
Model-Checking Over Multi-Valued Logics

Marsha Chechik, Steve Easterbrook, and Victor Petrovykh

�
chechik,sme,victor � @cs.toronto.edu

Department of Computer Science, University of Toronto
Toronto ON M5S 3G4, Canada

Abstract. Classical logic cannot be used to effectively reason about systems with
uncertainty (lack of essential information) or inconsistency (contradictory infor-
mation often occurring when information is gathered from multiple sources). In
this paper we propose the use of quasi-boolean multi-valued logics for reason-
ing about such systems. We also give semantics to a multi-valued extension of
CTL, describe an implementation of a symbolic multi-valued CTL model-checker
called � chek, and analyze its correctness and running time.

1 Introduction

In the last few years, model checking [10] has become established as one of the most
effective automated techniques for analyzing correctness of software artifacts. Given
a system and a property, a model checker builds the reachability graph (explicitly or
symbolically) by exhaustively exploring the state-space of the system. Model-checking
has been effectively applied to reasoning about correctness of hardware, communication
protocols, software requirements and code, etc. A number of industrial model checkers
have been developed, including SPIN [19], SMV [24], and Mur � [12].

Despite their variety, existing model-checkers are typically limited to reasoning in
classical logic. However, there are a number of problems in software engineering for
which classical logic is insufficient. One of these is reasoning under uncertainty, or when
essential information is not available. This can occur either when complete information
is not known or cannot be obtained (e.g., during requirements analysis), or when this in-
formation has been removed (abstraction). Classical model-checkers typically deal with
uncertainty by creating extra states, one for each value of the unknown variable and each
feasible combination of values of known variables. However, this approach adds signif-
icant extra complexity to the analysis.

Classical reasoning is also insufficient for models that contain inconsistency. Incon-
sistency arises frequently in software engineering [15]. In requirements engineering, mod-
els are frequently inconsistent because they combine conflicting points of view. During
design and implementation, inconsistency arises when integrating components devel-
oped by different people. Conventional reasoning systems cannot cope with inconsis-
tency; the presence of a single contradiction results in trivialization — anything follows
from �����	� . Hence, faced with an inconsistent description and the need to perform
automated reasoning, we must either discard information until consistency is achieved
again, or adopt a non-classical logic. The problem with the former approach is that we
may be forced to make premature decisions about which information to discard [20].
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Although inconsistency in software engineering occurs very frequently, there have been
relatively few attempts to develop automated reasoning tools for inconsistent models.
Two notable exceptions are Hunter and Nuseibeh [21], who use a Quasi-Classical (QC)
logic to reason about evolving specifications, and Menzies et al. [25], who use a para-
consistent form of abductive inference to reason about information from multiple points
of view.

Paraconsistent logics are a promising alternative to classical reasoning — they per-
mit some contradictions to be true, without the resulting trivialization of classical logic.
The development of paraconsistent logics has been driven largely by the need for au-
tomated reasoning systems that do not give spurious answers if their databases become
inconsistent. They are also of interest to mathematicians as a way of addressing the para-
doxes in semantics and set theory. A number of different types of paraconsistent logic
have been studied [26]. For example, relevance logics use an alternative form of entail-
ment that requires a “relevant” connection between the antecedents and the consequents.
Non-truth functional logics use a weaker form of negation so that proof rules such as dis-
junctive syllogism (i.e., 
��
��������������� ) fail. Multi-valued logics use additional truth
values to represent different types of contradiction.

Multi-valued logics provide a solution to both reasoning under uncertainty and under
inconsistency. For example, we can use “no information available” and “no agreement”
as logic values. In fact, model-checkers based on three-valued and four-valued logics
have already been studied. For example, [8] used a three-valued logic for interpreting re-
sults of model-checking with abstract interpretation, whereas [16, 17] used four-valued
logics for reasoning about abstractions of detailed gate or switch-level designs of cir-
cuits.

Different multi-valued logics are useful for different purposes. For example, we may
wish to have several levels of uncertainty. We may wish to use different multi-valued
logics to support different ways of merging information from multiple sources: keep-
ing track of the origin of each piece of information, doing a majority vote, giving pri-
ority to one information source, etc. Thus, rather than restricting ourselves to any par-
ticular multi-valued logic, we are interested in extending the classical symbolic model-
checking procedure to enable reasoning about arbitrary multi-valued logics, as long as
conjunction, disjunction and negation of the logical values are specified.

This work is part of the � bel1 (the Multi-Valued Belief Exploration Logics) project,
outlined in [14]. The description of the system together with the description of the de-
sired multi-valued logic and the set of correctness criteria expressed in CTL become in-
put to our model-checker, called � chek, which returns a value of the logic best charac-
terizing the validity of the formula in each initial state.

The rest of this paper is organized as follows: Section 2 describes a simple thermo-
stat system which is used as a running example throughout the paper. Section 3 gives
background on CTL model-checking. Section 4 describes the types of logics that we can
analyze and the ways to represent them. Section 5 describes the multi-valued transition
structures and extends CTL to reasoning over them. Section 6 discusses the implemen-
tation of � chek, whereas Section 7 contains the analysis of its correctness and running

1 pronounced “Chibel”
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Fig. 1. Models of the thermostat. (a) Heat only; (b) AC only; (c) combined model.

time. We conclude the paper with a summary of results and outline of future work in
Section 8.

2 Example

Consider three models of the thermostat given in Figure 1. Figure 1(a) describes a very
simple thermostat that can run a heater if the temperature falls below desired. The sys-
tem has one indicator ( ����� �"! ), a switch to turn it off and on (#�$�%�%'&(%�) ) and a variable
indicating whether the heater is running ( *+� ,"- ). The system starts in state ."/�/ 2 and tran-
sitions into 021�3�4�5 when it is turned on, where it awaits the reading of the temperature
indicator. Once the temperature is determined, the system transitions either into 02163�4�7
or into *�4�8 9 . The value of the temperature indicator is unknown in states ."/�/ and 021�3�4�5 .
To model this, we could duplicate the states, assigning ����� �"! the value T in one copy
and F in the other — the route typically taken by conventional model-checkers. Alter-
natively, we can model the system using the three-valued logic: T, F and M (Maybe),
assigning �6�����"! the value M, as depicted in Figure 1(a)3.

We can ask this thermostat model a number of questions:

Prop. 1. Can the system transition into 021�3�4+5 from everywhere?
Prop. 2. Can the heater be turned on when the temperature becomes below desired?
Prop. 3. Can the system be turned off in every computation?

2 Throughout this paper state labels are capitalized. Thus, :<;<=<> is a state and :@?<A2B is a variable
name.

3 Each state in this and the other two systems in Figure 1 contains a self-loop with the value T
which we omitted to avoid clutter.
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Figure 1(b) describes another aspect of the thermostat system – running the air con-
ditioner. The behavior of this system is similar to that of the heater, with one difference:
this system handles the failure of the temperature indicator. If the temperature reading
cannot be obtained in states 8�C or 021�3 4 7 , the system transitions into state 021�3�4 5 .

Finally, Figure 1(c) contains a merged model, describing the behavior of the thermo-
stat that can run both the heater and the air conditioner. In this merge, we used the same
three-valued logic, for simplicity. When the individual descriptions agree that the value
of a variable or transition is T (F), it is mapped into T (F) in the combined model; all other
values are mapped into M. During the merge, we used the simple invariants describing
the behavior of the environment ( �������"!EDF�G8 H��"I�� , 8�H��"I��JDK�	����� �"! ). Thus, the
value of ��� ���"! in state 8�C is inferred to be F. Note that the individual descriptions dis-
agree on some states and transitions. For example, they disagree on a transition between
02163�4 7 and 0(1�3�4 5 ; thus it receives the value M. Also, it is possible that the heater is on
while the air conditioner is running.

Further details on the merge procedure are outside the scope of this paper, except
to note that we could have chosen any of a number of different multi-valued logics to
handle different combinations of values in the individual models. For example, we could
have used a 9-valued logic where each value is a tuple formed from the values of the two
individual models.

We can ask the combined model a number of questions that cannot be answered by
either individual model, e.g.

Prop. 4. Is heat on only if air conditioning is off?
Prop. 5. Can heat be on when the temperature is above desired?

3 CTL Model-Checking

CTL model-checking is an automatic technique for verifying properties expressed in a
propositional branching-time temporal logic called ComputationalTree Logic (CTL) [10].
The system is defined by a Kripke structure, and properties are evaluated on a tree of in-
finite computations produced by the model of the system. The standard notation L��NMPO QR

indicates that a formula
R

holds in a state M of a model L . If a formula holds in the
initial state, it is considered to hold in the model.

A Kripke structure consists of a set of states S , a transition relation TVUWSYXZS , an ini-
tial state M2[Y\]S , a set of atomic propositions � , and a labeling function ^`_"SaDcbd
e�f� .
T must be total, i.e, ghMi\aS	��j"kl\mS , s.t, 
nM@�ok��p\]T . If a state Mrq has no successors, we
add a self-loop to it, so that 
sMrqt�NMuq��p\]T . For each Mi\mS , the labeling function provides
a list of atomic propositions which are True in this state.

CTL is defined as follows:

1. Every atomic proposition v�\w� is a CTL formula.
2. If x and y are CTL formulas, then so are ��x , xw�]y , xw�]y , zY{]x , �|{]x , z�}�x ,

�f}�x , z�~�x��Yy�� , �P~�x��fy�� .
The logic connectives � , � and � have their usual meanings. The existential (universal)
quantifier z ( � ) is used to quantify over paths. The operator { means “at the next step”,
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} represents “sometime in the future”, and � is “until”. Therefore, zY{]x ( �|{]x ) means
that x holds in some (every) immediate successor of the current program state; z�}�x
( �Y}�x ) means that x holds in the future along some (every) path emanating from the
current state; z�~ x��fy�� ( ��~�x��Yy�� ) means that for some (every) computation path start-
ing from the current state, x continuously holds until y becomes true. Finally, we use
z���
nx�� and �Y��
sx	� to represent the property that x holds at every state for some (every)
path emanating from M2[ . Formally,

L��NM [ O Q�vY���Jv�\a^l
nM [ �
LV�NM [ O QV��xw���JLV��M [��O Q�x

L��NM2[�O Q�x��
y����JLV��M2[�O Q�x���LV��M2[PO QWy
L��NM2[�O Q�x��
y����JLV��M2[�O Q�x���LV��M2[PO QWy
LV�NM([�O QVzY{]x]���Jj"kZ\aS	�l
nM(["�ok���\aT ��LV��kfO QWx
LV��M2[�O Q��|{]x]����g�kZ\aS	�l
nM(["�ok���\aT�D�LV��kfO QWx

LV�NM([�O QWz�~�x��fy��+���������r���|�r� �����������@�d�p�+�����dM2[@�NM<52�(�������'�(� �(�
j� ��� 	¡W¢E��L��NMr£¤O QWy��
g�¥@��¢�¦�¥�§¨ �D�LV��M�©dO QWx

LV�NM([�O Q`�P~�x��fy��+����ªs�@�	�u«"�u��¬��­�<���dM2["��M�5(�2�®�����
j� ��� 	¡W¢E��L��NM £ O QWy��
g�¥@��¢�¦�¥�§¨ �D�LV��M © O QWxp�

where the remaining operators are defined as follows:

�f}�
sx	�l¯W��~�°��fx±� 
�²��³ª´�"�<ª��f}��
z�}�
nx	��¯�z�~µ°��fx±� 
�²��³ª´�"�<ªZz�}��
�f��
sx	�l¯���z�}�
s��x�� 
�²��³ª´�"�<ª��f���
z���
nx	��¯��G�f}�
n��x	� 
�²��³ª´�"�<ªZz����

Definitions of �f} and z�} indicate that we are using a “strong until”, that is, z�~�x��fy��
and �P~�x��fy�� are true only if y eventually occurs.

