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Abstract This paper is concerned with the relation of abstraction between operational and
observational models for linear time semantics of C.C.S. We construct a compositional and
fully abstract model for CCS under infinite (program defined) experiments which give maximal
power of separation. The construction is in two stages:

In the first stage, we use a uniform procedure to translate structural inferential semantics
into denctational semantlics; terms and operators are interpreted by sets of transition
sequences and operators on sets of transition sequences.

In the second stage, we derive the observational model from the operational model through
an adeguate homomorphism, The morphic images of transition sequences, or observations, are
pairs <w,R> or <W,®>, where R iIs a ready set and w (resp W) , is the visible trace of a
finite (resp infipite} sequence of transitions.

The cbservational meanings of programs coinclde with the asscciated set of maximal
observations for the order <w,RUR'> C <w,R> C <w,@> .

1. INTRODUCTION

This paper 1is concerned with the relation of abstraction between operational
and observational models for ‘linear’ semantics of 'CCS' transition systems
[26] [23]. Observational models mean here ’*fully abstract' models for
equivalences or preorders induced by (CCS} program defined experiments, such
as ‘'tests' [22] [13,14]. The observational models are naturally homomorphic
images of the operational models, but it is not so easy to find out the
homomorphism induced by a family of experiments. Indeed, observational models
cannot be defined by arbitrary homomorphisms !

A ‘'concrete' linear model for CCS is the operational model in which programs
are rendered by sets of finite and infinite computations. An ‘'abstract® linear
model for CCS is the observational model in which programs are identified if
and only if no CCS experiment distinguishes between them. In spite of the
effort on models for testing preorders [13,20], that very sensitive model has

not yet been worked out, for it has been shown in [10] that some infinite
experiments are strictly more sharp than any family of binary tests (finite or
infinite). There lays the motivation for the present paper, where we produce
the expected model for the full version of pure CCS.

Let us proceed to a rapid review of some existing approaches on the side of
abstract models, independently of the homomorphisms which induce them as
quotients. First of all, one can distinguish between implicit quotient models
and explicit models where explicit representations are dealt with [6] . Further
separation may be observed between two classes of explicit models, namely the
class of purely order theoretic models and the class of mixed space and order
theoretic models. Classic‘m—algebraic domains are most commonly used in models
of the first class [7,13,19,20,24]. For the second class of models, the order
relation is the reverse inclusion betwesn closed subsets in some metric
completion of languages, trees or tree-languages [11,18,27], and since the
considered spaces have denumerable bases, the resulting complete partial
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orders are again ®w-algebraic.
In the framework of explicit meodels, it is usually assumed that each element
or open set of the denumerable base represents a property that may be tested

under finite experiments [1] , i.e. under experiments which either succeed in
finite time or fail [13]. Therefore, identical meanings are necessarily

assigned to CCS programs which differ by their ®-traces[10]. Notice that this
situation is less frequent under the assumption of fairness, since fairness
intensifies the separation power of tests, but it arises nevertheless. A
possible way out is to work within the bounds of 'uniform’® concurrency fie} :
behaviours are then glosed sets, and isomorphic semantics are obtained from
infinite streams and from finite observations respectively [11]. In
particular, that property holds for the finite state subset of CCS, obtained
by forbidding the parallel composition and renaming of open terms{8].

There arises from the above review that no well known method is available
for associating CCS programs with their compositional meanings under infinite
experiments. We think of experimenting on program u as running a maximal
computation from the parallel system (t {C[u]) for some testing program t and
program context C. This definition, though adequate to de Nicola and
Hennessy's notion of testing, departs from it in the definition of the result
of experiments. For us, the result of an experiment is the sequence of
transitions of the testing program (along that experiment). On that basis, we
equip programs with an ‘'implementation' preorder as follows: u is an
implementation of v if and only if no finite or infinite experiment on u
tells that it is not v [9,16,21]. The abstract model which we are looking for
is the fully abstract model for this implementation preorder. Moreover, we
argue that programs identified in that model must be identified in any other
observational model, as soon as it relies on the above stated observation
principles.

