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Abstract
M appings betw een th e  s e ts  of in s ta n c e s  of d a t a b a s e  s c h e m e s  a re  used  to  
define differen t d e g re e s  of equivalence. The availab le  class  of m appings an d  
th e  s e t  of d ep e n d e n c ie s  allowed for defining sch em e s  dea l h e re  as  p a ra m e te r s .  A 
co m p ar iso n  of th e  eq u iv a len ces  shows th a t  th e re  is only one n a tu ra l  k ind  of 
equ ivalence. For v a r io u s  ca se s  we prove its dec idab il ity  o r  undecidab ility .  
B esides we ge t  a c h a r a c te r i z a t io n  of m appings exp ress ib le  in th e  re la t io n a l  
a lg e b ra  w ithout th e  d ifference.

1. Introduction  and C onventions

An in tu itive  defin ition  of equivalence is given by [Gee]: "Two d a ta b a s e s  a re  
eq u iv a len t  if th e y  r e p r e s e n t  th e  sam e se t of f a c t s  a b o u t  a c e r ta in  p iece of 
world". We will t ry  to  g e t  a m ore  ex ac t  defin ition  of w h a t  is m e a n t  by 
equ ivalence. We will c o n s id e r  only re la t iona l  d a ta b a s e s .
The m otiva tion  for a c o m p ar iso n  of the  in fo rm atio n  cap a c i ty  of d a ta b a s e  
s c h e m e s  s tem s from  d if fe re n t  a reas:

design of c o n c e p tu a l  schem es, especially th e  so-called  d a ta b a s e  n o r 
m aliza tion
in te g ra t io n  of d if fe re n t  userviews into a single  global s ch em e  
t r a n s la t io n s  b e tw ee n  d ifferen t d a ta b a se s  
ex ten s io n s  and  t r a n s fo rm a t io n s  of d a tab ases  
eva lua tion  of d if fe re n t  a p p ro a c h e s  in d a ta b a se  theory .

We will develop a g e n e ra l  model ( c h a p te r  1 ) to  formalize some kinds of 
equ iva lence  and  to s tu d y  d ifferences  between th e m  ( c h a p te r  2 ). Then  we 
a re  c o n c e rn e d  with th e  decision p rob lem  for th e  c h o se n  kind of equivalence. In 
c h a p t e r  3 we p r e s e n t  som e decidab le  cases, w h e reas  in c h a p te r  4 we prove 
v a r io u s  undec idab il i ty  re su l ts .
We will n e i th e r  a s su m e  a un iversa l schem e a s su m p tio n  o r  a universal r e la 
tion  assu m p tio n  ( see  [AP] ), n o r  consider  th e  u p d a te  facilit ies  used  in a 
d a ta b a s e  ( see [Codd] fo r  upda te -eq u iv a len ce  ).
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More powerful m a p p in g  c lasses a re  NGEN* an d  FGEN*. They a re  r e la te d  to  the  
" M -in terna l m app ings  ” of [Hull] and  defined  as  follows:

q 1 e  NGEN* ifi SYMB(ql(Al)) C SYMB(Al) for all Al € TYPESl 
( " ц о  g en era tio n  of new values " ), .
q l  € FGEN* iff t h e r e  exists a finite s e t  M su ch  t h a t  
SYMB(ql(Al)) - SYMB(Al) C M for all Al € TYPESl 
( " g e n era tion  of on ly  a l jn i t e  s e t  of new values " ).

Every mapping c la ss  Q is assum ed  to  co n ta in  th e  id e n ti ty  w.r.t. t h e  se t  of 
all s t a t e s  of an  a r b i t r a r y  d a ta b a s e  sch em e  and  to  be closed  u n d e r  com posi
tion, t h a t  means:
V  q l :  TYPEl -> TYPE2 V  q2: TYPE2 -> TYPE3:

q l  e  Q and  q2 € Q = = > q 2 o q l  £ Q.
These  a ssu m p tio n s  a re  obviously sa tisf ied  by RALG*. RANP*, RAND*, NGEN* 
and  FGEN*.

We will also define two c lasses  of d a ta b a s e  dependencies .
ALL d e n o te s  the  s e t  of depen d en c ies  w hich can  be t r a n s fo rm e d  in to  a sen 
te n c e  in p re n e x -n o rm a lfo rm  w ith o u t ex is ten tia l  quan tif iers .  Often the  
ad jec tive  ''full” is u s e d  to  c h a ra c te r iz e  some su b se ts  of ALL, see [FV] o r  [СьМ]. 
Most p ro m in en t e x a m p le s  of such  s u b s e ts  a re  th e  func tiona l  d ep en d en c ies ,  
see e.g. [Ullm], th e  full inclusion d ependenc ies ,  see [KCV], and  th e  exclusion 
d ep e n d e n c ie s  of [CV],
EX d e n o te s  the  s e t  of depen d en c ies  which can  be  t r a n s fo rm e d  to  a sen 
te n c e  in p re n e x -n o rm a lfo rm  w ith o u t  un iversal quan tif ie rs .  Additionally 
every  p red ic a te  sym bol o th e r  th a n  "=" a p p e a rs  only u n d e r  an  even  n u m b e r  of 
n e g a t io n  signs. An ex am p le  would be  ” 3  *1. x2, y l ,  y2: l (x l ,x 2 )  a n d  l(y l ,y2) 
a n d  ( x l  yl or x2 y2 ) " , which d e m a n d s  th a t  th e  firs t r e la t io n  should 
c o n ta in  a t  least two d iffe ren t  tuples.

2. A Hierarchy of E quivalences

Most of the  a p p ro a c h e s  to define equ iva lence  of d a ta b a s e  s c h e m e s  use  th e  
ab ility  to  c o n s t ru c t  m appings b e tw een  th e i r  s ta te s  as  a c r i te r io n  ( see for 
exam ple  [AABM], [Biller], [CV], [ILl], [Hull], [KK], [Koba], [Riss] ). W hereas the  
in te n t io n  of th e se  p a p e r s  is som etim es  a very specia l one we will t r y  to be as  
g e n e ra l  as  it is possib le .
As u s u a l  we only w an t  to  c o n s id e r  in s ta n c e s  in s te a d  of a r b i t r a r y  s ta tes ,  
s in ce  th e re  seem s to  be no rea so n  to  re g a rd  d a ta b a s e  s ta te s  w hich do no t 
c o r re s p o n d  to a p oss ib le  real world. F u r th e rm o re ,  we will n o t  c o n s id e r  a rb i
t r a r y  m appings fo r  t h e  definition of equivalence. For if two sch em es  b o th  have 
an  infin ite  se t  of in s ta n c e s ,  th e n  th e r e  always ex ists  an  (mostly pa thologica l)  
b i jec t ion  between t h e i r  ins tances . One way would be to co n s id e r  only  renam ing  
of values, bu t th is  s e e m s  m uch too re s tr ic t iv e .
A pproaches  which a r e  engaged in d a ta b a s e  norm aliza tion  ( as  [BBG], [BMSU], 
[ILl], [Riss] ) c o n s id e r  only m app ings  bu il t  up by n a tu ra l  join, p ro je c t io n  and  
se lec tion .  [Koba] u s e s  four specia l k inds  of mappings. [Hull] is in t e r e s te d  in
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Like we have  done  above, sch em es  will always be d en o ted  as  Si ( w here  i is a 
s u b sc r ip t  ), s t a t e s  a s  Ai, Bi o r  Ci, in s ta n c e s  as Ii, Ji o r  Gi, th e  s e t  of s ta t e s  as  
TYPEi, th e  s e t  of in s ta n c e s  as INSi ( where th e  su b sc r ip t io n  shows to  which 
sch em e  th e y  belong ). SYMB(Ai) s ta n d s  for the  s e t  of all values a p p ea r in g  in th e  
s t a t e  Ai.

For two s ta t e s  A l,B l e TYPEI Al C Bl holds iff fo r  all i with I á i á  |S l |  A1 [ i] C 
B 1 [i] holds. The n u m b e r  of tup les  of Al is d en o ted  by |Al|.

D a tabase  m a p p in g s a re  d eno ted  by q l ,  p l ,  r l  : TYPEI -> TYPE2 o r  q2, p2, r2  : 
TYPE2 -> TYPEI. If n o t  defined explicitly, the  sch em e s  S i and  S2 a n d  th e  m a p 
ping c lass  Q, to  w hich all th e se  m app ings  a re  a ssu m e d  to  belong, a re  given 
globally. The obvious conven tions  ab o u t th e  su b sc r ip tion ing  ho lds  if n o t  
s ta t e d  som eth in g  else.
q 1 [i] shou ld  d e n o te  t h e  i- th  p a r t  of q l ,  th a t  m ean s  q l  = < q 1 [ 1 ], .... q l[m ]  >
(for |S2| = m).

Mapping c lasses  o r  qu e ry  c lasses  a r e  deno ted  by Q, Ql o r  Q2. The m ost 
in te re s t in g  c lass  is RALG*, th e  s e t  of sequences  of que r ie s  e x p re s s e d  in th e  
re la t io n a l  a lgeb ra .  More prec ise ly  q l  G RALG* iff fo r  all i q 1 [i] G RALG holds, 
w here  RALG is th e  u su a l  re la t io n a l  algebra, see  [Ullm]. The o p e ra to r s  a re  
sym bolized in th e  following way:

" i " s ta n d s  fo r  th e  i- th  re la t io n  schem e 
" и " is th e  un io n  sign 
” - " is th e  d iffe rence  sign
" [ i l ,  .... ik ] " symbolizes a p ro jec t io n  
( ij a r e  n a t u r a l  nu m b ers ,  a s su m ed  to  be d iffe ren t )

" [ i l  -> i2 ->...-> ik -> il  ] " sym bolizes a p e rm u ta t io n  
( ij a re  d if fe ren t  n a tu ra l  n u m b e rs  )

" [ i com p _ o p  j ] " symbolizes a re s tr ic t io n  
( h e r e  i, j a re  n a tu r a l  num bers ,  com p_op  e  j ^  \ )

" [ i com p _ o p  ’c ’ ] *' symbolizes a se lection
( h e re  i is a n a t u r a l  num ber,  com p_op  £ [ "=", " ^  \ and  c € VALUES ).

If th e  a r i ty  of a su b ex p re ss io n  is lower th an  th e  a r i ty  of a p ro jec tion ,  p e rm u 
ta t io n ,  r e s t r i c t io n  o r  se lec tion  app lied  to it, or if th e  a r i t ie s  of th e  b o th  subex 
p ress io n s  involved in a union  or d ifference are  n o t  th e  sam e, o r  if "i" is g r e a te r  
th a n  th e  n u m b e r  of re la t io n s  of th e  d a tab ase  schem es, we a ssu m e  th a t  th e  
ex p ress io n  always yields th e  em p ty  re la tion  s t a t e  of a r i ty  1. This is to avoid 
p a r t ia l ly  defined  m appings.
RANP* ( resp . RANP ) is th e  su b c lass  of th e  r e la t io n a l  .algebra which do n o t  con 
ta in  any  .projection. RAND* ( resp . RAND ) c o n ta in s  th e  ex p ress io n s  w ithou t 
th e  d ifference sign.
It should  be no ted , th a t ,  for n o ta t io n a l  convenience, we do n o t  m ake  a c le a r  
d is t in c tio n  be tw een  an  exp ress ion  a n d  the  d e n o te d  mapping.
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Our general m ode l is based  on  typed  d a ta b a s e  schem es  with d ep en d e n c ie s  
defined in a ( s u b s e t  of th e  ) f i r s t -o rd e r  logic. Both th e  c lass  of d e p e n d e n 
cies  and th e  c la ss  of quer ie s  will play an  im p o r ta n t  ro le in s e p a ra t in g  dec id 
ab le  and  u n d e c id a b le  cases  of th e  equ iva lence  problem .

