimorphism from the (heterogeneous)  a l -  

gebra c o n s t i t u t e d  by the (extended)  term languages and the ex te rna l  

f u n c t i o n s  i n to  the a lgebra de f ined  by the s p e c i f i c a t i o n s .  

4.4 6 _ f ~ _ 2 m ~ l ! ~ l ' Z _ E ~ m m ~ g ~  

The purpose of  the acceptor  f u n c t i o n  Is .T  is to e l i m i n a t e  some elements 

of the term language from c o n s i d e r a t i o n .  For i ns tance ,  in the data type 

Set of  F igure 2 the a t t e n t i o n  is r e s t r i c t e d  to terms w i t hou t  d u p l i c a t e s .  

The i n t r o d u c t i o n  of  the equ iva lence r e l a t i o n  Eq.~ a l lows one to " i den -  

t i f y "  terms which are s y n t a c t i c a l l y  d i f f e r e n t .  In the data type Set o f  

F igure 2 terms are de f ined  to be e q u i v a l e n t  i f  they are s y n t a c t i c a l l y  

equal or i f  they d i f f e r  on ly  by the order  of occurrence of t h e i r  e l e -  

ments. 

In general  there  e x i s t  severa l  poss ib le  a l g o r i t h m i c  s p e c i f i c a t i o n s  f o r  

a given data type which are more or less " n a t u r a l " .  These s p e c i f i c a t i o n s  

d i f f e r  by the choice f o r  the cons t r uc to r s  and the acceptor  f u n c t i o n ;  

f o r  i ns tance ,  r ep lac i ng  the acceptor  f u n c t i o n  in Figure 2 by 

I s . S e t  = [~s E Set.  t r u e ]  

(and modi fy ing the d e f i n i t i o n  o f  Eq. Set and o f  the ex te rna l  f u n c t i o n s  

a c c o r d i n g l y )  leads to a s p e c i f i c a t i o n  w i th  d u p l i c a t e s  d e f i n i n g  the same 

data type Set .  

I t  is impor tan t  to d i s t i n g u i s h  between the equ iva lence r e l a t i o n  Eq.%, 

the e q u a l i t y  r e l a t i o n  (Eq.T)o p in the c a r r i e r  set  ~T '  the e q u a l i t y  re -  

l a t i o n  Equal.T in the term language LT and the r e l a t i o n  "=" used in the 

d e f i n i t i o n s  of  the f u n c t i o n s  in the s p e c i f i c a t i o n ;  "=" expresses the 

e q u a l i t y  of  ( p o s s i b l y  O-ary) f unc t i ons  having arguments and values in 

the extended term languages. (~) 

( * )  More p r e c i s e l y ,  "x = y"  stand f o r  "x -T [ y" and "y _[% x " ;  wh i le  

Equa l . - r  i s  d o u b l y  s t r i c t ,  "=" i s  no t  even  monotone  [Ni 7 2 ] .  
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4 . 5  Proofs  

For p r o v i n g  a p r o p e r t y  o f  a data type i t  i s ,  r o u g h l y  speak ing ,  s u f f i c i -  

en t  to prove the c o r r e s p o n d i n g  p r o p e r t y  o f  the term language ;  in  the 

l a t t e r  poof  one may use s t r u c t u r a l  i n d u c t i o n  - as i n d i c a t e d  in  Sec t i on  

2 .3 .  As a p r e c i s e  d e s c r i p t i o n  and formal  j u s t i f i c a t i o n  o f  t h i s  p roo f  

methodo logy  is  beyond the scope o f  t h i s  paper ,  we i l l u s t r a t e  i t  by an 

example.  

For p r o v i n g  the p r o p e r t y  o f  the data type  Set o f  F i gu re  2: 

f o r  a l l  s c ~Set  ' i E ~ I n t e g e r  : 

i f  s and i have d e f i n e d ,  n o n - e r r o r  va lues  

then ~Jemberofop 

one p roves :  

f o r  a l l  s E ~Set  ' 

De le te  ( s ,  i ) ,  i )  = f a l s e  op - - o p  

C ~ I n t e g e r  

i f  I s . S e t ( s )  = I s . l n t e g e r ( i )  = t r u e  

then Memberof (De le te  (s ,  i ) ,  i )  = f a l s e  

S t r u c t u r a l  i n d u c t i o n  on s leads  to :  

(base s tep)  s = emptyse t :  

Nemberof ( D e l e t e ( e m p t y s e t ,  i ) ,  i )  