Our approach towards the abstract model is progressive and rests entirely on
the concrete model which we establish in a preliminary stage. The f£irst stage
is to discover the homomorphism which induces the abstract model. The second
stage is to construct that model. The first stage amounts essentially to
transfer the implementation preorder from programs to sets of computations and
then to represent the latters by sets of pairs <w,©> or <w,R> where is a
"trace' and R is a ’'ready set'. On that way, we define an ordered algebra of
abstract computations and prove that the abstract meaning of a program is the
set of maximal representations of its concrete computations. The second stage
amounts to supply a fixpoint characterisation of the abstract meanings of
programs in the power algebra of abstract computations. Special difficulties
are encountered here, for the 'suitable’ fixed points are neither least nor
greatest nor optimal fixed points. A plausible explanation for that misfit is
the apparent contradiction between two opposite requirements imposed by full
abstraction : inobservable actions (e.g.t) must be ignored in the domain of
meanings, but they must be accounted for in the fixed point characterization
of sets of infinitary traces. To solve the difficulty, we suggest to compute
the 'suitable' fixed points as combinations of a least fixed point in the
power algebra of abstract computations and of a greatest fixed point in the
power algebra of coarse traces {(with explicit T's). That method has the
default to split the meanings of open terms in two completely disjoint
functions, but full abstraction is obtained at the level of closed terms which
are given an ordinary compositional meaning in a single domain. The paper
contains nothing about the proof theory for the equivalence in the resulting
model. That issue will be considered in forthcoming papers.
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N OPER NAL SEMANTI R PURE

We present here a slightly augmented version of Milner's ‘pure' calculus of
communicating systems [13,19,23]. The extensions affect unguarded recursion and
non deterministic choice. As regards syntax, programs are the closed terms of
a recursive term algebra. As regards semantics, the operational meanings of
programs are sets of transition sequences, defined by a logical system a la
Plotkin [25].

2.1. A symax of programs

We assume given a set X (ranged over by x) of variables, and two disjoint
sets A and A of complementary action names, linked by reciprocal bijections 7:
T = % and ﬁ(i)= % . Throughout the paper, we let A resp. L resp. ¥ range over
A =AU A resp. M=Au{t} resp. N = Mu {6}, where T (¢ A) is the invisible
action and ¢ (¢ M) is the inaction. We call a renaming function any one-one
partial function p from N to N such that p(v)=v almost every-where, p(G)=0,
o{t)=t, and p(A)= ﬁ(p(i)) unless both entities are undefined.

The signature of our recursive term algebra is X = 20 u 21 ¥ 22 , where the
Z; {ranged over by op; )} are the following sets of i-ary symbols

Zo = {NIL },

2y = {n/ueMpu{p/ p is a repaming function},

Ly = {1, +, O}

Binary operators |, +, ® are the usual asynchronous composition, external
choilce and internal choice. The binary operators are used in infiwxed form, the
guaxrding operators (f} are prefixed, and the renaming operators (p) are
postfixed.

Our set of recursive open terms is the set TERM with typical elements t as
follows

t=x | opj (ty,.-.t3 ) | twh (% = tq,... %5 =ty ).
In the above line, (x1=tq ,... xy=t; ) stands for a 'declaration’, i.e.for a
function D with finite domain dom(D)}={2q,...%x5 } ( € X ) and corrésponding

valuations D{x3j)= ti (€ TERM).

The operation (.) wh D, when applied to term t, binds the free occurences of
the x4 to the tj in t and in the ty. Recursive open terms are defined up to
the O-conversion of their bound variables. For all terms, we shall assume
throughout the paper that any two declarations have disjoint domains and that
no conflict arises between freevariables and bound variables. Owing to that
convention, the set theoretic union (D U D') of two declarations occuring in a
given term is always a declaration. Terms without free variables (i.e. closed
terms) are called programs. The meta variables s, t, u, v will be used to
denote general terms, and in particular programs (€ PROG). We are mainly
interested in programs and in their computations.
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2.2 . An operational semantics for programs

A computation is a finite or infinite sequence of transitions ti-Yi-—stj,q
between programs. Transitions are either steps of evolution resulting from
visible or invisible actions (A or 1), or self-transformations of programs

with no action involved. In the last case, label ¢ appears as a witness for
the flow of time.

According to Plotkin's method of structural inferential semantics,
transitions are defined by a finite family of schemes of axioms and rules of
inference for relations u -Y— v in PROG x N x PROG. The set T of transitions

is the least subset of PROG x N x PROG closed under logical inference in the
following system, stated in Gentzen like style.

AXIOMS
ut ~Ho ¢
t®u-%>t, t®u-Ssu
NIL wh D -%— NIL
xwh D -0 D(x) wh D for D{x) defined
(Ht) wh D ~C— u(t wh D)
(tp) wh o > (t wh D) p
(t opp u) wa D -%= (t wh D} opy (u wh D)
(t wh D) wh D' ~%> t wh (D U D")

RULES

(t M5ty = (ttu -Ho ), {urt B )

t sty = { tlu o trjuy o, (uit B wien)

(2t , wArAsun ) = (tiu-T>trjun)

t Yty = (tp PO ¢ip) if p(v) defined

(t S5 t") = {toppu-S> tloppul, {(uopyt 0> u opy t7)

Except for the axioms of internal choice, all the axioms and rules for
G-transitions are meant to give an operational flavour to the notion of
divergence due to unguarded recursivity : infinite sequences of o-transitions
are the characteristic mark of unguarded divergence.

