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Abstract. A lattice Boltzmann method for two-phase immiscible fluids
with large density ratios is proposed. The difficulty in the treatment
of large density ratio is resolved by using the projection method. The
method can simulate two-phase fluid flows with the density ratio up to
1000. The method is applied to the simulations of a single rising bubble in
liquid and many bubbles rising in a square duct. The terminal shapes and
the terminal Reynolds numbers of the single bubble for various Morton
and E6tvos numbers are in good agreement with available experimental
data. The complicated unsteady structures of the interface and the flow
field are illustrated in many bubbles rising in a square duct.

1 Introduction

Recently, the lattice Boltzmann method (LBM) has been developed into an
alternative and promising numerical scheme for simulating multicomponent fluid
flows [1-4]. Inamuro et al. [3, 6] have also proposed a lattice Boltzmann method
for multicomponent immiscible fluids with the same density. The LBM has great
advantages over conventional methods for multiphase flows. It does not track
interfaces, but can maintain sharp interfaces without any artificial treatments.
Also, the LBM is accurate for the mass conservation of each component fluid.
Although the LBM is a promising method for multicomponent fluid flows, one
of disadvantages is that all above schemes are limited to small density ratios less
than 10. Usually the density ratio of liquid-gas systems is larger than 100, e.g.,
the density ratio of water to air is about 1000 to 1.

The aims of the present paper are to propose an LBM for two-phase fluids
with large density ratios and to apply the method to the simulations of rising
bubble flows. The difficulty in the treatment of large density ratio is resolved
by using the projection method [7]. Two particle velocity distribution functions
are used. One is used for the calculation of an order parameter which represents
two phases, and the other is used for the calculation of a predicted velocity of
the two-phase fluid without a pressure gradient. The current velocity can be
obtained by using the relation between the velocity and the pressure correction
which is determined by solving the Poisson equation.

The method is applied to the simulations of a single rising bubble in liquid and
many bubbles rising in a square duct. The terminal shapes of the single bubble
for various Morton and E&étvos numbers are calculated, and the shape regime
and the terminal Reynolds number are compared with available experimental
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data. The complicated structures of the interface and the flow field of many
bubbles rising in a square duct are calculated.

2 Numerical Method

Non-dimensional variables, which are defined by using a characteristic length
L, a characteristic particle speed ¢, a characteristic time scale t¢ = L/U where
U is a characteristic flow speed, and a reference density po, are used as in [8].
In the LBM, a modeled fluid, composed of identical particles whose velocities
are restricted to a finite set of N vectors ¢; (i =1,2,---,N), is considered. The
fifteen-velocity model (N = 15) is used in the present paper. The velocity vectors
of this model are given by

[c1, €2, €3,¢€4,C5,C6, €1, C8, Cy, C10, C11, C12, €13, C14, C15] =
0100-1 0 01-1 1 1-1 1-1-1
0010 0-1 01 1-1 1-1-1 1-1].(1)
0001 o0 0-11 1 1-1-1-1-1 1
The physical space is divided into a cubic lattice, and the evolution of particle
population at each lattice site is computed. Two particle velocity distribution
functions, f; and g;, are used. The function f; is used for the calculation of an
order parameter which represents two phases, and the function g; is used for
the calculation of a predicted velocity of the two-phase fluid without a pressure
gradient. The evolution of the particle distribution functions f;(x,t) and g;(x,t)
with velocity ¢; at the point = and at time ¢ is computed by the following
equations:

1
fl(w + CiA.’IJ,t + At) = fi(a"at) - 7__ [fl(a"at) - ffq(:l:,t)] ) (2)
f
1
gi(x + c; Az, t + At) = g;(x,t) — - [gi(z,t) — g;%(z, 1))
g
e [1-PE L1 0 (Ous  Oua
3E;c;. (1 P > gAx + 3Ezcmp [83:/3“ <6ma + 92 Az, (3)

where fi* and ¢g;* are equilibrium distribution functions, 7y and 7, are dimen-
sionless single relaxation times, Az is a spacing of the cubic lattice, At is a
time step during which the particles travel the lattice spacing, ¢ is the gravita-
tional acceleration, and the other variables, p, pr, p, and u, and constants E;
are defined below.

