
~ E ,  DENS I TY .OE C_Q_OLOR-F.AMI LI E~ 

E. Welzl  

I n s t i t u t  f u r  I n f o r m a t i o n s v e r a r b e i t u n g  

Techn ische  U n i v e r s i t ~ t  Graz 

S t e y r e r g a s s e  17 

A-8010 G r a z / A u s t r i a  

I n t r o d u c t i o n  

Recent r esea rch  o f  Maurer ,  Salomaa and Wood, [ 2 ] ,  in  the area o f  f i n i t e  

grammar forms has e s t a b l i s h e d  a c o n n e c t i o n  between form t h e o r y  and the 

t h e o r y  o f  g raphs .  

More s p e c i a l l y ,  the  mechanism o f  i n t e r p r e t a t i o n  - a p p l i e d  to languages 

c o n t a i n i n g  o n l y  words o f  l e n g t h  two - comes out  to be a g e n e r a l i z a t i o n  

o f  the n o t i o n  o f  n - c o l o r i n g  i f  the languages at  i ssue  are i n t e r p r e t e d  

as graphs in  the n a t u r a l  way ( l e t t e r s  become v e r t i c e s ,  a word ' ab '  r e -  

p resen ts  an edge from a to b ) .  Thus,  c o n s i d e r a t i o n s  c o n c e r n i n g  graphs 

y i e l d  r e s u l t s  wh ich  can be a p p l i e d  to f i n i t e  grammar fo rms,  a f t e r w a r d s .  

In t h i s  paper we p r e s e n t  an o u t l i n e  o f  the  p roo f  t h a t  c o l o r - f a m i l i e s  

are dense (a c o l o r - f a m i l y  c o n s i s t s  o f  the  i n t e r p r e t a t i o n s  o f  an u n d i r e c t e d  

g raph ) .  By v i r t u e  o f  the above ment ioned c o n n e c t i o n  o f  graph t h e o r y  and 

form t h e o r y  t h i s  r e s u l t  can be used to e s t a b l i s h  the d e n s i t y  o f  c e r t a i n  

f a m i l i e s  o f  f i n i t e  grammar forms (see [ 4 ] ) .  

For u n e x p l a i n e d  n o t i o n s  in  graph t h e o r y  I r e f e r  to [ I ] .  [61 i s  a genera l  

i n t r o d u c t i o n  to the t h e o r y  o f  fo rms.  

P r e l i m i n a r i e s  

We c o n s i d e r  f i n i t e ,  u n d i r e c t e d ,  u n l a b e l e d  g raphs ,  p o s s i b l y  w i t h  l o o p s ,  

but  w i t h o u t  p a r a l l e l  edges. 
An elementary homomorph~3m i n  such a graph G c o n s i s t s  o f  i d e n t i f y i n g  

two v e r t i c e s  x and y and i n s e r t i n g  edges between the i d e n t i f i e d  v e r t e x  

x=y and a l l  v e r t i c e s  z a d j a c e n t  to e i t h e r  x or y in  G (when x and y are 

a d j a c e n t ,  x=y has a loop  - t h i s  means an edge from the v e r t e x  to  i t s e l f ) .  

A graph G' i s  a morphic image of  a graph G i f  i t  i s  o b t a i n e d  from G by 

f i n i t e l y  many e l emen ta r y  homomorphisms. 

Note t h a t  t h i s  e l emen ta r y  homomorphism, f i n i t e l y  o f t e n  a p p l i e d ,  i s  an 

inverse d f l - s u b s t i t u t i o n  (~ is a disjoint-~inite-~etter substitution on 
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an a lphabet  V, i f  ~(v)  is a f i n i t e  set of  l e t t e r s  f o r  a l l  v in V and 

v ~ w imp l ies  p(v) n u(w) = ~). There fore  the f o l l o w i n g  d e f i n i t i o n  is 

n a t u r a l :  

A graph G is an i n t e r p r e t a t i o n  o f  a graph H i f  a morphic image G' of  G 

is a subgraph of H. 

A a o l o r - f a m i l y  ~(G),  de f ined  by a graph G, is the set of a l l  graphs H 

which are i n t e r p r e t a t i o n s  of G. 