2. 3. A concrete linear model

A denotational model where programs are interpreted by sets of infinitary
computations can be derived from the above definitions (this is achieved in
the full version of the paper).Such a model is a bridge between the
operational definitionand the observational model which we are locking for,
since the latter is nothing but a morphic image of the former. For the sake of
conciseness, the presentation of the operational model is reduced here to the
necessary description of the corresponding domain of interpretation.

We define *T (resp.®T) as the set of sequences g or (ti”ui“’ti+1)i<y such
that ye N (resp. yeé NU{o}) and Vi< y, (t;-Pi-— tii1) € T.

The finitary resp. infinitary meanings of programs are given by the following
functions, where t -~»>f means £ = & or t= (t -V £V
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I N7p : BROG = P (*T) : 1t [Ty = {£e*T/ t > ¢ },
[||]""op s PROG = P (T} : [I t 1]°°Opm {t e T/ t— ¢ }.

In the sequel,we let f range over ¥, and we let Q range over P (=T .

The set T may be ordered by.the prefix order on sequences ; it may also be
considered as a complete metric space, under the metric topeclogy induced by
the ultramefric distance of [5].Limits in the Scott topology induced by the
order prefix coincide indeed with limits in that metric topology. Now, for t
in PROG, Utnwop is prefix closed and topologically closed, and Utﬂ*op is equal
toﬂtﬂwopfﬂ *T, whence [Itfi"op is the topological closure of [ltfl*op-

The interpretations gpy : P(*T)¥— P(*T) and &py : P(™NX - P(*T) for the
Z-operators are the union additive extensions of ‘elementary’ operators opy :
(*Tk 5 PET) and TPy : (*T)K 5P (*=T) (so they are continuous w.r.t. c in the
complete lattices P(*T) and P(*7)).

In the sequel, we make heavy use of the convention that functions and
operators are implicitly extended, whenever necessary, along union additive
extensions. However there is an exception in the case of the ’'funny
concatenation' denoted "e", an operation which has a central importance in our
model and which is defined as follows : e : T x T - P(*T):

(u-Yov)e g = {g,, (u-V-v) 1},

(u—U—év)‘(ti“vi—9ti+1)i<y = {eu,(u—u—av)}gj{(u—“—»v)(ti—vi—eti+l)i<3 ! {v=ty, B},
For the extended operation ¢ T xP(**T) - P(*T), and in the special case Q = O,
we set : (u-V-3v)eQ = {eu,(u—“—ev)}.

The infinitary operations Opg 1 {(*T)X 5P(>*T) are strongly dependent on the
finitary operations gpy : (*’f}k - P(*T}, for they are defined as the
continuous extensions of the latter. The precise statement of the dependence
is as follows, letting CL(Q) and Pref(t) mean respectively the topological
closure of Q and the set of finite prefixes of ¢ :

6§k(t1,...tk) = CL(gpy (Pref({fy),...Pref{f})).

The finitary operations opy : (*TYK P (*T) are defined by six families D1-D6
of inductive relations (drawn from the operational definition of (2.2)).

These relations are also valid for the infinitary operations opy, although
they do not define them. For that reason, the underlining or surlining of

operator symbols 1s omitted from the following table. To keep reasonable

notations, we let £, = (s—“—%t)% and f£; = (u~n'—9v)tv everywhere in the

definitions, with t—t; and v—f,. The notation "[cond, Qi, Qp1" reads as : ‘if
cond then Qq else Qy'.

THE INTERPRETATION QF X IN *T AND™T
DL NIL = {eyy;)

D2 p(t) = (ut -Hs t) e g
D3 (g)p = (gl
(t)p = [ve dom(p), (e}, (sp P tp) o (£)p)

D4 e +eg, = {€,,}



158

I

t, + e, = [V#0, (stv ~Us t)e &, (stv-Votivie(t+ g)],
g, + b, = [0 20, (£t +u -V vie g, (ttu -V tiv)e(e + £,

