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Abstract. Its well known that the Schwarz alternating method proved
to be feasible and powerful approach to solve elliptic or parabolic PDEs
over multi overlapped subdomains. Recently Schwarz method proved to
be very effective method when embedded within a well established so-
lution methods such as monotone iterative method( or the method of
lower and upper solution method). In this work we present the proofs of
convergence of additive and multiplicative Schwarz alternating method
for non linear parabolic equation where the reaction function involves a
time delay function.

1 Introduction

In several applications its useful and even essential to decompose the domain of
the PDE into several subdomains overlapped and non overlapped. The concept
of decomposing the domain has been utilized in connections with the numerical
approximation of the problem and the parallel processing algorithms. The ear-
liest known domain decomposition method was presented by H.A. Schwarz in
1870.

The classical alternating Schwarz method have been utilized efficiently to
solve the PDE over several subdomains and then the method has gained its
popularity specially after the developments of the parallel computer architecture.

Recently the method of lower and upper solution and its associated mono-
tone iterative method have been considered to develop analytical and numerical
solution algorithms. The method has found to be a powerful tool for treatment
of several type of PDEs like elliptic , time dependent parabolic problem see Pao
[7,8], and time dependent parabolic problem which involves time delay reac-
tion function see the ‘works by X-Lu [2, 3](The method is also called monotone
iterative method).

On the other hand the method of lower and upper solution has also been
considered with the use of the Schwarz iterative method see Lui [4]-[6], Lui
studied the use of the monotone type of iterative methods in solving non linear
Elliptic[4], and Parabolic equations with Schwarz methods [6].
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The solution of the time delay problem by the lower and upper solution
method and its associated monotone iterative method also has been studied
numerically and analytically by Feng and Lu [1], and Lu [2, 3] and the references
in Pao [7].

In Pao [7] presented a comprehensive study and complete bibliography for
the monotone iterative method and the application for the time delay problem.

This article is an extension of the analysis by Lui [6] to study the Schwarz
method with monotone iteration to solve the time dependent parabolic prob-
lem where the reaction function involves a time delay function such that the
considered type of problem will fulfill the analysis by the monotone method see
[7].

In section 3 we present some preliminaries notations and the definition of the
model problem and in section 4 we present the proof for the multiplicative and
the additive Schwarz method when the reaction function involves a monotone
non decreasing time delay function. In section 5 we present the proofs of the
Schwarz methods when the reaction function involves a monotone non increasing
time delay function and the conclusion in section 6.

2 Preliminaries

Consider the following type of parabolic boundary value problem where the
reaction function involves a time delay function given by

us — Au = f(t,z,u(t,z)) + g(t,z,u(t —r,z)) on D=[0,T]xN, (1)

with
u(t,z) = h on S, and u(t,z) = no(t,z) on D(_,,

and D(_,) = [-r,0] x {2 where {2 is assumed to be a bounded domain in RN. We
assume that f, g are Holder continuous and 7o (¢, z) is also Holder continuous on
D(_,). We also assume that 2 is decomposed into m, m > 2, subdomains with
smooth boundaries such that 2 =2, U2, U...U {2,,.

We are interested in the solution of the parabolic PDE (1) for the time interval
[—r, T] for some fixed positive T'.

In this area a couple of well known examples of the equation (1) are the model
problems known as the diffusive logistics equation and Fisher’s diffusive equation
in population genetics [7]. Define D; = (0,T) x §2;, S = (0,T) x 942, S; =
(O,T) X .Qi, D(—r) = [—T‘, O] X .Q, and Di,(—r) = [—’r’, 0] X .Qi.

Let X denote the space of functions in C(Et), Er = [-r,T] x {2, which
are continuously differentiable in time and twice differentiable in 2, and we are
interested in the solutions of PDE’s in this space. The pair of functions (u, @) is
said to be ordered if u <w in Er.

Let A be the sector of smooth functions defined by

A={u€eX:u<u<won D}.
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In addition suppose there exist some non negative continuous functions ¢, and ©

defined on D by
o(t, z) = sup{—fu(t,,u);u < W}, and
o(t,z) = sup{fu(t,z,u);u < T}

such that
Q(U—U) < (f(t,:c,u)+g(t,m,u(t—r, x)))—(f(t,x,v)—}-g(t,x,v(t—r, iL‘))) < E(u‘—’U)

for any v < u € A.

