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ABSTRACT 

Usual a l g e b r a i c  s p e c i f i c a t i o n  techniques can be extended t o  t r e a t  

p a r t i a l l y  ordered s o r t s .  This a l lows the i n t r o d u c t i o n  of sub- and 

supersor ts  as we l l  as over loaded o p e r a t o r s ,  wh i le  p leasant  f ea -  

t u res  (e.g.  ex i s tence  of i n i t i a l  a lgebras  and equ iva lence of 

a l g e b r a i c  and o p e r a t i o n a l  semantics) of the equa t iona l  s p e c i f i c a -  

t i o n  method are preserved.  On t h i s  bas is  e r r o r  and excep t ion  

hand l ing  i s  s tud ied .  For each s o r t  an ok and an e r r o r  subsor t  i s  

in t roduced and c lean a lgebras  ( i . e .  a lgebras  which are o k / e r r o r -  

c o n s i s t e n t  and o k / e r r o r - c o m p l e t e ) a r e  cons idered.  This new ap- 

proach a l l ows  t o  prove an ex tens ion  lemma f o r  p e r s i s t e n t  parame- 

t r i c  s p e c i f i c a t i o n s  which permi t  e r r o r  hand l ing .  

1. INTRODUCTION 

During the l a s t  years a l g e b r a i c  s p e c i f i c a t i o n s  proved t o  be a 

promis ing method f o r  the s p e c i f i c a t i o n  of a b s t r a c t  data types in 

programming languages and so f tware  eng ineer ing .  There are many 

approaches and p h i l o s o p h i e s  f o r  the a l g e b r a i c  semantics of such 

s p e c i f i c a t i o n s .  Among them are i n i t i a l  [ADJ 76, ADJ 81, EKMP 82, 

K1 84]~ f i n a l  [Wa 79, WPPDB 83, Ga 83] and obse rva t i ona l  seman- 

t i c s  [88M 76, ST 85] .  Research in  the f i e l d  led  t o  the deve l -  

opment of s p e c i f i c a t i o n  languages l i k e  OBJ [FGJM 85] ,  ACT ONE 

[EFH 83] ,  ASL [SW 83] and many o thers .  

P a r t i a l l y  ordered s o r t s  f i r s t  in t roduced in [Go 78] have been 

t r e a t e d  in  a s e r i e s  of papers EGo 83, Po 84, 8M 84, G~M 85, 

e t c . ] .  They are the bas is  f o r  our approach t o  e r r o r  and excep t ion  

hand l i ng ,  a t o p i c  which i s  s tud ied  e x t e n s i v e l y  in  the l i t e r a t u r e  
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[ADJ 76, Go 77, Go 78, BGP 82, GDLE 82, Bi 84~ Po 84, BBC 8b, 

e t c . ] .  The fundamental new no t ions  in t roduced  here are t h a t  of 

c lean a lgebras  and c lean s p e c i f i c a t i o n s ,  where clean r e f e r s  t o  

o k / e r r o r - c o n s i s t e n c y  and ok /e r ro r -comp le teness .  This approach 

a l lows the use of pure e r r o r  v a r i a b l e s ,  which was not p o s s i b l e  

before .  In the l i t e r a t u r e  on l y  [Po 84] cons iders  paramet r ic  

s p e c i f i c a t i o n s  in  connect ion w i th  e r r o r  hand l i ng ,  which i s  q u i t e  

impor tan t  because spec ia l  problems a r i s e  here. [Po 84] works w i th  

non p e r s i s t e n t  s p e c i f i c a t i o n s ,  whereas we c a r r y  over p e r s i s t e n c y  

to  the excep t ion  hand l ing  case. By t h i s  we can app ly  the R- 

ex tens ion  lemma of [Eh 81] and use i t  f o r  our c lean a lgebra  

approach, guaranteeing the we l l  def inedness of the a p p l i c a t i o n  of 

parametr ic  s p e c i f i c a t i o n s .  

The paper i s  organized as f o l l o w s .  Chapter 2 in t roduces  the bas ic  

ideas by means of some examples. Chapter 3 rev iews the  fundamen- 

t a l  d e f i n i t i o n s  and f a c t s  concerning subsor ts  in  a l g e b r a i c  s p e c i -  

f i c a t i o n s .  Chapter 4 t r e a t s  c lean a lgebras  and c lean s p e c i f i c a -  

t i o n s .  Chapter 5 d iscusses p a r a m e t r i z a t i o n  and our ex tens ion  

lemma. Chapter 6 g ives  some shor t  conc lud ing remarks. Due t o  

space l i m i t a t i o n s  a l l  p roo fs  are omi t ted .  

