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Abstract 

The notion of the Parikh mapping is generalized by considering numbers 

of occurrences of segments of a f ixed length instead of considering numbers of 

le t te rs  ( i . e .  segments of length one) only as is done in connection with the 

Parikh mappings. I t  is easi ly  seen that the fami l ies of regular and context-free 

languages make difference with respect to these generalized Parikh mappings. On 

the other hand, properties of the Parikh mappings in connection with ~-free 

homomorphisms are, in general, preserved in the general izat ion. 

I .  Introduction 

In th is paper we consider a notion which can be regarded as a general- 

izat ion of a well known notion of the Parikh mapping. This is defined by counting 

the segments of a f ixed length of a word instead of counting only occurrences of 

l e t te rs ,  i . e .  segments of length one, as is done in Parikh mappings. I f  the length 

of segments is k, then we re fer  our mapping as a k-generalized Parikh mapping 

and denote i t  by ~k" Two words u and v are cal led k-equivalent, in symbols 

u ~k v , i f f  ~k(U) = ~k(V). 
The properties of k-generalized Parikh mappings are studied. Certa in ly,  

~k-images of languages give more information about languages than ordinary Parikh 

images. For instance i t  immediately turns out that there exists a context-free 

language the ~2-image of which is not ~2-image of any regular language, i . e .  the 

theorem of Parikh is not va l id  for  generalized Parikh mappings. 

Especial ly,  the k-generalized Parikh mappings are considered in con- 

nection with homomorphisms. Let h: S* ÷ ~* be a ~-free homomorphism and ^k 

a mapping which takes each word to a word which is obtained from the or ig inal  word 

by catenating i t s  a l l  segments preserving the i r  order. For example, ^2(aba) = 

~a ab ba a~ , where # denotes the endmarker. With these notions we show the 
^ A 

existence of a homomorphism h din a sui table alphabet) such that Ak h = h^ k. 

This resu l t  makes i t  possible to reduce certain problems concerning k-generalized 

Parikh properties to problems concerning ordinary Parikh properties ( in a larger 

alphabet, of course). 

As an appl icat ion we show that i t  is decidable whether the sequences 

generated by two HDOL systems are k-generalized Parikh equivalent. We also show 

that two problems related to the Post Correspondence Problem are decidable. Let 

h and g be two homomorphisms of a free monoid. Define, for each k ~ O, 
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E k (h,g) = { x E S+ I h(x) ~k g(x) } ,  

where ~0 stands for  the length re la t ion ,  i .e .  u ~0 v i f f  u and v are of 

the same length. We prove that i t  is decidable whether E k (h,g) is empty. 

In another problem we consider sets of the form 

Pk (h,g) = { x E ~+ i 3 y E ~÷: x ~k y '  h(x) = g(y)} .  

The emptiness problem for Pk(h,g) is decidable for each k ~ 0, too. The cases 

k = 0 and k = 1 ate solved by Greibach (1975) and Ibarra and Kim (1976), 

respect ively.  For k ~ 2 the problem is ~olved here. 

I t  is  ins t ruc t ive  to note that above there cannot ex is t  a "universal 

algorithm" which would solve whether Pk(h,9) is empty for  a l l  k ~ 0. This is 

because such an algorithm would imply the dec idab i l i t y  of the Post Correspondence 

Problem. Indeed, the intersect ion of a l l  Pk(h,g) sets equals to the set of a l l  

solutions of an instance of the Post Correspondence Problem. 

2. Prel iminaries 

We f i x  here the notions and the notations needed in this paper. For 

unexplained standard notions of formal language theory we refer  to any of the text  

books of the area, e.g. Salomaa (1973) or Harrison (1978). 

The free monoid generated by a f i n i t e  alphabet ~ is denoted by S*. 

The iden t i t y  of S*, so-called empty word, is denoted by ~ and Z ÷ = %* - {~.}. 

The notation Ixl is used for  the length of a word as well as Isl for  the cardi- 

na l i t y  of an alphabet S. Prefk(x) and suf fk(x)  denote the pre f ix  and the 
- I  su f f i x  of length k of a word x, respect ively.  F ina l ly ,  the notation xy 

(resp. y - l x )  is used for  the r ight  (resp. l e f t )  di f ference of x by y. 

Let S be a f i n i t e  alphabet and k >_ I .  A new alphabet S , so-called 

k-general izat ion of S , is defined as 

k-2 
= ~k U U (~Z k-I U ~z i ~ U zk ' l~  ),  

i=O 

where # is a new symbol not in %. A mapping ^k: ~* + ~* is now defined by 

where 

l # x #  i f  I x I<k - l ,  

Ak!X ) = 4~¢Xl,,.Xk_llXl...XkI...IXt_k+2...xt¢ 
i f  X=X l . . . x t , t~k - I  and x i E Z, i= l  . . . . .  t ,  

1 is used for c l a r i t y  as the operation of ~*. For convenience we may 
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wr i t e  A instead of A k as wel l  as x instead of  A(X). 