4 Specifying the Logic

Since our model checker works for different multi-valued logics, we need a way to spec-
ify the particular logic we wish to use. We can specify a logic by giving its inference rules
or by defining conjunction, disjunction and negation operations on the elements of the
logic. Since our goal is model-checking as opposed to theorem proving, we chose the
latter approach. Further, the logic should be as close to classical as possible; in particu-
lar, the defined operations should be idempotent, commutative, etc. Such properties can
be easily guaranteed if we ensure that the values of the logic form a lattice. Indeed, lat-
tices are a natural way to specify our logics. In this section we give a brief introduction
to lattice theory and describe the types of lattices used by our model-checker.

4.1 Lattice Theory

We introduce lattice theory here following the presentation in [2].



6

F

T

M
F

T ¶¶
¶¶
· ·

· · TFFT

TT

FF

¶¶
¶¶
· ·

· ·

a) (2-Bool, ¸ ) b) (3-QBool, ¸ ) c) (4-Bool, ¸ ) d) (4-QBool, ¸ )

T

F

BN

Fig. 2. Examples of logic lattices: (a) a two-valued lattice representing classical logic; (b) a three-
valued lattice reflecting uncertainty; (c) a four-valued boolean lattice, a product of two (2-Bool,¹

) lattices; (d) a four-valued quasi-boolean lattice.

(a)

º
T M F

T T M F
M M M F
F F F F

(b)

»
T M F

T T T T
M T M M
F T M F

(c)

¼
T F
M M
F F

Fig. 3. Tables of logic operations for (3-QBool,
¹

): (a) conjunction table; (b) disjunction table;
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Definition 1 Lattice is a partial order ( ½ , ¸ ) for which a unique greatest lower bound
and least upper bound, denoted v|¾w¿ and vYÀd¿ exist for each pair of elements ( v , ¿ ).
The following are the properties of lattices:

v|Àwv]QÁv 
���²��r�d�­�@���rÂ�Ãu�(�
v|¾wv]QÁv
vÄÀ
¿�QÁ¿�Àwv 
�Ãr�@�d��ÅÆ���<����« ����¬��
vÄ¾
¿�QÁ¿�¾wv

v|À�
s¿	ÀwÇu�YQc
sv|Àw¿u�'ÀwÇ 
s������� Ãr�È������«�����¬6�
v|¾�
s¿	¾wÇu�YQc
sv|¾w¿u�'¾wÇ
vÄÀa
nv|¾w¿u�YQÁv 
s��É����"���������@Â+�
vÄ¾a
nv|Àw¿u�YQÁv

v�¸Wv@Ê���¿Ä¸`¿NÊhËÌv|¾w¿l¸Wv"Ê ¾w¿NÊÍ
����@Â��"���"Â���Ãu����¬6�
v�¸Wv@Ê���¿Ä¸`¿NÊhËÌv|Àw¿l¸Wv"Ê Àw¿NÊ

vZ¾�¿ and vpÀ�¿ are referred to as meet and join, representing for us conjunction and dis-
junction operations, respectively. Figure 2 gives examples of a few logic lattices. Con-
junction and disjunction tables for the lattice in Figure 2(b) is shown in Figure 3(a)-(b).
Our partial order operation v�¸W¿ means that “ ¿ is more true than v ”.

Definition 2 A lattice is distributive if

v|À�
s¿	¾wÇu��QÎ
svÄÀ
¿r�'¾a
nv|ÀwÇu�Ì
�²�����������É�Å�����« ����¬��
v|¾�
s¿	ÀwÇu��QÎ
svÄ¾
¿r�'Àa
nv|¾wÇu�

All lattices in Figure 2 are distributive.

Definition 3 A lattice is complete if the least upper bound and the greatest lower bound
for each subset of elements of the lattice is an element of the lattice. Every complete
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lattice has a top and bottom.

Ï Q�¾	½ 
 Ï ÃN�+�����<Ãr���u���®Ð2�<�����"Âh�
°WQ�À	½ 
�°JÃN�+�����<Ãr���u���®Ð2�<�����"Âh�

In this paper we use T to indicate ° of the lattice, and F to indicate its
Ï

, although in
principle ° and

Ï
might be labelled differently.

Finite lattices are complete by definition. Thus, all lattices representing finite-valued
logics are complete.

Definition 4 A complete distributive lattice is called a complete Boolean lattice if every
element vÑ\]½ has a unique complement ��v�\
½ satisfying the following conditions:

����v�QVv 
s�Ò��Â�«@�@Ó�Å������@Â�� v�¸W¿pÔÕ��v�ÖV��¿×
s���<Â����®���@Â��"���"Â���Ã��
�l
nv|¾w¿u�	QV��v|Àw��¿×
�²Æ�|Øw�@��Ù �<Â­� v|¾w��v]Q Ï 
s�ÒÃu�"Â ������²���Ãu�����@Â­�
�l
nv|Àw¿u�	QV��v|¾w��¿×
�²Æ�|Øw�@��Ù �<Â­� v|Àw��v]QÚ° 
s�Ò�u���+��Å������®«"�uÂ��u�����

In fact, � involution, de Morgan and antimonotonic laws follow from � contradiction
and � exhaustiveness.

Definition 5 A product of two lattices 
�½Ä5(�u¸|� , 
�½l7<�r¸|� is a lattice ( ½|5lX�½l7 ), with the
ordering ¸ holding between two pairs iff it holds for each component separately, i.e.


nv+�N¿u��¸Û
sv"Ê���¿NÊ��	ÔÕv�¸Wv"Ê��Ü¿Ý¸¨¿³ÊF
�¸���ªG�­�<�����N�

Bottom, top, complement, meet and join in the product lattice are component-wise ex-
tensions of the corresponding operations of the component lattices. Product of two lat-
tices preserves their distributivity, completeness and boolean properties. For example,
out of the four lattices in Figure 2, only (2-Bool, ¸ ) and (4-Bool, ¸ ) are boolean. The
former is boolean because � T = F, � F = T. The latter is a product of two (2-Bool, ¸ )
lattices and thus is complete, distributive and boolean. The lattice (3-QBool, ¸ ) is not
boolean because � M = M, and M ¾a� M �Q Ï

.

4.2 Quasi-Boolean Lattices

Definition 6 A distributive lattice ( ½ , ¸ ) is quasi-boolean [4] (also called de Morgan [13])
if there exists a unary operator � defined for it, with the following properties ( v+�N¿ are
elements of ( ½ , ¸ )):

�Ý
sv|¾�¿u��QV��v|Àw��¿×
e²��|Øw�@��Ù ��Â+� ����vÒQ�v 
s����Â�«@�"Ó®ÅÆ�����@Â+�
�Ý
sv|À�¿u��QV��v|¾w��¿ v�¸W¿�ÔÕ��v�ÖW��¿×
s����Â �����d�@ÂÆ�@���"Â���Ã(�

Thus, ��v is a quasi-complement of v .

Therefore, all boolean lattices are also quasi-boolean, whereas the converse is not true.
Logics represented by quasi-boolean lattices will be referred to as quasi-boolean logics.

Theorem 1 A product of two quasi-boolean lattices is quasi-boolean.
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Proof:
Refer to the Appendix for proof of this and other theorems of this paper.

For example, the lattice (3-QBool, ¸ ), first defined in [23], and all its products are
quasi-boolean. We refer to Þ -valued boolean lattices as ( Þ -Bool, ¸ ) and to Þ -valued
quasi-boolean lattices as ( Þ -QBool, ¸ ). (4-QBool, ¸ ) is a lattice for a logic proposed
by Belnap for reasoning about inconsistent databases [3, 1]. This lattice is quasi-boolean
( � N = N; � B = B) and thus not isomorphic to (4-Bool, ¸ ).

In the rest of this paper we assume that the negation operator given for our logic
makes the lattice quasi-boolean. Figure 3(c) gives the negation function for lattice (3-
QBool, ¸ ).

What do quasi-boolean lattices look like? Below we define lattices which are (ge-
ometrically) horizontally-symmetric and show that, with negation defined by the hori-
zontal symmetry, this is a sufficient condition for quasi-booleanness. We define:

Definition 7 A lattice ( ½ , ¸ ) is horizontally-symmetric if there exists a bijective func-
tion ß such that for every pair v­��¿Ý\w½ ,

v�¸¨¿àÔ ßà
sv���ÖVß�
s¿u�Ì
��"��²��u��áa�u��É­�u²�²Æ�®ÂÆÙ �
ß�
sßà
sv�����QVvâ
�ã`��Â�«@�@Ó�Å������@Â+�

Theorem 2 Let 
e½f�r¸|� be a horizontally-symmetric lattice. Then the following hold for
any two elements v , ¿¤\
½ :

ß�
svÄ¾w¿u��QVß�
sv��'Àwß�
s¿r�
ß�
svÄÀw¿u��QVß�
sv��'¾wß�
s¿r�

Thus, horizontal symmetry is a sufficient condition for the corresponding lattice to
be quasi-boolean, with ��vwQ�ßà
sv�� for each element of the lattice, since it guarantees
antimonotonicity and involution by definition, and de Morgan laws via Theorem 2.

5 Multi-Valued CTL Model-Checking

In this section we extend the notion of boolean model-checking described in Section 3
by defining multi-valued Kripke structures and multi-valued CTL.

5.1 Defining the Model

A state machine L is a multi-valued Kripke ( � Kripke) structure if LäQÎ
sS	�NS'[@�NT���åÆ������^�� ,
where

– ^ is a quasi-boolean logic represented by a lattice ( ½ , ¸ ).
– � is a (finite) set of atomic propositions, otherwise referred to as variables (e.g.
#�$ %�%'&2%�) , �6�����"! , *+��,"- in Figure 1(a)). For simplicity, we assume that all variables
are of the same type, ranging over the values of the logic.

– S is a (finite) set of states. States are not explicitly labeled – each state is uniquely
identified by its variable/value mapping. Thus, two states cannot have the same map-
ping. However, we sometimes use state labels as a shorthand for the respective vec-
tor of values, as we did in the thermostat example.
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Fig. 4. Properties of CTL operators (from [22, 6]).

