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ABSTRACT

In this paper we present the results of two pieces of work which,
when combined, allow us 1o go from a program text in a functional
language 1o a parallel implementation of that program. We present
techniques for discovering sources of parallelism in a program at compile
time, and then show how this parallelism is naturally mapped into a
parallel combinator set that we will define.

To discover sources of parallelism in a program, we use abstract
interpretation. Abstract interpretation is a compile-time technique which
is used to gain information about a program that may then be used to
optimise the execution of the program. A particular use of abstract
interpretation is in strictness analysis of functional programs. In a
language that has lazy semantics, the main potential for paralielism arises
in the evaluation of operands of strict operators. A function is strict in an
argument if its value is undefined whenever the argument is undefined. If
we can use strictness analysis to detect which arguments a function is
strict in, we then know that these arguments can be safely evaluated in
parallel because this will not affect the lazy semantics.

Having identified the sources of parallelism at compile-time it is
necessary to communicate these to the run-time system. In the second part
of the paper we use an extended set of combinators, including a pair of
parallel combinators that achieve this purpose.
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1. Mathematical and Notational Preliminaries

A semantically sound method of striciness analysis is given in [Burn, Hankin and
Abramsky 1985]. We summarise the approach in this section, using a more perspicuous
notation following [Abramsky 1985].

As our language we will use the typed A-calculus with a set of base types and a set
of typed constants. Given base types A, B, ---, we have type expressions o, 7 defined
by

ocu= Al o~a

The set of typed constants is denoted by {c,} (e.g. some typed constants are 4,
+ i int—s i ANd cons( ] 4 .nil g0 ) ayis; ). For each type o we have an infinite set of typed
variables Var ; = {x“ ---}.  Our language of expressions, Exp, consists of typed terms e:c

formed according to the following rules :

1)x% .0 variables
2)ey:0 constants
(3) L abstraction

AMcTe.0—T

€10 T e,:0

&) — application
1%2-
5) %g_g.. fixed points

An interpretation, 7, is given by
1= (DJhelD

where for each base type A we have that D] is a bounded-complete w-algebraic cpo [Scott
1981]). This is extended to type o —7 by defining DZ_,, to be the continuous maps
DI -DI. Each c is given interpretation ¢/ in DZ.
This interpretation induces a semantic function
E! :Exp —» Env? - U DL

where Env! = {Erwé.}andEnv(];r = Var,—D].

ET[[x°Np = p(x?)

I

El{le llp = ¢k
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E <% ellp = AyP* E7 [[el] ply/x )

Ellle e, Nlp = (B! e, l1p) (B [le,l1p)

El [[fixellp = fix(ET [lell p)

Throughout the rest of the paper we will have a standard interpretation ({D5}.{c %)
where we have the usual flat domains for integers and booleans etcetera and the standard
domain for lists. As constants we will have the usual arithmetic and boolean constants,
operators such as + and and, and a conditional, if; : bool— o — o — o, for each type o,
which have their usual interpretations. We will call the induced semantic function E£¥,

and we will always use the environmenti p for the standard interpretation.

For the abstract interpretation, we will use the domain 2 = {0.1}, with 0<1, for the
interpretation of all base types A (including lists). We call the induced semantic function
E® and use p’ for the environment in the abstract interpretation.}

We relate the standard and abstract interpretations, by defining an abstraction map

so that we can show that calculations in the abstract domain correctly model calculations
in the standard domain.

Exp
standard abstract
inter pretation interpretation
D¥ »DP
abs

For strictness analysis, this is done by defining on the base type A the map

abs, : D~ Db

0 ifa= | DY
abs, (a) =
1 otherwise

We can then define abstraction maps for each of the finite higher types in a natural way.
Details can be found in [Burn, Hankin and Abramsky, 1985].

1 Note that in [Burn, Hankin and Abramsky 1985] the standard interpretation of the types was
called D ; and the abstract interpretation of the types was called B .. Also, the standard semantic
function was called sem , while the abstract semantic function was called tabs .
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Having defined the abstraction maps for each finite type, we are then able to set the
abstract interpretation of the constants 1o be the absiraction of the standard
interpretation.