C lear l y ,  n is a general ized sequent ia l  mapping, and hence 

R = ^(z +) 

is  a regu lar  subset o f  ~*. The mapping ^ is also i n j e c t i v e .  To f i nd  i t s  
A 

inverse l e t  us def ine a homomorphism c: Z* + Z* by 

c(y)  i 
~- l y~ - I  i f  y ( ~ - (4~k-I U ~k U z k - l ¢ ) ,  

= 4-1y i f  y ~ #zk- l ,  

~ i f  y ( zk - l # ,  

s u f f l ( y )  i f  y E z k. 

Now c r e s t r i c t e d  to R U {~} gives the inverse of  ^, i . e .  

c ( ^ ( x ) )  = x fo r  a l l  x ( Z*, 

A(c(y) )  = y f o r  a l l  y E R U {X}. 

Let Z 

where 

Next our centra l  not ion,  a k-general ized Parikh mapping, 

be an alphabet and k ~ 0. A k-general ized Parikh mapping 

m = ( I E I k + l - l ) / ( I Z I - l )  + IzI k-I is def ined by 

is def ined. 
Z* ÷ ~m, 

~ 0 ( x )  : Ix l  and 

~k(X) = wI(Ak(X)) fo r  k £ I .  

Two words u and v are ca l led  k -equ iva len t  i f f  ~k(U) = ~k(V). S i m i l a r l y  

languages are ca l led  k -equ iva len t  i f f  t h e i r  ~k-images co inc ide.  

The not ion of  a k-equivalence is s i m i l a r  to tha t  one used when def ined 

k - tes tab le  sets,  c f .  Brzozowski and Simon (1973). The only d i f fe rence  is tha t  now 

we take care of  m u l t i p l i c i t i e s ,  too. Observe tha t  the k-equivalence of  u and v 

impl ies t ha t  they have the same pre f ixes  and su f f i xes  of  length k - l ,  respec t i ve l y .  

This fo l lows since we used the endmarkers, which, in tu rn ,  was done to guarantee 

the fo l l ow ing  property.  
Lemma I .  For words u and v in Z* and k m 0, the fo l l ow ing  holds t rue 

u =k+l v = u =-k v. 

The proof o f  the lemma is immediate. 

The not ion of  an e q u a l i t y  set o f  two homomorphisms 

was introduced in  Salomaa (1978) by 

h and g: S* ÷ ~* 
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E(h,g) = { x E g+l h(x)  = g ( x ) } .  

For our purposes we def ine ,  f o r  each k ~ 0, somewhat s i m i l a r  sets as fo l lows 

Ek(h,g) = { x E z+l h(x)  ~k g (x ) }  

and 

Pk(h,g) = { x E z+I :3 y ( g+: x ~k y '  h(x)  = g (y ) } .  

We ca l l  Pk(h,g) sets as k-~eneral ized Parikh e q u a l i t y  sets,  

3, The Basic Lemma 

In th i s  sect ion we es tab l ish  a r esu l t  which can be used to reduce 

problems concerning X-free homomorphisms and k-genera l ized Parikh proper t ies to 

problems concerning X-free homomorphisms and usual Parikh proper t ies•  So a non- 

commutat iv i ty  invo lved when deal ing w i th  k-genera l ized Parikh mappings can be 

avoided in  connect ion w i th  X-free homomorphisms. 

Basic Lemma. Let h: g* ÷ A* be a ~- f ree homomorphism and k ~ I .  Then there 
A A ~ ,  A 

ex is ts  a homomorphism h: Z* + A* such tha t  ^k h = h^ k, i . e .  the f o l l ow ing  

diagram holds t rue  fo r  a l l  x in  ~* 

A k ^ 
x ) x 

^k ~ ~ 
h(x)  ~ h(x)  = h(x) 

Proof.  

(i) 
The homomorphism h is def ined as fo l lows:  

• A 

For words #x# E CZ]# in  Z i f  h(x) = y l . . . y t ,  then 

( i i )  

f ¢h(x)¢ 

h(~x~) = I 
~ # Y l ' " Y k - l i Y ]  .Yk I I . . . . .  ~Yt_k+2.. .Yt ¢ 

For words #x ( #gk-l  in  ~ i f  h(x)  = y l . . . y  t ,  then 

i f  t < k-I  

i f  t >_ k - l .  

A 

h(~x) = f ~h(x) 
¢Yl "Yk-I Y l  "Yk I . . . .  " ' "  JYt-k+l " '  'Y t  

i f  t = k-I 

i f  t > k - l ,  
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( i i i )  
^ 

For words x ( zk-l~ in Z 

A 

h(x#) = suffk_! (h(x))~. 

