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Abstract. Wepresentanexternalmemoryalgorithmtocomputeawell-separated
pair decomposition(WSPD)of a givenpoint setP in � d in O � sort� N ��� I/Os us-
ing O � N � B� blocksof externalmemory, whereN is the numberof points in P,
and sort � N � denotesthe I/O complexity of sorting N items. (Throughoutthis
paperwe assumethat the dimensiond is fixed).We alsoshow how to dynami-
cally maintaintheWSPDin O � logB N � I/O’s per insertor deleteoperationusing
O � N � B� blocksof externalmemory. As applicationsof theWSPD,weshow how
to computealinearsizet-spannerfor P within thesameI/O andspaceboundsand
how to solvetheK-nearestneighborandK-closestpairproblemsin O � sort� KN ���
andO � sort� N � K ��� I/Os usingO � KN � B� andO ��� N � K �	� B� blocksof external
memory, respectively. Using thedynamicWSPD,we show how to dynamically
maintainthe closestpair of P in O � logB N � I/O’s per insertor deleteoperation
usingO � N � B� blocksof externalmemory.

1 Intr oduction

Many geometricapplicationsrequirecomputationsinvolving thesetof all distinctpairs
of points(andtheirdistances)from asetP of N pointsin d-dimensionalEuclideanspace
(e.g.nearestneighborfor eachpoint). Voronoidiagramsandmulti-dimensionaldivide
andconquerarethetraditionaltechniquesusedfor solvingseveraldistancebasedgeo-
metricproblems,especiallyin two andthreedimensions.But in d dimensions,theworst
casesizeof VoronoidiagramscanbeΩ 
 N � d � 2
�� , anddivideandconquerwill requirean
exponentin thepolylog factordependingon thedimension.CallahanandKosaraju[6]
introducedtheWSPDdatastructureto copewith higherdimensionalgeometricprob-
lems.It consistsof abinarytreeT whoseleavesarethepointsin P, with internalnodes
representingthesubsetsof pointswithin thesubtree,andalist of “well-separated”pairs
of subsetsof P, eachof which is anodein T. Intuitively apair � A � B � is well separated,
if thedistancebetweenA andB is significantlygreaterthanthedistancebetweenany
two pointswithin A or B. It turnsout thatfor many problemsit is sufficient to perform
only a constantnumberof operationson pair � A � B � insteadof performing �A ���B � sepa-
rateoperationson thecorrespondingpairsof points.Moreover for fixedd, a WSPDof
O 
 N � pairsof subsetscanbeconstructed.This hasresultedin fastsequential,parallel,�
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anddynamicalgorithmsfor a numberof problemson point-sets.Herewe extendthese
resultsto externalmemory.

Previous Work In the Parallel Disk Model (PDM) [16], thereis an externalmemory
consistingof D disksattachedto amachinewith internalmemorysizeM. Eachof theD
disksis dividedinto blocksof B consecutivedataitems.Up to D blocks,atmostoneper
disk,canbetransferredbetweeninternalandexternalmemoryin asingleI/O-operation.
Thecomplexity of an algorithmin the PDM modelis the numberof I/O operationsit
performs.Relevantresearchwork in theexternalmemory(EM) settingcanbefoundin
thesurvey of Vitter [15]. In thePDM modelit hasbeenshown thatsortinganarrayof
sizeN takessort
 N ��� Θ 
�
 N � DB� log � M � B� 
 N � B��� I/Os [16,15]. Scanninganarrayof
sizeN takesscan
 N ��� Θ 
 N � DB� I/Os.

For thegeometricproblemsdiscussedin this paper, thebestresourceswill be [10]
for WSPDandits applicationsand[14] for resultsonproximity problems.Weomit the
discussionon the stateof the art, importanceandsignificanceof theseproblemshere
dueto thelackof space,andreferthereaderto thesereferences.