2. THE BASIC IDEA 

Our main new concept f o r  e r r o r  and excep t ion  hand l ing  i s  t h a t  of 

a c lean a lgebra .  This means t h a t  our a lgebras  have two subsor ts  

f o r  the ok and e r r o r  pa r t  of each so r t  and the c a r r i e r s  are 

o k / e r r o r - c o n s i s t e n t  ( there  i s  no element which i s  both ok and 

e r ro r )  and o k / e r r o r - c o m p l e t e  (every element i s  e i t h e r  ok or 

e r r o r ) .  The approach i s  exp la ined  best by an example. Here i s  our 

s p e c i f i c a t i o n  of the na tu ra l  numbers. 

spe~ NaturalNumbersWithErrorHandl ing = 

s o r t s  Nat 

opns 0 : -> Nat-Ok 

S u c c :  Nat-Ok -> Nat-Ok 

Error : -> Nat-Error 
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Succ, Pred : Nat -> Nat 

P l us ,  Times : Nat Nat -> Nat 

v a t s  n :Na t  n+,m+:Nat-Ok n - : N a t - E r r o r  

e ~  Succ (n - )  = n -  

Pred(O) = E r r o r  

Pred (Succ (n+))  = n+ 

Pred<n-)  = n-  

P lus(O,n+)  = n+ 

P lus(Succ(n+) ,m+)  = Succ(P lus(n+,m+) )  

P l u s ( n - , n )  = P l u s ( n , n - )  = n -  

Times(O,n+) = 0 

Times(Succ(n+),m+) = Plus(T imes(n+,m+),m+) 

T imes (n - , n )  = T imes (n ,n - )  = n -  

The seman t i cs  o f  t h e  s p e c i f i c a t i o n  i s  an a l g e b r a  hav ing as c a r -  

r i e r s  f o r  Nat-Ok the  n a t u r a l  numbers and f o r  N a t - E r r o r  one d i s -  

t i n g u i s h e d  e r r o r  c o n s t a n t .  There a re  some p e c u l i a r i t i e s  i n  t he  

s p e c i f i c a t i o n  above wor th  t o  be ment ioned.  ( I )  The s o r t  Nat has 

i m p l i c i t l y  t h e  s u b s o r t s  Nat-Ok and N a t - E r r o r .  (2) The f u n c t i o n  

Succ i s  d e c l a r e d  t w i c e  in  t he  s i g n a t u r e .  The f i r s t  occu r rence  

assures  t h a t  Succ y i e l d s  an ok va l ue  when a p p l i e d  t o  such one. 

The second occu r rence  i n d i c a t e s  t h a t  Succ may a l s o  be a p p l i e d  t o  

a l l  Nat v a l u e s ,  bu t  makes no s ta temen t  about  t h e  n a t u r e  o f  t h e  

r e s u l t .  (3) Three d i f f e r e n t  k inds  o f  v a r i a b l e s  co r respond ing  t o  

t he  t h r e e  s o r t s  and s u b s o r t s  a re  used. (4) I t  i s  i m p o r t a n t  t o  use 

an ok v a r i a b l e  i n  t he  axiom Times(O,n+) = O, o t h e r w i s e  t h i s  axiom 

would cause an e r r o r  r e c o v e r y .  (5) The f u n c t i o n s  can be c l a s s i -  

f i e d  i n t o  c o n s t r u c t o r s  ( l i n e  I - 3  o f  t he  o p n s - p a r t )  and d e r i v e d  

f u n c t i o n s  ( l i n e  4-5  o f  t h e  o~pD_s-part). (6) The e r r o r  v a r i a b l e  i n  

Succ(n- )  = n -  assures  e r r o r  p r o p a g a t i o n  f o r  t h e  f u n c t i o n  Suet .  

The use o f  pure e r r o r  v a r i a b l e s  i s  e s s e n t i a l  f o r  p a r a m e t r i c  

s p e c i f i c a t i o n s ,  as t he  nex t  example shows. 

~ e~ec P a r a m e t r i c B i n a r y T r e e s  = 

parm s o r t s  E n t r y  

opns NoEntry : ->  E n t r y - E r r o r  

bod~ s o r t s  Tree 

o pns Leaf  : En t ry -Ok -> Tree-Ok 
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va re  

e_~ns 

Node : Tree-Ok Tree-Ok ->  Tree-Ok 

NoTree : -> T r e e - E r r o r  

Leaf  : En t ry  ->  Tree 

Node : Tree Tree ->  Tree 

GetEnt ry  : Tree -> En t ry  

Ge tR igh t ,  G e t L e f t  : Tree ->  Tree 

e+ :En t ry -Ok  e - : E n t r y - E r r o r  t : T r e e  t l + , t 2 + : T r e e - O k  

L e a f ( e - )  = NoTree 

Node(NoTree,t> = Node( t ,NoTree)  = NoTree 

G e t E n t r y ( L e a f ( e + ) )  = e+ 

G e t E n t r y ( N o d e ( t l + , t 2 + > )  = NoEntry 

GetEnt ry (NoTree)  = NoEntry 

G e t R i g h t ( L e a f ( e + ) )  = G e t L e f t ( L e a f ( e + ) )  = NoTree 