L, + £,

ft

W#6, (s +u -V t)f, (stu -V t+u)e( e+ L))
U ' #o, (s +u Yo vk, (stu -V stvie( £ + £))]
D5 g B e, = {£g, (tO-Fo ), (& -C5 v},
t.®e = {(8 @ v -0 vju (s ®v -T5 s)etg
Vv =0, (s@®@v-Ost®ve( e, T,
g®@t, = {((t ®u-I5t)} U (t ®u-O> e,
Ui =0, (t ®u Ot @ v, ®t), I,
t. O, = (s ®u-Oss)et, U (s@u-0>ustg
Vv =0, (s @u-St® ue( £ & t,), O]
Ul =0, (8 ®u 05 s @ ve(t, &¢t), D]

be 8tlev = {et!v}’
£, le, = (slvy =Y wlvnec g le)y,
e, 18 = (el V' (clonece, e,
the, = (sl O wloe gl
U tslw =Y slvnyec gl e

U =TeA, (slu T qelve gl 8,2

The following propositions hold :
proposition V opy € I, , V £ty € PROG ,
ﬂ OPk(th: B tk)g]*gp = .ng(ﬂ t]_ I]*Qpi CR [i tk U*op ) -

proposition V opy € Iy, Vtj € PROG
[l opk(tlr e tk)l]wop 65](([! tl ”ooop, e [I tk ”ooop) .

i

ERVATI PREORDE HI 'WER OF SEPARATION

Our foretold objective was to develop for CCS a model in which programs are
identified if and only if no (CCS) program defined experiment makes the
difference between them. In fact, we construct a model for an 'implementation’
preorder between programs, where u is said to be an implementation of v if and
only if no finite or infinite experiment on u tells that it is not v. We think
of ‘experimenting’ on program u as running a maximal computation on the
parallel system (t {C[ul}, for some testing program t and context C[?}. The
result of the experiment is the sequence of transitions of the testing program
(along that experiment). The introduction of infinitary results, as opposed to

the binary results of "classical"™ tests, is motivated by the fact that
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infinitary results yield a strictly higher power of separation, and indeed the
highest possible power of separation as regards CCS-programmed experiments.
So, any observational model ({based on CCS-experiments) 1is necessarily a
quotient (by some equivalence) of the model which we are looking for. In the
present section, we give a precise definition of the relation of
implementation between programs, and then show how that relation may be

transferred from programs to their associated sets of computations.

We introduce in this alinea precise terminology about computations. Let ¢
denote some computation (uj -Vi-— uj43) i<y in *T. The coarse trace of £ (denoted
trn{t) is the word wi)i<'¥ of M™, and the refined trace of t (denoted trp(£))
is the projection II,(tryn{#)}, where II, is the usual morphism projecting N*
on A®. If trp(#) is & (the empty trace), then computation £ is said to be
silent. For L in PROG, we let MSC{t) be the family of Maximal Silent
Computations from t, that is to say, the set of computations which are maximal
w.r.t. £ (the order prefix) in {£/ t e [t l]wop A tra(t) = €}. For £€ MSC({ulv),
a pair of computations (f,,%,) is a parallel decomposition of t if it is
minimal (w.r.t. <?) in the set {(f,t,) /te (£ 1, )}. (For the ease of
notation, the operations Opy : (""'T)k -3 P(*T), and their union additive
extensions, are given the simpler notation opy in the present section}. For te
MSC (ulv), we let Hz(t) denote the set of computations t, which are the second
projection of some parallel decomposition (£,r8;) of t. Finally, we let
Twincomp be the set of parallel decompositions of maximal silent computations.

definition Let u, v € PROG.

Program u is observationally less than program v (u,\<' v) 1ff V t € PROG, 1,
(MSC{uft)) < HZ (MSC(vit)) .

Program w 1s an Jdmplementation of program v (ugv) iff Clu] £ Clv] for all
program contextsC[?] , where a program context is a closed term with
possible occurences of the dummy constant "2".

u
t{utvig Tu + Tv, TvitugTlutv} + v, (x yh x = 1) = (X wh x

A natural way to find out a fully abstract model for ¢ is to transfer that
preorder from programsto sets of computations and then to analyse the
resulting equivalence of sets of computations : the canonical morphism induced
by the equivalence yields the fully abstract model. This program is undertaken
in the next series of statements.

definition Let £, £'¢ *T.
Computation £ is pbservationally less than computation £' (£.< t') if and only

if Vtre T, (t,t") € Twincomp = (t’,t") € Twincomp.
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We let < denote also the Hoare like extension of ¢ to PTyx P(*™T), that is
the binary relation Q1 £ Qp & (VE{ € 01, 3 t€ Qp, £y XEy) .

proposition 1 V u,v e PROG :ugv & [ull®pg0v i

definition Let t be the computation (ui‘ni"ui+1)i<y' Then £ has the
property of stability (Stable(f)) if it is finite (lt i= Y# ) and cannot be
extended by any silent transition (for all (u~%>v) € T, u = Uy = pe A}. If
t is stable, then f has a residue Res(f), defined as the ready set of Uy s i.e.
as the set of labels {AeA /(3 v, (uy -7"—>v) e T)).

propesition 2 V £, t' € ”T,

£t <t ' iff the following relations hold :

= Ltrpl(f) = trp ("),

-kl =0 = e = o,

- (Stable(t) A [t |#@) = (Stable(t') A Res(t') C Res(f)).