The following d e f in i t io n s  and  n o ta t io n s  a re  used .

TYPES is th e  s e t  of ty p es  , i.e. a t t r ib u t e  dom ains  allowed in th e  definitions of 
d a ta b a s e  schem es .  The following p ro p e r ty  holds:
V T l , T 2 e  TYPES: T l n  T2 = ф o r  T l с  T2 or T2 C Tl.
A type  can be fin i te  o r  infinite. It shou ld  be a c o u n ta b le  set.

VALUES is th e  s e t  of all values a p p ea r in g  in su ch  a type, t h a t  m eans: VALUES = 
j V e  T: T e TYPES J.

A re la tion  sc h e m e  R is a finite s e q u e n c e  of types: Rl = < Tl, ..., Tk >, w here all Ti 
€ TYPES. A s t a t e  of th e  re la t io n  schem e is a finite s e t  of tup les ,  where e a c h  
tu p le  is a s e q u e n c e  of va lues  co rre sp o n d in g  to  th e  types  of t h a t  re la t io n  
schem e.

A d a ta b a se  sch em e  S i  co n s is ts  of a finite se q u e n c e  of re la t io n  schem es  an d  a 
finite se t  of d e p e n d e n c ie s :
SI = < R l ....... Rm : D >

= < <T11.....T l a j > ..... < T m l..... Trnam> : D >.
We use the  n o ta t io n  |S l| = m, S 1 [i] = Ri, |S 1 [i]| = ai ( th e  a r ity  of th e  i-th r e la 
tion  schem e of S i  ).

The se t of d e p e n d e n c ie s  D of S i is a finite s e t  of f irs t-o rd e r  s e n te n c e s  over a 
s ig n a tu re

with th e  a i -a ry  p re d ic a te  symbol "i" ( i s i á m ) ,  which c o r re s p o n d s  to th e  
i-th re la t io n  s c h e m e  Sl[i]  of S i ,
the  b inary  id e n t i ty  sign, w hich always will be in te rp re te d  as  th e  iden ti ty  
over VALUES,
a finite s e t  of individual c o n s ta n t s  " c l ”........ ”c n ”, w here all ci € VALUES;
such a c o n s t a n t  "ci” will always be in te rp r e te d  by ci.

Quantifiers in s u c h  a s e n te n c e  ra n g e  over VALUES (and  n o t  over the  se t  of 
values  ap p ea r in g  in a d a ta b a s e  s ta te ) .  Otherwise a s e n te n c e  will be in t e r 
p re te d  as usual,  s ee  [GMN], [R eiter]  or [FV].

The se t of s ta t e s  of S i  is given by TYPEl = [ < A1 [ 1 ] ...... Al[m] > :
fo r  all U i i m  th e  se t  A1 [i] is a finite su b se t  of Til * ... * Tia; j.

The se t of in s ta n c e s  of S i is given by INSl = [ I l  e TYPEl : II sa tisfies  all d e p e n 
denc ies  of D J. It is n o t  assum ed  t h a t  a d e p e n d e n c y  is dom ain ind ep en d en t,  see  
[FV], bu t th e  s e t  of in s ta n c e s  of a schem e is assu m ed  to  be decidable .
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th e  whole re la t io n a l  a lg eb ra  an d  shows th e  im p o r ta n t  ro le  of th e  d a ta b a s e  
d e p en d e n c ie s  fo r  th e  defin ition  of equivalence. To cover all cases  we will 
define equivalence with r e s p e c t  to  a given c lass  of m app ings  Q. So ou r  a p p ro a c h  
is very  sim ilar to  t h a t  of [ABM] and  [ААВМ].

F ir s t  we will define some p ro p e r t ie s  of m app ings  be tw een  s t a t e s  of two d a ta b a s e
schem es.

Definition 1
q l  is co n s is te n t  iff q l( IN S l)  C INS2.
q l  is injective iff 11. J 1 £ INS(Sl): II * J l  = = > q l ( I l )  s* q l ( J l )  .
q l  is su rjective  iff q l( IN S l)  2 INS2.
q2 is inverse to  q l  iff V  II £ INSl: q 2 (q l( I l ) )  = II.

You should  n o te  t h a t  th e se  p ro p e r t ie s  d ep en d  on th e  s e t  of in s ta n c e s  of 
b o th  schem es. It is easy  to show th e  following fac ts .

Theorem  2
1. If q2 is in v e rse  to  q l ,  th e n  q l  is injective.
2. If q2 is inve rse  to  q l  an d  q2 is con s is ten t ,  th e n  q l  is in jective and  q2 is 

surjective .
3. If q2 is inverse  to  q l  and  q l  is surjective, th e n  q2 is c o n s is te n t  and  in jec 

tive and q l  is injective a n d  inverse to  q2.
Proof: om itted . ■

Now we a re  able  to  p r e s e n t  som e kinds of co n ce p tu a l  inc lus ion  an d  equ ivalence
of d a ta b a s e  schem es .

»

Definition 3
S i  <1< S2 wrt.Q iff th e r e  ex is ts  a co n s is te n t  and  injective q l  € Q.
S i  <2< S2 wrt.Q iff th e r e  ex is ts  a surjective  q2 £ Q.
S i  <3< S2 wrt.Q iff th e re  ex i ts  a c o n s is te n t  q l  £ Q and  a q2 £ Q which is inve rse  
to  q l .
S i  <4< S2 wrt.Q iff th e r e  ex is ts  a su rjective  q2 £ Q and  a q l  £ Q which is inve rse  
to  q2.

F o r  i = 1,2,3,4 le t
SI =i= S2 wrt.Q iff S i  <i< S2 wrt.Q and  S2 <i< S i wrt.Q.
S i  =5= S2 wrt.Q iff th e re  ex is t  con s is ten t ,  injective and  su r jec tive  q l .  q2 £ Q 
e a c h  one being in v e rse  to th e  o th e r .  ■

Using th e  p ro p e r t ie s  of a m app ing  c lass  defined in c h a p te r  1, it is easy to  
show, th a t  all of th e  =i= p re d ic a te s  a re  reflexive, t ran s i t iv e  a n d  sym m etrica l.
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The "weak - in c lu s io n ” of d a t a b a s e  schem es  ( see  [AABM] ) is ex ac t ly  th e  sam e 
as  o u r  ” <2< ". The "inclusion" of [AABM] is equ iva len t to  ” <3< " of ou r  
definition.
Using th e o re m  2 an d  some ex am p les  showing d is t in c tn e ss  we a re  able to  
prove the  following H asse -d iag ram  ( th e  s t ro n g e s t  p ro p e r ty  is a t  th e  top) :

=5 =

=4 =

It seem s t h a t  all of th e se  p re d ic a te s  only c o n s id e r  th e  possibility  of 
t ra n s la t in g  a n y  in s ta n c e  of one  schem e into an  in s ta n c e  of th e  o th e r .  A re su l t  
of [ABM] how ever c a n  be u se d  to  show th a t  th is  c a n  be equ iva len t to  a com 
p a r iso n  of th e  s e t  of answ ers to  queries.

Theorem  4
Since Q is a s s u m e d  to c o n ta in  th e  identity  ( on  th e  s e t  of s t a t e s  ) and  is 
c losed  u n d e r  com position  of m app ings , the  following holds: S i <2< S2 wrt.Q iff 
V  q l  £ Q 3  q2 € Q V  II G 1NS1 3  12 e  INS2 : q l ( I l )  = q2(I2).
Proof: see [ABM], th e o re m  2.1 fo r  th e  idea.

We re je c t  eq u iv a len c e  =1 = , b e c a u s e  it is n o t  com patib le  with su ch  a com 
p a r iso n  of a n sw e rs  to  queries. B u t any  of th e  equ iva lences  =2=, =3=, =4=, =5= 
is proved to  be a s  re s tr ic tive  a s  th e  query-equ iva lence  of [Codd]. Which of th e m  
shou ld  one c h o o se ?
An exam ple  will s u g g e s t  us to  r e j e c t  th e  w eakest of them .

Example 5
Let Q be RALG , S i  := < <AB>, <BC>, <AC> : ф >, S2 := < <AB>, <B>, <BC> : ф > 
an d  А, В, C € TYPES be disjoint.
Nobody would c o n s id e r  th e se  sch em e s  as being equivalen t.  But i t  tu rn s  ou t  
t h a t  S i =2= S2 wrt.Q holds. To show this we have to  c o n s t ru c t  two su rjective  
m appings:
q l  : = < ”(1*3)[1=3][1 ,2] '\  *'( 1 - ( 1 *3)[ 1 =3][ 1,2] )[2 ] '\"2">
q2 := < " l - (  1*2)[2=3][1,2]", "3 - (2*3)[ 1=2][2,3]". " (1 *2*3*)[2=3][3=4][l,5]" >
It shou ld  be n o te d ,  th a t  none  of th e  o th e r  equ iva lences  holds.
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So we will ch o o se  only one of th e  equ iva lences  =3=, =4= an d  =5=  to  be th e  
bes t.  However, all o u r  exam ples  which show a difference be tw een  th e s e  p ro p e r 
t ie s  look very  u n n a tu ra l .  The n e x t  th e o re m  s ta te s  t h a t  fo r  all u su a l  q u e ry  
c la sse s  th e re  is no rea l choice.

Theorem  6
If Q is a s u b s e t  of FGEN, th e n  S i  =3= S2 wrt.Q iff S i =5= S2 wrt.Q.
Proof:

" < = = ” follows d ire c t ly  by th e o re m  2.3.

"==>"
We m ay assu m e  fo u r  m appings in Q: 

q l  c o n s is te n t  and  injective 
q2 inverse  to  q l  
p2 c o n s is te n t  and  injective 
p i  inverse  to  p2.

Using th e  th e o re m  of C an to r  and  B ernste in , especially  with th e  m o re  c o n s t ru c 
tive proof of Koenig, one is ab le  to  c o n s t r u c t  a b ijection b e tw een  th e  se t  of 
in s ta n c e s  of th e  schem es, see e.g. [Sier], F o r  ou r  p u rp o se  th is  does  n o t  
suffice, b e c a u se  we a re  looking fo r  such  a b ijec tion  in the  c lass  Q only. F u r th e r 
m ore , it m u s t  have  an  inverse m apping  in Q.
In th e  following we will show t h a t  we d o n ’t need  to c o n s t r u c t  a new m a p 
ping. It suffices to  show, th a t

q l  is c o n s is te n t ,  injective and  su rjective
q2 is inve rse  to  q l .