The main result of [Burn, Hankin and Abramsky, 1985] was the following Soundness
Theorem for Strictness Analysis, which says that if something is strict in the abstract
interpretation then it is strict in the standard interpretation.

Theorem 1.1:

Given f : o-—7, interpretations of constants such that abs (E¥ [c 1lp) €
E® [[¢,]lp’ for all constants ¢, and environments p and p’ satis{ying abs ,(p(x7)) €

p{(x7) for all x7, we have that

(Eab[[f]]p‘).l_ng == _LD_?b =2 (ESZ [[f]]p)_i_D%t = "LDf.t D

The strictness analysis of [Burn, Hankin and Abramsky 1985] allows the detection
of when arguments are definitely needed by functions, that is, the possibility of strict
applications. When we write out an expression in the text, we will indicate the strict
applications by writing # in between the operator and the operand.

2. Pragmatics of Strictness Analysis

The original work on abstract interpretation of applicative programs [Mycroft 1981]
treated first order recursion equations over flat domains. In this situation it was sufficient
to find out the strictness of a function in each of its arguments, for this strictness
information was constant in all contexts in which the function was used. This strictness

information is referred to as confext-free strictness in this paper.

Definition 2.1:
A function f : oy= - =0, is context-freely strict in its ith parameter if for all

s; € D, j=i, we have that

(£% [[fHP)SI Sg_I_LD;(‘ Sipy T S5p F —LDf;’ O

1

When we introduce higher-order functions, the strictness information for particular
arguments to a function may change according 1o the context in which the function
appears. For instance, taking the apply function :

g=AfA74 AxA f(x)

we can see that if g is used in the context g # fe and f is a strict function, then the apply
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node between g # f and e could be changed to # because g # f needs the value of e.

This issue was addressed informally in [Burn, Hankin and Abramsky 1985]. In the
current paper we refer to this strictness information as context-sensitive strictness.
Definition 2.2:

A function f 1 oy - - - — 0, is context-sensitively strict in its ith parameter in an

application fe; - - e, if

E UM B lleyllp - E* llew-illp Ly B lleilp -~ B lleallp = Ly

+3

0

The pragmatics presented in [Burn, Hankin and Abramsky 1985] have two
shortcomings which are remedied below.

2.1. Context-Free Strictness Information
The first shortcoming of the abovementioned paper is the lack of consideration of

context-free strictness, with the resultant loss of information, and which can be seen by
looking al an example involving a higher-order conditional :

(if condition then [, else f ,) expensive

where f; is strict and f, is non-strict. If the condition is true, then we would like to be
able to reduce the above expression to f; # expensive, which would allow the opportunity
for paraliel evaluation, while if it is false, we have 1o reduce the conditional to
f 3 expensive.

This problem can be solved if we associate the context-free sirictness information
with a function so that it is available in any application. For functions involving
functional arguments, this context free strictness information may be weaker than the
strictness information available in some particular contexts.

Theorem 2.3 introduces a test for context-free strictness.

Theorem 2.3:

ff:oy» 0,24 and

(Eab[[f]]P') TDgl; Tngj-—l _.!_Dg(’; TDng‘ ' TDS’; =0

1

then f is context-freely strict in its ith parameter.
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2.2. Context-Sensitive Strictness Information

In [Burn, Hankin and Abramsky 1985] only information from the first i—1
arguments in an application was used when determining the context-sensitive strictness of
a function in its irth argument. This method has its limitations which can be illustrated
by considering the apply function, g, defined earlier. If we apply g to Ax4 x, which is
strict, then we are able to label the apply nodes in the application g # (\x# x) # expensive

as before. However, if we were to reorder the parameters to g, defining g' :
g = AxAAfA7A (%)

then we can no longer label the apply node involving the expensive computation in the
call g’ expensive # (Ax* x). Thus the labelling of the apply nodes is different because of
the different ordering of the parameters. This is clearly unsatisfactory. It would be much
better if we could label apply nodes in an application using the information about the
other arguments in the application; this is formalised in Theorem 2.4.

