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D e p t .  of C o m p u t e r  S c i e n c %  U n i v e r s i t y  of E d i n b u r g h  

A B S T R A C T  

We p r o v i d e  f o u r  s e m a n t i c s  fop  a sma l l  p r o g r a m m i n g  l a n g u a g e  i n v o l v i n  9 u n -  

bounded  (but  c o u n t a b l e )  n o n d e t e r m i n i s m .  T h e s e  c o m p r i s e  an o p e r a t i o n a l  on% two  

d e n o t a t i o n a l  ones based  on the  E g l i - M i l n e r  and S m y t h  o r d e r s ~  r e s p e c t i v e l y ~  and a 

w e a k e s t  p r e c o n d i t i o n  s e m a n t i c s .  T h e i r  e q u i v a l e n c e  is  p r o v e d .  We a l s o  i n t r o d u c e  a 

H o a r ' e - l i k e  p r o o f  s y s t e m  fop  to ta l  c o r r e c t n e s s  and s h o w  i ts  s o u n d n e s s  and c o m p l e t e -  

ness  in an a p p r o p r i a t e  sense .  A d m i s s i o n  of  c o u n t a b l e  n o n d e t e r m i n i s m  r e s u l t s  in a 

l ack  of  c o n t i n u i t y  of  v a r i o u s  s e m a n t i c  f u n c t i o n s ;  m o r e o v e r  some of  the  p a r t i a l  o r -  

d e r s  c o n s i d e r e d  ape  in g e n e r a l  not  c p o l s  and in p r o o f s  of  t o ta l  c o r r e c t n e s s  one has 

to r e s o r t  to  the  use  of ( c o u n t a b l e )  o r d i n a l s .  P r o o f s  w i l l  a p p e a r  in the  fu l l  v e r s i o n  

o f  the  p a p e r .  

1. I N T R O D U C T I O N  

One of  the  n a t u r a l  a s s u m p t i o n s  c o n c e r n i n g  the  e x e c u t i o n  of  a n o n d e t e r m i n i -  

s t i c  o r  p a r a l l e l  p r o g r a m  is tha t  of f a i r n e s s .  In i ts  s i m p l e s t  f o r m  it s t a t e s  that  no 

p r o c e s s  is f o r e v e r  d e n i e d  i ts  t u rn  fop  e x e c u t i o n .  T h e  a s s u m p t i o n  of  f a i r n e s s  i m p l i e s  

unbounded  n o n d e t e r m i n i s m .  T o  see  t h i s ,  c o n s i d e r  the  w e l l - k n o w n  p r o g r a m ,  b : = tru._.._ee~ 

x : = 0; d_o.o b -~x  : = x + 1 [ ]  b -e b : = f a l s e  od (see D i j k s t r a  [ 8 ] ,  p. ?6},  w h i c h  a l -  

ways  t e r m i n a t e s ,  u n d e r  the  a s s u m p t i o n  o f  f a i r n e s s ,  and a s s i g n s  to x an a r b i t r a r y  

n a t u r a l  n u m b e r  d e p e n d i n g  on the  s e q u e n c e  of  e x e c u t i o n  s t e p s .  What  is more~ e v e r y  

n o n d e t e r m i n i s t i c  p r o g r a m  of  t h i s  k i n d  can be t r a n s l a t e d  in to  an a p p r o p r i a t e  u n b o u n d -  

ed n o n d e t e r m i n i s t i c  p r o g r a m  u s i n g  the  r a n d o m  a s s i g n m e n t  command x : = ? 

w h i c h  s e t s  x to an a r b i t r a r y  i n t e g e r .  T h i s  c l o s e  r e l a t i o n  b e t w e e n  f a i r n e s s  and u n -  

bounded  (but  c o u n t a b l e )  n o n d e t e r m i n i s m  m o t i v a t e s  us to a t h o r o u g h  s t u d y  of  the  l a t t e r .  
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As is a l so  w e l l - k n o w n ,  unbounded n o n d e t e r m i n i s m  r e s u l t s  in a lack  of  con t i nu i t y  of  

v a r i o u s  seman t i c  f unc t i ons .  F o r  example ,  in D i j k s t r a  [8 ]~ Ch. 9~ one can f ind  an 

a rgument  show ing  that  a d m i t t i n g  unbounded n o n d e t e r m i n i s m  r e s u l t s  in a n o n c o n t i -  

nu i ty  of  the weakes t  p r e c o n d i t i o n  semant i cs .  On the o t h e r  hand, Boom [ 5 ]  r e a l i z e d  

that  th is  weakes t  p r e c o n d i t i o n  semant i cs  s t i l l  can be s t r a i g h t f o r w a r d l y  de f ined  by 

c o n s i d e r i n g  least  f i x e d - p o i n t s  of  monotone but non -con t i nuous  func t i ons .  Both B r o y  

et al [ 6 ]  and Back  [ 4 ]  gave seman t i cs  f o r  unbounded n o n d e t e r m i n i s m ,  emp loy ing  

v a r i a n t s  of  the d i s c r e t e  p o w e r d o m a i n s  in [ t 5 ] .  T h e  f o r m e r  p a p e r  used leas t  f i x e d -  

po in ts  but the l a t t e r  ( un fo r t una te l y )  on ly  used the f i r s t  • i t e r a t e s .  S i m i l a r  issues 

a r e  a d d r e s s e d  in P a r k  [141 w h e r e  the assumpt ion  of  f a i r  m e r g i n g  is a l so  ana lysed .  

In o t h e r  pape rs  the issue of c o m p l e x i t y  of these p r o p e r t i e s  is r a i s e d .  In p a r t i c u l a r  

Chandra  [ '7] has shown that  the ha l t i ng  p r o b l e m  f o r  p r o g r a m s  adm i t t i ng  unbounded 

n o n d e t e r m i n i s m  is of  h i g h e r  c o m p l e x i t y  than t ru th  in the s t a n d a r d  model of na tu ra l  

numbers .  S i m i l a r  r e s u l t s  c o n c e r n i n g  v a r i o u s  assumpt ions  of  f a i r n e s s  and i n e v i t a b i l -  

i ty  about s imp le  n o n d e t e r m i n i s t i c  p r o g r a m s  w e r e  p roved  in E m e r s o n  and C l a r k e  [9J.  