G e t R i g h t ( N o d e ( t l + , t 2 + ) )  = G e t L e f t ( N o d e ( t 2 + , t l + ) )  = t2+ 

GetRight (NoTree)  = Ge tLe f t (NoTree )  = NoTree 

end spec 

The s p e c i f i c a t i o n  b u i l d s  b i n a r y  t r e e s  w i th  g iven  e n t r i e s  a t  

l eaves  when i t  i s  a p p l i e d .  The g iven  parameter  s o r t  E n t r y  

s i s t s  i n  the  r e s u l t i n g  s p e c i f i c a t i o n ,  e s p e c i a l l y  because 

the  

p e r -  

t he  

f u n c t i o n  GetEnt ry  i s  we l l  d e f i n e d .  This  can o n l y  be ach ieved by 

the  use o f  t he  e r r o r  v a r i a b l e  e -  in  the  axiom L e a f ( e - )  = NoTree. 

I f  one would s p e c i f y  o n l y  Lea f (NoEn t r y )  = NoTree, then the  con-  

s t r u c t i o n  would no t  be p e r s i s t e n t  f o r  parameter  a l g e b r a s  hav ing 

more e x c e p t i o n s  than the  s i n g l e  e r r o r  NoEntry.  Again,  l i n e s  i - 3  

o f  the  9~D~-par t  can be cons ide red  as the  s i g n a t u r e  s p e c i f i c a t i o n  

f o r  the  c o n s t r u c t o r s  and l i n e s  4-7 f o r  t he  d e r i v e d  f u n c t i o n s .  The 

ideas  sketched above a re  now made p r e c i s e  in  the  ( o l l o w i n g  chap-  

t e r s .  

3. REVIEW OF ALGEBRAIC SPECIFICATIONS WITH SUBSORTS 

The f o l l o w i n g  remarks rev iew  the  fundamental  d e f i n i t i o n s  and 

f a c t s  and our n o t a t i o n  concern ing  a l g e b r a i c  s p e c i ÷ i c a t i o n s  and 

s u b s o r t s .  Readers ~ami la r  w i th  [Go 78, Go 83, Po 84, SM 84, 

e t c . ]  w i l l  f i n d  many common d e t a i l s .  
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3 . 1 D e ÷ i n i t i o n  (Signature~ Algebra~ Morphism) 

A s ignature  (S,~,E) cons is ts  of (1) a set S of so r t s ,  (2) a 

p a r t i a l  order ~ on S and (3) a fami ly  Z=<Zw,s>w~S* ssS of Bets of 

func t ion  symbols such tha t  (4) ~:w->s, v~w and r~s imp l ies  

~ :v ->r .  Name(E) = {~w'sl~eEw~s} denotes the func t ion  names and 

Symb(Z) = {~Id~Zw, s} the funct ion symbols of Z. 

A E-algebra (A,F) consis ts  of (1) a fami l y  A=<As>s~ S of sets such 

tha t  (2) s~r imp l ies  Asia r and (3) a fami l y  _ ~w,s F-< A >~W'SsName(Z) 

of funct ions wi th  ~ 'S:Aw->A s such that~ (4) i f  ~:w->s, ~ :v->r  

and a~AwnAv, then ~ ' s ( a ) -  -~A v ' r ( a )  

A Z-morphis m f:A->B between E-algebras A and B i s  a fami l y  

<fs>s~S of mappings such tha t  ( i )  f s ( ~ ' S ( a ) ) = ~ ' S ( f w ( a ) )  f o r  

a~A w and (2) a~AsnA t imp l ies  f s ( a ) = f t ( a ) .  

3.2 D e f i n i t i o n  (Term algebra) 

The E-term algebra (Tz,F Z) has as c a r r i e r s  the leas t  fami ly  

<Ts>se S of sets s a t i s f y i n g  ( I )  d : ->s imp l ies  ~ T  s and (2) d : 

s1 . . . sn ->s  and t i~Ts i  imp l ies  d ( t l . . . t n ) ~ T  s and the funct ions 

K~'S>dw,SEName(Z) are determined by (3) ~ , s : = ~  fo r  ~:->s and 

(4) ~ ? 1 " ' ' s n ' s ( t l . . . t n ) : = ~ ( t l . o . t n )  f o r  ~ : s l . . . s n - > s  and t i E T s i .  

3.3 Fact ( I n i t i a l i t y  of the term algebra) 

The E-term algebra T Z i s  i n i t i a l  in the category ALG Z of a l l  E- 

algebras wi th a l l  Z-morphisms between them. 