– S [ UWS is the non-empty set of initial states.
– Each transition 
sM"��k�� in L has a logical value in ½ . Thus, T�_@S�XwSaD ½ is a total

function assigning a truth value from the logic ^ to each possible transition between
states. The value of 
sM"��k�� in L is thus referred to as T � 
sM"�ok�� , or, when L is clear
from the context, simply as T�
sM"�ok�� . Note that a � Kripke structure is a completely
connected graph. We also ensure that there is at least one non-false transition out of
each state, extending the classical notion of Kripke structures. Formally,

g'MY\]S	��j"kp\aS	�	�(� �(�"TP
nM@�ok�� �Q Ï

To avoid clutter, we follow the convention of finite-state machines of not drawing F
transitions. Thus, in Figure 1(a), transition between 0(1�3�4 7 and 0(1�3�4 5 is F, whereas
in Figure 1(c) this transition is M.

– å�_�SVX�� Dâ½ is a total function that maps a state M and an atomic proposition
(variable) v to a truth value � of the logic. For a given variable v , we will write å as
å��	_@S�D�½ . Central to the rest of the paper will be a notion of partitions of the state
space w.r.t. a variable v , referred to as å�� 5� _�½ED �	�

. A partition has the following
properties:

ghv�\
����g
�"5(���<7Ä\w½ _��"5 �Q
�<7lË 
så�� 5� 
��"5³�
�wå�� 5� 
��<72��Q
�"� 
�²������³�@��Â���Â��u�����
ghv�\
����g'MY\]S	��j��Ñ\
½ _YMY\aå�� 5� 
��@� 
�Ãu�<«"�u�u�

Finally, we refer to a value that a variable v takes in state M as M"~ ~�v�� � � , or, when L
is clear from context, simply as M@~ ~ v�� � .

5.2 Multi-Valued CTL

Here we give semantics of CTL operators on a � Kripke structure L over a quasi-boolean
logic ^ . We will refer to this language as multi-valued CTL, or � CTL. ^ is described by
a finite, quasi-boolean lattice 
�½Y�u¸|� , and thus the conjunction � ( ¾ operation of the lat-
tice), disjunction � ( À operation of the lattice) and negation � operations are available.
We also define the material implication D as follows:

v�DÌ¿J¯ä��vl�
¿ 
�²Æ���+Â��������"Â��<ªÿD`�

In extending the CTL operators, we want to ensure that the expected CTL properties,
given in Figure 4, are still preserved. Note that the ��� fixpoint is somewhat unusual
because it includes an additional conjunct, zi{
��~��'���"� . The reason for this term is to
preserve a “strong until” semantics for states that have no outgoing T transitions. This
term was introduced by [6] for reasoning about non-Kripke structures.



10

CTL formula

Model of
System

CTL Object

Partition

Table
Library

Answer

QB Lattice
Library

Handler Library

FSM Object

Lattice
+

Counter-Example

Checker Engine

Lattice Object

Χ DD

Fig. 5. Architecture of � chek.

We start defining � CTL by giving the semantics of propositional operators. Here, M
is a state and ��\]½ is a logic value:

M@~ ~�v<� �+Q�å � 
nM(�
M@~ ~ ��x'� �+Q���M"~ ~�x±� �

M@~ ~�xd�wy�� �'Q�M"~ ~�x±� � �wM"~ ~�y�� �
M@~ ~�xd�wy�� �'Q�M"~ ~�x±� � �wM"~ ~�y�� �

We proceed by defining zY{ and �|{ operators. Recall from Section 3 that these
operators were defined using existential and universal quantification over next states. We
extend the notion of quantification for multi-valued reasoning by using conjunction and
disjunction operators. This treatment of quantification is standard [3, 27]. The semantics
of zi{ and �Ä{ operators is given below:

M@~ ~�zY{]x'� �hQ���� � � 
sT�
sM"�ok��t��k(~ ~�x'� �s�
M@~ ~ �Ä{]x'� �hQ�! � � � 
sT�
sM"�ok���Dck(~ ~�x±� �s�

Theorem 3 Definitions of M@~ ~ zi{mx±� � and M@~ ~ �|{]x±� � preserve the negation of “next” prop-
erty, i.e.

ghMY\]S	�Z��M@~ ~ �Ä{]x'� �+Q�M"~ ~�zY{]��x±� �

Finally, we define ��� and z�� operators using the ��� and zÑ� fixpoint properties:

M@~ ~ z�~ x��fy��µ� �'Q�M"~ ~�y�� � �a
nM@~ ~�x'� �P��M@~ ~�zY{]z�~�x��Yy���� �s�
M"~ ~ ��~ x��fy��µ� �'Q�M"~ ~�y�� � �a
nM@~ ~�x'� �P��M@~ ~ �|{w�P~�x��fy���� �P�ÁM@~ ~�zY{w�P~�x��fy���� �s�

The remaining CTL operators, �f}�
nx	� , z�}�
nx�� , �f��
nx�� , z���
sx	� are the abbrevia-
tions for ��~�°��fx±� , z�~�°��fx±� , ��z�}�
s��x	� , �	�f}�
n��x	� , respectively.

6 " chek: A Multi-Valued Model-Checker

In this section we describe our implementation of a multi-valued CTL model-checker.
This symbolic model-checker, called � chek, is written in Java, and its architecture is
depicted in Figure 5. The checking engine receives the � CTL formulas to verify, the
model of the system represented as an � Kripke structure, and a lattice of logic values,
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and checks whether the specified property holds, returning an answer (one of the val-
ues of the passed lattice) and a counter-example, if appropriate. � chek uses four sup-
plementary libraries: � DDs (a multi-valued extension of binary decision diagrams [5],
described in [9]), a library for handling quasi-boolean lattices, a partition handler and a
table inverter. The functionality of the latter two libraries is described below.

6.1 Table Library

The Table library contains several tables, indexed by the elements of the lattice, that give
quick access to a variety of operations on lattice elements. In order to enable this index-
ing, we define .	#%$�_@½`D N& — a total order on the elements of our lattice 
�½Y�u¸|� . .	#%$
is a bijection, mapping each element ��\w½ onto the set '%(@������O ½iO ) . For example, we can
order the elements of the lattice (3-QBool, ¸ ) as follows:

.	#�$ (T) = 1 .*#�$ (M) = 2 .	#�$ (F) = 3

This ordering is referred to as T § M § F.
Using .	#�$ and the primitive lattice operations, we compute inverted tables: given

a value, these tables give pairs of elements yielding this value when the corresponding
operation is performed on them. Three inverted tables, 0<%�I�96,"H����,+ , 0<%�I 9�,"H����,- and
0<% I�9�,"H�� �,. are computed, one for each operator. For a table / and a value � , we use
notation /10 to indicate an element associated with value � . 0<%�I�9�,@H���� . is defined as

g
��\
½Y�p0<%�I 9�,"H���� .�2 0�Q3' 
�� 5 ��� 7 �|O,� 5 ��� 7 \w½a�4� 5 �4� 7 Q
��)
For example, for the lattice (3-QBool, ¸ ), 0<%�I 9�,"H����,.�2 5 = ' (M, M), (F, M), (M, F) ) .
0<% I�9�,"H�� � + and 0<%�I�9�,@H���� - are defined similarly.

Afterwards, we build generalized versions of the inverted tables for conjunction and
disjunction over more than two operands. We call them �h&2)�.	6�96,"H���� + and �'&2)6.	6�9�,"H6��� . .
Given a logic value � , �'&2)6.	6�9�,"H6���,798 2 0 gives sets of logic values, where the correspond-
ing operation :�; over the elements of the set yields � . For example, for the lattice (3-
QBool, ¸ ), �'&2)�.*6�9�,"H�� � .<2 = is '	' T ) , ' T, M ) , ' T, F ) , ' T, M, F )*) . �'&2)6.	6�9�,"H6��� . is de-
fined as

g>��\w½f���'&()�.	6�9�,@H���� .<2 0 Q?'	@ O	@Û\wbd
e½¤�w�A�B@WQ
��)
�'&()�.	6�9�,@H���� + is defined similarly. Since the generalized tables will be used only for
computing commutative operations, we will not need to define �'&2)�.	6 9�,"H���� - .

6.2 The Partition Handler

Central to the design of � chek is the notion of partition and cover. A cover (satisfying
the cover property given in Section 5.1) separates the states of the model into subsets
corresponding to the different values of the logic for a proposition x . If sets of states in
a cover are mutually disjoint, we call it a partition. Disjointness property is also given
in Section 5.1).

More formally, a cover ~ ~ x±� � � for a property x and a machine L is a tuple of sets
such that the   th element of the tuple is a set of states where x has the value .	#�$�� 5 
n s�



12

in L . When the choice of L is clear, we omit it, referring to the above as ~ ~�x±� � . For a
value �Ò\J½ , we write ~ ~�x±� ��� to indicate the set of states associated with � . Note that if
x is an arbitrary � CTL property, then ~ ~�x±� � is a partition. For an example in Figure 1(a)
and ordering T § M § F, ~ ~ ����� �"!2� �ÆQÎ
 'r*�4 8�9<) �C'´."/�/+�r0(1�3�4 5 ) �C'@021�3 4 7 )´� .

Further, we define a predecessor function D�#6�	$ which receives a cover ~ ~�x±� � and an
operator :�;�\E'´�l�NDB) and returns a cover: a state M is associated with value �"5 in D%#��	$+
�~ ~�x±� ����:�;+�
iff M has a successor state k where x has value �<7 , and T�
sM"��k��F:�;G�<7lQ��"5 . The function is
given in Figure 6. For the lattice (3-QBool, ¸ ), its ordering T § M § F and the model in
Figure 1(c), D�#��	$+
�~ ~ #�$ %�%'&2%�)2� ������� returns 
 '"0(1�3�4�5<�r0(1�3�4 7���8�C��o*�4�8 9<) ��'"02163�4�7,)���'@021�3�4�5<�
02163�4 7 ��8�CÆ��*�4�8�9+�N.@/�/<)´� .

We further define functions $���.*D and $��"�'&()�.	D , described in Figure 6. These func-
tions evaluate the expression using the appropriate table ( 0´%�I�9�,"H6��� 798 or �'&()�.	6�9�,@H����,7H8 ).
Given covers ~ ~�x±� � and ~ ~�y�� � , $���.	6 returns a cover for xI:�;�y . If ~ ~�x±� � and ~ ~�y�� � are parti-
tions, then so is xJ:�; y . For the lattice (3-QBool, ¸ ) and the model in Figure 1(c),
~ ~ $���.*6�
�~ ~ 8�H��@I��r� �o�N�l�2~ ~ � �����"!u� �s�n� �HK returns a set of states in which 8�H��"I6�����������"! is T,
namely, '(8�C��o*�4�8 9<) .