In the p resen t  pape r  we t r y  to c o n s i d e r  a l l  these issues t oge the r ,  c o n c e n t r a t i n g  on 

a s imp le  p r o g r a m m i n g  language w i t h  a tomic  commands a l l o w i n g  coun tab le  n o n d e t e r -  

m in ism (such as random ass ignment ) .  In sec t i on  2 we de f ine  d i s c r e t e  powe rdoma ins  

c o n s i d e r i n g  both the E g l i - M i l n e r  o r d e r i n g  and the Smyth  o r d e r i n g ,  w h e r e  we no lon -  

ge r  ob ta in  a cpo.  The sec t ion  conc ludes  w i t h  a sys tema t i c  p r e s e n t a t i o n  of  p r e d i c a t e  

t r a n s f o r m e r s  wh ich  adapts  D i j k s t r aTs  hea l t h i ness  cond i t i ons  to the p r e s e n t  f r a m e -  

w o r k  and shows  the connec t ion  w i th  Smyth  p o w e r d o m a i n s  ( in ana logy  w i t h  P l o t k i n  [ 16] ) .  

In sec t ion  3 we p resen t  two  deno ta t iona l  seman t i cs ,  a p r e d i c a t e  t r a n s f o r m e r  seman-  

t i cs  and an o p e r a t i o n a l  one. The r e l a t i o n s h i p s  be tween a l l  f o u r  a r e  shown.  In sec t i on  

4 we  c o n s i d e r  a H o a r e - s t y l e  l og ic  f o r  to ta l  c o r r e c t n e s s  and p r e s e n t  soundness and 

r e l a t i v e  comp le teness  resu l ts~ th is  i nvo l ves  the use of  coun tab le  o r d i n a l s  in the a s s e r -  

t ions .  In a fu l ler"  v e r s i o n  of  the pape r  we wou ld  l i ke  to i n t e g r a t e  C h a n d r a l s  ideas on 

c o m p u t a b i l i t y  in to  our- f r a m e w o r k .  

What we have  shown h e r e  is that  unbounded n o n d e t e r m i n i s m  admi ts  a s imp le  and n a -  

t u ra l  c h a r a c t e r i z a t i o n  wh ich  can be s tud ied  by g e n e r a l i z i n g  techn iques  used f o r  the 

case of d e t e r m i n i s t i c  o r  bounded n o n d e t e r m i n i s t i c  p r o g r a m s .  

The p resen t  w o r k  can be eas i l y  ex tended to c o v e r  some o t h e r  c o n s t r u c t s  om i t t ed  in 

our analysis such as or' commands~ Dijkstrars guarded commands or recursive pro- 

cedures. F o r  example ,  the p r o o f  sys tem we c o n s i d e r  is a s imp le  re f i nemen t  of  the 

c o r r e s p o n d i n g  sys tem f o r  to ta l  c o r r e c t n e s s  of w h i l e  p r o g r a m s  and an a p p r o p r i a t e  

sys tem c o v e r i n g  the case of r e c u r s i o n  is a s i m i l a r  re f i nemen t  of  a sys tem dea l i ng  

w i th  to ta l  c o r r e c t n e s s  of r e c u r s i v e  p r o c e d u r e s  (see f o r  example  Apt  [ 1 ] ) .  
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In p r i n c i p l e  o u r  p a p e r  a l s o  p r o v i d e s  a f r a m e w o r k  f o r  s t u d y i n g  f a i r n e s s  v i a  t r a n s l a -  

t i on  in to  a l anguage  f o r  c o u n t a b l e  n o n d e t e r m i n i s m .  A p r o o f  t h e o r e t i c  a p p r o a c h  to the 

p r o b l e m  of  to ta l  c o r r e c t n e s s  of  f a i r  n o n d e t e r m i n i s t i c  p r o g r a m s  based  on th is  idea  

has been r e c e n t l y  w o r k e d  out  in Apt  and O l d e r o g  [ 2 ] °  E v e n  though such methods  a r e  

o p e r a t i o n a l  in n a t u r e ,  t hey  t u r n  out  to  be n a t u r a l  and easy  to  app l y  in p r a c t i c e .  

2,. POWF__RDOMAINS A N D  P R E D I C A T E  T R A N S F O R M E R S  

In t h i s  s e c t i o n  we g a t h e r  some g e n e r a l  i n f o r m a t i o n  on f i x e d - p o i n t s  tha t  we  

w i l l  need l a t e r .  Then  w e  g i v e  the b a s i c  d e f i n i t i o n s  and p r o p e r t i e s  of  d i s c r e t e  p o w e r -  

doma ins ,  s u i t a b l y  a d a p t e d  f r o m  these  in P t o t k i n  [16 ]  and S m y t h  [ I ? ]  to  h a n d l e  c o u n t -  

ab l e  n o n - d e t e r m i n i s m .  F i n a l l y  w e  c o n s i d e r  a d a p t i n g  the  p r e d i c a t e  t r a n s f o r m e r s  in 

D i j k s t r a  [ 8 ]  to  h a n d l e  c o u n t a b l e  n o n - d e t e r m i r r i s m  and show,  Fo l l ow ing  the  i deas  in 

e l o t k i n  [ 1 6 ] ,  h o w  they  connec t  up w i t h  the  d i s c r e t e S m y t h  p o w e r d o m a i n .  

D e f i n i t i o n  2. 1 L e t  P be a p a r t i a l  o r d e r  and le t  A be subset  o f  P.  Then  A is 

d i r e c t e d  i f  e v e r y  f i n i t e  subse t  o f  A has an u p p e r  bound [n A ;  i t  is c o u n t a b l y  d i r e c t e d  

(~u-d i rec ted)  i f  e v e r y  c o u n t a b l e  subse t  o f  A has an u p p e r  bound in A .  The  p a r t i a l  o r d e r  

P is a cpo ( c o m p l e t e  p a r t i a l  o r d e r )  i f  e v e r y  d i r e c t e d  subse t ,  A ,  of  P h a s  a lub ( l eas t  

u p p e r  bound)~ deno ted  by  LJ A ,  and i f  P has a leas t  e lemen t ,  deno ted  b y / .  A s u b -  

se t  o f  e is  e v e n t u a l l y  cons tan t  i f  i t  c o n t a i n s  i t s  own leas t  u p p e r  bound.  

F o r  e x a m p l e  f o r  any  se t ,  X ,  t h e r e  is the  f l a t  cpo X 
.L 

d e r e d  by : x ~_ y i f f  x =_1_ o r  x = y .  

wh i ch  is the  set  X U {~L~ o r -  

D e f i n i t i o n  2 . 2  L e t  P,  Q be p a r t i a l  o r d e r s  and le t  f : P - ~ Q  be a mono tone  f u n c -  

t i on .  Then f is c o n t i n u o u s  i f  w h e n e v e r A  ~ P is a d i r e c t e d  subse t  w i t h  a lub,  then 

f (A)  has  a lub,  n a m e l y  f ( LJ A )  ( i .  e. f p r e s e r v e s  lubs of  d i r e c t e d  subse t s ) ;  f is  

s t r i c t  w h e n e v e r  i t  p r e s e r v e s  the  l eas t  e lemen t .  