Using th e o re m  2 th is  implies S i  =5= S2 wrt.Q.
Let [INSl] d e n o te  th e  se t  of c lasses  of th e  p a r t i t io n  of INSl g e n e ra te d  by th e  
reflexive and  t ra n s i t iv e  c losure  of th e  cond ition  th a t  two I l . J l  £ INSl with II = 
p 2 ( q l ( J i ) )  belong to  the  sam e c lass  ( sym bolized by [11 ] = [J 1 ] ).
Using q l  о p2 ( in s te a d  of p2 о q l )  we ge t a definition' of [INS2] in an  ana logous  
way.
Every c lass  c o n s is ts  of only a finite n u m b e r  of in s tances .  Any in s ta n c e  of a 
c lass  is m a p p ed  in to  a n o th e r  in s ta n c e  of th e  c lass  by som e i t e ra t io n  of p2 о q l  
(respec tive ly  q l  о p2) and  bo th  p2 and  q l belong to  FGEN.

( 1 )

F or every [11 ] £ [INSl] the  c lass  [q l ( l l ) ]  £ [INS2] is well-defined an d  q 1 ([11 ]) C[qi (ii)]-
[ q l ( I l ) ]  is well-defined since q l  is cons is ten t.
Now, le t J 1 £ [ I I ], say  J 1 =(p2 о q l ) m (II).
Then  q l ( J l )  = q l  о (p2o  q l )  о . . . o ( p 2 o q l )  (II) = ( q l o p 2 ) o . . . o ( q l o p 2 )  (q l( I l ) ) ,
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i.e. q l ( J l )  € [ q l ( I l ) ] .

( 2 )

F o r  every [12] G [INS2] the class [p2(I2)] G [INSl] is well-defined and p2([I2]) C
[p2(I2)].
This can be p ro v e d  in  an  ana logous  way.

(3)
F o r  every [12] G [INS2] it holds t h a t  q l([p2(I2)])  = [12].
" C

Using (l), r e s p e c t iv e ly  th e  definition of [INS2], we ge t  q l([p2(I2 )])  C
[q 1 (P2(I2))] C [12].

11 _ »f.

Using (2) we g e t  p2([I2]) C [p2(I2)] and  th e re fo r e  we can  co n c lu d e  t h a t  
ql(p2([I2])) C q l([p2 (I2 )])  holds. Using th e  " C ” proof i t  follows th a t  
q l ( P2([I2])) C q l( [p 2 ( I2 ) ] )  C [12].

B ecause  both q l  a n d  p2 a re  in jective and  [12] is a  finite set, i t  follows t h a t  
th e s e  inclusions a r e  really  iden tit ies .

(4)
It follows d ire c t ly  f ro m  (3) t h a t  q l  is su rjective . Since q l  is c o n s i s te n t  and  
in jective and q2 is in v e rse  to q l ,  we can  finish th is  proof. ■

We argue t h a t  is r e a so n a b le  to  cons ide r  only q u e ry  c lasses  w hich do n o t  
c o n ta in  m appings being  able to  g e n e ra te  an  u n re s t r ic te d  s e t  of new values. 
T here fore  our a t t e n t i o n  is now d ire c te d  on =5=, th e  s h a rp e s t  fo rm aliza tion  of 
equivalence.

3. The D ecidability of Equivalence

In th is c h a p te r  we a re  c o n c e rn e d  with cases  in w hich the  equ iva lence  =5= is 
decidable. One h a s  to  r e s t r i c t  b o th  th e  s e t  of d ep en d e n c ie s  in th e  sch em e s  
a n d  the q u e ry c la s s  Q which d e te rm in e s  th e  s h a rp n e s s  of equ ivalence. F irs t 
we will in troduce  a  simple a lgorithm .

Definition 7
Inpu t:  da tabase  s c h e m e s  S i ,  S2; qu e ry  class Q; 
m ethod :

FOR ALL q l  G Q l DO 
IF ql is c o n s i s t e n t  
THEN

FOR ALL q2 G Q2 DO
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IF q2 is c o n s is te n t  AND 
qZ is in v e rse  to  q l  AND 
q l is in v e rse  to  qZ

THEN w rite  ( "Proof of equ iva lence  by", q l ,  qZ );
GOTO en d m ark ;

FI;
OD;

FI;
OD ;
write ( "The s c h e m e s  a re  no t  equivalen t."  ); 
endm ark :

The se ts  Ql and  Q2 m u s t  be su b se ts  of Q.

T heorem  6 implies t h a t  a jum p to  th e  en d m ark  only  ap p ea rs  if S i  =5= S2 wrt.Q 
holds. The con v erse  is usually  n o t  tru e .  To c o v e r  exactly  th e  equ iva lence  we 
have to  provide a  lo t  m ore:

an effective c o n s t ru c t io n  of Ql and  Q2 
which e n s u re s  t h a t  th ey  a re  finite se ts
and  co n ta in  m app ings  for th e  proof of equivalence iff Q c o n ta in s  su ch  
ones;
an  a lg o ri th m  w hich  is able to  dec ide  w h e th e r  a mapping in Q is cons is ten t;
an  a lg o ri th m  which is able to  decide w h e th e r  a mapping is inverse  to  an  
o th e r  m apping.

In th e  following s u b c h a p te r s  we will show, t h a t  fo r  schem es with d ep e n d e n c ie s  
in ALL и EX an d  q u e ry  c lasses  inc luded  in RANP* or in RAND* all th e se  
d em an d s  can  be fullfilled.
The a lgo ri thm  fo r  co n s is te n cy  and  th e  a lg o r i th m  for inversion a r e  based  on 
th e  following th e o r e m  of logic on th e  B ernay  - Schoenfinkel Class (BSC) of 
f i r s t -o rd e r  logic sen te n c e s .  The s e n te n c e s  of BSC a re  equ iva len t to  s e n te n c e s  
in p re n e x  n o rm a l - fo rm  with no ex is ten tia l  q uan t if ie rs  on th e  r ig h t  of an  
un iversal quan tif ie r .

Theorem  8
There  ex is ts  an  effective a lgo ri thm  which d ec id es  for an  a r b i t r a r y  finite 
su b se t  of BSC w ith o u t  equality  and  function  sym bols w h e th e r  i t  h a s  a finite 
m odel or not.
Proof: see [DG], pp. 79.

3.1 Algorithm  for  C onsistency

The co n s is ten cy  is c losely  re la ted  with th e  im plied c o n s tra in t  p ro b le m  of [Klug] 
an d  [JAK]. A m app ing  q l  is co n s is te n t  iff all the  d ependenc ies  of s c h e m e  S2 a re  
satisfied  for all s t a t e s  in ql (INS1).
In [Klug] th e  allowed d ep en d e n c ie s  a re  func tiona l d ependenc ies  a n d  th e  so- 
called  equality  s ta t e m e n t s .  The m appings a re  re s t r ic te d  to  be  in RAND*.
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[JAK] consider r e la t io n a l  m app ings  bu il t  up by r e s t r ic t io n s  and  p r o d u c ts  a n d  
genera lized  d e p e n d e n c y  co n s tra in ts ,  see [GJ], as  allowed d ependenc ies .
As [JAK] we will u s e  th e o re m  8 b u t  in a d iffe ren t way. For the  following of th is  
c h a p t e r  let Dl C ALL и EX be th e  s e t  of d e p e n d e n c ie s  of S i,  d €  ALL и EX a 
d e p en d e n cy  of S2 a n d  q l  a m apping  in RANP* o r  in RAND*. We h a v e  to  dec ide  
w h e th e r  d is s a t i s f ie d  by all q l ( I l )  w here  II € INS1. To use th e o re m  8 we will 
c o n s t r u c t  a s e t  of s e n te n c e s  IC in BSC su ch  t h a t  every finite m odel of IC 
co rre sp o n d s  to  a n  in s ta n c e  II e  INSl for which - d  is satisfied by q l ( I l )  and vice 
v ersa .
F i r s t  we will mix -'d a n d  q l .
Let q l ’ be th e  t r a n s f o r m a t io n  ( see  [Ullm] ) of q l  in to  the dom a in  re la t io n a l  
ca lcu lus:
q l ’ = < [ х 1 1 , . . . ,х 1 т г : f , (x l  1.....x l m  j J, .... [ x n l ..... x nm  n : fn ( x n l ..... x n m j  j >
S u b s t i tu te  ev e ry  o c c u re n c e  of a n  ”i(yl,... ,ymi)'' in -d  by th e  fo rm ula  
”f■(yl,...,ymi)" u s in g  a p p ro p r ia te  renam ing  of va r iab le  symbols if needed .  The 
re su l t in g  s e n te n c e  is d en o ted  by - d q l .  If we a d d  - d q l  as a d e p e n d e n c y  to  
th o s e  of S i th e n  f o r  every in s ta n c e  II of th is  new  schem e its  im age q l ( l l )  
sa t is fy  -d.
Now we want to  show  t h a t  - d q l  is express ib le  as  a s e n te n c e  in p r e n e x  norm al-  
fo rm  where no e x is te n t ia l  q u an t if ie r  a p p e a r s  on  th e  right of a n  un iversa l 
quan tifier .  If q l [ i ]  £ RANP th e n  th e  s u b s t i tu t io n  of f. doesn’t  c h a n g e  anyth ing , 
b e c a u se  in f- t h e r e  a r e  no q u an t if ie rs  a t  all. If q l[ i ]  € RAND th e n  in f. th e re  
a p p e a r  only e x is t e n t i a l  quan tif ie rs .  If d € ALL, th e n  in -d  t h e r e  a re  only  
ex is ten tia l  q u a n t i f ie r s  and  no p rob lem s arise. In th e  o th e r  case, if d  e  EX th e n  
in - d  only u n iv e rs a l  quan t if ie rs  ap p ea r .  The s u b s t i tu t io n  of f. behaves  well 
b e c a u se  we a s s u m e d  in the  defin ition  of EX t h a t  every  ”i(...)’ a p p e a r s  only 
u n d e r  an even n u m b e r  of negations .
S e t  IC’ := D1 и j - d q l  J.
To ge t  a set of s e n t e n c e s  in BSC we have to

avoid c o n s t a n t  sym bols ( a s  p r e in te rp r e te d  fu n c t io n  symbols) 
simulate th e  ty p in g  of S i
avoid th e  e q u a l i ty  sign ( as  a p r e in te rp r e te d  p red ica te  symbol).

F o r  the  first t a s k  we will in t ro d u c e  a specia l p re d ic a te  symbol c of a r i ty  1 
fo r  every c o n s ta n t  c ’ appea r ing  in IC’.

Every sen ten ce  s of IC’ with c o n s ta n ts  c l , . . . ,ck  will be t r a n s fo rm e d  into
” 3  x l .... xk: c l ( x l )  and  ... and  ck(xk) and  s " ( h e re  xi is d if fe re n t  from th e
o th e r  variable sy m b o ls  of s an d  from  o th e r  xj ). To cover the s e m a n t ic s  of c o n 
s t a n t s  we add
" 3 x :  e(x)",
" V  x,y: c(x) a n d  c(y)  ==> x=y ’’ an d
*’ V  x,y: c(x) a n d  d(y) ==> xs^y ” for every c o n s ta n t  c ’ (and every  c o n s ta n t  d ’ 
d ifferen t from  c ’) to  1C.