3.4 D e f i n i t i o n  (Congruence, Quotient) 

A Z-congruence s on a E-algebra A i s  a fam i l y  <~s>seS of r e l a -  

t i ons  ~s on A s such tha t  (1) ~s = [~EQ n AsXA s] and (2) ai ~EQ bi 

imp l ies  ~ l " ' ' s n ' s ( a l " ' ' a n )  ~EQ ~ i ' ' ' u n ' r ( b l " ' ' b n )  f o r  a l i b i  E 

AsinAui , d : s l . . . s n - > s  and d : u 1 . . . u n - > r ,  where ~EQ i s  the equiva- 
u 

lence on sasAs generated by ~. 

The quot ien t A/~ of a E-algebra A by a E-congruence ~ has (1) the 

c a r r i e r s  A/E s = { [a ] laeAs}  ~ where [a]={b~ U-A la~-~b} and (2) 

s l " ' ' s n , s ( [ a l ] . . . Z a n ] ) : =  the funct ions <~}~>~w,S~Name(Z) wi th  ~A/~ 

[ ~ l ' ' ' s n ' s ( b l . . . b n ) ] ,  where [a i ]~A /~s i  ~ [ a i ] = [ b i ]  and b i~Asi .  
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3.5 D e f i n i t i o n  (Equation~ S a t i s f a c t i o n ,  S p e c i f i c a t i o n )  

A ~zeguat ion L=R i s  a p a i r  of Z(V)- terms,  where Z(V) i s  the 

s i gna tu re  Z having a d d i t i o n a l l y  the v a r i a b l e s  V as constants .  A 

Z-a lgebra  A s a t i s f i e s  L=R~ i f  a l l  e v a l u a t i o n s  of L and R c o i n -  

c ide .  A s p e c i f i c a t i o n  (Z,E) cons i s t s  of a s i gna tu re  Z and a set  E 

of E-equat ions.  

3.6 Fact (Induced Congruence) 

A set  of E-equat ions E induces un ique ly  a se t  of constant  equa- 

t i o n s  E(Tz) , which again induces a l e a s t  congruence ~E on T Z 

con ta in i ng  E(Tz)° 

3.7 Fact ( I n i t i a l i t y  of  the q u o t i e n t  term a lgebra)  

The q u o t i e n t  term a lgebra  TZ/E E i s  i n i t i a l  in  the ca tegory  ALGz, E 

of a l l  (Z ,E ) -a lgebras  s a t i s f y i n g  the equat ions E. 

3 .8 Example ( B i t s t r i n g s  a v o i d i n g  error hand l ing)  

The f o l l o w i n g  l i n e s  de f i ne  b i t s t r i n g s  of a r b i t r a r y  leng th  ( so r t  

S t r i n g * )  having as subsor ts  non empty b i t s t r i n g s  ( so r t  S t r i n g  + ) 

and s i n g l e  b i t s  ( so r t  B i t ) .  

~ B i t S t r i n g s A v o i d i n g E r r o r H a n d l i n g  = 

s o r t s  B i t  < S t r i n g  + < S t r i n g *  

opns 0,1 : -> B i t  
. 

: -> S t r i n g  

. l .  : S t r i n g *  S t r i n g *  -> S t r i n g *  

. I .  : B i t  S t r i n g *  -> S t r i n g  + 

. l .  : S t r i n g *  B i t  -> S t r i ng  + 

F i r s t ,  Last : S t r i n g  + -> B i t  

va ts  b : B i t  e , s l ~ s 2 , s 3 : S t r i n g *  

e~ns s l l ( s 2 1 s 3 )  = ( s l l s 2 )  Is3 

s l ~  = h i s  = s 

F i r s t ( b l s )  = L a s t ( s l b )  = b 

end spec 

Please note t h a t  the s p e c i f i c a t i o n  pa r t  between the key words 

s o r t s  and va ts  has not r e a l l y  t o  be a s i g n a t u r e ,  but i t  un ique ly  

determines a s i gna tu re  in  the sense of our d e f i n i t i o n .  F u r t h e r -  

more the f unc t i ons  F i r s t  and Last r e t u r n i n g  the f i r s t  r e s p e c t i v e -  
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l y  l a s t  b i t  are wel l  de f i ned ,  because a l l  a p p l i c a t i o n s  s y n t a c t i -  

c a l l y  a l lowed by the s i g n a t u r e  e i t h e r  y i e l d  0 or 1. 

3.9 Remark (Dec la ra t ions )  

One can a l so  use so c a l l e d  d e c l a r a t i o n s  in  s p e c i f i c a t i o n s  [Go 787 

Go 83] .  A d e c l a r a t i o n  c o n s i s t s  of a term and a s o r t ,  assur ing 

t ha t  the term w i l l  always eva lua te  to  an element of the g iven 

s o r t  (e .g.  i * i :NonNega t i ve~  where i i s  a v a r i a b l e  of s o r t  i n t ) .  