( i v )  

x = x'a 

^ 

For words x E ~k in Z i f  y l . . . y s  = su f f k_ l (h (x ' ) )h (a ) ,  where 

and a E g, then 

Above a l l  

lemma. 

rest r ic ted to 

h(x) = y l . . . y k ] . . . ] Y s _ k + l . . . y  s . 

y#s mean le t te rs  in A and I is used to denote the operation of ~*. 

I t  is straightforward to see that h sa t i s f ies  the property of the 

Recalling the notations of the previous section we conclude that 
^ 

R, i . e .  hiR, is obtained-as-the composition 

A 

hIR : Ak h C]R.  

^ ^ 

Observe, however, that the res t r i c t i on  to R is essent ial .  Indeed, A k hc: E*÷A* 

is not even a homomorphism. 

In the above lemma i t  is necessary to assume that h is %-free. 

Otherwise the def in i t ions of ( i i i )  and ( i v )  do not work. In fact ,  the fol lowing 

example shows that the Basic Lemma is not even true for erasing homomorphisms. 

Example. Let h: {a,b}* + {a,b}* be the homomorphism^defined by h(a) = ab, 

h(b) = %. Then there does not ex is t  any homomorphism h from {#a,~b,aa,ab,ba,bb, 
A 

a#,b#}* into i t s e l f  such that ^2 h = hA 2. 

TO show th is assume the contrary that such an h exists.  Since h(aa) = 
A A A 

abab and h(aaa) : ababab, then necessari ly lh(aa)[ = 2 and lh(#a)I + lh(a#)I=3. 

Now we consider the words aa and baab which are mapped into abab under h. 

Clearly,  h(#b) and h(b#) must be nonempty. So lh(ab)[ + lh(ba)I-< I .  This 

gives a contradict ion when we consider words aaa and ababa. Indeed, 

[h(aa~a)I = 7 and [h(aba'~bba)] ~ 6 

although h(aaa) = h(ababa). 

4. Applications of the Basic Lemma 
In th is section we apply our observations to some problems, for de- 

ta i led  proofs we refer  to Karhum~ki (to appear). F i r s t  we note that k- 

generalized Parikh mappings, contrary to ordinary Parikh mappings, make difference 

between regular and context-free languages. 
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Example. Let L = { anb n I n ~ I } .  Then 

~2(L) : 

where {a,b} is ordered as 

{ ( l ,O ,n , l ,O ,n ,O , l )  I n _> 0}, 

#a,#b,aa,ab,ba,bb,a~,b~. Moreover, for  each n>_O, 

- l ( l , O , n , l , O , n , O , l )  = anb n. 
~2 

Hence there cannot ex is t  any regular language which would be 2-equivalent to L. 

Our f i r s t  appl icat ion of the Basic Lemma is to the theory of DOL 

systems. For detai led de f in i t i ons  we refer  to Rozenberg and Salomaa (1980). We 

only recal l  that  a DOL system consists of an alphabet S , an endomorphism h of 

Z* and a so-cal led axiom which is an element of  Z +. When applied i t e r a t i v e l y  

h to the axiom w a sequence of words, a so-cal led DOL sequence, is obtained: 

w,h(w),h2(w) . . . .  I f  th is  sequence is mapped by another homomorphism, say f ,  

i t  y ie lds  a so-cal led HDOL sequence. Hence HDOL systems can be regarded as 

quadruples (%,h,w,f) .  

Now we can show 

Theorem I .  Given k ~ O. I t  is decidable whether the sequences generated by two 

HDOL systems ( E i , h i , w i , f  i )  , i = 1,2, are k-equivalent,  i . e .  whether the 

fo l lowing holds true 

fl(hV(Wl )) ~k f2(h~(w2 )) for  a l l  n ~ O. 

We want to remind here that the dec idab i l i t y  of the sequence equivalence 

problem for  HDOL systems, i . e .  whether two HDOL systems generate the same sequence 

of words, is s t i l l  open. For DOL systems i t  was solved in Culik and Fris (1977), 

see also Rozenberg and Salomaa (1980). Our above resu l t  shows that equivalence 

problems related to the sequence equivalence are decidable also for  HDOL systems. 

Certa in ly ,  the algorithm in Theorem 1 depends on k. I f  th is  would not be the case, 

then we would have an algorithm for  HDOL sequence equivalence. 

As another appl icat ion of the Basic Lemma we consider the sets 

Ek(h,g) = { x E Z÷I h(x) ~k g(x) }  

introduced in Section 2. For these we have the fo l lowing representation resu l t  in 

the case of  ~-free homomorphisms. 

Theorem 2. For an integer k ~ 1 and ~-free homomorphisms h and g: S* ÷ A*, 

there ex is t  homomorphisms h and g: ~*÷ A* , a regular subset R of ~* and 
^ 

a homomorphism c: ~* + ~* such that 
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Ek(h,g) : c(El (h,g)  N R) . 