To simulate th e  c o n c e p t  of ty p e d  schem es  we will in troduce  a spec ia l  p re d i
c a te  symbol T of a r i ty  1 fo r  every type T’ in TYPES ap p ea r in g  in S i.  Let



59

{Tl.....TnJ be s e t  of all th e s e  new p re d ic a te  symbols.

We add  th e  following s e n te n c e s  to  IC:
" V  x: T l(x )  o r  ... o r  Tn(x) "
" V  x: -'Ti(x) o r  'T j(x) " fo r  all Ti' n  Tj’ = ф .
" V  x: Ti(x) = = > Tj(x) ’’ for all Ti’ C Tj'.
" V  x l .....xm: i(xl,...,xm) = = > T i l ( x l )  a n d  ... and Tim(xm) "
fo r  all i with S l[ i]  = < T i l ......Tim >.

F o r  every  finite type  T’ G TYPES ( with exac tly  n e le m e n ts  ) we n e e d  add itional 
s e n te n c e s :
” 3  x l, .. . ,xn : T (x l)  and  ... an d  T(xn) a n d  -  ( x l= x 2  o r  x l= x 3  o r  ... o r  x l= x n  o r  
x2=x3  o r  ... o r  x2=xn o r  ... o r  x (n - l )= x n  ) ”,
” V  xO .x l.....xn: T(xO) an d  ... and  T(xn) ==> xO=xl o r  x0=x2 o r  o r  x l= x 2  or ... o r
x l= x n  o r  ... o r  x (n - l )= x n  ”.

At la s t  we m u s t  bind c o n s ta n ts  to th e i r  types:
" V  x: c(x) = = > T(x) " for all p re d ic a te  symbols c co rre sp o n d in g  to  th e  c o n s ta n t  
c ' and  all ty p e s  T which c o n ta in  c ’.

To h an d le  th e  equality  sign a s  a no rm al p red ic a te  symbol we will use th e  
ax iom s of equa lity  of [Reiter]. Only un iversa l q uan t if ie rs  a re  n e e d e d  here.
By c o n s t ru c t io n  it should  be c lea r ,  t h a t  the  re su lt in g  s e t  1C of s e n te n c e s  is a 
(finite) s u b s e t  of BSC. It shou ld  also be clear, how to  use  th is  c o n s tru c t io n  fo r  
a n  a lg o r i th m  for th e  decision of cons is tency . So we g e t  :

Theorem  9
The c o n s is te n c y  is effectively d ec idab le  with r e s p e c t  to 

m app ings  in RANP* or in RAND* 
s c h e m e s  with d ep en d e n c ie s  in ALL U EX.

3.2 A lgorithm  for Inversion

The dec is ion  w h e th e r  a m apping  is inverse  to a n o th e r  one  can  be h an d led  as a 
spec ia l  c a se  of the  decision of th e  equivalence of two m app ings  ( exactly: of 
th e i r  s y n ta t ic a l  desc r ip t ion  ).

Definition 10
q l  is equ iva len t to p l  ifi V  II G INSl: q l ( I l )  = p l ( I l ) .

Note t h a t  we use  h e re  equ iva lence  re s t r ic te d  to  th e  s e t  of in s tan ces ,  in 
[Klug] ca lled  ’equ iva lence’, a n d  n o t  equivalence with r e s p e c t  to  all s ta tes ,  in 
[Klug] called  's trong  e q u iv a len c e ’. [ASU] d is tinguish  be tw een  'a lgebraic  
e q u iv a len c e ’, 'weak eq u iv a len ce ’ an d  's trong  equ iva lence ’ of m appings. The 
la s t  one  as  defined in [GM] is th e  sam e as o u r  equ ivalence. All th e se
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r e f e r e n c e s  p r e s e n t  a lg o ri th m s  to  decide equ iva lence  in sp ec ia l  cases. [SY] 
g en era lize  th e  r e s u l t s  of [ASU], [IL2] is c o n c e rn e d  with th e  und ec id ab il i ty  
of th e  eq u iv a len ce  of m appings , w h e reas  [ILl] show s how to  decide  it u n d e r  
th e  open-w orld  a ssu m p tio n .

Theorem  11
q2 is inverse  to  q l  iff ( q2 О q l  ) is equ iva len t to  id_IN Sl.  H ere  id_INSl d e n o te  
th e  iden ti ty  on INS1.
Proof: obvious.

Using th e  r e s u l t  of th e  p rev ious  c h a p t e r  we easily g e t  th e  following fact. 

Theorem  12
The equ iva lence  of re la t io n a l  m a p p in g s  

in RANP* o r  in RAND*
betw een  s c h e m e s  with d e p e n d e n c ie s  in ALL и EX is effectively decidable . 

Proof:
Let q l ,  p i  be  g iven  a n d  le t |S2| = n.
Define S3 := < S2[ 1 ] S 2 [ n ] , S 2 [ l ] ...... S2[n] : D3 >
a n d  r l  := < q 1 [ 1 ] .....  q l [n ] ,  p 1 [ 1 ] ......p l [n ]  >, w here  D3 co n s is ts  of a s e t  of
d e p en d e n c ie s ,  s u c h  t h a t
V  13 £ TYPE3: 13 £ INS3 <= = > V  1 ^  i ^  n : I3[i] = I3[i+n]
holds. It is o b v io u s , th a t  D c a n  be  c o n s t ru c te d  as  a s e t  of full inc lusion  d e p e n 
denc ies ,  w hich c a n  be e x p re s s e d  a s  " V  xl,.. .,xn: i ( x l .....xn) = = > j(x l, . . . ,xn)  ”
an d  th u s  D is in ALL. The m ap p in g  r l :  TYPEl -> TYPE3 is c o n s t r u c te d  in a way, 
s u c h  t h a t  q l  a n d  p i  a r e  e q u iv a le n t  iff r l  is c o n s is te n t .
S ince D3 is a s u b s e t  of ALL и EX, th e  d e p en d e n c ie s  of S i  a r e  assu m ed  to  be in 
ALL и EX an d  r l  is in RANP* o r  in  RAND* we c a n  finish th is  p roo f  with a r e f e r 
en ce  to T h eo re m  9. ■

3.3 F inite Mapping S ets

The a lg o r i th m  of defin ition  7 on ly  works if we a re  able  to  c o n s t r u c t  f in ite  
s u b s e ts  Ql a n d  Q2 of Q w h ich  co n ta in  m a p p in g s  fo r  th e  proof of th e  
equ iva lence  = 5 =  ( if Q c o n ta in s  su ch  m app ings  a t  all ). Our a t t e n t io n  is 
d i re c te d  on RANP* a n d  RAND*. F i r s t  we will define th e i r  no rm alfo rm s .

Definition and T heorem  13
Every m app ing  q in RANP* is ex p ress ib le  in a way su ch  t h a t

no s e le c t io n  r e f e r s  to  a s u b e x p re s s io n  in w hich a p r o d u c t  a p p e a rs  ( fo r  
sho rt :  s e le c t io n  befo re  p r o d u c t  )
p r o d u c t  b e fo re  r e s t r i c t io n  
r e s t r ic t io n  b e fo re  p e r m u ta t io n
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p e r m u ta t io n  b e fo re  d iffe rence  
d iffe rence  b e fo re  un ion  
no p ro je c t io n  ap p ea rs .

An ex p re ss io n  of th is  form will b e  ca lled  to be in no rm alfo rm  ( fo r  RANP* ).

Every m app ing  q in RAND* is exp ress ib le  in a  way such  t h a t  
s e lec tio n  b e fo re  p ro d u c t  
p ro d u c t  b e fo re  r e s t r ic t io n  
r e s t r ic t io n  b e fo re  p ro jec t io n  
p ro je c t io n  b e fo re  un ion
no p e rm u ta t io n  an d  no d iffe rence  ap p ea rs .

An ex p re s s io n  of th i s  form  will b e  ca lled  to  be in n o rm a lfo rm  ( fo r  RAND* ).

Proof:
For th e  proof fo r  RAND* see [Klug],
T hen  fo r  RANP* it  suffices to  show  how to  sh if t  th e  d iffe rence  on  i t s  r ig h t  p lace  
( le t  Ei be a r b i t r a r y  s u b e x p re s s io n s  ):
( E l - E2 ) [ i= V ]  -->  El [ i= V ]  - E2 [ i= V ]
( E l - E2 ) * E3 -->  (E l * E3)' - (E2 * E3)
( E l  - E2 ) [i=j] ~ >  E l  [i=j] - E2 [i=j]
( E l  - E2 ) [pe rm ] —> E l [p e rm ] - E2 [perm ] ,

w here  p e r m  = " i l -> i2 -> .. .-> ik -> i l"
( E l и E2 ) - E3 --> (El - E3) и (E2 - E3)
E l - ( E 2 u E 3 )  - -> (El  - E2) - E3

Next we will show w h a t  m u s t  be  a s su m e d  to  g e t  finite m app ing  c la sses .  

Theorem  14
Let С C VALUES be a finite set.
Then th e  se t  of m app ings  TYPEI -> TYPE2 in RANP* with s e le c t io n s  using 
only c o n s ta n t s  of C is finite an d  c a n  be e n u m e ra te d  in a n  effective wav.

Proof:
The proof is b a s e d  on th e  following observa tions, w hereas  th e  d e ta i ls  a re  left 
to  th e  read e r . '  Every such  m a p p in g  h as  a n o rm a lfo rm  a c c o rd in g  to  th e o re m  
13. S ince  p ro je c t io n  is no t  allowed th e  n u m b e r  of p r o d u c ts  is r e s t r i c t e d  by 
TYPEl an d  TYPE2.

In c h a p t e r  3.4 we will show how to  c o n s t r u c t  s u c h  a finite s e t  C of values.
To g e t  an  an a lo g o u s  r e s u l t  fo r  RAND* we have to  m a k e  a n  add itional 
a s su m p tio n  to  r e s t r i c t  th e  a r i ty  of a  subexp ress ion .  F o r  exam ple  th e re  is a 
s t a t e  of a  b in a ry  re la t io n  with 100 tuples, whose t ra n s i t iv e  c lo su re  ( see [AU] 
) is ex p ress ib le  in RAND*, b u t  n e e d s  a t  le as t  99 p r o d u c t  signs. So we would no t  
ge t  a finite s e t  of m ap p in g s  if we d o n ’t  exclude su c h  cases.
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Theorem  15
Let C C VALUES b e  a  finite s e t  a n d  1 be a n a tu r a l  n u m b e r .
Then the  s e t  of m a p p in g s  TYPEl ->  TYPE2 in RAND* with se lec tio n  c o n s ta n t s  
in C and  no m o re  th a n  1 p r o d u c t  s igns in every  su b e x p re s s io n  which d o e s n ’t  
c o n ta in  a un io n  s ign  or a d if fe re n ce  sign is f in ite  an d  c a n  be  e n u m e ra te d  
in  an  effective way.
Proof: Similar to  t h e  proof of th e o r e m  14. •

In c h a p te r  3.5 we a r e  c o n c e rn e d  w ith  the  q u e s t io n  how to  g e t  s u c h  a  n a tu ra l  
n u m b e r  1 with r e s p e c t  to  th e  g iven schem es.