D e f i n i t i o n  2. 3 L e t  P,  Q be p a r t i a l  o r d e r s ,  X a c o u n t a b l e  se t .  T h e n  P x Q is 

the  C a r t e s i a n  p r o d u c t  o f  P and Q o r d e r e d  c o o r d i n a t e w i s e ;  X -, P is the  p a r t i a l  o r -  

d e r  o f  a l l  f u n c t i o n s  f r o m  X to  P o r d e r e d  p o i n t w i s e .  

F a c t  2. 1 i f  P is a cpo then  so is X - ~  P ;  i f  P a n d Q a r e  cpors  so  is  P x Q .  

F i x e d  P o i n t s  

~,, d e f i n e  f~" by :  

F o r  any  p a r t i a l  o r d e r  P,  any  mono tone  f : P --> P and a l l  o r d i n a l s  
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fz = f (k U < zf k) 

Of  cou rse  f~" need not ex is t  s i n c e .  ~ f k need not ex is t .  I f  f}" does not ex is t  then 

fo r  any ;klk> ~., f)~' does not ex is t  e~theP X, f;k is monotone in ~. I f  !~X};k s tab , l i zes  at 

k ,  then f" is the least  ( p r e - ) f i x e d - p o i n t  of f.  i f  P is a cpo then f a lways  ex is ts  and 

{f~'}~. s t ab i l i zes .  I f  add i t i ona l l y  f is cont inuous then [ fX }x  s t ab i l i zes  at ~. 

D i s c r e t e  Powerdomains  

We e x p l o r e  E g l i - M i l n e r  and Smyth powerdomains  of f la t  cpols ,  X , wi th  enough sub~ 

sets to handle  countab le  nondetermin ism.  To avo id  some t i ck l i sh  prob lems we r e -  

s t r i c t  X to being countable.  Note that~ even so, the Smyth powerdomain  is not a 

cpo~ we do not unders tand what s i gn i f i cance  this has f o r  a poss ib le  more genera l  

t h e o r y  of powerdomains  f o r  countab le  nondetermin ism.  

E~II i-Milner Order 

Le t  ~. (X / ) be the set of non-empty subsets of X o r d e r e d  by: 

A ~_B i f f  ( V a E  A.  3 b E  B . a  ~b)  A ( 'v 'bE B. 3 a E A .  a Qb) 

(which is the same as A = B ( i f  J. ~ A )  o r  as A -  {_L} c B ( i f  J- ~ A)).  

P r o p o s i t i o n  2. 1 8 (XL)  is a cpo with least  e lement [_L} ; eve ry  ~ d i r e c t e d  subset 

is even tua l l y  constant ;  i t  is c losed under  a r b i t r a r y  unions.  

Usefu l  Func t ions  

Sin,qleton 

Union 

Ex tens ion  

~" } :  x-~C(XL) 
U : P-, (XL)~ -> ~- (XjL). Et is cont inuous.  

F o r  f : X -> 8 ( Y / )  de f ine  f+ : g (X.L) -~ 8~ ( Y l )  by: 

f+ (A) = U f ( A -  [.L~) U [.L 1.L E A ]  

P r o p o s i t i o n  2 .2  E v e r y  f+ is cont inuous.  Howeve r ,  f+ is not cont inuous as a func= 

t ions of f a l though it is monotonic ,  

Composition For X f-> P~ (Y.L), Y ~ 8 (ZL) define X f~.->g ~ (Z.L) by: 

f~g = g+o f 
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PjP~posi t ion B. 3 The  compos i t ion  f; g is con t inuous  in f and monotonic~ but not con-  

t inuous in g. A l s o  it is assoc ia t i ve  w i th  un i ts  the s ing le ton  func t ions  ( i , e .  we get a 

ca tegory ) .  

Note It is the I&ck of con t i nu i t y  of f; g in g that w i l l  f o r c e  us ( in the semant ics  of 

w h i l e  commands) to cons i de r  least f i x e d - p o i n t s  of non -con t i nuous  f unc t i ona l s .  

S@..m.~ t h O r d e r  

Let  ~ (X.. L ) be 

{ A _ ~ X  ! A / r }  U { X ± ]  

o rde red  by the superse t  o rde r i ng :  

A ~ B i f f A ~ - B  

( fo r  mot i va t ions  f o r  th is  de f i n i t i on  see P lo t k i n  [1 6] .  

PP.P~.~osition 2.4- E ( X j )  has least element X L but need no.__~t be a cpo (a l though i f  

has an upper  bound~ i ts lub ex is ts  and isN~)~ eve ry  tt~-directed subset  is even tua l l y  

constant ;  i t  is c losed under  a r b i t r a r y  un ions.  

Note Grea tes t  l o w e r  bounds of no.q-empty fami l ies~ ~ ,  a lways  ex is t  be ing g iven by: 

q~ =uS. 

Usefu l  Func t i ons  

S ing le ton  

Un ion  

Ex tens ion  

[ "  }:x-~(x±) 
U : ~ (X I_) ~ -e ~ (X_L). It is con t inuous .  

F o r  f : X ->G  ( % )  de f ine  f+: ~ (X_L) -->J ( % )  by: 

~ Uf (A) (_L~ A) 
f f  (A) = Y_L {_L E A) 

_Pr0P0Sit!0n 2. 5 E v e r y  f+ is monotone~ but no~t n e c e s s a r i l y  cont inuous~ func t ion  

ex tens ion ,  ( • )+ is monoton ic ,  but not n e c e s s a r i l y  cont inuous.~ l  

Co_~R.~LDos i t i on F o r  X f a  (Y.L) and Y e g a (Z.L) def ine X f~g G(Z j . )  by: 

f; 9 = g+ o f 
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P r o p o s i t i o n  2. 6 The compos i t i on  ft~ g is monotonic in each a rgumen t ,  but need not 

be con t inuous  in e i t h e r .  A l s o  i t  is a s s o c i a t i v e  w i t h  the s i ng le ton  as un i t .  [ ]  

From 8 (X_L) to ~" (X L )__ 

Def ine  e x :  8. (X.L) - ~  (X_L) by: 

~x (L  ~' A) 
e x ( A )  = (_L E A) 

.L 

(That  is ,  e x ( A )  = [b E X / I =1 a { A . a  ~ b } ) .  

Then e X i s  s t r i c t  and cont inuous .  It is v e r y  impo r t an t  that  e X is con t inuous  as th is  

is why we can l i ve  w i th  the fac t  that  ~" (X_L) is not a cpo - enough d i r e c t e d  sets  9 f o r  

our" pu rpose ,  w i l l  have l im i t s  as they w i l l  be images unde r  e X of d i r e c t e d  sets  in 

8 (X_L). 

Fac t  2 . 2  The f o l l o w i n g  d i a g r a m  commutes:  

X 

[ .  ] [ "  } 

8 ( x  ~ 
e X 

(x.) 