The order parameter ¢ distinguishing the two phases and the predicted ve-
locity u* of the multicomponent fluids are defined in terms of the two particle
velocity distribution functions as follows:

15
i=1
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15
ut = Zgici. (5)
i=1

The equilibrium distribution functions in Eqs. (2) and (3) are given by

e b K p
f2 = Hio + F [po = ry0¥%6 — 2L |99
+3E;pciqta + EinGag (¢)ciaci,3, (6)

2
3 1 Oug  Oug
+§ <Tg — §> Az (833,1 + 8$g> cmclﬂ]

K 2 K .
+Ei7gGaﬂ(P)CmCiﬂ - —Fiflvplzy (7)

3 9
gl(eq =F; {1 + 3CiqUa — Euaua + =CiaCigUallg

3
where
E,=2/9,Ey=FE3;=E4=---=FE;=1/9,
Es=Ey=Ey = --=E;5;=1/72,
H =1H,=H;=H,=---=H;5 =0,
F1:_7/37F1:3E1(Z:273747715)7 (8)
and

Gup(@) = 3 o2 00 300 25, Q
To Oxg 2 0wy Oxy

with a, 8,7 = x,y, z (subscripts «, 3, and -y represent Cartesian coordinates and
the summation convention is used). In the above equations, d,s is the Kronecker
delta, k¢ is a constant parameter determining the width of the interface, and g
is a constant parameter determining the strength of the surface tension. In Eq.
(6), po is given by

1 .
= ¢T —— — ag? 10
Po ¢ 1_ b¢ a¢ ’ ( )
where a, b, and T are free parameters determining the maximum and minimum
values of the order parameter ¢. It is noted that f; is the same as that of the
Swift et al. model [3]. The following finite-difference approximations are used to
calculate the derivatives in Eqgs. (6), (7), and (9):

9 T
B ~ 104z Zciad)(w + ¢, Ax), (11)
« i=1

1 15
Vi~ > (@ +ciAz) — My() | . (12)
=2
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The density in the interface is obtained by using the cut-off values of the
order parameter, ¢; and ¢, for the liquid and gas phases with the following
relation:

PG, ¢<¢a’
p=1 % fsin (L) +1) 40,0 <o <0, (13)
PL, ¢>¢E7

where pg and py, are the density of gas and liquid phase, respectively, Ap =
pL — pa, Ag* = ¢f — of,, and ¢* = (¢} + ¢ )/2. The viscosity p in the interface
is obtained by
P — PG
= ——(u — pe) + pe, (14)
PL — PG

where pg and pp are the viscosity of gas and liquid phase, respectively. The
surface tension o is given by

_ [ (o)’
oy | (a—§> &, (15)

with £ being the coordinate normal to the interface [9].

Since u* is not divergence free (V - u* # 0), the correction of u* is required.
The current velocity w which satisfies the continuity equation (V - uw = 0) can
be obtained by using the following equations:

u—u* Vp

Sh a0 (16)
Vp\ 4 V-u”
V- (7) = Sh YR (17)

where Sh = U/c is the Strouhal number and p is the pressure. The Poisson
equation (17) can be solved by various methods. In the present paper, we solve
Eq. (17) in the framework of LBM. Namely, the following evolution equation of
the velocity distribution function h; is used for the calculation of the pressure p:

L@ - Epr@) - B2 Al )

pott JAz) = h?
@ eiAn) = by (@) - 3Eig,"

where n is the number of iterations and the relaxation time 73, is given by

+ (19)

Th =

=
N | =

The pressure is obtained by

15
p= hi (20)
i=1
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Fig. 2. Shape of a bubble and velocity vectors on y = L,/2 at terminal velocity for
M =1, E = 15 with pr./pc = 1000.

The iteration of Eq. (18) is repeated until |[p"™! — p™|/p < € is satisfied in the
whole domain.

Applying the asymptotic theory to Egs. (2), (3), and (18), we find that the
asymptotic expansions of macroscopic variables, ¢, p, u, and p, satisty the phase-
field advection-diffusion equation (the Cahn-Hilliard equation plus advection)
for ¢, the continuity equation, and the Navier—Stokes equations for incompress-
ible two-phase fluid with relative errors of O[(Az)?] [10].

It is also found in preliminary calculations that using the present method we
can simulate multiphase flows with the density ratio up to 1000.