$6�"�'&2)�.*6�
�:�;t�2~ ~�x±� �s� computes a conjunction or a disjunction over a set of states. Re-
call that �'&2)6.	6�9�,"H6��� 798 2 0 computes sets of logic values such that the operation :�; per-
formed on them yields � . An operation :�;fx over a set of states should yield � if the value
of x is in �'&()�.	6�9�,@H���� 7H8 2 0 in each state in the set. Thus, for each @ in �'&2)�.	6 9�,"H���� 7H8 2 0 ,
we compute the intersection of states for which x has a value in @ and subtract the
union of states in which x does not have a value in @ . ~ ~ ���u��Å�Ó��n� ��� is the union of all
states computed via the above process for all @ in �'&2)�.*6�9�,"H�� �,798 2 0 . For the model in
Figure 1(c), ~ ~ $6�"�'&2)�.*6�
s�Ý�(~ ~ *+��,"-2� �s�n� �HK returns 'r*�4 8�9<) . Note that if ~ ~�x'� � is a partition,
$��@�'&2)�.	6�
�:�;t�2~ ~�x±� �s� simply returns a partition ~ ~�y�� � , where ~ ~�y�� �9�ÄQ ~ ~�x'� ��� for each ��\w½ .

6.3 Algorithm for L chek

The high-level algorithm, inspired by Bultan’s symbolic model checker for infinite-state
systems [6, 7] and an abstract model-checker of [8], is given in procedure C*M��<NPO in Fig-
ure 6.

The algorithm recursively goes through the structure of the property under the anal-
ysis, associating each subproperty x with a partition ~ ~�x±� � . In fact, C	M��<NQO always returns
partitions on the state-space (see Theorem 5). For the example in Figure 1(c) and the
lattice ordering T § M § F,

C	M��<NQO'
s��#�$�%�%'&(%�)�� QÎ
 '´."/�/�)���'	) �C'@021�3�4 5 �u021�3�4 7 ��8�C��o*�4 8�9<)´�
C	M��<NQO'
�8�H��"I6�l���������@!���QÎ
 '(8�CÆ��*�4�8�9�) �C'´."/�/��r0(1�3�4 5 ) �C'@021�3�4 7 )´�
C	M��<NQO'
��Ä{ ��*+� ,"-@� QÎ
 '´."/�/+��8�C�)���'	) �C'@021�3 4 5 �u021�3�4 7 �o*�4 8�9<)´�

Function RTS�%�-'&´� determines the value of z�~�x��fy�� and �P~�x��fy�� using a fixpoint al-
gorithm given in Figure 6. The lowest (“most false”) value that �P~�x��fy�� / z�~�x��Yy�� can
have in each state M is M@~ ~ y�� � . Thus, U���[ is equal to ~ ~ y�� � . At each iteration, the algorithm
computes VFWXK	�u����£ZY�5 , equal to zY{[U���£ . If the function is called with the universal
quantifier, then it also computes \XW]K	�u����£HY�5 , equal to �|{[U��t£ . Otherwise, \]WXK	�u����£ZY�5
is not necessary, and thus we let \]WXK	�u��� £ZY�5 be ~ ~ x±� � . �Ä{[U�� £ and zY{[U�� £ are com-
puted by invoking the function $��"�h&2)�.	6 and passing it the result of the appropriate D�#��*$



13

function ^*_@?P` ( õ õ èÆø ø , acb )
�

foreach dfehgõ õ þ	i�î�j�ø ø dfk é �PlXmPn*o ehp>q n ë dTr�qsdCt ì e4u�v*w<>@ACx%y<?�z9{P| }Tq ~�� ñ � ë o õ õ�èÆø ø6é dCt ì �
return pred

�
function `*�,�P� ë�õ õ èÆø ø q acb�q õ õ�ù­ø øÈì �

foreach dfehgõ õ i�î ~��*� ñoø ø d :=
� õ õ�èÆø ø�����õ õ�ù­ø ø�� m ëH� q ��ì eGu�v*w<>@ACx%y<?�z9{Q| }<�

return result
�
function `*�P�����*�P� ë acb�q õ õ�èÆø øÈì �

foreach dfehgõ õ i�î ~��*� ñoø ø d := �
foreach ��e������*�P�<>@ACx%y<? z9{Q| }õ õ i�î ~��*� ñ�ø ø d]k é �P� }��H�	� õ õ�èÆø ø dP� – � }����*�����1��� õ õ èÆø ø dP���F� õ õ i�î ~��	� ñnø ø d

return result
�
function �C�,v@B���y ëH� � ðuí@ñnò�ü�î i q õ õ èÆø ø q õ õ ù­ø ø�ì �¡ ÷
¢ = õ õ�ù­ø ø

repeat
EXTerm ��£>r := `*�P�����*�P� ësú qH^*_@?P` ë ¡ ÷ �¤q û�ì�ì
if (quantifier is A)

AXTerm �¥£1r := `*�P�����*�P� ësû q�^*_@?P` ë ¡ ÷ � q ¦ ì�ì
else

AXTerm �¥£1r := õ õ èÆø ø
foreach dTr�q d�tPq d�§Pq dC¨©eGg

toMove := õ õ èÆø ø d,r ��õ õ ùhø ø dCt ��õ õ ª¬«©­'îci ® �¥£1r ø ø d�§ ��õ õ ¯°«©­'îci ® �¥£1r ø ø d�¨
dest := ë d r û d § û d ¨ ì+ú d t± �Pw@? all the states in toMove to õ õ ¡ ÷ ��£1r ø ø�j@î ~ ñ

until
¡ ÷ �¥£1r =

¡ ÷ �
return

¡ ÷³²
�
procedure ´Pµ ?,¶C· (b )

�
Case

b¸e æ : return õ õ b ø ø where¹ dºehg , õ õ b ø ø d := » �1r{ ë d ì
b é�¼tè : return õ õ b ø ø where¹ dºehg , õ õ b ø ø d]k é õ õ èÆø øÈ¼ d
b é�èPû�ù : return `*�,�C^ ë�õ õ èÆø ø q û q õ õ ùhø øÈì
b é�èPú�ù : return `*�,�C^ ë�õ õ èÆø ø q ú q õ õ ùhø øÈì
b é�êpçdè : return `*�P�����*�P� ësú qH^*_@?P` ë�õ õ èÆø ø q û�ì�ì
b é�æZçdè : return `*�P�����*�P� ësû qH^*_@?P` ë�õ õ èÆø ø q ¦ ì�ì
b é�êÄõ è'÷lùhø : return �C�,v@B���y ë ;�q õ õ èÆø ø q õ õ ù­ø ø�ì
b é�æ|õ�è'÷lù­ø : return �C�,v@B���y ë =�q õ õ èÆø ø q õ õ ù­ø ø�ì

�

Fig. 6. Algorithm for � chek.
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call. Then, for each state M , the algorithm determines where this state should be by com-
puting dest := M"~ ~�y�� �s�l
sM"~ ~�x±� �s��M"~ ~ \XW]K	�u��� £HY�5 � �s��M"~ ~�VFW]K��r��� £ZY�5 � �s� . If dest value is different
from the one M had in UÑ� £ , then it has to be moved to the appropriate place in U�� £HY�5 .
The algorithm proceeds until no further changes to U�� £ can be made.

For example, suppose we are computing z�~��	�������@!��`*+��,"-<� for our model in Fig-
ure 1(c) under the ordering T § M § F. U���[ is initialized to 
 'r*64�8�9�)���'28�C�) �C'´."/�/��r0(1�3�4�52�
02163�4�7P)´� . 021�3 4�7 has *�4 8�9 among its successors, so 021�3�4 7<~ ~�VFWXK	�u���w5�� � is T. Thus,

02163�4 7 ~ ~ *+��,"-"� �@�]
�021�3�4�¼´~ ~��	��� ���"!2� � �Ò021�3�4*¼@~ ~ V½WXK	�u���¸¾�� �e��Q
¿w�Ò
HKJ�ÀK|�	QÁK
and so 0(1�3�4 7 should move to T. Using a similar process, we decide that dest for 02163�4Æ5 in
U���5 is M, and that dest for 8�C and ."/�/ in U��	7 are T and M, respectively. The next itera-
tion does not change UÑ��7 , and thus the algorithm terminates returning 
s'u*�4�8�9+��86CÆ�u021�3�4@7,)��
'´."/�/+�r02163�4�5P) �C'*)<� .

Property � CTL formulation Heater Model AC Model Combined Model
Prop. 1. æ�ÂJêpç u�Ã*Ä2; r F T F
Prop. 2. æ`õ ¼ :@?<A2B ÷ �@?,y,�PÅ ø T – T
Prop. 3. æ�Â�æ�Æl¼
ÇPÈ v,v��cv*� F F F
Prop. 4. æ�Â`ë :@?<A2B]É =���_ ì – – F
Prop. 5. æ�Â`ë =Px%�Pw@?Ê¦ ¼ :@?<A2B ì – – M

Table 1. Results of verifying properties of the thermostat system.

The properties of the thermostat system that we identified in Section 2 can be trans-
lated into � CTL as described in Table 1. The table also lists the values of these properties
in each of the models given in Figure 1. We use “ á ” to indicate that the result cannot be
obtained from this model. For example, the two individual models disagree on the ques-
tion of reachability of state 021�3 4 5 from every state in the model, whereas the combined
model concludes that it is F.

7 Correctness and Termination of " chek

In this section, we analyze running time of � chek and prove its correctness and termi-
nation.

7.1 Complexity

Theorem 4 Procedure C	M6�<NPOh
¥;+� terminates on every � CTL formula ; .

Computation of Until takes the longest time. Each state can change its position in
~ ~�U��t£È� � at most Ë times, where Ë is the height of the lattice 
e½f�r¸|� . Thus, the maximum
number of iterations of the loop in R,S�%�-'&<� is O SlO­XÌË . Each iteration takes the time to
compute $��"�'&()�.	6 on D�#��*$ : Í�
NO ½iOrX ��Î Ï1Î XdO SlO�Ð�O ½�O 7 XdO S¤O 7 � , plus the time to compute
-��*Ñ��"I�� and $��<Ò<- sets: O ½iO ÓÄXÔÍ�
�O SlO � . Therefore, the running time of RTS6%�-'&<� is

Í�
 � Î Ï1Î XÿO SlO 7 XàO SlO�X4Ë+��Q
Í�
 � Î Ï1Î XÿO SlO Õ´�
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and the running time of the entire model-checking algorithm on a property ; is

Í�
 � Î Ï1Î X�O SlO Õ�XJO ;�O �
Note that in reality the running time is likely to be much smaller, because �'&2)6.	6�9�,"H6���
can be optimized and because set operations are BDD-based [9].

7.2 Correctness

In this section we prove correctness of � chek by showing that it always returns exactly
one answer (well-foundness) and that this answer is correct, i.e., it preserves the proper-
ties of � CTL. We also show that multi-valued model-checking reduces to well-known
boolean model-checking [24] if 
�½Y�u¸|� is the two-valued lattice representing classical
logic.

We start by determining that procedure C	M��<NPO associates each state M with exactly
one logical value for each � CTL property ; .

Theorem 5 Procedure C	M��<NQO always returns a partition. Let ; be an arbitrary � CTL
formula. Then,


sv���ghMi\mS	�Nj��2£�\w½Y���2� �2�<MY\�~ ~�C	M6�<NPOh
¥;+� � ���2£ 
�Ãu�<«"�u���

n¿u��ghMi\mS	�Nj��2£N���N©�\
½Y���(� �(�


sMi\ÿ~ ~�C*M��<NPO+
�;­�n� ���2£��ÜMi\ÿ~ ~�C*M��<NPO+
�;­�n� ���N©<��DÖ�2£tQ��N©�
�²������³�@��Â���Â��u�����
Now we show that our algorithm preserves the expected properties of � CTL formu-

las given in Figure 4.