Fact 2.3 For any f : X-~8 (Y_L) and g : -~8 (ZL), e Z ~ (f;g) = (ey 

[ ]  

o f);~ (e z . g). [] 

Smyth P o w e r d o m a i n s  and P r e d i c a t e  T r a n s f o r m e r s  

A p r e d i c a t e  t r a n s f o r m e r  f r om X to Y is any map p : P (Y) -e P (X) such that :  

(1) L a w  of E x c l u d e d  M i r a c l e  p (¢)  = ¢ 
= n 

(2) Coun tab le  M u l t i p l i c a t i v i t y  p (i w B i ) i  E w p (B i) 

These  a r e  the a p p r o p r i a t e  hea l t h i ness  cond i t i ons .  The  usual hea l t h i ness  cond i t i ons  

imp ly  them ( r e c a l l  h e r e  that  X,  Y a r e  taken as countab le)  but non -con t i nuous  t r a n s -  

f o r m e r s  a r e  a l l o w e d  - and as is ,  e s s e n t i a l l y ,  po in ted  out in D i j k s t r a  [ 8 ] ,  Oh. 9, 

must be. That  they a r e  e x a c t l y  the r i g h t  cond i t i ons  w i l l  a p p e a r  f r o m  the i s o m o r p h i s m  

w i t h  t h e S m y t h  powerdoma in  func t ions  that  we w i l l  show and f r o m  the r o l e  they p lay  

in the v a r i o u s  semant i cs .  

to be the set  of  p r e d i c a t e  t r a n s f o r m e r s  f r o m  X to Y ( d r o p p i n g  the We take  P T x ,  y 
s u b s c r i p t s  when they can be unde rs tood  f r om the con tex t )  and o r d e r e d  p o i n t w i s e  thus:  
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p _  q i f f V  B g Y . p  (B) ~_ q(B)  

The  I tSmyth s t a t e  t r a n s f o r m e r s  W~ f r o m  X to Y a r e  a l l  f u n c t i o n s  m : X ~ G (Y.L) '  a l s o  

o r d e r e d  p o i n t w i s e :  t h i s  c o l l e c t i o n  is c a l l e d  S T x ,  Y . 

f o r  B c_c_ Y :  

N o t e  

N o w  f o r  any  such m d e f i n e  

wp (m, B) = { a E  X [ m (a }  G B)  

I f  / E m (a) then n e v e r  a E wp (m, B) ,  

L e m m a  2. I T h e  f u n c t i o n  wp (m, • ) is a p r e d i c a t e  t r a n s f o r m e r  and wp (m~ • ) 

is monoton ic  in m. [ ]  

S o  now we  h a v e  a m o n o t o n i c  cu: S T  ~ P T  w h e r e  • (m)  (B) = wp (m~ B)~ and the  nex t  

t h e o r e m  even  shows  i t  is an i s o m o r p h i s m .  

T h e o r e m  2. 1 ( I s o m o r p h i s m )  The  f u n c t i o n  cu : S T  ~ P T  is an i s o m o r p h i s m  of  p a r t i a l  

o r d e r s .  [ ]  

3. S E M A N T I C :  I S S U E S  

In th is  s e c t i o n  we c o n s i d e r  f o u r  s e m a n t i c s  of  a s i m p l e  p r o g r a m m i n g  l anguage  

o f  commands a l l o w i n g  c o u n t a b l e  n o n d e t e r m i n i s m  and e s t a b l i s h  the  r e l a t i o n s h i p s  b e -  

tween  the  v a r i o u s  s e m a n t i c s .  The  f i r s t  s e m a n t i c s  is o p e r a t i o n a l  be ing  g i ven  as a t r a n -  

s i t i o n  r e l a t i o n  b e t w e e n  c o n f i g u r a t i o n s  and s p e c i f i e d  a x i o m a t i c a l l y .  The  nex t  two  a r e  

s t a n d a r d  d e n o t a t i o n a l  s e m a n t i c s  based  on the  two  d i s c r e t e  p o w e r d o m a i n s  we c o n s i d e r  

in s e c t i o n  2,. T h e  l as t  is  a d e n o t a t i o n a l  p r e d i c a t e  t r a n s f o r m e r  s e m a n t i c s .  

We d i s a g r e e  w i t h  B e c k  ~4]  w h o  d e f i n e s  a s e m a n t i c s  a l s o  based  on P~ ( X [ )  but d i f f e r e n t  

f r o m  o u r s  in tha t  the  s e m a n t i c s  o f  w h i l e - l o o p s  is d e f i n e d  as the  l im i t  o f  the  f i r s t  tu- 

i t e r a t e s .  He  c o r r e c t l y  p o i n t s  out  that  th i s  does  not  c a p t u r e  the  c o r r e c t  no t i on  of  t e r -  

m i n a t i o n  and b lames  that  on a f a i l u r e  of  8~ (XL)~ we  r a t h e r  b lame i t  on the  s e m a n t i c s  

he g i v e s  to w h i l e - l o o p s  and p r e f e r  to c a r r y  the  i t e r a t e s  to  enough s tages  (at  most  e l l  

c o u n t a b l e  o r d i n a l s )  to r e a c h  the leas t  f i x e d - p o i n t  as in ~-6]. Then w i t h  th i s  d e f i n i t i o n ,  

t h e o r e m  3. 1 b e l o w  shows  the o p e r a t i o n a l  and d e n o t a t i o n a l  seman t i c s  a r e  i d e n t i c a l .  

F u r t h e r  f ac t  3. 1 shows  the  s e m a n t i c s  based  on t h e S m y t h  o r d e r  is  a p r o j e c t i o n ~  u n -  

d e r  ex~ o f  the  s e m a n t i c s  based  on the E g l i - M i l n e r  o r d e r i n g  and c o r o l l a r y  3. 1 then  

r e l a t e s  i t  to  the  o p e r a t i o n a l  s e m a n t i c s .  F i n a l l y  we g i v e  a p r e d i c a t e  t r a n s f o r m e r  s e -  

mant ics~ again i t e r a t i n g  t h r o u g h  s u i t a b l e  o rd i na l s~  f o l l o w i n g  Boom [5 ]~  and show in 
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t h e o r e m  3.2.  and  c o r o f l a r y  3 . 2  t ha t  [ t  is  i s o m o r p h i c  t o  the  s e m a n t i c s  b a s e d  on t he  

S m y t h  o r d e r  ( f o l l o w i n g  t he  i d e a s  in  P l o t k i n  [ 1 6 ] ) .  