The function g in (1) is either a monotone nondecreasing or monotone non-
increasing function in 7 for 7 in the sector of upper and lower solutions [7]. An
essential theorems in this study are the following maximum principles theorems

Theorem 1 (Maximum Principle Theorem). Let w € X satisfy
wi—Aw+¢>0 on D,w>0 onS, and w(0,z) >0 on 2.
Thenw >0 on D.

In cases when the functions are less smooth or the domain is with non smooth
boundary a generalized maximum principle theorem is also required see [6], given
by the following generalized form.

Theorem 2 (Generalized Maximum Principle). Suppose ¥ is an open set
in RN and ¥y = (—r,T) x ¥, let w € H'(—r,T; H'(¥) N C(¥)) and satisfy

/ (Vw.V¢ +wp + cwep) >0, for non negative ¢ € HY(-r,T; H*(¥)NC(¥))
%

and w(0) >0 on ¥. Then w > 0 on ¥r.

The study in this article is divided into two parts, the first part section 4
is dealing with the case when g is a monotone nonincreasing function and the
second part section 5 is dealing with the case when g is a monotone nondecreasing
function.

3 Monotone Nonincreasing Function

This section investigate the application of Schwarz methods to the parabolic
PDEs (1), where the reaction function involves a monotone nonincreasing time
delay function g(t,z,u(t — r,z)). In this case the generated sequence of lower
and upper solutions are coupled pair of sequence and are defined as follows.

Definition 1. Let g(.n) be a monotone nonincreasing in 1. Then a pair of func-
tion u,u € X are called coupled upper and lower solutions of PDE (1), if
T > u in X, and they satisfy the inequalities;

a4, — At > f(T) + g(u(t —7)) and

u, — Au < f(u) +g@t—r)) inDr

withu < h<won S, and u < no(t,z) < on D(_y).
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For a given pair of coupled upper and lower solutions %, u and using 70 =
%, and u(® = u we construct two sequences of {@®,u®} from the following

iterative process

*=0 4 f@* V) + gw*Y)

o) — au® 4 cu® =cu
B = c a4 fu®Y) + g(@*v)

ut? — Au® + ¢ ul

subject to the following boundary and initial conditions

2)

a® =h, u® =hon S, T =n(t,z), and u®) =no(t,z) on D).

The generated sequence of pair of solutions {g(k), U(k)} are well defined and
monotone. Furthermore the generated sequences convergence monotically to the

unique solution of (1) when g, < 0 (Theorem 8.2 in [7]).

For the above definition of sequences of pair of solutions corresponding to the
monotone nonincreasing function g we present the convergence of sequence(pair)
of solutions generated from the Multiplicative Schwarz method by the following

theorem;

Theorem 3. Let 7@ = a(-1/2) = 7 and v(© = u(~1/2) =y on D, withu =

h, andT=h on S, andTw=u=mno on D(_;).
The Schwarz sequence for n > 0, is defined by

(8, — A+¢) Tt/ = f@1) 4 ¢ a(n=1/2) 4 g(u(n=1/2)
(8 — A+c) w1/ = fun=1/2) 4 ¢ w712 4 g (@R
with Z(n+1/2) = gn) G(n+1/2) =
W H1/2) = () on Si, and W +1/2) = o on Dy (_r),
and
@ — A+c) a™t) = f@™) +cat™ + gu™)
(0 — A+¢) ul™) = fu™) +cul? + g@™)

g(ntl) = gn+1/2) ) =
u(r+D) = gt/ 00 52 and | )

on D2’(_T).

on Dy,

on D2,

(4)

Here u("+1/2) and u("*1/?) are defined as u(™ and @™ on D\D; respectively,
and u("tV and T("tV) are defined as u("+1/2) and w(®t1/2) on D\D,, respec-
tively. Then u™+/2 — u and T"t/? — u on D; ,i = 1,2, where u is the

solution of (1) in A.