Theorem 6 � chek preserves the negation of “next” property, i.e.

ghMi\mS	�NMY\�~ ~�C	M��<NQO+
e�|{]x	�n� �9�VÔ Mi\ÿ~ ~�C*M��<NPO+
szY{]��x	� � �s�Ê�
Theorem 7 � chek preserves fixpoint properties of ��� and z�� , i.e.


 (2�nghMi\aS	�@M@~ ~�C*M��<NPOh
e�P~�x��fy��s�n� �ÆQVM"~ ~�C	M6�<NPOh
ny��n� �s�

sM"~ ~�C	M���NPO'
sx	�n� �6�wM@~ ~�C*M��<NPO+
��Ä{
��~�x��Yy��s�n� ����M@~ ~�C*M��<NPOh
nzY{w�P~�x��fy��s�n� �e�


 � �nghMi\aS	�@M@~ ~�C*M��<NPOh
nz�~�x��Yy��s�n� �+Q
M@~ ~�C*M��<NPOh
ny��n� �6��
sM"~ ~�C	M���NPO+
nx�� � ���
M"~ ~�C	M��<NQO'
szY{]z�~�x��fy��s� � �s�

(
Ï

“until”) follows easily from ��� and z�� fixpoints.
Our last correctness criterium is that the answers given by � chek on (2-Bool, ¸ ), a

two-valued boolean lattice representing classical logic, are the same as given by a regu-
lar symbolic model-checker. We start by defining a “boolean symbolic model-checker”
on Kripke structures, following [6] and changing some notation to make it closer to the
one used in this paper. In particular, labeling functions used in boolean model-checking
typically map a formula into a set of states where it is true, with the assumption that it is
false in all other states. Thus, x maps into ~ ~�x'� ��° in our notation. The algorithm is given
in Figure 7, with D%#�� defined as follows:

D%#��Æ
�U���¯×'´MPO(k¤\[U��c
sM"��k��¤\mTØ)
That is, D�#��­
�U�� computes all the states that can reach elements in U in one step.
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Procedure �*�,�,y<?<ACv*´Pµ ?P¶C· (b )
Caseb¸e æ : return » ��r{ ë Ùlì
b é�¼tè : return ( p¸Ú è )
b é�èPû�ù : return ( è���ù )
b é�èPú�ù : return ( è � ù )
b é�êpçdè : return ^*_@? ësè'ì
b é�æZçdè : return ë p¸ÚÛ^*_@? ë pÛÚ è'ì�ì
b é�êÄõ è'÷lùhø :

¡ ¢¤é �¡ ��£1r é ¡ � � ësùPú�ësèVûÛêpç ¡ � ì�ì
return

¡ ² when
¡ ²Yé ¡ ² £1r

b é�æ|õ�è'÷lù­ø :
¡ ¢¤é �¡ ��£1r é ¡ ��� ësùPú�ësèVûÛêpç ¡ � ûVæZç ¡ � ì�ì
return

¡ ² when
¡ ² é ¡ ² £1r

Fig. 7. Boolean Model-Checking Algorithm(adapted from [6]).

Theorem 8 � chek, called on (2-Bool, ¸ ), returns the same answers as a boolean model-
checker ����� ����,"%�C*M��<NPO , given in Figure 7. That is, for each � CTL property ; and each
state MY\aS ,


 (2��MY\�~ ~�C	M��<NQO+
¥;+� � ��°¨ËÌMY\w�6��������,@%�C	M��<NQO�
�;­�

 � ��MY\�~ ~�C	M��<NQO+
¥;+� � � Ï ËÌM �\w�6��������,@%�C	M��<NQO�
�;­�

8 Conclusion and Future Work

Multi-valued logics are a useful tool for describing models that contain incomplete in-
formation or inconsistency. In this paper we presented an extension of classical CTL
model-checking to reasoning about arbitrary quasi-boolean logics. We also described
an implementation of a symbolic multi-valued model-checker � chek and proved its ter-
mination and correctness.

We plan to extend the work presented here in a number of directions to ensure that
� chek can effectively reason about non-trivial systems. We will start by addressing some
of the limitations of our � Kripke structures. In particular, so far we have assumed that
our variables are of the same type, with elements described by values of the lattice asso-
ciated with that machine. We need to generalize this approach to variables of different
types.

Further, in this work we have only addressed single-processor models. We believe
that synchronous systems can be easily handled by our framework, and it is essential
to extend our model-checking engine to reasoning about synchronous as well as asyn-
chronous systems.

We are also in the process of defining and studying a number of optimizations for
storage and retrieval of logic tables. These optimizations and the use of the � DD li-
brary do not change the worst-case running-time of � chek, computed in Section 7. How-
ever, they significantly affect average-case running time. Once the implementation of the
model-checker is complete, we intend to conduct a series of case studies to ensure that
it scales up to reasoning about non-trivial systems.

Finally, we are interested in studying the properties of � chek in the overall frame-
work of � bel. This framework involves reasoning about multiple inconsistent descrip-
tions of a system. We are interested in characterizing the relationship between the types
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of merge of individual descriptions and the interpretation of answers given by � chek on
the merged model.
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A Appendix

In this appendix we give proofs for the theorems appearing in the main body of the paper.
The proofs follow the calculational style of [11]. Section A.1 presents proofs of theo-
rems of lattice theory; Section A.2 gives proofs of correctness of the definition of � CTL
operators; Section A.3 lists properties of logic tables computed for � chek; finally, Sec-
tion A.4 uses the properties given in Section A.3 to prove correctness and termination
of the implementation of � chek.

A.1 Lattice Theory

Lattices have a number of properties that hold for them. We list several of them here,
without proof.

v�¸W¿ Ô ghÇ���Çl¸WvPËÌÇl¸W¿×
�¸Õ��Â�������²�Å�Ãu���®�"Â+�
v�¸W¿ Ô ghÇ���v�¸¨Ç�ÝÌ¿l¸WÇ×
�¸Õ��Â�������²�Å�Ãu���®�"Â+�

v|¾w¿l¸W¿p�<Â�²dvÄ¾
¿Ý¸Wv 
s¾��uÓ����d��Â+�������@Â@�
v�¸E¿���v�¸WÇ`Ë v�¸W¿	¾wÇ 
s¾���Â�������²�ÅÆÃu�����@Â­�

v�¸Wv|Àw¿p�<Â�²d¿Ý¸¨vÄÀw¿ 
sÀ���Â�������²�ÅÆÃu�����@Â­�
v�¸`Ça�Á¿l¸WÇ`Ë vÄÀ
¿Ý¸WÇ 
sÀ��uÓ����d��Â+�������@Â@�

v�¸W¿ Ô vÄÀ
¿pQV¿ 
�Ãu�"�����r���­�@Â�²��rÂ�Ãu���
v�¸W¿ Ô vÄ¾
¿pQVv 
�Ãu�"�����r���­�@Â�²��rÂ�Ãu���
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The following are the properties of the product of two lattices 
e½ 5 �u¸|� and 
e½ 7 �u¸|� :
Ï Ï1Þàß<Ï�á QÎ
 Ï Ï1Þ � Ï Ï�á � 
 Ï �<ª��+�<�������
° Ï1Þàß<Ï�á QÎ
�° Ï1Þ �r° Ï á â 
�°`�<ª��+�<�������
�l
nv+�N¿u�	QÎ
s��v­�N��¿u� 
s�Ò�<ªZ�+���������


nv+�N¿u�­¾�
sv"Ê���¿NÊ���QÎ
sv|¾wv"Ês�N¿	¾w¿NÊ®�Ì
s¾Ò�<ªZ�+���������

nv+�N¿u�­À�
sv"Ê���¿NÊ���QÎ
sv|Àwv"Ês�N¿	Àw¿NÊ®�Ì
sÀÒ�<ªZ�+���������

Theorem 1. A product of two quasi-boolean lattices is quasi-boolean, that is,


 (2� ���l
sv­�N¿u�|Q 
nv­��¿u�

 � ���l
�
sv 5 �N¿ 5 �t¾�
nv 7 ��¿ 7 ����Q 
n��v 5 �N��¿ 5 ��Àa
n��v 7 �N��¿ 7 �

�ã"���l
�
sv 5 �N¿ 5 �tÀ�
nv 7 ��¿ 7 ����Q 
n��v 5 �N��¿ 5 ��¾a
n��v 7 �N��¿ 7 �

Hä�� 
nv 5 �N¿ 5 �p¸�
nM 7 �N¿ 7 �	ÔÕ�Ý
sv 5 �N¿ 5 �	ÖV�l
sv 7 �N¿ 7 �

Proof:

(1) ¼t¼GëH� q �Nì (2) ¼	ë�ëH� r�q � r ì º ëH� tQq � t ì�ì (4) ëH� r�q � r ì ¹ ëH� tPq � t ìå ( ¼ of pairs) å (
º

of pairs) å (
¹

of pairs)¼	ës¼æ� q ¼æ��ì ¼	ë�ëH� r º � t ì q ëH� r º � t ì�ì � r ¹ � t û�� r ¹ � tå ( ¼ of pairs) å ( ¼ of pairs) å ( ¼ antimonotonic)ës¼t¼æ� q ¼�¼
��ì ës¼	ëH� r º � t ì q ¼GëH� r º � t ì�ì ¼
� rèç ¼
� t ûÛ¼
� rFç ¼
� tå ( ¼ involution) å (de Morgan) å ( ç of pairs)ëH� q ��ì ës¼
� r » ¼æ� t q ¼æ� r » ¼
� t ì ës¼
� r q ¼æ� r ì ç ës¼æ� t q ¼æ� t ìå (
»

of pairs) å ( ¼ of pairs)ës¼
� r�q ¼
� r ì » ës¼
� t,q ¼
� t ì ¼	ëH� r�q � r ì ç ës¼	ëH� t,q � t ì
The proof of (3) is similar to that of (2).