New Results In this paperwe presentexternalmemoryalgorithmsfor the following
problemsfor a setP consistingof N pointsin d-dimensionalEuclideanspace:In Sec-
tions 3 and 4, we presentan algorithm to computethe WSPD datastructurefor P;
it requiresO 
 sort
 N ��� I/Os usingO 
 N � B� blocks of external memory. In Section5,
we presentan algorithm to dynamicallymaintainthe WSPD in O 
 logBN � I/O’s per
insert/deleteoperationusingO 
 N � B� blocksof externalmemory. In Section6.1, we
presentan algorithm to computea linear size spannerfor P; it requiresO 
 sort
 N ���
I/Os usingO 
 N � B� blocksof externalmemory. Choosingspanneredgescarefully, we
can guaranteea diameterof 2logN for the constructedspanner. We also show that
Ω 
 min � N � sort
 N � � � I/Os arerequiredto computeany t-spannerof a givenpoint set,
for any t � 1. In Section6.2, we presentan algorithm to computeK-nearestneigh-
bors, i.e. for eachpoint a � P, computethe K-nearestpoints to a in P  !� a � ; this
takesO 
 sort
 KN ��� I/Os usingO 
 KN � B� blocksof externalmemory. In Section6.3,
wepresentanalgorithmto computeK-closestpairs,i.e. reporttheK smallestinterpoint
distancesin P; this takesO 
 sort
 N " K ��� I/Os usingO 
�
 N " K � � B� blocksof external
memory. In Section6.4, we presentan algorithmto dynamicallymaintainthe closest
pair of P in O 
 logBN � I/O’s per insert or deleteoperationusing O 
 N � B� blocks of
externalmemory.

In [5] an O 
 logBN � algorithmfor the dynamicclosestpair problemin higherdi-
mensionsis given.Their approachusestheTopologyB-treedatastructure.For there-
mainingproblems,our resultsaretheonly efficientexternalmemoryalgorithmsknown
in higherdimensions.For theK-nearestneighborandK-closestpair problems,optimal
algorithmswerepresentedin [12] for thecasewhered � 2 andK � 1. In [2] it is shown
thatcomputingtheclosestpair of a point setrequiresΩ 
 sort
 N ��� I/Os, which implies
thesamelower boundfor thegeneralproblemswe considerin this paper. I/O-efficient
constructionof fault-tolerantspannersandboundeddegreespannersfor point setsin
the planeandof spannersfor polygonalobstaclesin the planehasbeendiscussedin
[13].



2 Preliminaries

For a givenpoint setP, theboundingrectangleR
 P� is thesmallestrectanglecontain-
ing all pointsin P, wherea rectangleis theCartesianproduct # x1 � x$1 %'& # x2 � x$2 %'&)(�(�(*&# xd � x$d % of a setof closedintervals.The lengthof R in dimensioni is l i 
 R�+� x$i  xi .
The maximumandminimum lengthsof R are lmax 
 R�,� max� l i 
 R� : 1 - i - d � and
lmin 
 R�.� min � l i 
 R� : 1 - i - d � . Whenall lengthsof R areequal,R is a cube;we de-
note it’s sidelengthby l 
 R�+� lmax 
 R�/� lmin 
 R� . Let imax 
 R� be the dimensionsuch
that l imax 
 R�+� lmax 
 R� . For a point setP, let l i 
 P�+� l i 
 R
 P��� , lmax 
 P�+� lmax 
 R
 P��� ,
lmin 
 P��� lmin 
 R
 P��� , and imax 
 P�,� imax 
 R
 P��� . Let d 
 x � y� denotetheEuclideandis-
tancebetweenpointsx andy. For point setsX andY, let d 
 X � Y �,� min � d 
 x � y� : x �
X 0 y � Y � . Givena separationconstants, we saythattwo point setsA andB arewell-
separatedif R
 A� andR
 B� canbe enclosedin two d-balls of radiusr suchthat the
distancebetweenthetwo ballsis at leastsr. We definethe interactionproductA 1 B of
two point setsA andB asA 1 B � �2� a � b � : a � A 0 b � B 0 a 3� b � . A well-separated
realizationof A 1 B is a set �2� A1 � B1 �2��4�4�45�6� Ak � Bk �2� with thefollowing properties[9]:

(R1) Ai 7 A andBi 7 B, for 1 - i - k,
(R2) Ai 8 Bi

� /0, for 1 - i - k,
(R3) 
 Ai 1 Bi

� 8 
 A j 1 B j
��� /0, for 1 - i 9 j - k,

(R4) A 1 B �;: k
i < 1Ai 1 Bi.