T h r o u g h o u t  the  r e s t  o f  t h e  p a p e r  w e  c o n s i d e r  a s i m p l e  p r o g r a m m i n g  l a n g u a g e  w h o s e  

se t  o f  c o m m a n d s  is p a r a m e t e r i s e d  on t w o  s e t s :  

ACorn  i s  t he  se t  o f  a t o m i c  c o m m a n d s  r a n g e d  oveP  by  t he  m e t a v a P i a b I e  A .  

B E x p  is  t he  se t  o f  B o o l e a n  e x p r e s s i o n s  r a n g e d  o v e r  by  B .  

N o w ,  Corn is the  se t  o f  c o m m a n d s  o f  t he  l a n g u a g e ,  r a n g e d  o v e r  by S and  g e n e r a t e d  by 

t h e  f o l l o w i n g  g r a m m a r :  

S : : = ski._._.pp I A I S ; S  ! i f  B then  S e l s e S  f i  i w h i l e  B do S o d  

We a s s u m e  a c o u n t a b l e  u n a n a l y s e d  se t  X o f  s t a t e s  and w e  f u r t h e r  a s s u m e  w e  a r e  g i v e n  

t w o  s e m a n t i c  f u n c t i o n s :  

: ACorn  -~ (X  -~ e (X)  - ( ¢ ] )  

~ : B E x p  .e (X  e [ ' t t ,  f fJ }  

w h e r e  [ t t ,  f f j  is  o f  c o u r s e  the  se t  o f  t r u t h v a l u e s .  

T h e  a s s u m p t i o n  t ha t  f o r  a n y  cr E X ,  Q ~ A ~(cr) is  a n o n - e m p t y  and ( n e c e s s a r i l y }  c o u n t -  

a b l e  s u b s e t  o f  X means  tha t  a t o m i c  c o m m a n d s  a r e  a s s u m e d  to  be  a l w a y s  t e r m i n a t i n g  

and  c o u n t a b l y  n o n d e t e r m i n i s t i c  s t a t e m e n t s .  A p a r t i c u l a r  c h o i c e  f o r  A m i g h t  be  the  

s t a t e m e n t  x : = ? ,  m e a n i n g  se t  x to  a n y  v a l u e .  I f  t h e r e  w e r e  o n l y  o n e  v a r i a b l e  t ha t  

c o u l d  a p p e a r  in  t h e  l a n g u a g e  w e  c o u l d  g i v e  t he  s e m a n t i c s  o f  × : = ? by  p u t t i n g  f o r  a n y  

E x : = ? ~  ( ~ ) = x  

We n o w  p r o v i d e  t h r e e  d i f f e r e n t  s e m a n t i c s  f o r  c o m m a n d s .  

O p e r a t i o n a l  S e m a n t i c s  

We d e f i n e  a f u n c t i o n  

op : c o r n ,  (x  -, ~ (XL))  

by  c o n s i d e r i n g  a t r a n s i t i o n  r e l a t i o n  H ~ ~, b e t w e e n  c o n f i g u r a t i o n s ,  t ha t  [s p a i r s  <S~ 0> 

c o n s i s t i n g  o f  a c o m m a n d  and  a s t a t e .  We  d e f i n e  " ~ ~f by  t h e  f o l l o w i n g  c l a u s e s :  
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i l .  

I l l .  

iV.  

U. 

<A,  0":>-+ <sk ip ,  (;~> if: ;~ Eg ~ A  ~ (~) 

I f  <S~,  Cr> -+ <Sz+, 04> then <S z; S,  ~> ~ <S~+; S, 04> 

<sk ip ;  S~ Or> e <S~ ¢> 

1. < i f B  t h e n S  z e l s e S e  fi,o':> -e <Sz,  o'> (if~{ [ [ B ~  (o') = tt} 

2. < i f B t h e n S  z e l s e S ~  f i , o > . e < S ~ ,  0"> (if~, ~ B~  (o') = f f )  

1. < w h i l e  B d o s  od, 0"> ~ < S ;  w h i l e B  d o s  od, 0"> ( i f ~  ~ B ~  (~) = tt) 

2. < w h i l e B  d o s  od, 0-> -+<sk ip ,  0"> (if~, ~ B  ~ (0") = i f )  

I n tu i t i ve l y ,  <Sz, q> -+ <S2,  o4> means that one step of execut ion  o f S  z in s ta te  ~ can 

tead to s ta te  ~t w i th  S~ be ing the rema inde r  of Sz to be executed.  

De f i n i t i on  3. 1 S can d i v e r g e  f rom o" i f f  there  ex is ts  an i n f i n i t e  sequence 

<St, ~i> (i = 0, 1 . . . . .  ) such that <S, 0"> = <So,  Go> "--> <Sz ,  ~z> "> <S~,  0"~> -+o.o 

Note a) If S # sk ip  then f o r  any 0" t he re  a re  S I and 04 such that <S,  0"> -+ <S r, ~4> 

(that is, S can be executed f o r  at least  one step) 

b) The set [ < S  r, 0"r>l <S~ 0"> e <:SV, ~+>} is a lways  countab le  (s ince X is 

assumed to be countab le) .  

De f i n i t i on  3. 2 We de f ine  the func t ion  Op by: 

Op ~[ S ~] (or) = [0" I <S,  s:> -e -x- <sk ip ,  0">} U [-L I S can d i ve rge  f rom 0"}+ 

Of cou rse  H .+~ PI is the t r a n s i t i v e  r e f l e x i v e  c~osure of u .~..  

Denota t iona l  Semant ics  

We def ine  now two func t ions  

and 

ss:  Com -~ ( x  -, ~ (X.L) )  

~ :  Corn -+ (X  ,-~ ~ (X_l - )) 

by the same type of equat ions.  L e t  ~ be, i nd i f f e ren t l y ,  ~, o r  3". We def ine  

i .  

i I .  

t i t .  

!V. 

V. 

~ ] t l~sk ip ] ]  = { " } ( [  ° } s the s ing le ton  func t ion  def ined in sect ion 2) 

~i1,~ i f  B then S z e l s e S ~ f ~  (or) = i ff~ [ [ B  ~(o')then~t~ , ~ S z  ~(0" )e tse~t t ,~S~ ~(0") 

~t~ ~ w h i l e  a d o  S o d  ~] = ~rn.~.~ E X. i f ~  ~B~](o-} then(~TL[ ~ S ] ~ m ) ( ~ ) e l s e { O ' }  
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Note  3"(X ) need not be a cpo, so D~ might  be not w e l l - d e f i n e d  in case V. But  th is  

is not the case because of the f o l l o w i n g  f a c t  wh ich  a l so  shows the r e l a t i o n s h i p  be -  

tween the two  deno ta t i ona l  semant i cs .  