The interest of propositions 1 and 2 is to suggest an abstract model for CCS,
and a way to derive the semantics in that model from the operational semantics
studied in section 2. In fact, the observational preorder K on programs is not
preserved by all context operations and differs fromthe implementation
preorder & (of course, the discrepancy between £ and i stems from the operation
of sum {+}). In order to cope with the problem, we shall now try to guess the

adegquate transposition of the implementation preorder (from programs} to
computations and sets of computations.

definition let £, t' €”7T.
(tct') if and only if the following relations hold :
- t"»s £,

~ (Stable(f) A Stable(t') A tra(h) = &) = (I (trn(t)) =& = I (ton(D)= &) .

We let L denote also the Hoare like extension of £ to P(*T)x P(*T), that is
the binary relation Q1EQp & (Vg€ Q1, 3 L€ Qp, F1 k).

proposition 3 V u, v € PROG : ugv = [ u []°°’op [~ l]wop

One of the main goals of the next section is to establish the reverse
proposition, i.e. the implication : [ u ”wopE 0v l]wop = ugv. Anticipating
that result, we conclude the present section on a short remark:the
implementation preorder studied here coincides with a variant of thatof [17]
(see also [15] for a stronger form), where the inclusion betweenfinitary
trace languages is replaced by an inclusion between infinitary trace
languages. The variation concerns the phenomenon of divergence. More precisely,
the congruence relation inducedby the preorder of [17] separates
unguardedness of recursive definitionsfrom Ypure” divergence, i.e. the

presence of infinite sequences of internal actions. This separation
corresponds to a further extended notion of testing where termination can be
observed.
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4. ABSTRA MPUTATIONS

The section prepares the construction of a model for the implementation
preorder on programs. We define ‘'abstract computations’, which represent
actual computations by pairs encoding their properties w.r.t. preorder £. We
then construct an ordered Z-algebra of abstract computations and 1ift the
operators to the power algebra. We show the monotony of the lifted operators,
and study some properties of the resulting X-interpretation. We then turn
ourselves to establish a connection between the operational interpretation
(P{>Ty, {6'5'33(},5) and the abstract interpretation, and settle a morphic

connection between the two ordered I~interpretations.

definition An 'abstract computation®’ is a pair <w,R> of one of the forms <Z,w>
or <z,8> or <z,1> or <1,8> where Z € A®, z € A* and S is a finite subset of A.
The set (A4, ) of abstract computations is partially ordered by the least
order relation satisfying the following axioms, for z € A" and S"¢g 8S'c 8 ¢ A

. <z, 1l>E<2,8>E<2,8'> € <z,0>,

. <E,8'>E<T,S'>E<T, 8> <E, 0>,

The intentions behind that definition are made completely clear in the
following statement.

proposition 1 (V£ t' € ®T) tct' e ¢(H) g o(f"), for ¢ :“FT — A defined as
follows

Sl =0 = e = <trny, o
{tl 20 A —Stable(s) = o6(B) = <trp(t), 1>
(Stable(f) A (trp(f) #& v Il (trn(£)) = &) = ¢(t) = <trs (), Res(f)>
(Stable(f) A trp(f) =& A Il (trn(E) #8)) = O(f) = <T,Res(t)>

proof. The verification is straightforward, and we leave it to the reader as a
useful exercise for a full understanding of the above definition.

In all the sequel, we let a (resp. A) denote abstract computations (resp.
sets of abstract computations). We also use T to denote the Hoare extension of

g on P(A), i.e. the relation Ry ghy, @ (Vaje By, 3Jase Ay, ajmajz). Our next
goal is to introduce a series of elementary operations opy : Ak P(A), for

opp€XZ. Before the corresponding definitions are given, we need still
introducing an auxiliary operator on words, namely the ‘parallel composition’
(®) which we define as follows.