(R5) Ai andBi arewell-separated,for 1 - i - k.

Intuitively, this meansthat for every pair � a � b � of points a � A and b � B, thereis
a uniquepair � Ai � Bi � suchthat a � Ai andb � Bi and that for any pair � Ai � Bi � the
distancebetweenthepointsin oneof thesetsis smallcomparedto thedistancebetween
thesets.We canuseabinarytreeT to defineapartitionof apoint setP into subsets.In
particular, thereis a leaf in T for eachpoint in P. An internalnoderepresentsthesetof
pointsassociatedwith its descendantleaves.We refer to a noderepresentinga subset
A 7 P asnodeA. A leaf representingpoint a � P is referredto asleaf a. Theparentof
a nodeA in T is denotedby p 
 A� . We saythata realizationof A 1 B usesa treeT if all
setsAi andBi in the realizationarenodesin T. A well-separatedpair decomposition
of a point setP is a binarytreeT associatedwith P anda well-separatedrealizationof
P 1 P thatusesT. A split of a point setP is a partitionof P into two non-emptypoint
setslying on eithersideof a hyperplaneperpendicularto oneof the coordinateaxes,
andnot intersectingany pointsin P. A split treeT of P is abinarytreewhosenodesare
associatedwith subsetsof P, definedasfollows: If P � � x � , T containsa singlenode
x. Otherwise,weuseasplit to partitionP into two subsetsP1 andP2; T consistsof two
split treesfor point setsP1 andP2 whoserootsarethe childrenof the root nodeP of
T. For a nodeA in T, we definetheouterrectangleR̂
 A� asfollows:For theroot P, let
R̂
 P� beanopend-cubecenteredat thecenterof R
 P� with l i 
 R̂
 P���.� lmax 
 P� . For all
othernodesA, thehyperplaneusedfor thesplit of p 
 A� dividesR̂
 p 
 A��� into two open
rectangles.Let R̂
 A� betheonethatcontainsA. A fair split of A is asplit of A wherethe
hyperplanesplittingA is at distanceat leastlmax 
 A� � 3 from eachof thetwo boundaries
of R̂
 A� parallelto it. A split treeformedusingonly fair splits is calleda fair split tree.
A partial fair split tree is definedin thesameway; but the leavesmayrepresentpoint
setsinsteadof singlepoints.



3 Constructing a WSPD

In thissectionweassumethatwearegivena fair split treeT � 
 V � E � for a point setP.
Also, let every interiornodeA of T belabeledwith its boundingrectangleR
 A� . Every
leaf is labeledwith thepoint it represents.Giventhis input,weshow how to find awell-
separatedpair decompositionof P I/O-efficiently. In theoutput,every pair � Ai � Bi � in
theWSPDwill berepresentedby theIDs of thetwo nodesAi andBi in T.

Our approachis basedon [9], which we sketchnext. Givena postordertraversalof
T, denotethe postordernumberof a nodeA in T by η 
 A� . Definean ordering = on
the nodesof T asA = B if andonly if either lmax 
 A� 9 lmax 
 B� or lmax 
 A�/� lmax 
 B�
andη 
 A� 9 η 
 B� . Giventhesequenceof nodesin T sortedby > , defineν 
 A� to bethe
positionof nodeA in this sequence.

Denotethe internalmemoryalgorithmof [9] to constructa well-separatedrealiza-
tion of P 1 P by COMPUTEWSR. It takes the treeT asan input. For every internal
nodeX of T, let A andB be the two childrenof X. ThenCOMPUTEWSR callsa pro-
cedureFINDPAIRS with argument 
 A � B� . Given a pair 
 A$ � B$ � asan input, procedure
FINDPAIRS doesthe following: First it ensuresthatB$?= A$ , by swappingA$ andB$ if
necessary. If A$ andB$ arewell-separated,thepair � A$@� B$@� isaddedto thewell-separated
realization.Otherwise,let A$1 andA$2 bethechildrenof A$ in T. Theprocedureinvokes
itself recursively with pairs 
 A$1 � B$ � and 
 A$2 � B$ � asarguments.