Theorem 2.4:

Givenf : o= -+ —0,,; and an application fe; --- ¢,,if

ECUMp E® eyl -+ E®lle;y1p' L po E® llegyyllp - E%le, ' = 1)

n+}

then f is context-sensitively strict in its izh argument in the application fe; - - e,.

2.3. Lifting Out Free Variables and the Conditional

A third way in which we can improve the amount of available parallelism is again in
the conditional. Consider a conditional Ay* .if condition then e else e, Where neither the
condition nor e, needs the valuey, but e, does. Then if the value of the condition is true,
we can trigger the evaluation of y. This effect can be obtained by X-abstracting the
variable y from the expression e, to obtain (Aye,)y for the expression e,. This enables

us to label the applications as follows :
Ay if # condition (A\y? e;) #y)e,

More generally, if {x,. - .x,} are the free variables of a branch of the conditional, e;,
then we can convertitto fx; -+ x, wheref = Ax; ' Ax,.e;.

In a similar manner, if we are given an n -ary constant function which is not strict in

certain arguments, a parallel or for example, then we can apply the above
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transformation to get maximum parallelism.

3. Parallel Combinators

In this section we define a set of "parallel” combinators. It is iniended that these
should be used as ihe basis for the machine code of a machine such as the COBWEB
machine [Hankin, Osmon and Shute, 1985]. An essential requirement is that the
combinator code should be capable of encoding the two 1ypes of strictness information
described in the last section. Our treatment is based on the director string approach -
there is a good match between the director philosophy of viewing combinators as
annotations on applications and our requirement to encode strictness annotations on

applications.

In [Kennaway and Sleep, 1981] four directors are introduced:

send the argument to both operator and operand
/  send the argument 1o the operator
\ send the argument to the operand
- destroy the argument

Inner bound variables are abstracted first and occurrences of the bound variable are
replaced by I; if the variable is not used in a subexpression then it is unaffected by the

abstraction algorithm. For example,
AxAy.+ x (X 2y)
becomes

AN+ D (NMX2)D.

Kennaway and Sleep go some way towards pointing out the correspondence between
the director strings and Turner’s long reach combinators [Turner 1979]. A complete
combinator definition of directors can only be given after the introduction of two new
combinators [Joy et al. 1985]. The first is a long reach K which we call J and which has
the following reduction rule:

Jxyz => xy

We will also require a long reach version of this which is denoted F in the standard way

and which has the following reduction rule:
Yaxyz => axy

The correspondence between directors and combinators is then given by the following
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table:

“Sor§ \Bor B
/CorC —Jor ¥

The standard combinators are used to encode the rightmost director on each application
and all other directors are represented by long reach combinators. Returning to our

example, the combinator equivalent is then
CBB+DBX2D

The abstraction process 1o produce parallel code using this approach can be formalised in
the following way. We start by introducing two new combinators P and P™:

Pfx= f#x

Phfx=kf#x
P and P’ are semantically like I, but each launches a parallel process (and so we have a
natural generalisation of the sequential case, where a sequential evaluator would just treat
aP asanD.

Our strategy is to compile A-expressions annotated by the strictness analyser into the
extended combinator set. We find it convenient to break the compiler into two passes.
The first pass, C, compiles A-expressions into an intermediate form, Dexp, and the second
pass, G, compiles Dexps into combinator code.

Dexp is a convenient notation which makes explicit the fact that combinators are just
annotations on apply nodes. The abstiract syntax of Dexp is given below, where from
now on we will ignore types in order to simplify the presentation.

DExp ::= Const
| Var
| DExp ‘<’ DirectorString ‘>’ DExp

DirectorString == /* Empty */
[ Director DirectorString

Director == S|BICII|P

The code generation function, G, just converts the code with annotated apply nodes
to the standard combinator code.