= Membero f (emptyse t ,  i )  = f a l s e  

( i n d u c t i o n  s tep)  s = i n s e r t  ( s ' ,  j ) :  

i r s t  case:  Eq. I n t e g e r  ( i ,  j )  = t r ue  

Memberof ( D e l e t e ( i n s e r t ( s ' ,  j ) ,  i ) ,  i )  

= Memberof ( s ' ,  i )  

= i,lemberof ( s ' ,  j )  

because E q . l n t e g e r  ( i ,  j )  = t r ue  (see a lso  S e c t i o n  5) 

= f a l s e  

as may be deduced from I s . S e t ( i n s e r t ( s ' ,  j ) ,  i )  = t r ue  

2nd case: E q . l n t e g e r  ( i ,  j )  = f a l s e  

Memberof ( D e l e t e ( i n s e r t ( s ' ,  j ) ,  i ) ,  i )  

= Memberof ( D e l e t e ( s ' ,  i ) ,  i )  

= f a l s e  

by i n d u c t i o n  h y p o t h e s i s  
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5. The v e r i f i c a t i o n  of  a s p e c i f i c a t i o n  

5.1 ~ g ~ E 2 ~ 2 E £ _ E ~ E ~  

The v e r i f i c a t i o n  o f  a s p e c i f i c a t i o n  c o n s i s t s  in v e r i f y i n g  the c o n s i s t e n -  

cy o f  the d e f i n i t i o n s  o f  Sec t ion  4 .3 .  

The v e r i f i c a t i o n  o f  a s p e c i f i c a t i o n  does not  i n c l u d e  a p roo f  o f  the syn-  

t a c t i c a l  c o r r e c t n e s s  which shou ld ,  among o t h e r  t h i n g s ,  make sure t h a t  

the r i g h t - h a n d  s ides  of  the f u n c t i o n  d e f i n i t i o n s  are c o r r e c t l y  typed 

LCF-terms.  I t  i s  a lso  d i f f e r e n t  from a ( s e m a n t i c a l )  " c o r r e c t n e s s  p roo f "  

checking t h a t  the data type de f i ned  corresponds to the " i n t e n d e d "  one - 

whatever  t h i s  means. 

5.2 !~_~c~i~_~e_~_~!fi~ 

The d e f i n i t i o n s  o f  Sec t ion  4.3 are c o n s i s t e n t  p rov ided  the f o l l o w i n g  

th ree  c o n d i t i o n s  ho ld :  

( i )  Eq.T i s  an e q u i v a l e n c e  r e l a t i o n ,  i .  e. Eq.T is  a t o t a l ,  r e f l e x i v e ,  

symmetr ic  and t r a n s i t i v e  r e l a t i o n ;  t h i s  c o n d i t i o n  has to be v e r i -  

f i e d  because the d e f i n i t i o n  o f  Eq.T mere ly  guarantees t h a t  Eq.T 

is  a ( p o s s i b l y  p a r t i a l )  f u n c t i o n  w i th  va lues  of  type  Boo lean;  

( i i )  each of  the e x t e r n a l  f u n c t i o n s  p rese rves  the equ i va lence  r e l a t i o n ,  

i .  e. e q u i v a l e n t  arguments lead to e q u i v a l e n t  v a l u e s ;  

( i i i )  each e x t e r n a l  f u n c t i o n  p rese rves  the p r o p e r t y  I s . z ,  i .  e. the 

f u n c t i o n  va lue  s a t i s f i e s  Is.% i f  the arguments do. 

More f o r m a l l y  the verification conditions of  a s p e c i f i c a t i o n  of  the 

data type m are :  

( i )  i f  I s . T ( t )  = I s . T ( t l )  = I s . T ( t 2 )  = I s . m ( t 3 )  = t r ue  
then:  

(a)  e i t h e r  E q . % ( t l ,  t2 )  = t rue  or E q . T ( t l ,  t 2 )  = f a l s e  
(b)  E q . T ( t ,  t )  = t rue  

(c)  E q . T ( t l ,  t 2 )  = E q . T ( t 2 ,  t l )  