4. CLEAN SPECIFICATIONS 

4.1 D e f i n i t i o n  (Clean, o k / e r r o r - c o n s i s t e n t ,  ok /e r ro r - comp le te )  

A s i gna tu re  (S,~,Z) i s  c a l l e d  ( o k / e r r o r - ) c l e a n ,  i f  S=S-MAINu 

S-OKuS-ERROR, S-OK={s-OklsES-MAIN}, S-ERROR={s-Error~sES-MAIN} 

and ~={s~s lssS}u{s-Ok~s,s-Error~s lssS-MAIN}.  A Z-a lgebra  A w i th  Z 

a c lean s i g n a t u r e  i s  c a l l e d  ( I )  ok~error-consistent, i f  As_Ok n 

As_Erro r = 0, (2~ o k / e r r o r - c o m p l e t e ,  i f  As_ok u As_Erro r = As, 

and (3) c lean ,  i f  A i s  o k / e r r o r - c o n s i s t e n t  and o k / e r r o r - c o m p l e t e .  

A s p e c i f i c a t i o n  (Z,E) i s  c a l l e d  c lean ,  i f  the i n i t i a l  (E ,E) -  

a lgebra  i s  c lean.  A se t  E of equat ions  i s  c a l l e d  c lean ,  i f  

eeE(T~) i m p l i e s  e i t h e r  eeTs_okXTs_Ok or  eeTs_ErrorXTs_Erro r f o r  a 

s u i t a b l e  s o r t  s. ALGz,E,CLEA N denotes the ca tegory  of a l l  c lean 

(Z ,E ) -a lgeb ras  w i th  a l l  morphisms between them. 

4.2 C h a r a c t e r i s a t i o n  ( S p e c i f i c a t i o n s  w i th  c lean term a lgebras)  

Given a s p e c i f i c a t i o n  (Z,E) w i th  a c lean term a lgebra  TE, then 

the s p e c i f i c a t i o n  (~,E) i s  c lean,  i f  and on l y  i f  the set  E of 

equat ions  i s  c lean.  

4.3 C h a r a c t e r i s a t i o n  (Clean s p e c i f i c a t i o n s )  

A s p e c i f i c a t i o n  (E,E) i s  c lean ,  i f  and on l y  i f  

( I )  T~, E i s  o k / e r r o r - c o n s i s t e n t  and 

(2) the re  i s  a s u b s p e c i f i c a t i o n  (ZG,EG)~(Z~E) w i th  

(a) ZG c o n t a i n i n g  a l l  s o r t s  and subsor ts  and a l l  ope ra t i ons  w i th  

ok or e r r o r  r e s u l t  s o r t s  and 

(b) EG c o n t a i n i n g  a l l  c lean equat ions  of E and 
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(c) there  i s  a unique s u r j e c t i v e  morphism f:~G,EG->U~_>EG(T%,E ). 

4.4 Remark ( S u r j e c t i v e  morphiem in  (c) above) 

I f  the morphism f i s  a l so  i n j e c t i v e ,  then (Z,E) i s  an enrichment 

of (~B,EG) : T~G,E S and U~_>EB(T~, E) are isomorphic.  I f  i t  i s  not 

i n j e c t i v e ,  then there  are terms t l  and t2  both ok or both e r r o r  

such t h a t  TZG,E G ~ [ t l ] ~ [ t 2 ]  and TZ, E ~ [ t l ] = [ t 2 ] .  But EG i s  a 

maximal set  of equat ions a p p l i c a b l e  to  ok and e r r o r  terms, so the 

a d d i t i o n a l  i d e n t i f i c a t i o n  in  T~, E i s  done v i a  a term t3  n e i t h e r  

ok nor error : t3eTs-(Ts_okUTs_Error) , t l = t 3  and t3=t2 .  This 

i d e n t i f i c a t i o n  can a l so  be done choosing d i f f e r e n t  equat ions 

i n v o l v i n g  on l y  ok or e r r o r  terms. I t  i s  a l so  much smoother t o  

r u l e  out t h i s  case from a methodolog ica l  p o i n t  of view and to  

e s t a b l i s h  a c l e a r  d i s t i n c t i o n  between ok and e r r o r  c o n s t r u c t o r s  

and de r i ved  f u n c t i o n s .  

4.5 Concept (Pragmatics f o r  c lean s p e c i f i c a t i o n s )  

A c lean s p e c i f i c a t i o n  (Z,E) should have a s u b s p e c i f i c a t i o n  

(ZG,EG) w i th  T~B and EG clean such t h a t  (Z,E) i s  an enrichment of 

(ZG,EG). 

4.6 Example ( B i t s t r i n g s  w i th  e r r o r  handl ing)  

This c lean s p e c i f i c a t i o n  de f ines  b i t s t r i n g s  of a r b i t r a r y  l eng th .  