Fac t  3.1 F o r a l l  S ,  D~. is w e l l - d e f i n e d  and e x ~  DE[ [55~ = D T ~ S  ~ .  [ ]  

The  equ i va lence  of  the deno ta t iona l  and o p e r a t i o n a l  seman t i cs  is e x p r e s s e d  in the 

fol  l o w i n g  theorem:  

T h e o r e m  3. 1 ,~p_+, = Op. [ ]  

C o r o l l a r y  3. 1 (Ope ra t i ona l  c h a r a c t e P i s a t i o n  of ~E) 

i) 

i i )  

t f  $ cannot d i v e r g e  f r o m  0 then 

~i = D~.~IS~((7) i f f  <55, ~> ~ <sk i p ,  ~'> 

/ E ~ [F 55 ]] (0) i f f  55 can d i v e r g e  f r om 0 

P r o o f  By fac t  3. ] and theo rem 3. 1° [ ]  

Weakest  Precondi,t,!on,,,,55 emant i cs 

L e t  P T  be the set  of  a l l  p r e d i c a t e  t r a n s f o r m e r s  f r om X to X as de f ined  in sec t ion  2. 

We de f ine  now a func t ion  ~ : Corn --) PT  wh ich  we shal l  ca l l  the weakes t  p r e c o n d i t i o n  

semant ics  (wp semant i cs ) .  

I ~ E s k ! p ~  = id  

II. V E A ~ (R) = wp ( ~ A  ~ , R )  (whe re  wp is the func t ion  de f ined  in sec t i on  2). 

V .  1.r ~- whi,,l,,e B do  S o d  ]] (R) = 

~Q ~ x .  ((~ E B ]] -~ (tt) n v [[ s ]] (Q)) u (~ E B ~ -~ (rr) n m)) 

It is clear" that  ts is w e l l - d e f i n e d ,  as k ~ S ] ]  is  monotone and so the c o r r e s p o n d i n g  

func t ion  in case V is monotone as w e l l ,  and t h e r e f o r e  has a leas t  f i x e d - p o i n t .  H o w -  

eve r ,  we  a l so  w ish  to p r o v e  that  fop  each S ,  l~ E55 ]J is a p r e d i c a t e  t r a n s f o r m e r .  

Th is  f o l l o w s  d i r e c t l y  f r o m  the next  theorem wh ich  a l so  es tab l i shes  the r e l a t i o n s h i p  

w i th  the semant i cs  based on the 55myth powePdomain .  

Theo rem 3 . 2  F o r  a l l  55 E Corn and R _c ;K we have;  
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C o r o l l a r y  3. 2 F o r  a l l  S in Corn and R c X we have :  

P r o o f  B y  t h e o r e m s  3 . 2  and 3. 1. 

C o r o l l a r y  3 . 3  ( O p e r a t i o n a l  c h a r a c t e r i s a t i o n  o f  wp s e m a n t i c s )  

0" E ~ ~ S ]] (R) i f f  S canno t  d i v e r g e  f r o m  0" and 

V~t. [<S, ~> -~* <skip, ~f> -,a I e R] 

P r o o f  B y  c o r o l l a r y  3. I and t h e o r e m  3 . 9 .  

4. P R O O F  T H E O R Y  

In t h i s  s e c t i o n  we  cons ide r `  a Hoar`e l o g i c  for` t h e t o t a l  c o r r e c t n e s s  o f  p r o g r a m s  

and i n d i c a t e  the  s o u n d n e s s  o f  the  l o g i c  and a r e l a t i v e  c o m p l e t e n e s s  t h e o r e m  a f t e r  the  

f a s h i o n  o f  C o o k  (see  A p t  [ 1 ]  for` a s u r v e y  of  r e s u l t s  of  t h i s  k i nd ) .  A s  o u r  a s s e r t i o n  

l anguage ,  L ,  we  t a k e  any  m a n y - s o r t e d  l o g i c  w h o s e  s o r t  se t  c o n t a i n s  a s o r t  da ta  ( f o r  

p r o g r a m  data)  and o r d  ( f o r  o r d i n a l s ) ;  we a l s o  assume  a c o n s t a n t  0, of  s o r d  o r d ,  and 

a b i n a r y  p r e d i c a t e  s y m b o l ,  < , o v e r  o r d .  We use  x ,  y ,  z as v a r i a b l e s  o f  s o r t  da ta  

and c~, j3, y as v a r i a b l e s  of  s o r t  or`d; we  use  p, q, r` to r a n g e  o v e r  1 - f o r m u l a e .  

N o w  we can f i n i s h  s p e c i f y i n g  the  s y n t a x  of  o u r  p r o g r a m m i n g  l anguage .  F o r  c o n v e n i -  

ence  we w i l l  o n l y  c o n s i d e r  a f i x e d  f i n i t e  se t  o f  da ta  v a r i a b l e s ,  V a r  = { x l  . . .  , x k ] .  

B o o l e a n  e x p r e s s i o n s  a r e  t aken  to be t hose  q u a n t i f i e r - f r e e  L . - f o r m u l a e  w h o s e  v a r i a b l e s  

a r e  a l l  in V a r  and w h o s e  s y m b o l s  h a v e  s o r t s  o n l y  i n v o l v i n g  da ta .  L e t  t r a n g e  over" 

e x p r e s s i o n s  o f  s o r t  da ta  w h o s e  s y m b o l s  h a v e  s o r t s  o n l y  i n v o l v i n g  da ta .  A t o m i c  c o m -  

mands a r e  t aken  to be o f  the  f o r m  x : = t ( o r d i n a r y  assi£1nment) o r  x : = ? ( r a n d o m  

assi£1nment).  

B e f o r e  t u r n i n g  to  s e m a n t i c  i s s u e s  we  g i v e  o u r  l o g i c  and w o r k  out  an e x a m p l e .  T h e  

f o r m u l a e  o f  the  l o g i c  a r e  a l l  L - f o r m u l a e  t o g e t h e r  w i t h  a l l  t h o s e  o f  the  f o r m  

~p~ s ~q] 

( the l a t t e r  m e a n i n g  tha t ,  f o r  a l l  v a t u e s  of  p a r a m e t e r s ,  i f  o' is  a s t a t e  s a t i s f y i n g  p, 

then e v e r y  e x e c u t i o n  s e q u e n c e  o f  S f r o m  0" t e r m i n a t e s  and ends in a s t a t e  s a t i s f y i n g  

q). T h e  a x i o m s  and  r u l e s  o f  t he  l o g i c  a r e  as f o l l o w s :  
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1. Ass i  £1nment 

{ p i t / X ] }  x : = t [ p }  

whece pEt / /x ]  is the r e s u l t  of  subs t i t u t i ng  t f o r  ani f r e e  o c c u r r e n c e s  of x in p. 

2. Random Ass ignmen t  

Ip} × : : ?  {p~ 

p r o v i d e d  x is not f r e e  in p. 