The recursive invocationpatternof procedureFINDPAIRS canbe describedusing
theconceptof computationtrees. Therootof sucha treeT $ is apair � A � B � suchthatA
andB arethechildrenof aninternalnodeX of T. A node � A$@� B$@� in T $ is aleaf if A$ and
B$ arewell-separated.Otherwise,let B$ = A$ andA$1 andA$2 be thetwo childrenof A$ ;
thennode � A$@� B$@� hastwo children � A$1 � B$A� and � A$2 � B$@� in T $ . TreeT $ representsthe
recursiveinvocationsof procedureFINDPAIRS madeto computearealizationof A 1 B.
Everyleafof T $ correspondsto apair � Ai � Bi � in thewell-separatedrealizationof P 1 P.
In [9] it is shown that thereareonly O 
 N � pairsin this realization,which implies that
thetotal sizeof all computationtreesis O 
 N � .

We simulateCOMPUTEWSR in externalmemoryby applying time-forward pro-
cessing[11] to the forestof computationtrees.The difficulty is that this forest is not
known in advance,andwe haveto generateit on thefly while processingit.

We usethe split tree T to guide the processingof F. Assumethat we are given
theforestF � 
 VF � EF

� of computationtreesandthefair split treeT � 
 V � E � . We sort
the nodesof T by the > -relationanddefinea mappingµ : VF B V asµ 
6� A � B � ��� A,
assumingw.l.o.g.thatB = A. Thismappingnaturallydefinesanedgesetµ 
 EF

� between
the verticesin V asµ 
 EF

�C� �D
 µ 
 v� � µ 
 w��� : 
 v� w� � EF � . Note that µ 
 EF
� may be a

multiset.Given this mappingµ we processF by applyingtime-forwardprocessingto
the multigraphµ 
 F � . In particular, we processthe nodesof µ 
 F � sortedby > , which
guaranteesthat we processthe sourcevertex of every edgebeforethe target vertex.
Indeed,for any edge 
 A � A$ � in µ 
 EF

� , either � A � A$A� is a vertex in F with A$'= A or A$
is a child of A, whichalsoimpliesthatA$E= A.

As F is not givenbeforehand,we have to show how to generatetheedgesof µ 
 F �
while processingµ 
 F � . For everynodeA � V with childrenA1 andA2, we storea label
λ 
 A� consistingof ν 
 A1

� , ν 
 A2
� , R
 A1

� , andR
 A2
� . Givenanedge 
F� A � B �D�6� A$@� B � � �

EF , where A$ is a child of A in T, the information φ 
 µ 
F� A � B � ��� sent along edge




 µ 
6� A � B � � � µ 
F� A$G� B � ��� consistsof ν 
 A$ � , ν 
 B� , R
 A$ � , andR
 B� . Now considera node
A � V receiving sometuple describingpair � A � B � asinput. We have to show how to
generatethe two children � A1 � B � and � A2 � B � of � A � B � in F (if any) aswell as the
two edges
 A � µ 
F� A1 � B � ��� and 
 A � µ 
F� A2 � B � ��� from this inputandthelabelλ 
 A� . From
the received information,decidewhetherA andB arewell-separated.If they are,add
� A � B � to the well-separatedrealization,andproceedto the next input receivedby A.
Otherwise,asthe input hasbeensentto A, B = A. Hence,� A1 � B � and � A2 � B � arein-
deedthetwo childrenof � A � B � in F . Generatethedescriptionof thesetwo pairsfrom
thereceivedinformationaboutB andthe informationaboutA1 andA2 storedin λ 
 A� .
Compareν 
 A1

� and ν 
 A2
� with ν 
 B� to computeµ 
6� A1 � B � � and µ 
6� A2 � B � � . Queue

� A1 � B � with priority ν 
 µ 
6� A1 � B � ��� and � A2 � B � with priority ν 
 µ 
F� A2 � B � ��� .
To boundthe I/O-complexity of this procedure,observe that we queuea constant

amountof informationperedgein F. As thereareO 
 N � edgesin F , applyingknown
results[11,1] abouttime-forwardprocessing,weobtainthefollowing lemma.

Lemma 1. Givena setP of N pointsin H d , a fair split treeT of P with O 
 N � nodes
anda separation constants � 0, a well-separatedrealizationof P canbecomputedin
O 
 sort
 N ��� I/OsusingO 
 N � B� blocksof externalmemory. Togetherwith T thisgivesa
well-separatedpair decompositionof P.