Er ro rs  are in t roduced by the f unc t i ons  Head and Ta i l  when app l i ed  

t o  the empty s t r i n g .  

B i t S t r i n g s  = 

s o r t s  B i t ,  S t r i n g  

cons 0,1 : -> Bi t -Ok 

NoHead : -> B i t - E r r o r  

: -> St r ing-Ok 

• t. : St r ing-Ok Bi t -Ok -> Str ing-Ok 

NoTail  : -> S t r i n g - E r r o r  

runes . I .  : S t r i ng  B i t  -> S t r i ng  

Head : S t r i n g  -> B i t  

T a i l  : S t r i ng  -> S t r i n g  

va ts  s : S t r i n g  s+ :S t r ing-Ok b : B i t  b+,b1+,b2+:Bi t -Ok 

eqns N o T a i l l b  = sINoHead = NoTail  



89 

Head(s+Ibl+Ib2+) = He~d(s+Ib1+) 

Head(~ib+) = b+ 

Head(~) = Head(NoTail) = NoHead 

T a i l ( s + I b l + l b 2 + )  = T a i l ( s + I b l + ) i b 2 +  

T a i l ( ~ I b + )  = 

T a i l ( ~ )  = T a i l ( N o T a i l )  = NoTail 

end spe c 

The pa r t s  f o r  the ok and e r r o r  =ons t ruc to rs  and f o r  the der ived 

func t i ons  are i nd i ca ted  by the keywords cons and funcs. In 

general the re  w i l l  be an equat ion pa r t  f o r  the cons t ruc to rs  as 

w e l l .  For the subsorts the f o l l o w i n g  equat ions hold : T~,E,Bit_Ok 

~ { 0 , 1 } ,  TE,E,Bit_Error~{NoHead}v TE,E,String_O k ~ ( { 0 ~ i } ) *  and 

TE,E ,S t r ing_Er ro r~ {NoTa i l } .  On t h i s  basis the func t i ons  Head and 

Ta i l  are def ined such t h a t  the subsorts are respected. 

5. CLEAN PARAMETRIC SPECIFICATIONS 

5.1 D e f i n i t i o n  (Signature morphism, s p e c i f i c a t i o n  morphism) 

A s igna tu re  morphism f :Z1->Z2 between s igna tu res  ( S I , ~ $ I , [ 1 )  and 

($2,~$2,E2) cons is ts  of mappings f :S I ->S2 and f :Symb(~ l ) ->  

Symb(E2) such t ha t  s~Slr imp l i es  f ( s ) ~ s 2 f ( r )  and d~Elw~ s imp l ies  

f ( ~ ) e £ 2 f ( w ) , f ( s  ).  A s i gna tu re  morphism f i s  c a l l e d  s t r i c t ,  i f  

s<Slr imp l i es  f ( s ) < s 2 f ( r ) .  A s igna tu re  morphism f induces a 

f o r g e t f u l  f unc to r  Uf:ALG~2->ALGEI. A s i gna tu re  morphi~m f i s  

ca l l ed  s p e c i f i c a t i o n  morphism from (Z1,EI) t o  (E2,E2), i f  every 

equat ion of E l ,  when t r a n s l a t e d  by f ,  belongs t o  E2 : f (EI )~E2.  A 

s p e c i f i c a t i o n  morphism i s  ca l l ed  s imple,  i f  $1~$2, Symb(El)~ 

Symb(E2) and f :S I ->S2 and f:Symb(El)->Symb(E2) are i nc l us i ons .  

5.2 D e f i n i t i o n  (Parametr ic s p e c i f i c a t i o n ~  p e r s i s t e n t )  

A parametr ic  s p e c i f i c a t i o n  cone is ts  of a parameter s p e c i f i c a t i o n  

{ZP,EP) and a body s p e c i f i c a t i o n  (ZB~EB) such t h a t  EP~ZB and 

EP~EB. The semantics of a parametr ic  s p e c i f i c a t i o n  i s  the f r ee  

cons t ruc t i on  F:ALGzp,Ep->ALGEB~E B [ADJ 78, Po 84] .  A parametr ic  

s p e c i f i c a t i o n  i s  c a l l e d  pe rs i s ten t~  i f  A and U(F(A)) are "na tu -  

r a l l y "  [WE 85] isomorphic f o r  a l l  (ZP~EP)-algebras A, where U i s  
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the f o r g e t f u l  func to r  U:ALGEB->ALGzp induced by the s igna tu res  EP 

and EB. 