Proof. To show the convergence of the lower and upper solution sequence to the
solution u on D;, we start to prove that the pair of coupled lower and upper

sequence is monotone i.e. to show that
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u<u (n—1/2) < H n) < E(n<|-1/2) < ﬂ(n+1/2) < ﬂ(") < 7(n=1/2) <uon Tj, (5)
For n = 0, consider the sequence on D; for T(!/?) and the upper solution @(®)

(8, — A+ ¢)u/? = f@®) + a® + g(ul®)

B —A+c)a® > f@®) +ca® + g(u®) (6)

On subtraction of the above two results we obtain
(@ - A+ o)@® -a?) > 0.

Since u® —7(1/2 =0 on Sy, and @® — (/2 =7® —y,(t,2) > 0 on Dy (_p,
which implies that @(® — 79(0,z) > 0 on 2.

Then by the maximum principle theorem 1 we conclude that @® > @(1/?) on
D1, which also hold on D.

For the lower solution the proof is similar to the above and it follows by reversing
the second inequality in(6), concluding that u(®) < u(1/2). To proceed in the proof
of (5) it requires the proof of the following pair of couple of inequalities

(n+1/2) « Tl: n—1/2)
(n=1/2) < y(n+1/2) (7)

(SIS

on D;, and on D- the following inequalities
gzt < v
U < @
u(™ < D) 8)

On the subdomain D; for n = 0 and for both of the inequalities in (7) they
follows from the definition.
On D, for n = 0 consider the defining equation of @")

8, — A+ )u) = ca® + f@® + g(w?),
and the equation for 7(®)
8 — A+ )@ > ca® + f@?Y) + gu®).
From the subtraction the above relations we obtain;
0 —A+)@? —a) >0

on Dy with 7 — @) = 0 on Sy, and @® — TV > 0 on D, (_,), then by the
. maximum principle theorem it follows that 70 > g,
For the lower solution sequence over D, it follows similarly by considering

the defining equations for u(!) and the equation for the lower solution sequence
(0)
ul%.
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Assume that the inequalities (7,8) are holds for n, to prove they holds for n
replaced by (n + 1), and we firstly consider the case of (7).
Consider (3) for w("t3/2) and @("+1/2)

(at A +C)’LL (n+3/2) _ f(ﬂ(n+1/2)) +gﬁ("+l/2) +g(g(n+1/2))
0 — A+ a1/ = f@n=1/2) + a2 4 g(u=1/2).

On subtraction the above equalities with the consideration of the definition
of ¢, g, <0 and the induction assumption, it follows that;

(8 = A+ )@/ — /D) =
(fu+ o) @12 — a(tt1/2) — g, (u /2 u(""1/2) >0,

Since w(™t3/2) = g+ on S;, @ "+1) < @™ by induction hypothesis and
7™ = g(+1/2) on S, then it follows that (@w(®+1/2) —7("+3/2)) > 0 on S;, and
(u(n+l/2) _ (n+3/2)) =0 on Dl, -

Therefore by the maximum principle theorem 1 it follows that @(™+1/2) —
a@("+3/2) > 0 on D; concluding that w(®+1/2) > 7(»+3/2) on D;.

To prove u("+1/2) < 4("+3/2) Consider (3) for u(®*1/2) and u("+3/2)

(at —A +Q)H(n+3/2) — f(y("“/?) +c y(n+1/2) + g(ﬁ(n+1/2))
(@ — A+ ult/?) = fun=1/2) 4 ¢ w12 4 g(unm/2),

by subtracting the above two equations we obtain
(at A+ C)( (n+3/2) _ u(n+1/2))
(fu+ Q@D —u=1/2) — g, (@ln=1/2) g +1/2) > 0.

The last inequality follows from the induction assumptions, the definition of ¢,
and g, <0.

Since u(m*+3/2) = u(*+1) on S;, u(**) > u(™ by induction hypothesis , and

u™ = u("*+1/2) on S, then u("+3/2) - u("+1/2) > 0 on Sq, and w("t3/2) —

u™+1/2) = 0 on D, [(—r), then it follows that u(+3/2) _ y(n+1/2) = 0 on 2. By
the maximum principle theorem 1 implies that u("+3/2) — 4(7+1/2) > 0 on Dy,
and then concluding that u("+3/2) > ("+1/2) on D;.