We will use !, instead of A, to indicate the parameters in which a function is
context-freely strict and an infix # to indicate strict application. Otherwise, our source
language is a type-free version of Exp, and we will refer to this extended language as Exp

in the following.
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Now we define C:Exp = DExp, which compiles Exps to DExps. 1t uses an auxiliary
function A:Var —» DExp — DExp, which abstracts a variable from a DExp.
We let E, E,, E, denote arbitrary expressions and D denote a possibly empty

director string.

clixx£]} = A x [[CllE]]}}

clix.El] =P <> (A < [[CIEID
cle, E,N1 = CllEDl <> ClE,]
Clle, # E;]l = cllE,]l <P > CllE,]]
cllx]] = x

Cllell =c

Cllfix ] = Y <> Clle]]
Axllx]l =1

Axflyll=K <>y
Ax[E, <D> E,]]
(AxlE.]D <SD> (Ax[E,]) x€E &x€E,

= (A x[[E{]]) <CD> E, x€E &x € E, & D= PD

= (Ax[E,]D <PCD> E, x€E &x ¢ E,&D=PD (¥
= E; <BD> (A < [[E,]D x¢E &x€E,

= E, <ID>E, x€E, & x €E, & DE=PD

= E, <PJD'> E, x¢E| &x¢E, & D = PD' )

The two rules (*) transform
E, <CPD> E,t0 E;, <PCD> E,
{and the same for J) which is correct since:

C®'Dfgx

P'D(fx)g

[

D(fx)#g

P(CDfgx

CDf#gx

fi

D(fx)#g

but the second allows us to initiate the parallel process to evaluate g at an earlier stage.

We now present a code generation scheme G, which translates DExps to combinator
expressions, where d denotes any director :

GllE, <> E,ll = GlEGIE,I
GlE, <D>E,]ll = HIIDIGIE ] GIIE,]]
Gllxll = x

Hlldll = d
H{[aD]] = a'( HI[DID)

H is an auxiliary function which compiles the director strings.

Returning to our earlier example, we find that the function is context-f reely strict in
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both arguments and all applications are strict and thus we generate the following code :
PBPICEBP)BP +D{(BP)P x2)D))

It is possible to optimise this code, reducing its size and the number of reductions
necessary to evaluate it, by combining the P combinator with the adjacent director :

SP = §'P SP'D= §(P'D)
BP = B'P BP'D= B(P'D)
CP=CP CP'D= CP'D)
Jp=JP D= J®PD)

thus intfoducing eight new combinators (those appearing on the left-hand side of the
equals sign), where an example of a reduction rule is :

BP fgx= f#(gx) = BP fgx
The code generated for the example then becomes :

PBPCBPEBP + 1) BP(P x2)I)))

4. Relation With Other Work

There are two projects that are closely related to the work reported in this paper.
The more interesting is the work of Oberhauser and Wilhelm [Oberhauser and Wilhelm
1984]. Work has also been done by Meira at the University of Kent [Meira 1985].

Oberhauser and Wilhelm present a combinator abstraction algorithm that produces
code that closely resembles the director-based combinator code. However an important
difference is that they perform flow analysis on the combinator graph to determine
strictness rather that on the source program. Since combinators appear as leaves in their
approach, rather than as annotations on apply nodes, they produce extra annotations
which we claim are redundant. Oberhauser and Wilhelm do have two different types of
strictness annotation but these are not exactly the context free and context sensitive
annotation presented here and it is not clear that their approach is fully higher-order.
Finally their work is based on different semantic foundations from that described in this

paper [Maurer 1985].

Meira also directly analyses the combinator code. However he uses a more
traditional abstraction algorithm and this means that there is less similarity between his
code and the director-based code. He also fails to make the distinction between context-

free and context-sensitive strictness so again it seems unlikely that he would identify as
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much potential for parallelism as we do.

5. Conclusion

In this paper we have presented a method for translating a program in a functional
Janguage to a parallel implementation of that program, while retaining lazy semantics.
This has involved extending the pragmatics of strictness analysis which is used to
discover sources of parallel evaluation. We have also presented a natural way of defining

a parallel combinator set, based on the notion that combinators are directors.

While the work gives maximum information about higher-order functions over flat
base domains, it gives poor information about functions over recursively defined data
types, for at the moment il only supports mapping them down to the two point domain.
This clearly needs some more work, and [Hughes 1985] and [Wadler 1985] are first steps
in this direction.
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