5.3 D e f i n i t i o n  (App l i ca t i on  of a parametr ic  s p e c i f i c a t i o n )  

The r e s u l t  of app ly ing  a parametr ic  s p e c i f i c a t i o n  w i th  parameter 

(ZP,EP) and body (~B,EB) to  an actua l  s p e c i f i c a t i o n  (ZA,EA) by 

means of a s p e c i f i c a t i o n  morphism h:(~P,EP)->(~A~EA) i s  the 

s p e c i f i c a t i o n  (~R,ER), where ER=EA+hR(EB), ER=EA+hR(EB), hR(s) = 

IF ssSP THEN h(s) ELSE s FI and hR(d) = IF ~sSymb(EP) THEN h(~) 

ELSE d FI .  

(ZP~EP) . . . .  ~ - - ->  (EB~EB) 

I I 
I I 

h I I hR 
I I 

(ZA,EA) sR > (ER~ER) 

The r e s u l t  s p e c i f i c a t i o n  i s  the pushout of the actual  s p e c i f i c a -  

t i o n  (ZA~EA) and the body s p e c i f i c a t i o n  (ZB~EB) wi th  respect  to  

the parameter (EP,EP) and the s p e c i f i c a t i o n  morphisms h and s, 

where s i s  the simple s p e c i f i c a t i o n  morphiem induced by the 

i nc l us i on  of the parameter in  the body. 

5.4 D e f i n i t i o n  (Clean parametr ic  s p e c i f i c a t i o n )  

A parametr ic  s p e c i f i c a t i o n  w i th  parameter (EP~EP) and body 

(ZB,EB) i s  c a l l e d  c lean,  i f  the s igna tu res  ZP and ZB are c lean,  

the f r ee  cons t ruc t i on  F i s  p e r s i s t e n t  on ALBEp~EP~CLEA N and the 

f r ee  cons t ruc t i on  F preserves cleanness : A ~ ALSEp,EP,CLEA N 

imp l ies  F(A) E ALGEB,EB,CLEA N. 

5.5 Extension Lemma ( fo r  c lean parametr ic  s p e c i f i c a t i o n s )  

Let the re  be given a clean parametr ic  s p e c i f i c a t i o n  wi th  parame- 

t e r  (EP~EP) and body (~B,EB)~ an actua l  c lean s p e c i f i c a t i o n  

(EA,EA)~ a s t r i c t  s p e c i f i c a t i o n  morphism h: (EP~EP)->(EA~EA) and 

the r e s u l t  s p e c i f i c a t i o n  (ER,ER) as def ined above. 

( I )  The r e s u l t i n g  parametr ic  s p e c i f i c a t i o n  w i th  parameter (EA,EA) 

and body (ZR,ER) i s  c lean:  FR i s  p e r s i s t e n t  on ALGEA,EA~CLEA N 

and i t  preserves cleanness. 
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(2) F o U h = UhR o FR. 

. . . .  E___> 
ALG~p,EP,CLEAN ALGZB,EB,CLEAN 

t 
I l 

Uh ; i UhR 
l i 
i I 

ALGEA,EA,CLEA N . . . .  ~ - - >  ALG~R,ER,CLEA N 

5.6 Remark (concerning the ex tens ion  lemma) 

The proof  of our ex tens ion  lemma a p p l i e s  the R-extens ion lemma of 

[Eh 81] .  The r e s t r i c t i o n  of ALBzp,E P t o  c lean a lgebras  can be 

expressed as p r e d i c a t e  formula requi rements.  This r e s t r i c t i o n  t o  

c lean a lgebras  i s  e s s e n t i a l  f o r  the unde r l y i ng  s p e c i f i c a t i o n  

method, because one does not want t o  care about elements being 

n e i t h e r  ok nor e r r o r .  The s t r i c t n e s s  of the parameter passing 

morphism h i m p l i e s  t h a t  ok or e r r o r  ope ra t i ons  of the formal 

parameter w i l l  a l so  be ok or e r r o r  ope ra t i ons  in the ac tua l  

parameter.  

5.7 Concept (Pragmatics f o r  c lean parametr ic  s p e c i f i c a t i o n s )  

Analogously to  the case w i thou t  parameters a c l e a r  d i s t i n c t i o n  

between ok and e r r o r  c o n s t r u c t o r s  and de r i ved  func t i ons  should be 

e s t a b l i s h e d .  Therefore  a c lean paramet r i c  s p e c i f i c a t i o n  w i th  

parameter (ZP,EP) and body (ZB~EB) should have a s u b s p e c i f i c a t i o n  

(ZP,EP) ~ (ZB,EG) ~ (ZB,EB) w i th  T~G(A) and EG clean such t h a t  G 

i s  p e r s i s t e n t  on ALGzp,EP,CLEA N and F(A) i s  an enrichment of B(A) 

f o r  a l l  A~ALGEp,EP,CLEAN, where G i s  the f r ee  c o n s t r u c t i o n  i n -  

duced by the paramet r ic  s p e c i f i c a t i o n  w i th  parameter (EP,EP) and 

body (ZG,EG). 