Let N = (N x {(g)}} U ({g} xN) U ((K,i} / Ae€A }. The parallel composition
® : N¥x N® — P(N™) is the function w'@w" = {w / (w',w") eV, (Wl"l(w))}

for y, : N° = N” and y, : ¥ — N™x N7 defined as the continuocus extensions of
morphisms ¥, :N* 5N* and Y, :N* > NN as follows
CY e =, W (e =D, ¥, (R =T

-‘4’2<n) = n for n € N,
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- Yy an'} = {nyn';,non%5) for wy(n)=(ny,ny} and Yr(n")={(n'y,n"y)

The elementary operations opg : A P(A) are given by the following table

of statements, where set brackets are omitted from singleton sets.

TERPRE F 2

o

'l NIL = <g,@>,

2 WKw;R> = (L€ A, <g, {U}>, <€, 1>]u  if (Re (L,0} v weé {g1})
then (M =1, <w,R>, <uw,R>]
else [Y =t, <T,R>, <u,R>1,

D!3 <w,R>p = Af w & (dom{p))™ then O else

[R € {1,0}, <p(w),R>, <p{w}, p(R n dom{p))>],

)

D'4 <w,R> + <w',R'> = [{w#e£ v R =0), <w,R>, [R=1, <g,1> , 1] u
{{w' 22 v R' = @), <w',R'>, [R' = 1, <g, 1>, @11 v
[(w=¢€AwW =¢A {RR'IN {L,0} =T), <, RuU R'>, @],

D'5 <w,R> @ <w',R'> = [<g,1>, <w,R>, <w',R'>},

D'6 <w,R> | <w',R'™> = if (R=0 VR =0 ) then (<w", 0> / w" ell,(w © w')}
elgse if R=LVvR =1 v 3, AeR A Ae R")
then {<w",l> / w" EHA (w @ w')}
else {<h({w"); Ru R'> / w" GIIA(W ® wi)},

letting hi{w") = [HA(W");&S, HA {(w™), [Ht(w")¢8, T, €11.

In order to construct the interpretation of the fully abstract model in
prospect, we lift the above definitions to sets. However, we put special
restrictions on the lifting process, for we care to obtain a complete partial
order with monotone and continuous operations. Definitions follow.

Oour domain of interpretation D is the set of subsets of -4 with pairwise
incomparable elements, i.e.
D= (r e P(A/ (Val,azeA) (agzapy = a1=a2)}.
Thus, D is the image of P(A) through function 'roof':P{A) -~— D:

A=1{ae A/ (Va'e A){aga’' = a'=a)}.
The interpretations opy : X 5D os operators in X are given by the generic
formula : opg(Aj,...3g) = if (31, By = )y then @
else roof ((<g, 1> U (U opg (aj,...ax) / a3 € A{)).

Some properties of the resulting I-interpretation are stated below.

proposition 2 (D, 5, &) is a complete upper semi-lattice, with the least upper

bound of subsets given by lJD = roof( WA / A € D).
proof It is enough to establish the simpler proposition :

{VA' € D} (A* roof(lJ A / A € D)). Let's suppose it is false; then the only
possibility is that, for some a € A, there is in (JA/A € D) a strictly

increasing ®-chain of abstract computations (aj) with a, = a. But no such

chain can exist by the definition of ¥ on A.
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proposition 3 (D, E s {opx}l) is a continuous Z-algebra.

proof The lemma given afterwards shows that operations opy are monotone

Continuity follows by the implication : aeopz(LJD, A'Y = 3 asD, agopy {A,A%)
and variants of it.

lemma For any opg in X, for any a;, a';y in -4, and for any a in opyx (aj,..ayg)
{a # <g,1>) A (Vi, a; €& a';) = (3a' € opgla'y,...a'x), a & a’).

proof by systematic examination of all the possible cases (left to the reader).

We £inally establish the morphic connection between the operational

Z-interpretation of section 2 and the abstract Z-interpretation of the present
section.

proposition 4 Let P.(*T) denote the set of prefix closed subsets of

computations, and let $ : Po(*T) - D be the function:

$(Q)= roof (\J{¢() /£t € Q}). Then 3 acts like a morphism between structures
(P (**T), {8pg/ opx €2}, &) and (D, {opx}, B ).

5. FULL ABSTRACTION AND TRACES

Our present goal is to establish full abstractness (w.r.t. the observaticnal
-~
precrder &) of the function [|.]] : PROG = D : [Iell,,, = ¢ el op -

obs
We recall from [22] that full abstractiness is expressed by the logical
equivalence
EA)  [Dull,,, = Wll,, & V cl2], Clul 5 Clvl.

Due to propositions 3.1, 3.3 and 4.1, EA follows easily from the following
property of monotony :

MON) V cl21, [ull,, = Ovll,, = [clull,, c [civil,,-
Indeed, the general version of MON follows from the specialized version given
below for declaration contexts D[?]