Theorem 2. Let 
e½f�r¸|� be a horizontally-symmetric lattice. Then the following hold for
any two elements v , ¿¤\
½ :

ß�
svÄ¾w¿u��QVß�
sv��'Àwß�
s¿r�
ß�
svÄÀw¿u��QVß�
sv��'¾wß�
s¿r�

Proof:
We will prove the first of these equations here, using the proof notation of [18]. The sec-
ond one is a dual. We show

ë éuìFê�ëH� º ��ì ¹ ê�ëH�@ì » ê�ëH��ì�ë é³ì
ë�ë2ìFê�ëH� º ��ì ç ê�ëH�@ì » ê�ëH��ì�ë�ë(ì

(1) ê�ëH� º ��ì ¹ ê�ëH�@ì » ê�ëH��ìì (
¹

introduction)¹�í q ë�ê�ëH� º ��ì ¹ ê�ë í ì�ì ì ë�ê�ëH�@ì » ê�ëH�Nì ¹ ê�ë í ì�ìì ( ê is order-embedding)¹�í q ë í ¹ � º ��ì ì ë�ê�ëH�@ì » ê�ëH�Nì ¹ ê�ë í ì�ìì (
º

elimination)¹�í q ë í ¹ �ÿû í ¹ ��ì ì ë�ê�ëH�@ì » ê�ëH��ì ¹ ê�ë í ì�ìì ( ê is order-embedding)
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¹�í q ë�ê�ëH�@ì ¹ ê�ë í ì�û?ê�ëH��ì ¹ ê�ë í ì�ì ì ë�ê�ëH�@ì » ê�ëH��ì ¹ ê�ë í ì�ìì (rewriting ì ), (
»

introduction)¹�î q ë�ë�ê�ëH�@ì » ê�ëH�Nì ¹ ê�ë í ì�ì�ûÎë�ê�ëH�@ì ¹ ê�ëH�@ì » ê�ëH��ì�ì�ûÎë�ê�ëH��ì ¹ ê�ëH�@ì » ê�ëH��ì�ìì (transitivity)Ù
(2) ê�ëH�@ì » ê�ëH��ì ¹ ê�ëH� º ��ìì (

»
elimination)ê�ëH�@ì ¹ ê�ëH� º �Nì�û?ê�ëH��ì ¹ ê�ëH� º ��ìì ( ê is order-embedding)� º � ¹ �Jû�� º � ¹ �ì (

º
elimination)Ù

A.2 L CTL

Theorem 3. Definitions of M"~ ~�zY{]x±� � and M"~ ~ �|{]x±� � preserve the negation of “next” prop-
erty, i.e.

ghMY\]S	�Z��M@~ ~ �Ä{]x'� �+Q�M"~ ~�zY{]��x±� �
Proof:
Let

l eGp be an arbitrary state. Then,

¼ l õ õ æpçdèÆø ø
= (definition of æZç )¼	ë !ðï �*ñ ë�òÝë l q o ì ¦ o õ õ�èÆø øÈì�ì
= (de Morgan), because ¼ is a quasi-boolean operator

� ï �	ñ ¼Gë�òlë l q o ì ¦ o õ õ�èÆø øÈì
= (definition of ¦ ), (de Morgan)

� ï �	ñ ës¼t¼³òÝë l q o ì�ûP¼ o õ õ�èÆø øÈì
= ( ¼ involution), because ¼ is a quasi-boolean operator

� ï �	ñ ë�òlë l q o ì+û�¼ o õ õ èÆø ø�ì
= (definition of

l õ õ ¼�èÆø ø )
� ï �	ñ ë�òlë l q o ì+û o õ õ ¼tèÆø ø�ì

= (definition of êpç )l õ õ�êpçd¼tèÆø ø

A.3 Table Library

Here we give properties of inverse and BigOP tables defined in Section 6.1.

Lemma 1. The following are properties of inverse tables, with :�;w\ó'´�Ý���l�NDB) :

g>��\
½Y�Z
nv­��¿u��\�0<%�I�96,"H����,-ð2 0 Ô 
sv­����¿u��\a0<%�I�96,"H����,+<2 ô 0 
sD ��ªl0´%�I�9�,"H6���<�
g>��\
½Y�Z
nv­��¿u��\�0<%�I�96,"H����,+<2 0 Ôä
n��v­����¿r��\�0<%�I 9�,"H����,.�2 ô 0 
�²Æ�|Øw�@��Ù �<Â��<ªl0<%�I�96,"H����@�
g>��\
½Y�u0<%�I�9�,@H���� 7H8 2 0 �Q
� 
�ÂÆ�@Â�á��u�d������Â��u���	��ª¤0<%�I�9�,@H����@�
g>�"5<���<7Ä\w½f�Nj�� Õ \]½f���(� �2� 
��"5´���<7u�p\�0<%�I 9�,"H���� 7H8 2 0�õ 
�Ãr�@�d�ÆÓ®�r���uÂ��r������ª¤0<%�I�9�,@H����@�
g>� 5 ��� 7 ��� Õ ��� Ó \
½Y�l
�
�� 5 ��� 7 �p\�0<%�I 9�,"H���� 7H8 2 0 õ �


�� 5 ��� 7 �p\�0´%�I�9�,"H6��� 798 2 0�ö2�	D 
�� Õ QÁ� Ó � 
�ÅÆÂ���÷ ÅÆ�uÂ��u���Z��ª¤0<%�I�9�,@H����<�
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Proof:
From the definition of inverse tables, negation properties, the definition of ¦ and lattice
properties.

Lemma 2. The following are the properties of BigOP tables, with :�;w\ó'´�l�N�¬) :

g>��\w½f� 
���\
�'&2)�.	6 9�,"H���� .�2 0 Ô�½`\w�'&2)6.	6�9�,"H6��� +<2 ô 0 ���

�g³@Û\�bd
�½l��áø�Æ�¬@Û\
�'&2)�.	6 9�,"H���� .�2 0 Ô

'<�Ê�dO,��\ó@�)�\w�'&2)6.	6�9�,"H6��� +<2 ô 0 � (negation of �'&2)�.	6 9�,"H���� )
g>��\w½f� 
���\
�'&2)�.	6 9�,"H���� +�2 0 Ô×½`\w�h&2)�.	6�96,"H���� .<2 ô 0 ���


�g³@Û\�bd
�½l��áø�Æ�¬@Û\
�'&2)�.	6 9�,"H���� +�2 0 Ô
'<�Ê�dO,��\ó@�)�\w�'&2)6.	6�9�,"H6��� .<2 ô 0 � (negation of �'&2)�.	6 9�,"H���� )

g>��\w½f� �h&2)�.	6�96,"H����,7H8 2 0 �Q�� (non-emptiness of �'&2)6.	6�9�,"H6��� )
g³@Û\�b�
e½¤�r�<j���\w½f���(� �(�	@Û\w�'&()�.	6�9�,@H����,7H8 2 0 (completeness of �'&2)�.	6 9�,"H���� )
g³@Û\�b�
e½¤�r��g
�"5(���<7Ä\w½Y�l
 @Û\w�h&2)�.	6�96,"H���� 7H8 2 0 Þ �

@Û\
�'&2)�.*6�9�,"H�� � 798 2 0 á ��D 
�� 5 Q�� 7 � (uniqueness of �'&()�.	6�9�,@H���� )
Proof:
By construction of BigOP tables and by the idempotency property of lattices.

Lemma 3. The following are the properties of predecessor relations:

ghxp�oghMY\]S	�Nj���\w½f���(� �(�<Mi\J~ ~ D�#6�	$�
�~ ~�x±� ����:�;­�n� �9�Y
eÃu�@����Ó��u���rÂ��u���p�<ªÊD�#��	$ �
~ ~ D�#��	$�
�~ ~ x±� �o�N��� � ���lQ ~ ~ D%#��	$�
�~ ~���x±� ����D`� � �È�ù� 
e���d��Ó���Ã(�<�����@ÂY�<ªÊD�#��*$��

Proof:
(completeness of ^*_@?P` )
Pick è , pick a state

l
, pick a state

o
. Then, let d r éúòÝë l q o ì and d t é o õ õ�èÆø ø . Further, let

d é dTr
a b�dCt . Then, by the completeness of u�v*w<>@ACx%y<? property,
l e õ õ ^*_@?P` ë�õ õ�èÆø ø q acb ìeø ø d .

(implication of pred)
Let

l eGp be an arbitrary state. Then,l e õ õ ^*_@?P` ë�õ õ èÆø ø q û­ø ø d ìå (definition of ^*_@?P` )n*o e¸p1q n ë d r q d t ì eÀu�v*w<>@ACx%y<?�û | } q ~�� ñ � o õ õ�èÆø ø6é d tå ( ¦ of u�v*w<>@ACx%y<? )n*o e¸p1q n ë dTr�q ¼ dCt ì eGu�v*w<>@ACx%y<?Cü�| ý,},q ~�� ñ � o õ õ èÆø ø6é ¼ dCtå (definition of ^*_@?P` )l e õ õ ^*_@?P` ë�õ õ ¼tèÆø ø q¤¦ ø ø�¼ d ì

A.4 Correctness and Termination

Theorem 4. Procedure C	M6�<NPOh
¥;+� terminates on every � CTL formula ; .

Proof:
Proof is on the structure of property b . Obviously, for all operators except “until”, ´Pµ ?,¶C· ë b ì
terminates. We give proof for computing æl÷ here. To prove that the execution of �C�,v@B���y
terminates, it suffices to show that

¹ l e¸p1q ¹�þ q l õ õ ¡ ÷ � ø ø ¹ l õ õ ¡ ÷ ��£1r ø ø . Then,
¡ ÷ � can change

value at most ÿ times, where ÿ is the height of lattice ë g½q ¹ ì .
The proof goes by induction on

þ
. Pick

l e¸p . Then,
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Base case:
l õ õ ¡ ÷ ¢ ø ø

é (definition of �C�,v@B���y )l õ õ�ù­ø ø¹
(monotonicity of û (since it is

º
) and ú (since it is

»
))l õ õ�ù­ø ø@ú�ë l õ õ èÆø ø@û l õ õ ª¬«©­'îci ® r ø ø@û l õ õ ¯°«©­'îci ® r ø øÈìé (definition of �C�,v@B���y )l õ õ ¡ ÷ r ø ø

IH:
l õ õ ¡ ÷ � ø ø ¹ l õ õ ¡ ÷ �¥£1r ø ø

Prove:
l õ õ ¡ ÷ �¥£1r ø ø ¹ l õ õ ¡ ÷ ��£�t ø ø

Proof:
l õ õ ¡ ÷ �¥£1r ø øé (definition of �C�,v@B���y )l õ õ�ù­ø ø@ú�ë l õ õ èÆø ø@û l õ õ ª¬«©­'îci ® ��£1r ø ø û l õ õ ¯°«©­'îci ® �¥£1r ø ø�ìé (definition of �C�,v@B���y )l õ õ�ù­ø ø@ú�ë l õ õ èÆø ø@û ! ï �*ñ ës¼°òlë l q o ì�ú l õ õ ¡ ÷ � ø ø�ì�û � ï �	ñ ë�òÝë l q o ì�û l õ õ ¡ ÷ � ø øÈì�ì¹
(IH), (monotonicity)l õ õ�ù­ø ø@ú�ë l õ õ èÆø ø@û !�ï �*ñ ës¼°òlë l q o ì�ú l õ õ ¡ ÷ ��£1r ø ø�ì�û � ï �	ñ ë�òlë l q o ì�û l õ õ ¡ ÷ ��£>r ø ø�ì�ìé (definition of �C�,v@B���y )l õ õ�ù­ø ø@ú�ë l õ õ èÆø ø@û l õ õ ª¬«©­'îci ® ��£�t ø ø û l õ õ ¯°«©­'îci ® �¥£�t ø ø�ìé (definition of �C�,v@B���y )l õ õ ¡ ÷ �¥£�t ø ø

Theorem 5. Procedure C	M6�<NPO always returns a partition. Let ; be an arbitrary � CTL
formula. Then,


sv���ghMi\mS	�Nj�� £ \w½Y���2� �2�<MY\�~ ~�C	M6�<NPOh
¥;+� � ��� £ 
�Ãu�<«"�u���

n¿u��ghMi\mS	�Nj�� £ ��� © \
½Y���(� �(�


sMi\ÿ~ ~�C*M��<NPO+
�;­�n� ���2£��ÜMi\ÿ~ ~�C*M��<NPO+
�;­�n� ���N©<��DÖ�2£tQ��N©�
�²������³�@��Â���Â��u�����
Proof:
The proof is by induction on the length of b .