4 Constructing a Fair Split Tree

Our algorithmto constructa fair split treeT for a givenpoint setP follows theframe-
work of the optimal PRAM algorithmin [4].1 The ideais to constructT recursively.
First we constructa partial fair split treeT $ whoseleaveshave sizeO 
 Nα � for some
constant1  1

6d - α 9 1. Thenwe recursively build split treesfor theleaves,proceed-
ing with an optimal internalmemoryalgorithm for every leaf whosesize is at most
M. We will show how to implementonesuchrecursive stepin O 
 sort
 N ��� I/Os using
O 
 N � B� blocksof externalmemory, which leadsto thefollowing result.

Lemma 2. Givena setP of N pointsin H d , a fair split treefor P canbecomputedin
O 
 sort
 N ��� I/Os usingO 
 N � B� blocksof externalmemory.

FromLemmas1 and2 weobtainthefollowing result.

Theorem1. Givena setP of N pointsin H d anda separation constants � 0, a well-
separatedpair decompositionfor P canbecomputedin O 
 sort
 N ��� I/OsusingO 
 N � B�
blocksof externalmemory.

To constructa partial fair split treeT $ , we first constructa compressedversionTc as
in [4]. First eachdimensionis partitionedinto slabscontainingNα pointseach.Every
rectangleR associatedwith a nodein Tc satisfiesthe following threeinvariants:(1)
In eachdimensionat leastonesideof R lies on a slabboundary;(2) If R$ is thelargest
rectanglecontainedin Rall of whosesidesfall ontoslabboundaries,theneitherl i 
 R$ �I�
l i 
 R� or l i 
 R$ � - 2

3 l i 
 R� ; (3) lmin 
 R�CJ 1
3 lmax 
 R� . Now if we want to split rectangleR

associatedwith an internalnodev into smallerrectangles,we split R alongits longest
1 Wedo notsimulatethePRAM algorithmasthis would leadto amuchhigherI/O complexity.



sideaccordingto the following threecases:(1) lmax 
 R�+� l imax 
 R$ � : We find the slab
boundarythatcomesclosestto splittingR into equal-sizedpieces.If thisslabboundary
is atdistanceatleast1

3 lmax 
 R� from eithersideof R, wesplit Ralongthisslabboundary.
Otherwise,wesplit R into two equal-sizedpieces.Thiscaseproducesthetwo resulting
rectanglesR1 andR2. (2) lmax 
 R$ ��J 8

81lmax 
 R� : If l imax 
 R$ ��J 1
3 lmax 
 R� , wesplit Ralong

the sideof R$ that is not sharedwith R. Otherwise,we find the uniqueinteger j such

thaty � 2
3 K 4

3 L j
lmax 
 R$ � lies in the interval K 1

2 � 2
3 M lmax 
 R� andsplit alonga hyperplane

that is at distancey from the slabboundarysharedby R$ andR. This caseproduces
therectanglecontainingR$ . Theotherrectangleis beingignoredfor thetimebeing;we
reattachit later. (3) lmax 
 R$ � 9 8

81lmax 
 R� : In this case,R andR$ sharea uniquecorner.
We constructa d-cubesharingthesamecornerwith R andwith sidelength 3

2 lmax 
 R$ � .
This caseproducesthe cubeC. Later we have to constructa sequenceof fair splits
cuttingR down to C.

Theconstructionof Tc takesO 
 sort
 N ��� I/Osusingstandardexternal-memorygraph
techniques.Thereattachmentof themissingCase2 leavestakessortingandscanning.
Next we describehow to expandcompressededgescorrespondingto aCase3 split.

Sucha Case3 edgecorrespondsto a rectangleR that hasbeen“shrunk” to a d-
cubeC with the following properties:(P1)C andR shareexactly onecorner, andC is
containedin R. (P2) Any rectanglecontainedin R andnot intersectingC containsat
mostO 
 Nα � points.(P3) l 
 C � 9 8

81lmax 
 R� andlmin 
 R��J 1
3 lmax 
 R� .