3 Results and Discussion

3.1 A Single Rising Bubble

A single bubble with diameter D is placed in a liquid inside a rectangular domain
(see Fig. 1(a)) and is released at time ¢t = 0. The density ratio of the liquid to the
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Fig. 3. Shape of a bubble at terminal velocity with pr/pe = 50. (a) M = 1 x 1072,

E=1(b)M=1x10"% E=5; (c¢) M =266, E=116; (d) M =1 x 10™* E = 20; (e)
M=1x10"% E =42; (f) M = 43, E = 339.
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gas is pr./pe = 50 or 1000 (pr, = 50 or 1000, pi = 1). The dimensionless param-
eters for this phenomenon are the Morton number M = gut (pL, — pc)/pi o?, the
E6tvos number E = g(pL, — pg)D? /o, and the Reynolds number Re = p, DV/py,
where V' is a terminal velocity of the bubble. The periodic boundary condition
is used on all the sides of the domain. The domain is divided into an 80x80x 160
cubic lattice. The parameters in Eq. (10) area=1,b=1, and 7' = 2.93 x 10~ };
it follows that the maximum and minimum values of the order parameter are
Gmax = 4.031 x 107! and ¢min = 2.638 x 1071, The cut-off values of the order
parameter are ¢f = 3.80x 107! and ¢, = 2.75x 10~ 1. The other parameters are
fixed at 7y =1, 7, =1, = 107%, D = 30Ax, pur,/pc = 50, k5 = 0.05(Az)? and
kg = 1 x 107°(Az)? for pr, = 50, and k5 = 0.1(Az)? and k, = 1 x 1077(Az)?
for pr, = 1000. The liquid viscosity ur, and the gravitational acceleration g are
changed for various values of the Morton and E6tvés numbers.

Figure 2 shows the terminal shape of a bubble and the velocity vectors relative
to the averaged bubble velocity for M = 1 and E = 15 with pr,/pg = 1000. It is
seen that the bubble is deformed into a mushroom shape and a circulatory flow is
induced inside the bubble. Figure 3 shows terminal shapes of a bubble for various
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Fig. 4. Comparison of shape regime map (left) and terminal Reynolds number (right)
with experimental data [11,12].

t* =3.05 t* =6.77

Fig. 5. Shape of interface and velocity vectors on y = 0.425L, of 48 bubbles for M =
1x107% and E = 5 with pr/pe = 1000 (t* = tV*/L, where V* is the averaged
gas-phase velocity of the result on the right-hand side).

values of the Morton and Eotvos numbers with pp,/pe = 50. The calculated
results are classified into (a) spherical, (b) ellipsoidal, (c) ellipsoidal cap, (d)
disk, (e) spherical cap, and (f) smooth skirt shapes. We calculate terminal shapes
and terminal Reynolds numbers for various conditions, and those are in good
agreement with the experimental regime map [11] and the experimental terminal
Reynolds numbers [12] as shown in Fig. 4.
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3.2 Bubbles Rising in a Square Duct

Many bubbles (48 bubbles) are placed in a square duct (see Fig. 1(b)) and are
released at time ¢ = 0. The density ratio is pr,/pg = 1000. The periodic boundary
condition is used on the top and bottom of the domain, and the bounce-back
condition is used on the sides of the domain. The parameters of computation are
the same as those used in the previous section except D = 20Az, up Az = 2.506,
and gAz = 2.778 x 10~7. Figure 5 shows the calculated results for M = 1 x 10~3
and E = 5. It is seen that the bubbles coalesce each other, and then the interface
between the gas and liquid phases is deformed into a complicated unsteady
shape representing a churn flow. Note that the complicated flow field can be
stably calculated even for the large density ratio of p,/pg = 1000. Also, it is
found that the velocity field inside the gas phase is more complicated than those
in the liquid.

4 Concluding Remarks

A lattice Boltzmann method for two-phase immiscible fluids with large density
ratios has been developed. The method can simulate two-phase flows with the
density ratio up to 1000. In the application to a single rising bubble, the calcu-
lated results are in good agreement with experimental data. For many bubbles
rising in a square duct, the complicated unsteady structures of the interface and
the velocity field can be stably simulated. The method is considered to be a
promising method for simulating two-phase flows with large density ratios.

The accuracy of the method would depend on the interface width related to
the parameter k¢, the mobility determined by the parameter 77, and the lattice
spacing Az. The study of the accuracy concerning these parameters is required
in future work.
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