Similarly we could prove the inequalities (8) for D, when n replaced by n+1.

Then assume (5)is hold for n and to prove it is true for n replaced by n + 1.

On D; \ Dy we have u(*+1) = u("+1/2) on S, by definition and on Dy N D,
subtract the defining equations for u("*1/2) and u(®*V) to obtain

(8t—A+g)(1_L(”+1)—g("“/z)) = (futo) (@™ —u*~ VD) g, (@n"1/2) —z™) > 0.

The above inequality hold by the definition of ¢, g, < 0, and the induction
hypothesis. In case that D; N Dy is not smooth we can multiply the above
inequality by anon negative function ¢ € H*(—r,T; H} (21 N §2;)) and integrate
by parts to obtain

/ (WD) —g (DY, 6 ¥ () —g (D) T (D —y D) > 0.
DiNDy
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On S; N Dy we have (1) > y™ = u(*+1/2) by (7), and by the definition,
and on Sy N D; we have w1 = u(”+1/2) Hence u(™*1) — y(?+1/2) > 0 on
DN (S1US,), and also by definition g("“)(t, z) —u"/2) (¢,2) =0 on Dy (_N
Dy (—py (i-e. w1 (0,z) — u™t1/2)(0,2) = 0 on 2, N ).

By the generalized maximum principle theorem 2 we conclude that wt) >
uw(1/2) on Dy N Dy. On Dy \ D; we have u(®t1/2) = 4(™ < u(**+1)  then we
have u("t1) > 4(n+1/2) on D.

Following the same way we can prove that @(**%/2) < 7("+1) on D.

We proved that the sequence of solutions are bounded above and below there-
fore the limits are well defined and exist on D, given by;

lim w2 = lim @™/ =4, and lim « = lim @™ = u,.
n—oo n—o0 n—oo n—oo
Then by theorem 8.2 in Pao [7] it follows that u; and u, satisfies the PDE on
D; and on D, respectively and its easily to conclude that u; = us on D, and
that is completes the proof of the theorem.

The monotone non increasing additive Schwarz method leads to the following
convergence property of the pair coupled lower and upper solution sequence,
given by the following theorem.
Theorem 4. Let u(® = ggo) =y, and T° = HZ(O) =TonD, fori=1,...,m
withu = h, and U = h on S. The additive Schwarz sequence for the pair of
coupled upper and lower solutions (n > 1) is defined by;

(9 - A +g)u§") = f") +eu" ™ + 9@ )

—1

on D;,
@ — A+ = f@" ) + e + g™
9)
subject to;
_@gn) — u(n—l) and u( ) _ u(n 1)
on S;, and
w™ (¢, ) = no(t,z), and W™ (t,z) =m0 (t, 7)
on D; ().
Here u( M — 41 and u(") =7V, on D\ D;, and
u™(t,z) = max{u{" (t,2)}, and (10)
7™ (t,z) = min{w{" (¢, z)}, for(t,z) € D. (11)
ggn) — u, and ﬁﬁ") —u, on Dy, i =1i,...,m where u is the solution of (1)

mn A.
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The proof of theorem 4 relies on few lemmas, we will presents the required
lemmas with their proofs firstly and the proof of theorem 4 will be presented
afterwards.

Lemma 1. Let g be a monotone nonincreasing function given by definition 1
and let {u",u"} be a sequence of lower and upper solution satisfying u™ <
ut < @t < @t on D; C D. If condition (10) in theorem 4 holds and if
the following PDE

@ — A+ o™ = f ) +cu + g@) (12)
holds on D;, and subject to
A = 4™ on S;, and ™ (¢,z) = no(t,z) on D; (_yy, forn > 0.
(=7)

such that ut=Y = u(© . Then

and

Lemma 2. Let g be a monotone nonincreasing function given by definition 1
and let {u™,u"} be a sequence of lower and upper solution satisfying u™ <
utl < gt < @™ on D; C D. If condition (11) in theorem 4 holds and if
the following PDE

@ - A+ R™ = f@™ V) + eV + oY) (15)
holds on D;, and subject to
H(n) =™ on S;, and E(n)(t,z) =1no(t,z) on D; (), forn >0.

such that Y =7©). Then
'E("-H) > E(n)

on Di, (16)

and
E(n)

> 7™ on Di,(—r)- (17)
The other necessary lemma, for the proof of theorem 4 is the following lemma.