(d)  i f  E q . % ( t l ,  t2 )  = E q . T ( t 2 ,  t 3 )  = t r ue  

then E q . T ( t l ,  t 3 )  = t rue  

( i i )  f o r  each e x t e r n a l  f u n c t i o n ,  say 

F : k l  x . . . x  kn ÷ k ,  n ~ 0 
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one has 

f o r  a l l  te rms t i and t~ o f  t ype  T i ,  i < i < n :  

i f  I s . T i ( t i )  = t rue or t i = m or t i = Q f o r  a l l  i ,  1 <  i <_ n, 

and i f  I s . ~ i ( t ~ )  = t r u e  or t~ = m or t~ = ~ fo r  a l l  i ,  I _< i _< n, 

and i f  E q . ~ i ( t i , t ~ )  = true or t i=t~=m or t i=t~=Q fo r  a l l  i ,  l_<i<_n, 

t hen  E q . ~ ( F ( t  I . . . . ,  t n ) ,  F ( t ~ , . . . ,  t ' ) )n  = t r u e  

o r  F ( t  I . . . . .  t n )  = F ( t ~  . . . . .  t n )  = 
I 

o r  F ( t  I . . . . .  t n )  = F ( t ~  . . . . .  t n )  = 

( i i i )  f o r  each e x t e r n a l  f u n c t i o n ,  say 

F : ~ i  x . . . x  _Tn ÷ T - , n _> 0 

one has : 

f o r  a l l  te rms t i o f  t y p e  % i '  I _< i _< n: 

i f  I s . % i ( t i )  = t rue or t i = m or t i = Q f o r  a l l  i ,  I _< i _< n 

then  I s . % ( F ( t  I . . . . .  t n )  ) = t r u e  

or  F ( t  I . . . . .  t n )  = 

o r  F ( t  I . . . . .  t n )  = 

These v e r i f i c a t i o n  c o n d i t i o n s  are  v e r y  s i m i l a r  to those  o f  [GHM 78 b ] .  

5 .3  6_~gC~:g~_~m0!~ 

The v e r i f i c a t i o n  o f  t he  s p e c i f i c a t i o n  o f  the  da ta  t y p e  Se t  o f  F i g u r e  2 

has been p e r f o r m e d  m e c h a n i c a l l y  w i t h  the  AFFIRM-System [Mu 80,  Th 7 9 ] ;  

t he  p r o o f s  may be f o u n d  i n  [Lo 80 a ] .  

6. C o n c l u d i n g  remarks 

A l g o r i t h m i c  s p e c i f i c a t i o n s  have been shown to  p r o v i d e  an e l e g a n t  way f o r  

h a n d l i n g  p a r t i a l  and E R R O R - f u n c t i o n s ;  t h e y  a l l o w  to  d e f i n e  any da ta  

t y p e s  w i t h  r e c u r s i v e l y  enumerab le  c a r r i e r  se t s  and p a r t i a l  c o m p u t a b l e  

f u n c t i o n s ;  t h e y  do no t  r e q u i r e  p r o o f s  o f  c o n s i s t e n c y  and s u f f i c i e n t -  

c o m p l e t e n e s s ;  f i n a l l y ,  e n r i c h m e n t ,  i .  e. t he  a d d i t i o n  o f  e x t e r n a l  f u n c -  

t i o n s  r a i s e s  no p r o b l e m s .  In  [Lo 80 c ]  i t  i s  shown t h a t  t he  s p e c i f i c a -  

t i o n  method l e a d s  to  a s i m p l e  d e f i n i t i o n  o f  t he  i m p l e m e n t a t i o n  o f  ab-  

s t r a c t  da ta  t y p e s .  
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S i m i l a r  c o n s t r u c t i v e  approaches are in {Ca 80, K 1 8 0 ] .  As a main d i f f e -  

rence these authors do not use a formal language such as the term langu- 

age in t roduced  here.  [ K 1 8 0 ]  moreover on ly  cons iders  p r i m i t i v e  recu r -  

s ive  f u n c t i o n s .  

In s imple cases i t  is  easy to t ran form a l g o r i t h m i c  s p e c i f i c a t i o n s  i n to  

a l g e b r a i c  ones. The main idea cons i s t s  in d e r i v i n g  from the f u n c t i o n  de- 

f i n i t i o n s  r e l a t i o n s  between t h e i r  va lues ;  the values have to be chosen 

such tha t  the s y n t a c t i c a l  f u n c t i o n s  - except  I f - t h e n - e l s e  - are e l i m i -  

nated.  For more d e t a i l s  the reader is r e f e r r e d  to [Lo 80 a, Lo 80 b ] .  

Proofs of  p r o p e r t i e s  of  data types may be performed mechan ica l l y  e i t h e r  

by f i r s t  t rans fo rm ing  the s p e c i f i c a t i o n s  i n t o  a l g e b r a i c  ones and by then 

using a system such as AFFIRM [Mu 80, Th 79, Lo 80 a ] ,  or  d i r e c t l y  by 

using a system based on the LCF-ca lcu lus  [Mi 72, GMW 791. 

The s p e c i f i c a t i o n  of  parameter ized data types and of  data types w i th  

n o n - d e t e r m i n i s t i c  ope ra t i ons  has not ye t  been examined. 
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