From Theorem 2 we easi ly  obtain 

Corol lary.  Given k m 0 . I t  is decidable whether Ek(h,g) 

~-free homomorphisms h and g: Z* + A*. 

is empty for  two 

We turn to consider the sets of the form 

Pk(h,g) = { x ( ~+I 3 y E Z+: x ~k y '  h(x) = g(y) } ,  

where h and g are ~-free homomorphisms from ~* in to  4" and k ~ O. 

Especial ly,  we are interested in the dec idab i l i t y  of the emptiness of the set 

Pk(h,g) and the related sets. 

I f  in the de f i n i t i on  of Pk(n,g) i t  is required that x = y,  then the 

emptiness of the set is an undecidable property, since the problem becomes the Post 

Correspondence Problem. I f ,  on the other hand, no r es t r i c t i on  on y is introduced, 

then the problem is t r i v i a l l y  decidable. Indeed, i t  is the question of the 

emptiness of the regular set g ' l (h (Z+) ) .  

So i t  is in te res t ing  to analyse some cases in between. Greibach (1975) 

showed that the problem is decidable i f  i t  is required that  Ixl  = l y l ,  i . e .  she 

solved the dec idab i l i t y  of  the emptiness of Po(h,g). Ibarra and Kim (1976) 

generalized th is  for  the case k = I ,  i . e .  for  the case where x and y are 

required to be Parikh equivalent.  Our purpose is to show that  the problem is 

decidable for  any f ixed k £ 2. 

Our work is based on the paper of  Ibarra and Kim. We, however, need 

the fo l lowing aux i la ry  not ion. Let k, h and g be as above and A a regular 

subset of z +. We define 

Pk(h,g;A) = { x ~ AI 3 y E A: x ~k y '  h(x) = g(y)} .  

So we are considering Pk-sets with respect to a given regular set. Using ideas 

from Ibarra and Kim (1976) we obtain 

Lemma 2. For two ~-free homomorphisms h and g: z* ÷ A* and a regular set 

A, i t  is decidable whether Pl(h,g;A) is empty. 

So we are ready for 

Theorem 3. Given an integer k ~ 2. I t  is decidable whether for two ~-free 

homomorphisms h and g: Z* ÷ 4" Pk(h,g) is empty. 
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Proof. We have 

Pk(h,g) { x ~ Z ÷ 3 y E ~+: x ~k y '  h(x)  = g (y ) }  

{ x E 2 + 3 y E Z+: x ~l y '  h(x) = g (y ) }  
A A A A A A ^ 

{ x E R ~ y E R : x E l y ,  h(x)  = g (y ) }  

Pl (~'~; R) , 

where the notat ions of  Sect ion 2 are employed. 

5. Discussion 

We have general ized the not ion of  the Parikh mapping in  a natura l  way. 

This genera l i za t ion  takes in to  an account, in some extent ,  the order of  the 

l e t t e r s ,  too. Hence the proper t ies  of  general ized Parikh mappings are not qu i te  

the same as those o f  o rd inary  Parikh mappings. In f ac t ,  i t  turned out tha t  the 

famous theorem of  Parikh is not t rue fo r  general ized Parikh mappings. 

However, in  connect ion w i th  ~- f ree homomorphisms many problems about 

general ized Parikh mappings could be reduced to problems (or re la ted  problems) 

about ord inary  Parikh mappings. Espec ia l l y ,  we introduced an "upper approximation 

sequence" f o r  an equa l i t y  set o f  two homomorphisms in  such a way tha t  the 

emptiness was decidable in  a l l  elements of  t h i s  sequence. Indeed, f o r  sets 

Pk(h,g) = { x E z+l ~ y E ~÷: x ~k y" h(x) = g(y) }  

we have, by Lemma I ,  

( l )  

and 

E(h,g) c~ . . .  c Pk(h,g) c . . .  c Pl (h ,g)  c Po(h,g) 

E(h,g)  : ~ Pk(h,g)  . 
k=O 

Another way to obta in such an "upper approximation sequence" is to use the sets 
Ek(h,g).  

On the other hand, i t  is  known tha t  so-ca l led  k-bounded equa l i t y  sets 

Ek(h,g),  c f .  Rozenberg and Salomaa (1980) form an " lower approximation sequence" 

f o r  E(h,g) ,  i . e .  

(2) E(h,g) ~ . . .  Z Ek(h,g) Z - . .  Z E l (h ,g)  Z Eo(h,g) 
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and 

oo 

E(h,g) = U Ek(h,g) . 
k=O 

I f  one could f ind a class of homomorphisms for which both ( I )  and (2) 

would be f i n i t e ,  then the Post Correspondence Problem for this class would be 

decidable. 
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