Lemma 3. Let the hypothesis in theorem 4 hold. Then over each subdomain
D; C D the following integrals satisfied,
1-

/ Vu™ Vo +uM e+ cu™e < ( / F™ D) 4 ¢ uV 4 g@Y))¢ (18)
D; D;
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for all nonnegative ¢ € H'(—r,T; H} (12;)).
2.

[ vEONs 4 a4 a6 [ (1@D) + D +g(w e (19
D,' Di

for all non negative ¢ € H' (—r,T; H3 (2;) N C(02)).
In the following we will present the proof of theorem 4.

Proof. For the proof of theorem 4, it requires to justify the following monotone
properties of the coupled pair of lower and upper solution,

u<u™ < o™ <7™ <™ <7 on D, (20)
u<u™ <™ <7 <a™ <7 on D, (21)

and .
u™ < u{" <7" <u™ on D. (22)

The proof of (20, 21) is by induction and it is easy to show that they holds
for n = 0 which follows from the definition.

Assume that (20,21) are holds for n, to prove they are true for n replaced by
n + 1, firstly is to show that (20) satisfies the following inequalities

u< y£n+1) < ggn+2) Sﬂgn+2) < ﬂ£n+1) <7 on D,.

(n+1) +2)

Consider the iteration given by (9) for u; and gﬁ" , respectively

(6 — A+ C) (nt1) - f(ugn)) +c u( +g(@ ("))
(0 — A+ o)y, (nt2) _ = f{™) + ¢ u(n+1) + 9@,

On subtraction of the above equations we have

@ - A+0)@™? —u™) = ¢+ £) @™ —ul?) - gu@™ -7") > 0.

1

The above follows from induction assumption and g, < 0.

Since (u; (2 U('n+1)) (™t —u(™) > 0 on S; and also we have (u; e
HEnH)) =0on D; (.
Then (u§"+2) - (n+1)) = 0 on {2, and then by the maximum principle

theorem concluding that u("+2) ("+1 > 0on D; (u; (n+2) > u("H) on D;).
Similarly we can prove u( nt1) >u ("+2) on D;, then (20) holds for any n.
To prove (21) for n replaced by n+1, and (t,z) € D. For the lower solution
sequence there exist an integer i, 1 < i < m such that u("*1(¢,z) = gﬁ"“) <
(n+2) < w2 < a(n+2)
The above inequalities follows by definition of u(™*1) and the upper and lower
solution. For the upper solution sequence, there exist an integer k, 1 <k <m

such that
-,E(n‘{'l) - ﬂ£n+1) 2 ﬂ—'scn+2) Z E(TH'l)'
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Therefore
u < u®™ <y <zt <7 <75, onD.

The proof of inequality(22) is by induction as well. For n = 0, the inequality
follows from the definition. Assume (22) holds with n replaced by (n — 1), i.e

u(m b < 1_;5") < Hgn) <u™b on D.

To prove it holds for n, i.e. u™ < y§"+1) < Eﬁnﬂ) < @™, Consider the first
inequality of lemma 3 given by;

/ Vul Ve +u™ e+ cu™e < (/ F® D)+ cu™ Y 4+ g@n))¢ (23)
D; D;

for all nonnegative ¢ € H'(—r, T; Hj (£2;))-
Next multiply the defining equation for _ugnﬂ), by a nonnegative function
¢ € HY(—r,T; H}(£2;)) to obtain

/ Vu (n+1) Yo+ (u (n+1)) ¢+cu(n+1)¢ / (n)) ggn) +g(ﬁ£n)))¢
D;

Subtract (23) from the last equation to obtain;

Jo, V@™ — um). 96 + @™ - u),g + cw™ - ulV)g >
I, (fu+)( (") — umD) — g, @™ —a"))p > 0

The last inequality follows from the induction assumption, the definition of ¢,
and g, <0.