5.8 Example (Parametr ic  s t r i n g s  w i th  e r r o r  handl ing)  

This c lean paramet r ic  s p e c i f i c a t i o n  de f ines  s t r i n g s  over an a r b i -  

t r a r y  parameter s o r t  Char. Again e r r o r s  are in t roduced by the 

f u n c t i o n s  Head and T a i l  when a p p l i e d  t o  the  empty s t r i n g .  

s pec Pa ramet r i cS t r i ngs  = 

parm s o r t s  Char 

o~ons NoHead : -> Char-Er ror  
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bod~ s o r t s  S t r i n g  

cons A : -> St r ing-Ok 

. I .  : St r ing-Ok Char-Ok -> St r ing-Ok 

NoTai l  : -> S t r i n g - E r r o r  

funcs . I .  : S t r i n g  Char ->  S t r i n g  

Head : S t r i n g  -> Char 

T a i l  : S t r i n g  -> S t r i ng  

va ts  s : S t r i n g  s+ :St r ing-Ok 

c:Char c+~cl+,c2+:Char-Ok t - : C h a r - E r r o r  

eqns N o T a i l l c  = s l c -  = NoTail  

Head(s+Ic l+Ic2+) = Head(s+Icl+) 

Head(Ale+) = c+ 

Head(A) = Head(NoTail) = NoHead 

T a i l ( s + I c l + I c 2 + )  = T a i l ( s + I c l + ) I c 2 +  

T a i l ( A I c + )  = A 

Ta i l (A )  = T a i l ( N o T a i l )  = NoTai l  

end sp,ec 

The p a r t s  f o r  t h e  p a r a m e t e r  and t h e  b o d y  a r e  i n d i c a t e d  by t h e  

k e y w o r d s  parm and bod~ ,  In  g e n e r a l  t h e r e  w i l l  be an e q u a t i o n  p a r t  

f o r  t h e  p a r a m e t e r  and t h e  c o n s t r u c t o r s  as w e l l .  P l e a s e  n o t e  t h a t  

i t  i s  e s s e n t i a l  f o r  p e r s i s t e n c y  t o  use the v a r i a b l e  c-  of s o r t  

Char-Error  in  the equat ion s l c -  = NoTai l .  I÷ a c lean parameter 

a lgebra  A w i th  se ts  AChar_O k and AChar_Error i s  given~ then the 

r e s u l t i n g  a lgebra  F(A) w i l l  have the f o l l o w i n g  c a r r i e r s  : 

F(A)Char_Ok ~ AChar_Ok, F(A)Char-Error  ~ AChar_Erro r , 
) *  

F(A)s t r ing_O k ~ (AChar_O k and F ( A ) s t r i n g _ E r r o r  ~ {NoTa i l } .  Fur-  

thermore the corresponding f r e e  c o n s t r u c t i o n  i s  not p e r s i s t e n t  on 

ALG~p,Ep, i f  no r e s t r i c t i o n  to  clean a lgebras  i s  made. 

5.9 Remark (Pointed a lgebras  and s p e c i f i c a t i o n s )  

A l l  c o n s i d e r a t i o n s  presented here can be s p e c i a l i z e d  t o  po in ted  

a lgebras  [Go 86] ,  where the re  i s  on ly  one e r r o r  element f o r  each 

s o r t .  In t h i s  case e r r o r  recovery  i s  not  supported too  w e l l ,  but 

e s p e c i a l l y  e r r o r  p ropagat ion  can be done a u t o m a t i c a l l y .  
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6. CONCLUSION 

The no t ion  of a c lean a lgebra  i s  j u s t  a spec ia l  case of an 

a lgebra  s a t i s f y i n g  c e r t a i n  s o r t  equat ions which e s p e c i a l l y  make 

sense in  the con tex t  of p a r t i a l l y  ordered s o r t s  and which can be 

considered as another cons t ruc t  f o r  a l g e b r a i c  s p e c i f i c a t i o n  l a n -  

guages. For example in c lean a lgebras  the s o r t  equat ions 

s-Ok n ~-Er ro r  = ~ and 

s-Ok u s - E r r o r  = s 

are v a l i d  f o r  a l l  s o r t s  s. A s o r t  equat ion c o n s i s t s  of a p a i r  of 

so r t  terms b u i l t  over the g iven set  of s o r t s  and set  ope ra t i ons  

l i k e  union,  i n t e r s e c t i o n ,  d i f f e rence~  complement and empty se t .  

An a lgebra  s a t i s f i e s  a s o r t  equa t ion ,  i f  the  se t  t h e o r e t i c  e v a l -  

ua t ions  of the two express ions  w i th  respec t  t o  the g iven a lgebra  

co inc ide .  This t o p i c  i s  sub jec t  t o  f u t u r e  research.  
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