Base case:b�e æ . ´Pµ ?,¶C· ë b ì uses » which is guaranteed to return a partition by definition.
IH: Assume ´Pµ ?,¶C· ë b ì returns a partition when

m b m����
.

Prove: ´Pµ ?,¶C· ë b ì returns a partition when
m b m é ��� é .

Proof:
b é�¼�è Then, õ õ�èÆø ø is a partition by IH, and negation is onto by ¼ involution.
b é�è�û�ù Pick state

l e¸p . Since õ õ èÆø ø and õ õ ùhø ø are partitions,
n dTr�qsdCt�e¸g s.t.l e õ õ èÆø ø d,r and

l e õ õ ùhø ø dCt .
(a) By completeness of u�v*w<>@ACx%y<? , n dC§Pq ~�� ñ � ë dTr�q d�t ì eÀu�v*w<>@ACx%y<? û | } õ q

so
l e õ õ b ø ø d § .

(b) By uniqueness of u�v*w<>@ACx%y<? .
b é�è�ú�ù The proof is similar to the one above.
b é�êpçdè . Pick a state

l ehp .
Create a set � é � d mPl e õ õ þ	i�î�jÆë�õ õ èÆø ø q û�ìeø ø d<�
(a) By completeness of �����*�P�<>@ACx%y<? , n dP�
e¸gFq ~�� ñ � l e õ õ j"ó���òµï��
	pësú q�^*_@?P` ë�õ õ èÆø ø q ûtì�ìeø ø dP� .
(b) By uniqueness of �����*�P�<>@ACx%y2? , the above-found dP� is unique.

b é�æpçdè . The proof is similar to the one above.
b é�êÄõ�è'÷lù­ø Partitionness is maintained as an invariant of �C�,v@B���y :
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�C�,v@B���y starts of with a partition, and ± �Pw@? preserves partition.
b é�æÄõ è'÷lùhø Same as above.

Theorem 6. � chek preserves the negation of “next” property, i.e.

ghMi\mS	�NMY\�~ ~�C	M��<NQO+
e�|{]x	�n� �9�VÔ Mi\ÿ~ ~�C*M��<NPO+
szY{]��x	� � �s�Ê�
Proof:
We prove ë éuì l e õ õ ´Pµ ?,¶C· ë�æpçdè'ìeø ø d �

l e õ õ ´Pµ ?,¶C· ësêpçd¼tè'ìeø ø�¼ dë�ë2ì l e õ õ ´Pµ ?,¶C· ësêpçd¼tè'ìeø ø�¼ d�� l e õ õ ´Pµ ?,¶C· ë�æZçdè'ìeø ø d
(1)

l e õ õ ´Pµ ?,¶C· ë�æpçdè'ìeø ø d
� (definition of ´Pµ ?,¶C· )l e õ õ `*�P�����*�P� ësû qH^*_@?P` ë�õ õ èÆø ø q¤¦ ì�ìeø ø d
� (definition of `*�P�����*�P� )n �Be������*�P�<>@ACx%y2? û | } q ~�� ñ � ë l e � }����*� õ õ ^*_@?P` ë�õ õ èÆø ø q ¦ ìeø ø d � ì'û

ë l�
e � }����*�����1��� õ õ ^*_@?P` ë�õ õ�èÆø ø q ¦ ìeø ø dP� ì
� (negation of �����*�P�<>@ACx%y<? )n � r e¸�����*�P�<>@ACxTy<?�� | ý } q¤~�� ñ � ë l e � ý,}��H�	� Þ õ õ ^*_@?P` ë�õ õ èÆø ø q ¦ ìeø ø d � ì'û

ë l�
e � ý,}��H�	� ����� Þ � õ õ ^*_@?P` ë�õ õ�èÆø ø q ¦ ìeø ø dP� ì
� (implication of ^*_@?P` )n �<rÊe¸�����*�P�<>@ACxTy<?�� | ý } q¤~�� ñ � ë l e � ý,}��H�	� Þ õ õ ^*_@?P` ë�õ õ ¼tèÆø ø q û�ìeø øÈ¼ dP� ìtû

ë l�
e � ý,}��H�	� ����� Þ � õ õ ^*_@?P` ë�õ õ�¼tèÆø ø q ûtìeø ø�¼ dP� ì
� (definition of `*�P�����*�P� )l e õ õ `*�P�����*�P� ësú qH^*_@?P` ë�õ õ ¼�èÆø ø q ûtì�ìeø øÈ¼ d
� (definition of ´Pµ ?,¶C· )l e õ õ ´Pµ ?,¶C· ësêpçwõ õ ¼tèÆø ø�ìeø øÈ¼ d

Proof of (2) is similar, and is based on implication of ^*_@?P` and negation of �����*�P�<>@ACx%y2? .
Theorem 7. � chek preserves fixpoint properties of ��� and z�� , i.e.


 (2��ghMY\]S	�NM@~ ~ C	M��<NPOh
���~�x��Yy��s�n� �tQVM@~ ~ C	M��<NPOh
sy��n� ����
sM"~ ~�C	M6�<NPO+
sx	� � �6�wM"~ ~�C	M���NPO'
��|{w��~ x��fy��e� � �
�aM"~ ~�C	M���NPO'
szY{w�P~�x��fy��s� � �s�


 � ��ghMY\]S	�NM@~ ~ C	M��<NPOh
sz�~ x��fy��e� � �+QVM@~ ~ C	M��<NPOh
sy��n� ����
sM"~ ~�C	M6�<NPO+
sx	� � �6�wM"~ ~�C	M���NPO'
szY{]z�~�x��fy��s�n� �s�
Proof:
Pick a state

l
.

(1)
l e õ õ ´Pµ ?,¶C· ë�æÄõ è'÷lùhøÈìeø ø då (definition of ´Pµ ?,¶C· )l e õ õ �C�,v@B���y ë�æ q õ õ èÆø ø q õ õ ù­ø ø�ìeø ø då (definition of �C�,v@B���y )n������

, s.t.,
¡ ÷³² £1r é ¡ ÷³²

û l e õ õ ¡ ÷°² £1r ø ø d å ë d é l õ õ ´Pµ ?,¶C· ësù�ìeø ø�ú�ë l õ õ ´Pµ ?,¶C· ësè'ìeø ø�û l õ õ ª©«¬­'îci ®X² £>r ø ø�û l õ õ ¯³«¬­'îci ® ² £1r ø ø�ì�ìå (definition of ª¬«©­'îci ® ), (definition of ¯°«©­'îci ® ), (definition of æZç in ´Pµ ?,¶C· )n������
, s.t.,

¡ ÷ ² £1r é ¡ ÷ ²
û l e õ õ ¡ ÷ ² £1r ø ø d å ë d é l õ õ ´Pµ ?,¶C· ësù�ìeø ø�ú�ë l õ õ ´Pµ ?,¶C· ësè'ìeø ø�û l õ õ ´Pµ ?,¶C· ë�æZç ¡ ÷ ² ìeø ø
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û l õ õ ´Pµ ?,¶C· ësêpç ¡ ÷ ² ìeø ø�ì�ìå (combining the two conjuncts)l e õ õ ¡ ÷³²´ø ø d å ë d é l õ õ ´Pµ ?,¶C· ësù�ìeø ø�ú�ë l õ õ ´Pµ ?,¶C· ësè'ìeø ø�û l õ õ ´Pµ ?,¶C· ë�æZç ¡ ÷°²@ìeø ø@û l õ õ ´Pµ ?,¶C· ësêpç ¡ ÷³²�ìeø ø�ì�ìå ( æÄõ è'÷lùhøÆé ¡ ÷°² )l õ õ ´Pµ ?,¶C· ë�æÄõ è'÷lùhøÈìeø ø6é l õ õ ´Pµ ?,¶C· ësù�ìeø øÈúë l õ õ ´Pµ ?,¶C· ësè'ìeø ø û l õ õ ´Pµ ?,¶C· ë�æZç�æÄõ è'÷lùhøÈìeø ø@û l õ õ ´Pµ ?,¶C· ësêpçdêÄõ è'÷lùhøÈìeø ø�ì

Proof of (2) is similar.
In our last theorem we want to prove that the result of calling � chek with (2-Bool,

¸ ), a lattice representing classical logic, is the same as the result of the boolean CTL
model-checker.

We start by defining inverse and BigOP tables for a boolean lattice:

0<%�I�96,"H���� +<2�� Q?'�
�°P�r°f��) �'&2)6.	6�9�,"H6��� +<2�� Q3'*'@°Ø) ����)
0<%�I�96,"H����,+<2��aQ?'�
�°P� Ï �u�2
 Ï � Ï �u�2
 Ï �u°|�à)a�'&2)6.	6�9�,"H6��� +<2�� Q3'*' Ï ) �C' Ï �N°Ø),)
0<%�I�96,"H����,.<2��aQ?'�
�°P� Ï �u�2
�°��N°|�u�2
 Ï �u°|�à)a�'&2)6.	6�9�,"H6��� .<2�� Q3'*'@°Ø) �C'@°P� Ï ),)
0<%�I�96,"H���� .<2�� Q?'�
 Ï � Ï ��) �'&2)6.	6�9�,"H6��� .<2�� Q3'*' Ï ) ����)
0<% I�9�,"H�� � -h2�� Q?'�
 Ï � Ï �u�2
 Ï �N°|�u�2
�°��u°|�à)
0<% I�9�,"H�� � -h2�� Q?'�
�°P� Ï ��)