3.4 Relevant S e lec tio n s

F irs t  we will c h a r a c te r i z e  t h e  se lec tio n  c o n s ta n t s  ap p ea r in g  in a re la t io n a l  
express ing  in a  b e t t e r  way. In t h e  following K, L, M a re  finite s u b s e ts  of VALUES.

Definition 16
A m apping  f : VALUES -> VALUES is called a K -isom orph ism  iff 

f is b ijec tive  a n d  to ta lly  c o m p u ta b le  
V k  e K: f(k) = к 
V  T e  TYPES: f (T) = T.

In th e  c a n o n ic a l  way iso m o rp h ism s  a re  e x te n d e d  to  tup les ,  s t a t e s  and  s e t s  
of s ta te s .  See [CH] o r  [Hull] fo r  similar defin itions. The following p ro p e r t ie s  
hold:

if f, g a re  К-isom orph ism s, t h e n  f og,  f 1 a re  K -isom orphism s 
for any s c h e m e  S i:  f(TYPEl) = TYPEl.

Definition 17
A schem e m a p p in g  q l  is co m p a tib le  with К-isom orph ism s  iff fo r  every K- 
isom orph ism  f q l o f  = f o q l  h o ld s .  ■

In [Banc] and  [CH] a  similar p r o p e r t y  is u se d  in th e  defin ition  of co m p le te n ess  
of a query  la n g u a g e .  It is obv ious  t h a t  every  r e la t io n a l  ex p re ss io n  whose se lec 
tio n  c o n s ta n ts  a r e  c o n ta in e d  in  К is com patib le , with К-isom orphism s. The 
o th e r  d irec tio n  is n o t  as  s im ple . This is b e c a u s e  we allow ty p e s  with a fin ite  
n u m b e r  of va lues .  The c o n s t r u c t io n  in th e  proof of th e o re m  19 shows how to  
g e t  a w eaker  r e s u l t .
C orrespond ing  to  the  co m p a tib i l i ty  of m a p p in g s  we will fo rm u la te  a n  
analogous  p r o p e r ty  for d a t a b a s e  schem es.
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This p ro p e r ty  is r e la te d  to  th e  m o n o to n ic i ty  (see  e.g. [SY]) a n d  t h e  additiv ity  
(see e.g. [AU]) of m appings. It shou ld  be n o te d ,  t h a t  every  m ap p in g  with 
b r e a d th  1 is also m ono tone .  The converse  does  n o t  hold. The t r a n s i t iv e  c lo su re  
(see e.g. [AU]) is a  p ro m in e n t  c o u n te re x a m p le  fo r  it.
The n e x t  th e o re m  will s ta te  how  we c a n  u se  th e  b r e a d th  to  r e s t r i c t  th e  
n u m b e r  of p ro d u c ts .

T heorem  21
Let TYPES c o n ta in  only  d is jo in t se ts .
If t h e r e  ex is t  a n a t u r a l  n u m b e r  1 and  a fin ite  s u b s e t  M of VALUES, su ch  t h a t  

q l  is to ta l ly  com pu tab le ,  com patib le  with M -isom orphism s, m e m b e r  of 
NGEN and  h a s  b r e a d th  1

th e n  q l  is ex p re s s ib le  in th e  n o rm a lfo rm  of RAND*, w here  no m o re  th a n  1 + m  
- 2 p r o d u c t  s igns  a p p e a r  in  every of i ts  su b e x p re s s io n s  w hich  have no 
u n io n  o r  d iffe rence  sign. H ere  m  := m ax [ |S2[j]| : 1 á j á  |S2| {.

Proof:

Choose a  finite s e t  of s ta te s  B l .....Bp e  TYPEl a s  s u b s t i tu t e s  of all in s ta n c e s
with n o  m o re  th a n  1 tu p les .  T h a t  m eans:
[ A1 € TYPEl : |Alj ^  1 j = [ f(Bi) : f is an  M-isomorphism, 1 s i á p  j,
To do th i s  one c a n  define a fin i te  s e t  L C VALUES - M ( w here  |L| Ss m ax [ 
SYMB(Al) : A1 e  TYPE(Sl), |A1| à  1 j ) and e n u m e ra te  all s t a t e s  w ith  values in 
L u M  a n d  with no m o re  th a n  1 tu p le s .
Then fo r  every  A1 € TYPEl :

q i (A i)  = U U  ql<f(Bi)) by c o n s t ru c t io n  of
l^ i ^ p f is M-isom. 

f (Bi) С A1
B l .....Bp and  s in ce
q l  h a s  b r e a d th  1

= и u  f (qH Bi)) s ince  q l  is co m p a tib le
l^ i ^ p f is M-isom. 

f (Bi) С A1
with M -isom orphism s

■ и U « U D>
l̂isSp f is M-isom. 

f (Bi) С A1
D C ql(Bi) 

|D |=  1 
D € TYPE2

■ u U U '<D> s ince  f is a c a n o 
l^ i^ p D c q l ( B i )  

|D| = 1 
D € TYPE2

f is M-isom. 
f(Bi) С Al

n ica l e x ten s io n

F or  every  1 á j á  |S2| th e n
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Now f is defined b y  exchang ing  eve ry  w € SYMB(Al) n ( L - M ) w ith i ts  assoc i
a t e d  element, i. e.

w' if x = w £ SYMB(Al) n  ( L - M ) 
f(x) := w if X = w’ w ith  w € SYMB(Al) n ( L - M )

X e l s e .

By definition f = f * holds.

(3)
We will show fo r  a n  a r b i t r a ry  II € INSl : p l ( I l )  £ INS2. Let f be  th e  M- 
isom orph ism  fo r  I I  a s  c o n s t r u c t e d  in (2).
B ecause  of К С M we ge t  f (11 ) £ INSl a n d  f(INS2) C INS2, s ince  bo th  
sc h e m e s  are  c o m p a t ib le  with К-isom orph ism s. So

p l ( I l )  = p l ( f ( f ( I l ) ) )
= f (p l ( f ( I l ) ) )  .since p i  is com patib le  w ith  M -isom orphism s 
= f (q l ( f ( I l ) ) )  .using (1)
£ f(INS2) .since q l  is c o n s is te n t  
C INS2 (4)

We will show p 2 ( p l ( I l ) )  = II fo r  a n  a rb i t r a ry  II £ INSl.
Using the a r g u m e n ta t io n  of (3) we know t h a t  p l ( I l )  = f (q l ( f ( I l ) ) )  
a n d  so p 2 (p l ( I l ) )  = p 2 ( f (q l( f ( I l ) ) ) ) .
S ince  p2 is c o m p a t ib le  with M -isom orphism s we g e t  
p 2 (p l ( I l ) )  = f(P 2 (q l ( f ( I l ) ) ) ) .
B ecause  ql £ NGEN we know t h a t  SYMB(ql(f(Il))) n ( L - M ) = 0  
a n d  by (1) we g e t  p 2 ( p l ( I l ) )  = f (q 2 (q l( f ( I l ) ) ) ) .
S ince  q2 is in v e rse  to  q l  p 2 ( p l ( I l ) )  = f (f (11 ) ) = I I .  ■

Using th e o re m  6 we see  th a t  th i s  ap p ro x im a tio n  c a n  also be u se d  fo r  =5=. In 
th e  case  of RANP* we th e n  g e t  f in i te  Ql and Q2 fo r  th e  a lg o ri th m  of definition 7 
b y  th e o re m  14.

3.5  Number of P ro d u cts

In c h a p te r  3.4 we a r e  c o n c e rn e d  w ith  the  c o m p a tab i l i ty  with isom orph ism s to  
c h a ra c te r iz e  t h e  s e t  of s e lec t io n s  n eed e d  to  d esc r ib e  a m app ing  a s  a re la 
t io n a l  express ion . Now we will fo rm u la te  a p ro p e r ty  which c o r re s p o n d s  to 
th e  num ber  of p ro d u c ts .

Definition 20
Let 1 be a n a tu r a l  n u m b e r .
A mapping q l  is of b r e a d t h  1 iff fo r  all A1 £ TYPE1

q l(A l)  = [ j  q 1 (B) holds.
B £ TYPEI 

B c A l
|B |* 1
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Definition 18
A sch em e  S i is co m p a tib le  with К-isom orph ism s iff for ev e ry  К-iso m o rp h ism  f 
f(INSl) C INSl holds.

F rom  o u r  defin ition  of d a ta b a s e  sch em es  ( espec ia lly  of t h e i r  d e p e n d e n c ie s  ) i t  
follows t h a t  a  s c h e m e  is c o m p a tib le  with К- isom orph ism s  if in i t s  d e p e n d e n 
c ies  only c o n s ta n t s  o u t  of К a p p e a rs .  T here fo re  we a re  ab le  to  c o n s t r u c t  s u c h  
a  finite s e t  of va lues  fo r  a given sch em e  in a s im ple  way.
Now we a re  able  to  give th e  m ain  th e o re m  of th i s  c h a p te r .

Theorem  19
Let Q C RALG* b e  a  m ap p in g  c la ss  which c o n ta in s  th e  r e s t r i c t io n  ( e.g. RANP* 
o r  RAND* ). Let К C VALUES be a  finite se t  a n d  S i ,  S2 be b o th  com patib le  with 
K -isom orphism s.
T hen  we c a n  effectively  c o n s t r u c t  a finite s e t  M, s u c h  th a t  
S I  <3< S2 wrt. Q iff S i  <3< S2 wrt. M_Q,
w here  M_Q := { q £ Q : in q a p p e a r s  no se lec tion  c o n s ta n t  n o t  c o n ta in e d  in M ]. 

P roof:
"<==" is trivial fo r  ev e ry  M.
/ i _  =  y r

Let q l  € Q be c o n s i s t e n t  and  q2 e  Q be inverse to  q l .  We will c o n s t r u c t  two new 
m a p p in g s  p i .  p2 € M_Q having th e  sam e p ro p e r t ie s .
Let L := j w : w is a  s e le c t io n  c o n s ta n t  of q l  or q2 { an d  
M : = K u j w e T : T e  TYPES. T a p p e a r s  in S i or S2, T is finite j.
B o th  L and  M a re  fin i te  se ts .  Obviously q l  and  q2  a re  b o th  co m p a tib le  w ith L- 
isom orph ism s.
Let p i  ( resp . p2 ) b e  th e  t r a n s fo rm a t io n  of q l  (resp .  q2 ) im plied  by th e  fol
lowing ru le s  :
r  [ i= ’w’] -->  r  [ i* i]  fo r  w € L - M,
r  [ i ^ ’w’] — > r  fo r  w e  L - M ,  h e r e  r  s ta n d s  fo r  a re la t io n a l  su b ex p re ss io n .

S ince  in p i  and  p2 only  se lec tio n  c o n s ta n ts  of M a p p e a r ,  b o th  of th e  m app ings  
be long  to  M_Q. So th e y  a r e  co m p a tib le  with M -isomorphisms.
We have  to  show t h a t  p i  is c o n s is te n t  an d  th a t  p2 is inve rse  to  p i .

( 1 )

Obviously qi(Ai) = pi(Ai) ho lds fo r  all Ai € TYPEi ( i = 1.2 ) with SYMB(Ai) n  ( L - 
M ) = ф .