(MON-D) ¥ DI2], $ll"p € §IMI™s, = &l wh Dlu] %oy £ llx wh DIvI [%y.

In the operational model sketched in (2.3), [[x wh D[u) Umop turns out to be
the projection along the x-component of the greatest solution of a
parameterized system @, (X) of Z-equations in P(>T)D. The parameter of that
system is [lu U“Op and the interpretation of I is according to the definition

given in (2.3). Now, MON-D is a direct consequence of the following two
implications, where l.f.p. {g.f.p.) 1is the combinator of least (greatest)
fixed point in (P(*T),co)t, Hx is the projection along %, and \ is the
componentwise difference between vectors of sets

A A ~ ~
(MON=LFR) oflufl”,, & Olvl™, = (I, (1.f.p. B (X)) & ¢ (1.f.p. &, (X)),

A ~
(MON=GER)  ¢llull™yp € OlVI™,, =
~
M, (g.£.p.6, 8 \ 1.f.p. B, () £ 0 (g.£.p. €, (X)) .
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Relation MON-LEP follows easily from the usual properties of monctony of least
N

fixed points (of continuous operators) : the trick is to shift ¢ on the right
~

of the 1.f.p. combinator {(using the morphic properties of ¢ w.r.t. Z}.

Relation MON-GFP is not so easily proved. The remaining of the section 1is
devoted to that task.

Traces
We introduce a L power algebra of gfraces (F(INT), {5'15;(}, <) . The construction
is the same as for the I power algebra of computations, but with program
states omitted. As regardscontinuity and fixed points, all the properties
which are wvalid for computations remain valid in the new framework. The
operations Opy : (N®)K 5 P(N™) are the extensions of finitary operations
k: (N*)k - P(N™), according to the formula 8Py (wy,...wy) =
CL{opyk (Pref(wy), ... Pref{wg})).
The finitary operations gpy are defined by the following inductive relations,
also valid for the infinitary operations opy, where ® : N x PNT) — P(N™) is
the function: veB = {g,v} U (LB} U (VPref(B)).

THE INTERPRETATION OF I IN N* AND N™

D"] NIL = {g}
Dr2 piw) = ps{w}
Dr3 (e)p = (g},
{owip = [v ¢ domip), (€}, pEW(wip]
D4 £ +e = (g}, '
vw + £ = ve{w}l = £ + bw,
vw + D'w' = [v=0,0%wt0'w'), vew] U [V'=C, CGe(Lwtw'), V'ew']
D"s £e®e = (g,0},
vw @e = oo{ow} = D vw,
w Bo'w! = e {vw} U oe{D'w'}
v v=o0, ce(w®v'w'), J]
U bt =0, os{v w © w), O]
D"6 €] e= (e},
vwle = vew = £low,
Uw!‘o'w’ = U‘(wlu'w') W D'O(lew’)
U T =vteA wwlwy, @]

T-trees and substitutions

We introduce a countable set of variables I, with typical element 1. We
denote respectively by ¥ the set of finite and infinite Z-trees, and by (1)
the set of finite and infinite trees on IUI. A tree is called a good tree if
it has an infinite number of operators G on each infinite branch. We use T<oT®
to indicate that T is a finite approximation of T', which means that T is
finite and is less than T' in the usual syntactic order, where Q is identified
with NIL. A tree T in X*° may be interpreted by a corresponding set of words

[IT in NT. The interpretation of finite trees is defined as follows
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0 NIL ] = {g},
for ] =l Tl
0§ opr(Ty,.. . Ty) = oppe(lt Ty 3 - 0 Tx .

The interpretation of infinite trees is defined by continuous extension of the

finitary interpretation : [ITfl = CL(U [T'[] / T'<gT).

We call substitution a mapping 8 from I to N%. For T in Z¥(I), Sub(T,s)
denotes the result of applying substitution 8§ to tree T.

Towards a proof of MON-GFP

The following property of the projection operator II,:P(N")-3 P(A™) is useful:
A

proposition 1 For any finite tree T and for any substitution §,
O [sub (T, 8)]] = T,[Isub(T, I o8)[].

We state afterwards two other propositions which entail MON-GFP.

proposition 2 Let T be a good tree, and let § and $' be substitutions
satisfying HAOS(i) = §'(i) for all i € I. Then for any word w € [[Sub(T,S)|],
either we [|Sub(T’,8)[] for some finite approximation T' of T, or Il (w) = II, (w")
for some infinite word w' in [{Sub{(T,S"){].

proposition 3 Let T be a good tree, and let $§ and S$' be substitutions
satisfying S{i) = I, e8'{i) for all i € I. Then for any infinite word w in

Isub(T,8){], I {w) = [ (w") for some infinite word w’ in [[Sub{T,s'){].