3. I f - T h e n - E l s e  Rul e 

[p:} i f  B then S z e l se  Ss f i  [q }  

4. Compos i t i on  Ru le  

{p}  s ~ ; s ~  { r ]  

5. Wh i l e  Ru le  

p(0c) A 0<C~-* B, {P(O.)} S ,~313 <Co, P(~)},  p(0) -e 

{30;.  P(0:)} w h i l e  B d o s  od {p(0)}  

We ca l l  P(O¢) the loop i n v a r i a n t .  

6. Consequence Rul e 

p ~ p, ,  {p,}  s { q , } ,  q, -, q 

{:p] s [qj 

Cal l  the above p r o o f  sys tem T; we w r i t e  F ~T {P] S [q }  to mean that [p }  S {q ]  can 

be p roved  in T f r o m  the f o r m u l a e  in F.  The  above wh i l e  Pule is a s t r a i g h t f o r w a r d  

g e n e r a l i z a t i o n  of  the f o l l o w i n g  w h i l e  r u l e  f o r  to ta l  c o r r e c t n e s s  of the usual  w h i i e  

p r o g r a m s  g iven in H a r e l  [ 1 0 ] .  

?. Wh i l e  Ru le  I1 

p (o+ l )  .->B, {p(c~+l)} S [p (c~ ) } ,p (0 )e  B 

['=Ic~. P(C~)] w h i l e  B do S o d  [p(0):} 

( A s l i g h t l y d i f f e r e n t  v o c a b u l a r y  is assumed here~ vizo CC ranges  o v e r  the na tu ra l  

numbers ) .  We shal l  show in a moment that w h i l e  r u l e  I1 is not su f f i c i en t  f o r  p roo fs  

of to ta l  c o r r e c t n e s s  of  p r o g r a m s .  

As an examp le  p r o o f  in T c o n s i d e r  the f o l l o w i n g  p r o g r a m :  
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and  

S = w h i l e  B do S O ocl~ w h e r e  

B - = x = 0 v 0 < y  

So ~- i f  x =  0 t hen  y : =  ? ; x : =  1 e l s e  y : = y -  1 f i  ( see  D i j k s t r a  [ 8 ] ,  Oh. 9).  

We n o w  w i s h  to  p r o v e  in T t ha t  [ t p u e }  S { y  = 0 3 h o l d s .  T o  t h i s  end  w e  a s s u m e  L c o n -  

t a i n s  e q u a l i t y  s y m b o l s  o f  a l l  s o r t s ,  the  l a n g u a g e  o f  P e a n o  a r i t h m e t i c  (and  w e  u s e  x < y 

as  an  a b b r e v i a t i o n ) ~  a o n e - a r g u m e n t  ( c o n v e r s i o n )  f u n c t i o n  . o f  s o r t  (dat.._._a_a, o r d )  and  

a c o n s t a n t  09 o f  s o r t  o r d .  

D e f i n e  p(o,) by :  

P(Cf~) a ( x = 0 . e & =  w) A ( X / 0 - ~ C ~ = ~ )  

I n t u i t i v e l y  s p e a k i n g ,  f o r  a s ta te0 -~  P(C~) (~') h o l d s  i f  Ct, is  the  s m a l l e s t  o r d i n a l  b i g g e r  

o r  equa l  to  the  n u m b e r  o f  p o s s i b l e  i t e r a t i o n s  p e r f o r m e d  by  the  l o o p  w h e n  s t a r t e d  in (~. 

T h e n  P(CC) s a t i s f i e s  t h e  p r e m i s e s  of t he  w h i l e  r u l e  so  [~30~.P(C~)} S [p (0)~  h o l d s .  A l s o  

bo th  =lc~.p(cc) and  p(0)  ~ y  = 0 ho ld ,  so  by  the  c o n s e q u e n c e  r u l e  f t r u e }  S ~y = 0} h o l d s .  

N o t e  W h i l e  r u l e  11 is no t  s u f f i c i e n t  to  p r o v e  the  f o r m u l a  [ t r u e ~  S [ y  = 03 f r o m  

a r i t h m e t i c a l  a s s u m p t i o n s .  

T h e  use  o f  p a r a m e t e r i z e d  l o o p  i n v a r i a n t s  c o m b i n e s  the  t e c h n i q u e  o f  u s i n g  l oop  i n -  

v a r i a n t s  and  l o o p  c o u n t e r s .  T h e  w h i l e  r u l e  11 uses  i n t e g e r - v a l u e d  l o o p  c o u n t e r s  as 

o p p o s e d  to  the  w h i l e  r u l e  f r o m  T w h i c h  uses  o r d i n a l - v a l u e d  l oop  c o u n t e r s .  T h e  i n -  

s u f f i c i e n c y  o f  i n t e g e r - v a l u e d  Uoop c o u n t e r s  to  p r o v e  the  a b o v e  f o r m u l a  [ t r u e  3 S 

[ y  = 0} was  f i r s t  o b s e r v e d  by  B a c k  [ 3 ] .  T h e  use  o f  o r d i n a l - v a l u e d  l oop  c o u n t e r s  

was  in f a c t  p r o p o s e d  a l r e a d y  in F l o y d  [ 1 0  I .  In the  p r o o f - t h e o r e t i c  f r a m e w o r k  i t  was  

f i r s t  i n c o r p o r a t e d  in M a n n a  and  P n u e l i  [ 1 3 ]  w h e r e  s o - c a l l e d  c o n v e r g e n c e  f u n c t i o n s  

w i t h  a r a n g e  b e i n g  a w e l l - f o u n d e d  se t  a r e  u s e d ,  In t he  f r a m e w o r k  o f  w e a k e s t  p r e -  

c o n d i t i o n  s e m a n t i c s  t he  u s e  o f  o r d i n a l - v a l u e d  l oop  c o u n t e r s  w a s  a d v o c a t e d  in  B o o m  

~s~. 

We n o w  pass  to  t h e  p r o b l e m  o f  s o u n d n e s s  and  c o m p l e t e n e s s  o f  T and  c o n s i d e r  i n t e r -  

p r e t a t i o n ,  I~of L. T h e s e  a r e  o r d i n a r y  m a n y - s o r t e d  s t r u c t u r e s  o f  t he  

a p p r o p r i a t e  type~ but  s u b j e c t  t o  the  f o l l o w i n g  t h r e e  c o n d i t i o n s :  

2. 

3. 

T h e  domain~  l d a t a  ~ o f  s o r t  d a t a  is  c o u n t a b l e .  

T h e  domain~ lop  d ,  o f  s o r t  oPd is  an i n i t i a l  s e g m e n t  o f  t he  o r d i n a l s .  