( 2 )

F o r  a given Al € TYPEI th e r e  ex is ts  a  M -isomorphism f su c h  t h a t  SYMB(f(Al)) n 
( L -  M ) = <f> .
In o r d e r  to  define s u c h  a M -isom orphism  we c o n s id e r  any  w € SYMB(Al) n ( L -  
M ). Let T be th e  s m a l le s t  type co n ta in in g  w. By defin ition  of M T is infin ite  
a n d  th u s  we can  a s s o c ia te  w with a  new  elem ent w ' e T - ( ( L - M ) u  SYMB(Al) ).
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q i(A i)  [j] и
l ^ i ^ p

U <Uf<s>>
s € q 1 (i3i)[j] f is M-isom. 
s is a tu p e l  f(Bi) С A1

holds.

The n u m b e r  of d i f fe re n t  i a n d  s in  t h a t  fo rm ula  is finite. Let i a n d  s be  fixed. It 
suffices to  show t h a t  th e  m app ing

:= f(s) d o e s  n o t  n eed  m o re  th a n  1 + m - 2 p ro d u c t  signs,
f is M-isom. 
f (Bi) C A1

To do th is  we f irs t  c h o o se  a n  e n u m e ra t io n  of th e  tu p le s  of Bi s u c h  t h a t  
Bi = < { t i l .....t  In  j j , { t 2 l ..... t 2 n 2j .......{ tv 1.......tv n v{ >.
Let t  := < t i l ...... t l n lt t 2 1 ........t 2 n 2, .... t v l .......tvnv >.
Define th e  s e q u e n c e  of p ro d u c ts ,  co rre sp o n d in g  to  t, which m a p s  Bi in to  t. S ince 
|Bi| á  1 th e re  a p p e a r  no  m ore  t h a n  1-1 p ro d u c t  signs. Then u se  a  sequence  of 
se lec tions ,  so t h a t
fo r  all w € M and  1 <. i <. |t| t h e r e  is a " [ i = ’t[i] ' ] " iff t[i] £ M, 
a n d  th e r e  is a " [ i ^  V  ] " iff t[i] £ M.
Finally we need  a  s e q u e n c e  of re s t r ic t io n s ,  such  t h a t  fo r  all i,j £ { 1.....|t| J, i < j
t h e r e  is a " [ i = j ] " iff t[i] = t[j] an d  th e re  
a p p e a r s  a " [ i г4 j ] " iff t[i] * t[j].
Let p i  deno te  th e  c o n s t r u c t e d  re la t io n a l  mapping.
Obviously V  Al £ TYPE1: Bi С A1 <= = > t  £ p l (A l)  holds.
S ince  p i  is co m p a tib le  with M -isom orphism s f 
V  A1 £ TYPEl: f(Bi) c  A1 <= = > f(t) £ p l(A l)  holds.

T h e re fo re  we know  t h a t  p l (A l )  2 f(s) .
f is M-isom. 
f (Bi) С A1

The o th e r  inc lus ion  is o b ta in e d  by
V A 1  £ TYPEl: p l ( A l )  C { f(t)  : f is M -isomorphism {.
This only holds, b e c a u s e  we have  assum ed  t h a t  all types  c o n ta in  d iffe ren t 
values. In th is  c a s e  we a re  ab le  to  c o n s t r u c t  a M -isom orphism  f fo r  a given t ’ € 
p l (A l) .
The la s t  s tep  of t h e  c o n s t ru c t io n  of th e  re la t io n a l  m apping m u s t  build up f(s) 
f ro m  f(t). B ecause  of q l  € NGEN, a p ro jec tio n  u sua lly  suffices to  desc r ib e  it. B u t 
if a value a p p e a r s  in s m ore  t im e s  th a n  it does  in t. 'w e n e e d  add itional p r o 
d u c t s  ( and  r e s t r i c t io n s  to  link  su c h  a copied  tup le  tij w ith  t  ). A s im ple  
re f lec tion  shows t h a t  no m o re  th a n  m  - 1 add itional p r o d u c t  signs a r e  
n eeded .  The n o rm a l fo rm  c a n  b e  r e a c h e d  w ithou t new p ro d u c ts .  ■

A sim ple in d u c t io n  would show t h a t  th e  co n v erse  im plication  of th e o re m  21 is 
also t ru e .  So o n e  would g e t  a  c h a ra c te r i z a t io n  of RAND* n o t  using s y n ta c 
tic  c r ite r ions ,  p rov id ed  t h a t  TYPES c o n ta in s  only disjoint s e t s  of values.
We will now define a  su ita b le  p ro p e r ty  for d a ta b a s e  schem es.
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Definition 22
Let 1 be a n a tu ra l  n u m b e r .
The d a ta b a s e  s c h e m e  S i  is of b r e a d t h  1 iff

fo r  all II € INS1 1 1 =  [ J  J holds.
J € INSl 

J C IIUl*l
The b r e a d th  of a s c h e m e  is a sp ec ia l  case  of th e  loca lity  of [IS] a n d  th e  distri-  
bu tiv ity  of [IS]. A lthough  looking sim ilar th e  b o u n d e d n e s s  of [GV] and  th e  
b o u n d e d n e s s  of [AV] a re  s c a rc e ly  re la te d  to  th e  b re a d th .
We will now fo rm u la te  th e  m ain  th e o re m  of th is  c h a p te r .

Theorem  23
Let S i an d  S2 be d a ta b a s e  sc h e m e s  with b r e a d th  1.
Then one  can  effectively  co m p u te  a  n a tu ra l  n u m b e r  w su ch  th a t
S i  =5= S2 wrt. NGEN* n  [ q is m o n o to n e  J iff
S i  =5= S2 wrt. NGEN* n [ q is m o n o to n e ,  to ta lly  c o m p u ta b le  and

has  b r e a d t h  w j.

Proof:

"<==" is trivial fo r  every  n u m b e r  w.

Let q l ,  q2 e  NGEN* be m o n o to n e ,  con s is ten t ,  in jective and  su r jec t iv e ,  eac h  
one  being inverse  to  th e  o ther.
Choose w su c h  t h a t
(1) V i l e  INSl: | U | ^ 1  = = > | q l ( I l ) | s ï w  an d
(2) V  12 e  INS2: |I2| =£ 1 = = > j q2(I2) | ^  w holds.
One way to  do th is  is th e  following:
m s l  := m ax  [ |SYMB(Al)| : Al e  TYPEl, |Al| ^  1 J 
wl := m ax  [ |A2| : |SYMB(A2)| < m s l  J
Since q l  € NGEN* ho lds ,  wl can  be  used  as w to fullfill ( l) .
In th e  sam e  m a n n e r  we g e t  w2 to  fullfill (2) an d  we finally s e t  
w := m ax [ wl, w2 { to  fullfill b o th  (1) and  (2).
We will define s u b s t i t u t e s  p i ,  p2 fo r  q l ,  q2 which a re  in th e  d e m a n d e d  m apping  
class:

fo r  all A1 € TYPEl p l (A l)  := ql(B)
B G TYPEl 

В С  A1 
|B| ^  w

and
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fo r  all A2 € TYPE2 p2(A2) := [ J  q2(B) .
B € TYPE2 

В С A2 
|B| á  w

It suffices to  show  th a t  q l ( I l )  = p l ( I l )  ho lds  fo r  all in s ta n c e s  II € INSl 
(b u t  no t n e c e s s a r i ly  fo r  all s ta te s ) .  The a n a lo g o u s  r e s u l t  fo r  p2 c a n  be o b ta in ed  
in th e  same way.

" C
S ince q l is c o n s i s t e n t  and  S2 h a s  th e  b r e a d th  1 we g e t  for a n

a rb i t r a ry  И e  IN Sl: q l ( I l )  = G2
G2 e  INS2 

G2 C q l ( I l )
|G2| £  1

S ince q l is s u r je c t iv e  ea c h  G2 is r e p re s e n te d  by  q l ( J l )  fo r  a n  J l  € INSl :

ql(H) = U  q!(Jl) 
q l ( J l )  € INS2 
q l ( J l )  C q l ( I l )
| q l ( J l ) | á l  
J l  e  INSl

U qKJ1)
q l ( J l )  e  1NS2 
q l ( J l )  C q l ( I l )  
| q l ( J l ) | ^ l  
J l  € INSlMil w

using (2), q2 is inverse to  q l

U  q l ( J l )  
q l ( J l )  e  INS2 

q l ( J l )  C q l ( I l )  
J l  € INSl|J1| w

U qKJ1)
q l ( J l )  e  INS2 
Jl C II 
J l  e  INSl 

IJ11 ^  w

U qKJD
J l  € INSl 
Jl C II 
IJ11 á  w

using th e  m o n o to n ic i ty  of q2, 
which is inverse  to  q l

s ince q l  is c o n s is te n t
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C q l ( J l )  s ince  INSl C TYPEI
J l  e  TYPEI 
J1 C II 
| J l | ^ w

= p l ( H )

" D By m o n o to n ic i ty  of q l .  ■

The p ro p e r ty  of a  s c h e m e  to have finite b re a d th  is essen tia lly  a  d em an d  on i t s  
d ep en d en c ies .  We m u s t  rea l ly  r e s t r i c t  th e  class of allowed d e p e n d e n c ie s  as  t h e  
following exam ple  will show.

Example 24
S := < <N,N>, <N,N> : { " V  x,y: l(x ,y) = = > 3  z: 2(x,z) ".

" V  x.z: 2(x.z) = = > 3  y: l(y .z) ” j >, 
w here  N shou ld  d e n o te  th e  s e t  of all n a tu ra l  n u m b e rs .
I := < f <n,n> : l á n á m j , |  < n - l ,n >  : 2 á n á m J  >, 
w here  m is a given n a t u r a l  num ber.
Any in s ta n c e  J w ith J С I an d  <1,1> € J [ l ]  is id e n t ic a l  to I. This is implied by  
th e  two inc lus ion  d e p e n d e n c ie s  of S.
T h ere fo re  S c a n n o t  have  b r e a d th  1 if 1 < 2*m - 1.
B ecause  m  is c h o o s e n  a r b r i t r a r y  S does  n o t  have f in ite  b r e a d th  a t  all. •

If we r e s t r i c t  o u r  a t t e n t io n  on d ep en d e n c y  c la sse s  a l re ad y  show n to be  
g o o d -n a tu re d  with r e s p e c t  to th e  decision  a lgori thm s, we a r e  ab le  to  c o m 
p u te  an  a p p ro x im a tio n  of th e  b r e a d th  of a schem e.