6. THEFULLY OBSERVATIONAL MODEL

The declared objective of the paper was to supply CCS with a fully abstract
model, where the gauge for the comparison of programs is the largest possible
family of CCSexperiments with infinitary results. The full abstractness of

function [I.]l ..+ PROG —D, stated in section 5, allows us to assert that the
continuous algebra (D, & ,{opy}) is the interpretation of such a model.

Further, the relation [Itl]Obs

A
= ¢[!tl]°°op suggests us a method for the explicit
construction of the abstract model. The method amcunts to a transposition of
A
the operational model through the abstraction morphism ¢. The result of the

transposition is a meaning function ¥ : TERM —» (ENV - I}), where ENV =

(X - D). A simple optimization of the transposition, namely the uniform
replacement of Vobs[lt wh Dte) by l’obs[ktﬂ(e) vields the following definition.

THE SPECIFICATION OF Vg
Vops I x 1{e) = elx),
2. Pgpe lopgity, - ty) He) = oppl Popgll t1 Ite), .. Popslitkllte)) .

oy
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3. If D = (%3 = Vi,... X = Yny,
Let ® = (X9,.-.%y), X = (X1,...%y), B = (Fq,...Fp)
For X;€ D and Fy : BNV - D given by
File) =P sllvilite) , then P it wh D(e) =
Popglitll (elfix, . F(e[E/x])/® 1 ).

Remark: The specification remains correct if <w,l> is converted into @
everywhere in the definition of I and the related operations.

There remains to give the right definition for the fixed point combinator
fix, , where the notation indicates a possible dependence on declaration D. The
results presented in section 5 lead us to proceed as follows.

Let roof : PiA) —» P and omega : P{N®) — D be the functions s.t.:
roof(A) = {a € A / Va'e A, aca' = a' = a} and
omega (B) = {<w,®> / w= HA(w') for some w' € Bn N@j.

- For open declarations D, we state :

fizy. P () = 1.£.p.F(X).
- For closed declarations D, we state

fix,.F(X)= ROOF(1.£.p. F(X ) U OMBGA (g.f.p. F(X))),
letting ¥ = (F1,... ) and ﬁ; : {X o5 PIN®)) - PIN®): Fi(e) = v tvifl(e)
for V., : TERM — {{X — PINT1)> PN™)) the auxiliary meaning functiondefined
afterwards.
Let HA:D—) P(N*) be the 'projection'’ HA(A)={I'IA(W)/W <w' for some <w',R'> €A}.
The function Vtr is obtained by a transposition of the operational meaning
function through the abstraction morphism y: (¥T)->NT: ‘V(ti‘ui_’tiﬂ)iq:(“i)iq'
However, in the specification of ¥  (t), we let My (P, (1)) play the role of

\;!(ﬁu!}wop} for all proper subprograms u of t. That replacement agrees with

propositions 5.2 and 5.3. Furthermore, it affords a compositional expression
of Vobs at the level of programs and closed declarations, even though an

auxiliary meaning function is called for. We also proceed to the optimization
of the transposition by reducing uniformly V_/lit wh @ll{e) to V_ [itd(e).

THE SPECIFICATION OF Vtx

0. If te PROG then VY [itll{e} = T, (Y slitlite’) ) for arbitrary e € (X - D,
otherwise Dy Qitiie) is defined by relations 1to 3.
1. P lzl(e) = ex),
2. P llopg(ty, - tp)le) = opg( Yy ditglite), ... P lindite),
37.If D is a glosed declaration (%3 = Vy,... X = Vn)r
let [pf] ( b, [ix; wh DlI(e’) ,..., Yy llxy wh DI(e’) ),
for arbitrary e'e (X - D), and let ® = (X3...xq}, then
D it wh D e} = P Qitlli{ el (Bl / =1},
3", If D is an gpen declaration (x{ = Vi,... Bp = vyl
let = = (xq,...%5), ¥ = (X1,...Xy), B = (F1,...Fp)

obs
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for X;€ PIN™) and F; : (X - P(NT)) = P(N™)
given by Fj (e} = ool [lviil(e}, then
V. dlt wh D QI{e) = Vi llel(elg.f.p. B (e[ / B]) / =])

The outcome of the definitions is the following result.

s
theorem. Vt & PROG, Vobsﬂtﬂ(e)= ¢Htﬂmop for arbitrary environments e : X — D,

and thus b%bs is a fully abstract model for CCS.
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