Lemma 4. The following relations hold for each MY\]S when multi-valued model-checking
is called on (2-Bool, ¸ ):

ghMY\aS	�NMY\�~ ~ D�#��	$�
�~ ~�x±� ���N���n� ��°ÕË�MY\4D�#6�Æ
sx	� 
e�����"�+�u����¬��<ªf~ ~ D%#��	$�
�~ ~�x'� ������� � ��°|�
ghMY\aS	�NMY\�~ ~ D�#��	$�
�~ ~�x±� ���ND`�n� ��°�Ë�MY\]�FD�#���
s��x�� 
e�����"�+�u����¬��<ªf~ ~ D%#��	$�
�~ ~�x'� ����D`�n� �s°f�
ghMY\aS	�NMY\�~ ~ D�#��	$�
�~ ~�x±� ���N���n� � Ï Ë�MY\]�FD�#���
sx	� 
e�����"�+�u����¬��<ªf~ ~ D%#��	$�
�~ ~�x'� ������� � � Ï �
ghMY\aS	�NMY\�~ ~ D�#��	$�
�~ ~�x±� ���ND`�n� � Ï Ë�MY\4D�#6�Æ
s��x	� 
e�����"�+�u����¬��<ªf~ ~ D%#��	$�
�~ ~�x'� ����D`�n� � Ï �
Proof:
We prove properties of õ õ ^*_@?P` ë�õ õ èÆø ø q ûtìeø ø�Ù and õ õ ^*_@?P` ë�õ õ�èÆø ø q ¦ ìeø ø�Ù . The others follow from
(implication of ^*_@?P` ). For an arbitrary state

l ehp ,

property of õ õ ^*_@?P` ë�õ õ èÆø ø q û�ìeø ø�Ù :l e õ õ ^*_@?P` ë�õ õ èÆø ø q û�ìeø ø�Ù
� (definition of ^*_@?P` )n	o ehp1q n ë d r q d t ì eGu�v*w<>@ACx%y<?Cû |�� q¤~�� ñ � o õ õ èÆø ø�é d t
� (value of u�v*w<>@ACx%y<? û | � )n	o ehp1q°~�� ñ � o õ õ èÆø ø�éIÙ
� (definition of ^*_@? )l e�^*_@? ësè'ì
property of õ õ ^*_@?P` ë�õ õ èÆø ø q¤¦ ìeø ø�Ù :l e õ õ ^*_@?P` ë�õ õ èÆø ø q¤¦ ìeø ø�Ù
� (definition of ^*_@?P` )n	o ehp1q n ë d,r�q dCt ì eGu�v*w<>@ACx%y<?Cü�| �°q ~�� ñ � o õ õ�èÆø ø+é d�t
� (value of u�v*w<>@ACx%y<?�ü�|�� )n	o ehp1q ¼Gë�ë�òlë l q o ì'éIÙlì�ûÎë o õ õ�¼tèÆø ø é�Ù¤ì�ì
� (definition of ^*_@? )l�
e�^*_@? ës¼tè'ì
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Theorem 8. � chek, called on (2-Bool, ¸ ), returns the same answers as a boolean model-
checker. That is, for each � CTL property ; and each state MY\]S ,


 (2��MY\�~ ~�C	M��<NQO+
¥;+� � ��°¨ËÌMY\w�6��������,@%�C	M��<NQO�
�;­�

 � ��MY\�~ ~�C	M��<NQO+
¥;+� � � Ï ËÌM �\w�6��������,@%�C	M��<NQO�
�;­�

Proof:
The proof is by induction on the structure of property b .

Base Case:
b¸e æ : ´Pµ ?,¶C· ë b ì and �*�,�,y<?<ACv*´Pµ�?,¶à· ë b ì give the same answers by definition.

IH: Assume (1) and (2) hold for properties of length
���

.
Prove: (1) and (2) hold for properties of length

��� é .
Proof:

b é�¼�è : (1):
l e õ õ ´Pµ ?,¶C· ë b ìeø ø�Ù

� (definition of ´Pµ ?,¶C· )l e õ õ èÆø øsö
� (definition of ´Pµ ?,¶C· )l e õ õ ´Pµ ?,¶C· ësè'ìeø ønö
� (IH)l�
eð�*�,�,y<?<ACv*´Pµ ?Q¶C· ësè'ì
� (definition of �*�,�,y<?<ACv*´Pµ ?P¶C· )l eð�*�,�,y<?<ACv*´Pµ ?Q¶C· ë b ì
Proof for (2) is similar

b é�è�û�ù : (1):
l e õ õ ´Pµ ?,¶C· ë b ìeø ø�Ù

� (definition of `*�,�C^ )l e õ õ èÆø ø���û l e õ õ ùhø ø��wûÛëH� q �Nì eÀu�v*w<>@ACx%y<?�û | �
� (value of u�v*w<>@ACx%y<?Cû |�� )l e õ õ èÆø ø�Ù�û l e õ õ ù­ø ø�Ù
� (changing notation)l e ësè���ùtì
� (definition of �*�,�,y<?<ACv*´Pµ ?P¶C· )l eð�*�,�,y<?<ACv*´Pµ ?Q¶C· ë b ì
Proof for (2) is similar. Because of the value of u�v*w<>@ACx%y<? û |�� ,l e õ õ�èÆø ø���û l e õ õ ù­ø ø��dûÎëH� q ��ì e4u�v*w<>@ACx%y<?Cû |�� implies
that

l�
e õ õ èÆø ø�Ù
ú l�
e õ õ ù­ø ø�Ù .
b é�è�ú�ù : Proofs are similar to the ones above and are based on values of

u�v*w<>@ACx%y<? � |�� and u�v*w<>@ACx%y<? � | � .
b é�êpçdè : (1):

l e õ õ ´Pµ ?,¶C· ë b ìeø ø�Ù
� (definition of ´Pµ ?,¶C· )l e õ õ `*�P�����*�P� ësú q�^*_@?P` ë�õ õ�èÆø ø q ûtì�ìeø ø�Ù
� (definition of `*�P�����*�P� ), (value of �����*�P�<>@ACx%y<? � |�� )õ õ i�î ~��*� ñnø ø�Ùàé �¬� ë�õ õ þ*i�î�j�ësè q ûtìeø ø�Ù Ú õ õ þ*i�î�j­ësè q û�ìeø øsölì

� ë�õ õ þ	i�î�jÆësè q ûtìeø ø�Ù4��õ õ þ*i�î�j�ësè q ûtìeø ønö¤ì
� (properties of õ õ ^*_@?P` ë�õ õ èÆø ø q û�ìeø ø�Ù and õ õ ^*_@?P` ë�õ õ�èÆø ø q ûtìeø ønö )õ õ i�î ~��*� ñnø ø�Ùàé ë ^*_@? ësè'ì Ú ë�� Ú¸^*_@? ësè'ì�ì�ì � ë ^*_@? ësè'ì1��ë�� ÚG^*_@? ësè'ì�ì�ì
= (set theory)l eØ^*_@? ësè'ì
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� (definition of �*�,�,y<?<ACv*´Pµ ?P¶C· )l eð�*�,�,y<?<ACv*´Pµ ?Q¶C· ë b ì
(2):

l e õ õ ´Pµ ?,¶C· ë b ìeø øsö
� (definition of ´Pµ ?,¶C· ), (definition of `*�P�����*�P� ), (value of �����*�P�<>@ACx*y<? � |�� )õ õ i�î ~��*� ñnø ønöàé �¬� ë�õ õ þ*i�î�j�ësè q û�ìeø øsö Ú õ õ þ*i�î�jÆësè q û�ìeø ø�Ùlì
� (properties of õ õ ^*_@?P` ë�õ õ èÆø ø q û�ìeø ø�Ù and õ õ ^*_@?P` ë�õ õ�èÆø ø q ûtìeø ønö ), (logic)l�
eØ^*_@? ësè'ì
� (definition of �*�,�,y<?<ACv*´Pµ ?P¶C· )l�
eð�*�,�,y<?<ACv*´Pµ ?Q¶C· ë b ì

b é�æpçdè : The proof of (1) and (2) is similar to the one above and is based
on properties of õ õ ^*_@?P` ë�õ õ èÆø ø q û�ìeø ø�Ù and õ õ ^*_@?P` ë�õ õ èÆø ø q û�ìeø øsö , values of
�����*�P�<>@ACx%y2? û |�� and �����*�P�<>@ACx%y<? û |�� .

b é�æÄõ è'÷lùhø Since ´Pµ ?,¶C· ë b ì expands into computing
¡ ÷³² in �C�,v@B���y ë�æ q õ õ èÆø ø q õ õ ù­ø ø�ì ,

the proof for (1) goes by induction on
�

— the length of the path
from

l
to a state where ù holds.

Base case:
� é � .¡ ÷ r é ¡ ÷ ¢ û l e õ õ ¡ ¢ ø ø�Ùl e õ õ ùhø ø�Ù

� (definition of �*�,�,y<?<ACv*´Pµ@?,¶C· )l e ¡ r
� (definition of �*�,�,y<?<ACv*´Pµ@?,¶C· )l e¸�*�,�,y<?<ACv*´Pµ�?,¶C· ë b ì
IH: Assume (1) holds for all

� ��!
.

Prove: (1) holds for
� é !�� é .

Proof:
l e õ õ ´Pµ ?,¶C· ë b ìeø øsö

� (definition of �C�,v@B���y ), (definition of EXTerm), (definition of AXTerm)ë ¡ ÷#" £�t é ¡ ÷#" £1r ì�ûÎë l õ õ�ù­ø ø@ú�ë l õ õ�èÆø ø�û l õ õ æpç ¡ ÷#" £1r ø ø�û l õ õ�êpç ¡ ÷#" £1r ø ø�ì'éIÙ¤ì
� (boolean lattice rules)ë ¡ ÷ " £�t é ¡ ÷ " £1r ì�ûë l õ õ ù­ø ø�éIÙ
ú�ë l õ õ�èÆø ø6éIÙ�û l õ õ æZç ¡ ÷$" £>r ø ø�éIÙ�û l õ õ êpç ¡ ÷$" £1r ø øÆé Ùlì�ì
� (Theorem 8 for b é�æpçdè ), (Theorem 8 for b é�êpçdè ), (IH)l e¸�*�,�,y<?<ACv*´Pµ�?,¶C· ësùtì­ú�ë l e��*�,�,y<?<ACv*´Pµ@?,¶C· ësè'ì�ûl eh�*�,�,y<?<ACv*´Cµ ?,¶à· ë�æpç ¡ "2ìPû l eð�*�,�,y<?<ACv*´Pµ ?Q¶C· ësêpç ¡ "2ì�ì
� (definition of �*�,�,y<?<ACv*´Pµ@?,¶C· )l e¸�*�,�,y<?<ACv*´Pµ�?,¶C· ë b ì

(2)
l e õ õ ´Pµ ?,¶C· ë b ìeø ønö

� (definition of Check), (definition of AXTerm), (definition of EXTerm)¹�þ q l õ õ�ù­ø ø ú�ë l õ õ èÆø ø@û l õ õ æpç ¡ ÷ � ø ø@û l õ õ æpç ¡ ÷ � ø ø�ì'é`ö
� (boolean lattice laws)¹�þ q l õ õ�ù­ø ø+é`ö�û ë l õ õ èÆø ø+é ö
ú l õ õ æZç ¡ ÷ � ø øÆé ö]ú l õ õ êpç ¡ ÷ � ø ø6é¨ö¤ì
� (Theorem 8 for b é�æpçdè ), (Theorem 8 for b é�êpçdè ), (Base Case)¹�þ q l�
eð�*�,�,y<?<ACv*´Pµ ?Q¶C· ësù�ìPûÎë l�
e¸�*�,�,y<?<ACv*´Pµ@?,¶�· ësè'ì�úl�
eð�*�,�,y<?<ACv*´Pµ ?Q¶C· ë�æpç ¡ � ì+ú l�
eð�*�,�,y<?<ACv*´Pµ�?,¶C· ësêpç ¡ � ì�ì
� (definition of �*�,�,y<?<ACv*´Pµ@?,¶C· )¹�þ q l�
e ¡ � å l�
e��*�,�,y<?<ACv*´Pµ ?P¶C·
b é�êÄõ è'÷lùhø : The proof of (1) and (2) is similar to the one above.