Theorem  25
Let S i  be a s c h e m e  with d e p e n d e n c ie s  in ALL и EX. Let TYPES c o n ta in  only d is 
jo in t  sets.
Then one  can  effectively co m p u te  a n u m b e r  1 su c h  t h a t  S h a s  b r e a d t h  1. Г
S k e tc h  of th e  proof:
S e t  l : = ( m  + k + e ) * * a ,  w here 

a is th e  n u m b e r  of a t t r ib u t e s  of S.
m is th e  g r e a t e s t  n u m b e r  of a t t r i b u t e s  of a r e la t io n  schem e  of S i .  
к is th e  n u m b e r  of c o n s ta n t s  a p p e a r in g  in d e p e n d e n c ie s  of S i ,
e is th e  n u m b e r  of o c c u re n c e s  of ex is ten tia l  q u an t if ica t io n  in th e  d e p e n 

denc ies  of S, p rov ided  th e y  a re  w r i t te n  in p re n e x  norm alfo rm .
Since for all II € INSl И = U j В : B C II, |B| = 1, В € TYPEI j ho lds ,  i t  suffices 
to  show t h a t  fo r  given II € INSl, В e  TYPEl, |B| = 1 th e re  is a n  in s ta n c e  J l  € 
INSl, so t h a t  B C J l  C H a n d  | J l | ^ l  holds.
We will build a  s e t  of s e n te n c e s  in BSC to  c h a ra c te r i z e  su ch  a n  J l .  If th e y  
have a finite m ode l a t  all. th ey  have a model with no m ore t h a n  m  + к +
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e individuals. The c o r re s p o n d e n c e  of sue«  _ ie l  to  a s t a t e  w ith no m o re  
th a n  1 tup les  is obv ious.
К := { к  : к e  SYMB(B) o r  к a p p e a r s  a s  a  c o n s ta n t  in  a  d e p e n d e n c y  of S {

( 1 )

Let in_I £ ALL be  a  s e n te n c e ,  s u c h  t h a t  for every  fin ite  model M th e r e  ex is t  a 
co rresp o n d in g  s t a t e  Al c  TYPEl a n d  a  К- iso m o rp h ism  f su c h  t h a t  f(Al) С II. 
These s e n te n c e s  c a n  be c o n s t r u c t e d  in an  obv ious m a n n e r .  The p roof of 
th e o re m  21 c o n ta in s  a similar c o n s t ru c t io n  ( if t r a n s la te d  in to  th e  r e l a 
tiona l ca lcu lus  ). Only c o n s ta n ts  in К a p p e a r  in th is  s en ten c e .

( 2)

Let B _in  be a  s e n t e n c e  w ith o u t  quan tif ie r ,  so  t h a t  every  f in i te  m odel M 
co rre s p o n d s  to a  s t a t e  Al such  t h a t  В с  A1 holds.
A s e n te n c e  " i ( v l ..... vk)" suffices, if <vl,...,vk> e  B[i]. Only c o n s ta n t s  of К
a p p e a r  in B_in.

(3)
Let D be the  s e t  of d e p e n d e n c ie s  of S. It is a s su m ed  t h a t  D C ALL и EX.
Let E : = D u j  in_I,  B _ in  j.
Every m odel of E c o r re s p o n d s  to  a  s t a t e  Al € TYPEl, so t h a t  

t h e r e  ex is ts  a  M -isom orphism  f with f(Al) С II  ( by ( l )  )
Al £ INSl ( by  D С E )
fo r  th e  above  c h o s e n  f f(Al) € INSl holds ( s ince  S is c o m p a tib le  with K- 
isom orph ism s )
В C Al ( b y  (2) )
fo r  the  above c h o s e n  f B C f (A 1 ) holds ( s in ce  SYMB(B) С К a n d  so f(B) = 
В h o ld s ) .

T h ere fo re  we know  of an  f(Al) € INSl with B C f(Al) С II an d  m u s t  finally show 
t h a t  th e re  is a m o d e l  of E with no m o re  th a n  m + к + e individuals.

(4)
We w an t to use  t h e  th e o re m  of H e rb ra n d .
To do th is  we h a v e  to  e lim inate  t h e  equality  a n d  th e  c o n s ta n t s  a s  p r e in t e r 
p r e te d  objects.
F irs t  we will e l im in a te  th e  c o n s ta n t s .  We build th e  co n ju n c t io n  of all s e n te n c e s  
of E, s u b s t i tu te  e v e ry  c o n s ta n t  sym bol with a  new specific va r iab le  symbol, 
b ind  th e se  v a r ia b le s  globally w ith  ex is ten tia l  q u an t if ie rs  and  add  a to m s  w hich 
d e m a n d  th a t  t h e y  all have d if fe re n t  values. Let E' d e n o te  th is  new s e n 
te n ce .
S ince E e  ALL и EX i t  is obvious t h a t  E ’ belongs to  BSC.
Every model "of E is a lso  a model of E’. For every  m odel of E’ t h e r e  is a m odel of 
E having the  s a m e  n u m b e r  of ind iv iduals.
Next we use th e  ax io m s of e q u a l i ty  of [Reiter] to  hand le  th e  equa l i ty  sym bol 
as  a norm al p r e d i c a t  symbol. Let E" C BSC d e n o te  th e  c o n s t r u c t e d  s e t  of 
se n te n c e s .  Every m o d e l of E’ is a lso  a model of E". For every  m odel of E” th e r e
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is a  m odel of E ’ having  no m o re  individual symbols.
The n u m b e r  of ex is ten tia l  q u an t if ic a t io n  in E" is n o t  g r e a t e r  t h a n  m  + к + e. 
This is also th e  n u m b e r  of t e rm s  of th e  H e rb ra n d  un ive rse  of E ” . s ince th e  
Sko lem iza tion  of E” only g e n e r a te  fun c tio n  sym bols with a r i t y  0. This is 
b e c a u s e  E" is in BSC.
Using H e rb ra n d ’s th e o re m  we c a n  conclude  t h a t  t h e r e  is a  m odel of E with no 
m o re  th a n  m + к + e ind iv iduals  if th e re  is a m odel a t  all. ■

3.6 Sum m ary

T heorem  26
Let S I and  S2 be  sch em es  with d ep en d e n c ie s  in ALL и EX.
Let TYPES c o n ta in  only d is jo in t se ts .
Let Q be a s u b s e t  of RANP* o r  of RAND*, which c o n ta in s  th e  r e s t r ic t io n .
T hen  th e  a lg o r i th m  of defin it ion  7 can  be u sed  to  dec ide  w h e th e r  S i  =5= S2 
wrt.Q o r  not.

Proof:
In c h a p t e r  3.1, th e o re m  9 we have  sugges ted  a  way to  dec ide  if a  m app ing  is 
c o n s is te n t .  In c h a p t e r  3.2, th e o re m  12 we have  shown how to  dec ide  t h e  
eq u iva lence  of two m appings. Using th e o re m  11 it  is obvious how  to  use  th is  
fo r  a decision  w h e th e r  a  m a p p in g  is inverse to  a n o t h e r  m apping . In c h a p t e r  3.3, 
t h e o r e m  14 it  is shown how to  e n u m e ra te  finite s e ts  Ql an d  Q2 in t h e  case  of Q 
C RANP* if we know  a finite s e t  of se lec tion  c o n s ta n t s  re le v a n t  fo r  t h e  proof of 
equ iva lence . In c h a p t e r  3.4, th e o re m  19 can  be u sed  to  g e t  s u c h  a  s e t  of con 
s ta n t s .  In c h a p te r  3.3, th e o re m  15 we have seen , t h a t  in th e  case  of Q C RAND* 
we n e e d  add itiona lly  an  ap p ro x im a tio n  of th e  n u m b e r  of p r o d u c ts  to  ge t  finite 
s e ts  Ql and  Q2. In c h a p te r  3.5, th e o re m  21 we have fo rm u la te d  th e  b re a d th  
of a  m app ing  a s  a  suffic ien t c r i t e r io n  for th is  m a t te r .  In c h a p te r  3.5, th e o re m  
25 we su g g e s te d  a  way to  a p p ro x im a te  th e  b r e a d th  of a schem e. In c h a p t e r  3.5, 
th e o re m  23 we finally have p ro v ed  t h a t  th e r e  is no n e e d  to c o n s id e r  m appings 
with a b r e a d th  n o t  r e la te d  to  th e  b re a d th  of th e  schem es .  ■

4. U n decidab ility  of E quivalence

In c h a p t e r  3 we h av e  only c o n s id e re d  schem es  with d e p e n d e n c ie s  in ALL и EX 
a n d  m app ing  c la sse s  below th e  re la t io n a l  a lgebra. Now we w an t to  show  th e  r e a 
son  fo r  th e s e  re s t r ic t io n s .

4.1 More Pow erful D ependency C lasses

In th e  following we will u se  " im plication" a s  "finite im p lica tio n "  ( see 
[CFP], [CLM] ), b e c a u s e  we only  deal with finite d a ta b a s e  s ta t e s .  We use  a 
know n r e s u l t  c o n c e rn in g  with th e  im plication p ro b lem  for d a ta b a s e  d e p e n d e n 
cies.
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Theorem  27
It is n o t  decidable w h e th e r  S i =3=  S2 wrt.Q ho lds

w here S i,  S2 r a n g e s  over all sch em es  w ith  fu n c tio n a l  d e p e n d e n c ie s  a n d  
( b inary  ) in c lu s io n  d e p e n d e n c ie s
Q is a m app ing  c la ss  w hich in c lu d e s  th e  id e n t i ty  m app ing  ( as  a s su m e d  in 
c h a p te r  1 ) a n d  is c o n ta in e d  in  FGEN.

Proof:
See  [Mitch] for th e  u n d e c id a b i l i ty  of th e  (finite) im plication  p ro b lem  fo r  fu n c 
t io n a l  d ep e n d e n c ie s  a n d  b in a ry  inc lus ion  d ep en d e n c ie s .
Let D, [ d J be a r b i t r a r y  se ts  of d ep e n d e n c ie s  of th e se  c lasses ,  e x p re s s e d  in 
th e  n o ta t io n  of c h a p t e r  1. It sh o u ld  be  no ted , t h a t  inc lusion  d e p e n d e n c ie s  a re  
n o t  included in ALL U EX.
Using the  s ig n a tu r e  of bo th  d e p e n d e n c y  s e t s  it is simple to  c o n s t r u c t  two 
sc h e m e s  S i an d  S2 so  th a t  TYPEI = TYPE2 a n d  th e i r  s e t  of d e p e n d e n c ie s  is D 
re sp .  D и [dj. Only o n e  infinite ty p e  should  a p p e a r  in the  sch em e  definitions.
We w an t to show t h a t  th is  is a l re a d y  a c o r r e c t  r e d u c t io n  of th e  im plica tion  
p ro b lem  into th e  e q u iv a len c e  p ro b le m  for d a t a b a s e  schem es.

"= = >”
If d is implied b y  D, th e n  INSl = INS2 holds. The id e n t i ty  m app ing  can  be 
u se d  to  prove S i  = 3 =  S2 wrt.Q.