Obv ious ly ,  the r e l a t i o n  ~(G) ~ ~(H) holds i f  and on ly  i f  G is an i n t e r -  

p r e t a t i o n  of H, s ince ' i n t e r p r e t a t i o n '  is t r a n s i t i v e .  Moreover, the re-  

l a t i o n  ' i n t e r p r e t a t i o n '  is dec idab le .  Let K be the complete graph w i th  
n 

n v e r t i c e s  and l e t  C be the cyc le  w i th  m v e r t i c e s .  Then we have a basic m 
h ie ra r chy  among c o l o r - f a m i l i e s  es tab l i shed  in [2]  : 

~(K2) ~ . . .£ (C2m+i )  ~ ~(C2m-i )  ~ . . . £ (C3 )=  £(K3) 7 (z) 
K c . .  + . . .  +~( 4)+ "~(Kn)~ ~(Kn+I )= 

Concerning t h i s  h ie ra rchy  the quest ion  a r i ses  ( e s p e c i a l l y  from the po in t  

of  view of grammar forms) whether there  are c o l o r - f a m i l i e s  s t r i c t l y  

between these C2m+IS and K n s, or more genera l ,  whether f o r  every pa i r  of 

f a m i l i e s  

£(G)~ ~(H) 

there  is a f am i l y  ~(F)  f o r  which 

£(G)~ £(F)~ ~(H) 
holds,  i . e .  whether c o l o r - f a m i l i e s  are dense. I f  such a f a m i l y , ( F )  does 

not e x i s t ,  we say G is a predecessor  of H. 

Ou t l i ne  of the Proof of  the Dens i ty  of  Co lo r -Fami l i es  

MAIN THEOREM: C o l o r - f a m i l i e s  are dense (exc lud ing  the pa i r  ~ ( K I ) ,  ~(K2) ) . 

Lemma 1: 

( i )  I f  P and Q are predecessors of a connected graph G, then 

~(P) = ~(Q) holds.  

( i i )  Let H be a graph w i th  ~ (H )~  ~(G) ,  and l e t  P be a predecessor  of  G. 

Then H is an i n t e r p r e t a t i o n  of P. 

P r o o f ( o u t l i n e ) :  For two predecessors P and Q the r e l a t i o n s  ~ ( P ) 9  ~(Q) 

or ~ ( P ) ~ ( Q )  would be a c o n t r a d i c t i o n  to the d e f i n i t i o n .  But i f  

(P) and ~(Q) are incomparable,  we have a c o n t r a d i c t i o n  w i th  the r e l a -  

t i on  ~(P)~  ~(P U Q)~ ~(G) ,  too (P U Q is the d i s j o i n t  union of the graphs 

P and Q). Consequent ly ,  ~(P) equals ~(Q).  Proof of  ( i i )  is s i m i l a r ,  a 
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I f  ~(W) is  a subset  o f  ~(G) and the r e l a t i o n  ~ ( W ' ) ~  ~(G) ho lds  f o r  no 

morphic  image W' (#W) o f  W, then W is  c a l l e d  a weak p redecessor  of  G. 

The f o l l o w i n g  theorem shows the i n t e r r e l a t i o n  between p redecessors  and 

weak p redecesso rs .  

Theorem 2: 

Let G be a connected graph.  G has no p redecessor  i f  and o n l y  i f  G has 

i n f i n i t e l y  many weak p redecessors  (Two weak p redecessors  V and W are 

termed d i f f e r e n t  i f  ~ (V)  # ~(W).  

P roo f :  (~) Let  W be a weak p redecessor  o f  G and l e t  P be a p redecessor  

o f  G. Then we know (see Lemma 1) t h a t  W is  an i n t e r p r e t a t i o n  o f  P. Thus 

t he re  i s  a morph ic  image W' ( o f  W) which is  a subgraph o f  P. Then 

£ ( W ' ) ~  £ ( P ) ~  ~(G) 

c o n t r a d i c t s  the d e f i n i t i o n  o f  'weak p r e d e c e s s o r ' ,  excep t  W' equa ls  W. 

T h e r e f o r e  a l l  weak p redecessors  of  G are subgraphs of  the p redecessor  P. 

O b v i o u s l y ,  no f i n i t e  graph P can have i n f i n i t e l y  many weak p redecessors  

as subgraphs .  

(0) Let  WI,W 2 . . . .  W n be a l l  the weak p redecessors  of  G. I t  is  e a s i l y  

seen t h a t  a graph H w i t h  ~ ( H ) c  ~(G) has a morph ic  image H' wh ich  i s  

a weak p redecesso r  o f  G. Consequen t l y  such a graph H i s  an i n t e r p r e t a -  

t i o n  o f  P = W I U W 2 U . . .  u W n. T h e r e f o r e  P is  a p redecessor  o f  G, 

wh ich completes the p r o o f .  [] 

Now the  p roo f  o f  the Main Theorem c o n s i s t s  o f  c o n s t r u c t i n g  i n f i n i t e l y  

many weak p redecessors  f o r  a l l  g raphs .  We show t h i s  e x p l i c i t e l y  f o r  C 3. 