On S; we have QE"H) = 4™ and on D; (—r), we have _qgnﬂ) —u™ =0,
therefore by the generalized maximum principle we get y_£n+1) > u(™ on D; and
of course this inequality is also hold on D.

To prove @™ > u("+ ) we consider the second inequality of lemma 3 given

by ;

/ va™ Ve +u ¢ + ' ")¢>/ F@™ V) + @™ 4 g™y (24)
for all nonnegative ¢ € H(—r,T; H} (12;)).

Next multiply the defining equation for @
¢ € H'(—r,T; H}({2;)) to obtain

/D Vit Ve + @) + Ve = /Q (F@™) + ™ + g(u{™))¢.

_( +1) , by anon negative function

Subtract the last equation from (24), we obtain

Jp, V@™ —a™).vg + @™ —z"), ¢+c<ﬂ<”> —u" ) >
Jp, ((fu+ )@ =7™) = gu (™) ~ u))é 2 0.
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The above inequality follows from induction assumption, the definition of ¢, and
gu < 0 Since HE"’LI) =7 on S;, and EE"H) —a(™ =0 on D; (_,), therefore by
the generalized maximum principle theorem 1 we obtain

on D; and its also holds on D.

4 Monotone Non Decreasing Function

Definition 2. Let g(.,n) be a monotone non decreasing function in n. A func-
tion u € X is called a lower solution of (1), if it satisfies the inequality

u, — Au— f(t,z,u) — g(t,z,u(t —r,z)) <0on D, (25)

u < hon S, and u(0,z) < no(t,z) on D(_,y. Similarly u is called an upper
solution if it satisfies the reversed inequalities in(25).

For a given pair of ordered upper and lower solutions with w® =7gand u® =u
as two independent initial iterates for the lower and upper sequences and the
respective sequences from the iteration process is given by

up — Au™ +cu” = ™D 4 ft,z,u™ V) + g(t, z,u" VU (t—rz)) onD, (26)

with
u=h, onS, and u" =mno(t,z) onD_,,

to produce the independent monotone sequences denoted by {@(™}, and {u(™},
respectively. The functions f and g are Holder continuous functions, and g, > 0,
for n e< u,u >€ A.

The following theorem present the convergence of a multiplicative Schwarz
sequences for the PDE (1) over two subdomains.

Theorem 5. Let u(® = u(=1/2) = y on D, with u = h on S. Define the Schwarz

sequence for (n > 0) as follows ;

(6(t ;1/AQ)+ cJurt1/2) = g(t(’;‘l/” + fu=1D) 4 g(u1/D(t 7)) on Dy,
u\™ = u'™ on S

u(n+1/2) = mo(t, ) on Dy (—r)
and
(0 — A+ u™D) = cu™ + F(u™) + g(ul™(t — 7)) on D,
u(n+1) — u(n+1/2) on 52
WD) = mo(t, ) on Dy (—p)

_H_e&u("“ﬂ) is defined as u™ on D\D; and u(™*V) is defined as u("*/?) on
D\Ds.
Then u(+i/2) — u on D;, i = 1,2 where u is the solution of (1) in A
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The proof outlines of theorem 5 is similar to the proof given by Lui [6] in the
case of parabolic equation without time delay.

The other type of Schwarz iterative method to consider is the additive type of
Schwarz iterative method which posses high parallelism than the multiplicative
type. The following theorem presents the general case for m-subdomains.

Theorem 6. Let u(® = ugo) =wuonD, fori=1,...,m withu = h on S.
Define the additive Schwarz sequence by (n > 1)

@, — A+ )ul™ = fF@"™) + ™ 4 gw{"™) on D;

i %
subject to
(n)

u =uVon 5;, u!

=mno(t,z) on D;(_p, 1 =1,...,m.

Here, u'™ is defined as u™V on D\ D;, and

7

(n) = (n) D
u'™ (t, z) 12%’;1“1 (t,z), (t,z)€ D.

Then uE") —wonD;, i=1,...,m, where u is the solution of (1) in A.

5 Conclusion

In this work we studied the applicability of the monotone iterative method and
for the parabolic equation with reaction function involves a time delay function
and we proved the convergence of the generated sequence of approximations to
the exact solution.
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