"<=="
If S i  =3= S2 wrt.Q holds, th e n  t h e r e  is a m a p p in g  q l  in Q w hich is c o n s is te n t  
a n d  injective.
F o r  finite s u b se ts  V C VALUES le t  ( fo r  i = 1,2 )
INSSYMB(Si.V) := { Ii € INSi: SYMB(Ii) С V j.
S ince  q l  G FGEN t h e r e  is a f in ite  N C VALUES s u c h  th a t  q l  only g e n e r a te s  new 
va lues  in N.
S ince  q l  is c o n s i s t e n t  fo r  any  f in ite  V G VALUES 
q l  (INSGYMB(Sl.VuN)) C INSSYMB(S2,VuN).
By definition of S i  a n d  S2 it is obvious, th a t  
INSSYMB(S2,VuN) c  INSSYMB(Sl.VuN).
B ecause  q l is in jec t iv e  and  INSSYMB(Sl.VuN) is a finite se t,  i t  follows t h a t  
INSSYMB(Sl.VuN) = INSSYMB(S2,VuN).
Clearly every in s t a n c e  of S i is c o n ta in e d  in INSSYMB(Sl.VuN) for some finite V 
(s ince  any in s ta n c e  is a s su m ed  to  be  finite). So we ge t  INSl = INS2.
This m eans t h a t  d is implied by  D.
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4.2  More Powerful Mapping C lasses

We a re  n o t  aw are  of a r e s u l t  co n ce rn in g  th e  equ iva lence  d irec tly .  We will 
show th e  und ec id ab il i ty  of th e  co n s is ten cy ,  in jectiv ity  a n d  th e  su r jec t iv i ty  of 
m ap p in g s  rang ing  over th e  whole re la t io n a l  a lgebra . The following th e o re m  
dea ls  as  th e  b ase  fo r  it.

Theorem  28
Let T € TYPES be a n  infinite set.
It is n o t  d ec idab le  w h e th e r  q l (A l)  = ф ho lds  for all Al e  TYPEl, w here  

SI r a n g e s  over all d a ta b a s e  s c h e m e s  w ith o u t d e p e n d e n c ie s  
q l  r a n g e s  over all m app ings  TYPEl -> T in th e  r e la t io n a l  a lgebra . 

Proof:
A s im ple c o n s t ru c t io n  r e d u c e s  th e  equ ivalence p ro b le m  fo r  re la t io n a l  
e x p re s s io n s  on th e  above m e n tio n e d  p ro b lem  since  we c a n  use  th e  d ifference 
o p e ra to r .
It is know n t h a t  th e  equ iva lence  p ro b lem  of re la t io n a l  e x p re s s io n s  is n o t  
dec idab le ,  see [IL2]. [Klug] c i te s  a r e s u l t  of [Solo] co n s id e r in g  ex p re ss io n s  
w ith o u t se lec tions . A d i r e c t  way to  prove it can  be b a s e d  on th e  u n d ec id ab il
ity of t h e  f i r s t -o rd e r  logic ( finite m odels  only ). ■

Theorem  29
к

The c o n s is te n c y  with r e s p e c t  to  
m app ings  in RALG
fro m  a d a ta b a s e  sch em e  w ithou t d ep en d e n c ie s
in to  a d a ta b a s e  sch em e  with one fu n c tio n a l  d ep en d e n c y ,  one  exclusion  
d e p e n d e n c y  ( see [CV] ), o r  one  u n a ry  inclusion  d e p e n d e n c y  ( see  [KCV] )

is u n d ec id ab le .

Proof:
Let q l :  TYPEl = INSl -> T be given. We will c o n s t r u c t  a s ch em e  S2 a n d  a m a p 
ping p i ,  w hich is c o n s is te n t  iff q l (A l)  = ф fo r all A1 e  TYPEl. This suffices to  u se  
th e o re m  28.
one fu n c t io n a l  d ependency :
p i  := < ( STM * STM * q l  )[ 1,2] >, w here  STM is a r e la t io n a l  ex p re s s io n  which 
supp ly  th e  re la t io n  cons is ting  of all values  appea r ing  in a s t a t e  Al,
d := " V  x, y, z: l(x ,y) and  l(x ,z) = = > у = z ", which is a fu n c t io n a l  d e p e n 
dency ,
S2 := < < T, T > : { d { >.
Then p i  is c o n s is te n t  iff p l (  INSl ) C 1NS2 iff V  l i e  TYPEl: | SYMB(Il) | ^  1 o rqi(n) = Ф  ■

Since we a re  able to  dec ide  w h e th e r  q l  (11 ) = ф holds fo r  all II e  INSl with 
IS YM В ( 11 ) I ^  1, th is  suffices to  u se  th e o re m  28.
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one  exclusion  d e p e n d e n c y :  
p i  := < q l ,  q l  >,
d := " V  x: - l ( x )  o r  - 2 ( x )  which is a n  exclusion  d ep en d en cy ,
S2 := < < T >, < T > : I d { >.
Then p i  is c o n s is te n t  iff q l ( I l )  = ф fo r  all II £ INSl. 
one  u n a ry  inclusion d ep en d e n cy :  
p i  := < q l ,  q l  - q l  >,
d := " V  x: l(x) = = >  2(x) ", which is a u n a ry  inc lus ion  d ep en d e n cy ,
S2 := < < T >, < T > : { d j >.
Then p i  is c o n s is te n t  iff q l ( I l )  = ф fo r  all II e  INSl.

Theorem  30
The in jectiv ity  with r e s p e c t  to 

m appings in RALG 
schem es  w ith o u t  d e p e n d e n c ie s  

is undecidab le .

Proof:
Let th e  mapping q l :  TYPEl = INSl ->  T be given, w here  w.l.o.g. |S l |  = n, |S l[ i] |  
= ai ( for I á i á n ) .
For  I á i á n  define
p l [ i ]  := ( i • ( SYM - ( SYM * q l  )[1] ) )[ 1. 2 ......ai ],
w here  SYM is th e  s a m e  as  in the  p ro o f  of th e o re m  35.
It is obvious, th a t  f o r  every  Al £ TYPEl p l (A l)  £ J ф , Al j holds.
S ince p i  does n o t  g e n e r a t e  values we know t h a t  p l ( 0 )  = ф.
T h ere fo re  p i  is in jec t iv e  iff p l ( A l )  = Al for all Al € TYPEl. This m e a n s  t h a t  
q l (A l)  = ф for all Al £  TYPEl a n d  th e o re m  28 c a n  be u sed  to  show th e  u n d e c i
dab ility  of in jectiv ity .

Theorem  31
The surjec tiv ity  w ith  r e s p e c t  to 

m appings in RALG 
schem es  w ith o u t  d e p e n d e n c ie s  

is undecidab le .

Proof:
The sam e  c o n s t r u c t io n  as  for th e  p roo f  of th e o re m  30 is u sed .
It is obvious t h a t  p i  is surjective

iff p l(A l)  = A l fo r  all Al £ TYPEl holds, i.e. 
iff q l(A l)  = ф f o r  all Al £ TYPEl holds.
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5. C onclusions

T h ere  rem a in  som e o p en  ques tions .  Using th e o re m  21 ( and  a ssum ing  t h a t  
th e  typ ing  of d a t a b a s e  s c h e m e s  is n o t  of in t e r e s t  o r  behaves  well ) we g e t  a n  
e x a c t  c h a ra c te r i z a t io n  of m app ings  exp ress ib le  by th e  r e la t io n a l  a lg e b ra  
w ith o u t  th e  d iffe rence  o p e ra to r .  They a re  to ta lly  com pu tab le ,  a r e  co m p a tib le  
w ith M -isom orphism s ( w here  M is a f in ite  s e t  of va lues  ), does  n o t  g e n e r a te  
new values  and  have  f in ite  b re a d th .  T h ere  is no idea  of a s e t  of p ro p e r t ie s  
c h a ra c te r iz in g  th e  r e la t io n a l  a lg eb ra  w ith o u t  th e  p ro jec t io n  o p e ra to r .
When we c o n s id e re d  th e  whole re la t io n a l  a lg eb ra  in c h a p te r  4 we have only  
shown th e  u n d ec id ab i l i ty  of some p ro p e r t ie s  n e c e s s a ry  fo r  equ iva lence . T h ere  
is no  r e s u l t  dealing  with th e  equ iva lence  itself.
In c h a p te r  3 we have  shown th e  decidab il i ty  of co n s is te n c y  and  invers ion . We do 
n o t  know w h e th e r  t h e r e  a re  a lg o ri th m s for th e  in jectiv ity  an d  su r jec tiv ity ,  
too . [IL2] dea ls  w ith th e  lo ss lessness  ( th e  sam e as in jectiv ity  ) u n d e r  th e  
open-w orld  a ssu m p tio n ,  b u t  th is  is a m u c h  m ore  w eak e r  p ro p e r ty  th a n  o u r  
in jectiv ity . R es tr ic t in g  th e  a t t e n t io n  on th e  a lg eb ra  w ithou t p ro je c t io n  (an d  
sc h e m e s  with d e p e n d e n c ie s  in ALL и EX) th e  dec idab il i ty  of th e  su r jec t iv i ty  
c a n  be proved  in a s im ila r  m a n n e r  as  th e  dec idab il i ty  of th e  co n s is te n cy .
In c h a p te r  3 we only  c o n s id e r  m app ings  in RANP* o r  in RAND*, b u t  do n o t  h a n 
dle with ( RANP и RAND )*, which would be th e  "mixing of b o th  c lasses" .  We do
n o t  know how to  c h a n g e  c h a p t e r  3.5 fo r  th is  p u rpose .

•

A lthough defining TYPES a s  a h ie ra rc h y  in c h a p te r  1 in th e o re m  21 we have 
a s s u m e d  t h a t  it c o n ta in s  only d is jo in t s e ts  of values. T here  a re  som e possibili
t ie s  to  ch an g e  th e  defin it ion  of an  M -isom orphism  in a way t h a t  th i s  a s s u m p 
t io n  would n o t  be n e c e s s a ry ,  b u t  o th e r  difficulties would a p p e a r  e lsew here  in 
c h a p t e r  3.5.
At la s t  it  shou ld  be m e n t io n e d  t h a t  th is  p a p e r  does  n o t  deal with v e ry  effic ient 
ways to decide  th e  equ iva lence . Full use of th e  typ ing  of d a ta b a s e  s c h e m e s  will 
sp eed  up  o u r  a lgo ri thm . C ard ina lity  co m p ar iso n s  a s  d e sc r ib e d  in [Hull] c a n  
p ro b ab ly  be u sed  in m o re  ad v an c ed  decision  a lgori thm s.
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Проблема эквивалентности в схемах реляционных базах данных

Й. Бискуп, У. Реш 

Резюме

Авторы используют отображения между схемами для определе
ния эквивалентности, и так самые схемы играют роль параметров. 
Одним из результатов этого подхода есть то, что существует толь
ко одно естественное понятие эквивалентности. Они изучают также 
разрешимость или неразрешимость этого понятия, а также описыва
ют отображения как реляционную алгебру без дифференции.

EKVIVALENCIA PROBLÉMA A RELÁCIÓS ADATBÁZIS
SÉMÁKBAN

J. Biskup, U. Rasch

Összefoglaló

Az adatbázis sémák előfordulásai közötti leképezéseket fel 
lehet használni az ekvivalencia különböző fokainak definiá
lására. Ez lehetővé teszi, hogy maga a séma paraméterként 
fogható fel. Az ekvivalenciák összehasonlitásai azt eredmé
nyezték, hogy csak egy természetes ekvivalencia-fogalom lé
tezik. Különböző esetekben a szerzők bebizonyítják ennek 
az ekvivalencia-fogalomnak az eldönthetőségét ill. eldönthe- 
tetlenségét. Emellett a szerzők a leképezéseket különbség 
nélküli reláció-algebrák segítségével is jellemezték.
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