Lemma 3: 

C 3 has i n f i n i t e l y  many weak p redecesso rs .  

P r o o f ( o u t l i n e ) :  C o n s t r u c t i o n  of  a set  o f  graphs { S n ) n = 3 , 5 , 7 , 9 . . .  

wh ich  are weak p redecessors  of  C3: 

( i )  take a c y c l e  C3n (n an odd i n t e g e r )  and a v e r t e x  ' n '  and i n s e r t  

edges between ' n '  and every  t h i r d  v e r t e x  in  C3n. 
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i i )  c o l o r  the graph w i t h  the numbers ! ,2~and 3 as f o l l o w s :  

- ' n '  is  2 - c o l o r e d ,  

- a l l  v e r t i c e s  which are a d j a c e n t  to ' n '  are 1 - c o l o r e d ,  

- a l l  v e r t i c e s  which f o l l o w  a 1 - c o l o r e d  v e r t e x  in  C3n 

c l o c k w i s e  are 2 - c o l o r e d ,  

- the r e m a i n i n g  v e r t i c e s  are 3 - c o l o r e d .  

i i i )  i n s e r t  edges between every  3 - c o l o r e d  and every  2 - c o l o r e d  v e r t e x  

(no t  equal  to ' n ' ) ,  excep t  those p a i r s  which would form a C 3 w i t h  a 

l - c o l o r e d  v e r t e x .  This  comple tes  the c o n s t r u c t i o n  o f  S 
n 

The graph S 5 with ~ /~2 
C3-c°l°rtng: ~ ~ 

3 3 

2 I 

I 

3 2 

The i d e n t i f i c a t i o n  o f  a l l  v e r t i c e s  in Snwhich are c o l o r e d  w i th  the same 

number r e s u l t s  in  a C 3. Thus S n is  an i n t e r p r e t a t i o n  o f  C 3, C 3 is not  

a subgraph o f  S n and every  morph ic  image of  C 3 c o n t a i n s  a l oop .  

C o n s e q u e n t l y ,  C 3 is  not  an i n t e r p r e t a t i o n  o f  S n and we have the r e l a t i o n  

~(Sn)  ~ £(C3) .  
Moreover ,  every  e l e m e n t a r y  homomorphism on S n produces a morphic image 

i S n, which has a C 3 or  a loop  as a subgraph.  Thus ~(C3)  is  a subset  o f  
i i (Sn) and ~ (S~)~  ~(C3)  ho lds  f o r  no morphic  image S n o f  S n. u 

S i m i l a r  c o n s t r u c t i o n s  and Theorem 2 lead to 

Lemma 4: 

For m E N, C2m~i has no p redecesso r .  

Cons ider  an a r b i t r a r y  graph G w i t h  a min imal  odd cyc le  o f  l e n g t h  2m+I 

( i f  a graph has no odd c y c l e ,  G is  b i c o l o r a b l e  and ~(G)= ~(K2)  ) .  We 

c o n s t r u c t  weak p redecessors  o f  G by r e p l a c i n g  an a r b i t r a r y  C2m+i by 

weak p redecessors  as d e s c r i b e d  above. In t h i s  f a s h i o n  the d e n s i t y  o f  

c o l o r - f a m i l i e s  can be shown. 
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Conclusion 

When we come back to the not ion of grammar forms the r esu l t  presented 

here can be shown to be equ iva lent  to 

" ( ~ ( G I ) ,  ~(G2) ) is a dense pa i r "  

where G l = ( { S } , { a , b } , { S + a b l b a } , S  ) and 

G2=( {S} , {a } , {S÷aa} ,S  ) are two f i n i t e  con tex t - f r ee  grammar forms. 

The ex is tence of such a dense pa i r  of f i n i t e  grammar forms was an open 

problem in the theory of forms, s tated e.g. in [3]  and [5 ] .  

Using t h i s  approach, Maurer, Salomaa and Wood, [ 4 ] ,  have shown tha t  

( ~  (REG), ~ (CF) )  is  not maximal ly dense. 

Perhaps, some other  open problems fo r  grammar forms ( l i k e  ( i )  

cha rac te r i sa t i on  of subregular  grammar forms, fo r  which ( ~ ( G ) ,  ~(REG)) 

is dense, ( i i )  p roper t ies  of minimal grammarforms which inducR a 

grammatical fami ly  or ( i i i )  the complex i ty  of membership in grammatical 

f am i l i es )  can be se t t l ed  by a detour to "general co lo r ing  of graphs". 
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