T h e  eons tan t~  0, d e n o t e s  the  l e a s t  o r d i n a l  and  the  r e l a t i o n  symbo l~  < 

d e n o t e s  the  s t r i c t  o r d e r i n g  o f  the  o r d i n a l s ~  r e s t r i c t e d  to  l op  d .  
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L e t  us f i x  on such  an i n t e r p r e t a t i o n  I and  f i n i s h  s p e c i f y i n g  t he  s e m a n t i c s  o f  o u r  p r o -  

g r a m m i n g  l a n g u a g e .  T h e  se t  o f  s t a t e s  is :  

X = V a t  ~ I d a t a  

w h e r e  l d a t a  i s  t he  d o m a i n  o f  s o r t  d a t a .  L e t  rr r a n g e  o v e r  maps  f r o m  a l l  L - v a r i a b l e s ~  

o t h e r  t h a n  t h o s e  in Va r~  t o  e l e m e n t s  o f  I - d o m a i n s  o f  t he  a p p r o p r i a t e  s o r t .  We  w r i t e :  

I ~ o p  

to  mean  tha t  p is t r u e  in  I when  t h e  f r e e  v a r i a b l e s  o f  p d e n o t e  t he  v a l u e s  s p e c i f i e d  by  

Trand 0~ w e  w r i t e  I ~ p f o r V 0 o  I ~ , 0 .  p. T h e  d e f i n i t i o n  o f ~ :  B E x p - ~  ( X - - ~ { t t , f f } )  

is n o w  o b v i o u s  and  f op  ~ w e  h a v e :  

u s i n g  an o b v i o u s  n o t a t i o n  and 

E × :  ? ~ (~) = { e '  13 i E I d a t a .  ~ '  = c / [ i / × I }  

N o w  a l l  f o u r  s e m a n t i c s  c o n s i d e r e d  in  the  p r e v i o u s  s e c t i o n  ape  at  o u r  d i s p o s a l ;  w e  

c o n c e n t r a t e  on t h e  w e a k e s t  precondit ion s e m a n t i c s ,  Lt. F o r  t h e  t r u t h  o f  H o a r e  a s s e r -  

l i o n s  w e  put  f o r  a n y  p,  TT : 

and  t hen :  

[p ]~ : {° t ' ~., ~ P} 

{p} S {q} iff•'rr. ~p]1.r_c I r [~-S ~ ~'q]T'¢" 

B y  c o r o l l a r y  3 .3  t h i s  is  t h e  s a m e  as 

~I { p ]  S {q }  i f f V  /'r, O' (o'e rp]1.  r --* (S  c a n n o t  d i v e r g e  f r o m  o' 

A (VO a.  < S ,  0"> -+* < s k i p ,  cv> -~o'~ [ q ] ~ ) ) )  

w h i c h  is  the  u s u a l  d e f i n i t i o n  o f  t o ta l  c o r r e c t n e s s .  We se t  T r  I t o  be t he  se t  o f  a l l  s e n -  

t e n c e s  t r u e  in  1. 

S o u n d n e s s  T h e o r e m  F o r  a n y  f o r m u l a e  p, q o f  L and  c o m m a n d  S i f  T p  I ~- { p }  S {q }  

t hen  ~ {p] S { q ] .  

We n o w  s t a t e  a c o m p l e t e n e s s  t h e o r e m  f o r  a s s e r t i o n  l a n g u a 9 e s  o f  a s p e c i a l  fo rm~ l e t  

L i n c l u d e  s e c o n d  o r d e r  se t  v a r i a b l e s  a~ b, c ,  . . . . .  S e t  v a r i a b l e s  ape  o f  a r b i t r a r y  

a r i t y .  We  w r i t e  p(a:~ , . . . .  , a~,  zl  , . . . .  , z , )  t o  d e n o t e  t ha t  a l  ~ . . . .  ~ am, zz ,  . . .  

zn a r e  a l l  a m o n g  f r e e  v a r i a b l e s  o f  p. T h e  se t  v a r i a b l e s  c a n n o t  be q u a n t i f i e d  o v e r .  
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H o w e v e r ,  t hey  can be bound  by the  ieas t  f i x e d - p o i n t  o p e r a t o r :  f o r  any  f o r m u l a e  

p ( a ,  x t ,  . . . .  , xk )  w h e r e  a is a k - a r y  se t  v a r i a b l e  w h i c h  a l w a y s  o c c u r s  p o s i t i v e l y  

in p, p.a. p is  a l s o  a f o r m u l a .  ( H e r e  a v a r i a b l e  a l w a y s  o c c u r s  p o s i t i v e l y  in a f o r m u l a  

i f  none  of  i ts  o c c u r r e n c e s  in a d i s j u n c t i v e  n o r m a l  f o r m  of  the  f o r m u l a  a r e  in the  

s c o p e  of  a n e g a t i o n  s ign .  ) M.a. p has one f r e e  v a r i a b l e  less  than p (a is bound in pa .  p) 

and ge ts  the  f o l l o w i n g  mean ing :  

i  a.p iff  

w h e r e  R = M Q c (I )k [ I  ~ [  (p ~-* ( - da ta  " Q / a ]  x 1 . . . . . . . .  . . . . .  x~)E a ) ] .  F o r  o u r  i n -  

t e r p r e t a t i o n  I we  now impose  the  f o l l o w i n g  two  a d d i t i o n a l  c o n d i t i o n s :  

/4. 

5. 

The  doma ins  of  each of  the set  s o r t s  c o n t a i n  a l l  se ts  o f  the  a p p r o p r i a t e  k ind .  

The doma in  I o r  d c o n s i s t s  of  a l l  c o u n t a b l e  o r d i n a l s .  

We a r e  now  in p o s i t i o n  to  s t a t e  the  c o m p l e t e n e s s  t h e o r e m .  

C o m p l e t e n e s s  T h e o r e m  F o r  any  command S and f o r m u l a e  p, q i f  ~1 ~p} S ~q~ then 

Trl HT {p} s {q}. e 

The  a s s e r t i o n  l anguage  we h a v e  used h e r e  is based  on the M - c a l c u l u s  o f  H i t c h c o c k  

and P a r k  [ 1 2 ] .  It w o u l d  be i n t e r e s t i n g  to e s t a b l i s h  what  s t r e n g t h  of  a s s e r t i o n  l a n -  

guage is r e a l l y  needed  for" the c o m p l e t e n e s s  t h e o r e m .  

A c k n o w l  ed.qement s 

T h i s  w o r k  was  c a r r i e d  out  w i t h  the  a id  of  a S c i e n c e  R e s e a r c h  C o u n c i l  g r a n t .  We a r e  

g r a t e f u l  to  A .  de B r u i n  and the  o t h e r  r e f e r e e s  f o r  d e t a i l e d  comn3ents; t hey  w i l t  be i n -  

c o r p o r a t e d  in  the  f u l l  v e r s i o n  of  t he  p a p e r .  
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