PropertiesP1 andP3 guaranteethat thereexists a sequenceof fair splits that pro-
ducesC from R. PropertyP2guaranteesthat for every split in this sequence,the rect-
anglenot containingC can be madea leaf of T $ . We show how to constructthese
sequencesof fair splitsfor all Case3 edgesin O 
 sort
 N ��� I/Os.We alsohave to assign
thepointsin P to thecontainingleavesof T $ , asthis informationis neededfor thenext
level of recursionin thefair split treeconstructionalgorithm.

Everypoint of P is containedin someleaf rectangleor in someregionR N C, where

 R� C � is a compressededgeproducedby Case3. We computean assignmentof the
pointsin P to theseregionssimilarly to thecorrespondingstepin theoptimalPRAM-
algorithmin [4]. This takesa constantnumberof sortingandscanningsteps.

To replaceeachedgecorrespondingto Case3 by a sequenceof fair splits,we sim-
ulateonephaseof thesequentialalgorithmof [9]. We sort the pointsin R N C in each
dimension,producinga sortedlist LR

i of pointsfor eachdimensioni. Considerthecur-
rentrectangleR whichwewantto split in dimensionimax, producingrectanglesR1 and
R2, whereR1 containsthecubeC. If lmax 
 R� � 3l 
 C � , split R in half. Otherwise,choose
a hyperplanecontaininga sideof C for the split. We uselist LR

imax
to decidewhether

thereareany pointsin R2. If so,we performa split producingtwo new nodesR1 and
R2 of T $ $ andassigningthepointsin R2 to the leaf R2. Otherwise,shrinkR to R1, not
producingany new nodes.ShrinkingR doesnot costany I/Os asthecoordinatesof R
aremaintainedin internalmemory. Thisapproachensuresthata linearnumberof splits
areperformedin thenumberof pointsin R N C. Thus,in total only O 
 N � splits for all
edges
 R� C � to beexpandedareperformed.We have to show how to maintainthelists
LR

i representingthesetof pointsin thecurrentrectangleR.
Assumethat we split R in dimensioni andthat this producestwo new rectangles

R1 andR2. R1 containsthecubeC andR2 doesnot. We scanLR
i from thetail until we



find the first point that is in R1. All pointsafter this position in LR
i arenot in R1 and

are thereforeremoved andput into the point list of leaf R2. As R1 is going to act as
rectangleR for thenext split, we needto deleteall pointsin R2 from all lists LR

j . The
above scantakescareof deletingthesepointsfrom LR

i . However, we cannotafford to
deletethesepoints from all the other lists LR

j , j 3� i, becausethis would causemany
randomaccessesor would requirea scanoverall theselistspersplit. Insteadwe delete
pointslazily. WhensplittingtherectangleR1 in dimensionj, whichproducesrectangles
R3 andR4, whereR3 containsC, wescanLR

j from thetail until wefind thefirst point in
R3. For eachpoint visitedby this scanwe testwhetherit is in R4. If it is, it is appended
to thepointsetof leafR4. Otherwise,asit is notin R3 andnotin R4, it mustbecontained
in a leaf producedby a previoussplit andcanthereforebediscarded.In total, we scan
every list at mostonce,for a totalof O 
 scan
 N ��� I/Os.

Up to this point, theconstructionalgorithmhasin factcomputeda “super-tree”T $ $
of T $ , as someleavesproducedby the algorithm may be empty. Even thoughsome
leavesof T $ $ areempty, thesizeof T $ $ is O 
 N � [4]. Thus,giventheassignmentof point
setsto the leavesof T $ $ ascomputedabove, it takesO 
 sort
 N ��� I/Os usingstandard
externalmemorygraphtechniquesto removeemptyleavesandall internalnodessuch
thatall descendantleavesof at leastoneof its two childrenareempty. Theresultis the
desiredpartialfair split treeT $ .

5 Dynamic Well-SeparatedPair Decomposition

Dynamic Fair-Split Tree We presentanI/O-efficientalgorithmfor dynamicallymain-
tainingthefair-split treeusingO 
 logBN � I/Os perinsertor deleteoperation.Wefollow
theapproachof [8].

The main idea is to maintaina rectangleR̃
 A� , suchthat R
 A� 7 R̃
 A� , for each
nodeA � T thatis notmodifiedduringupdates.A fair cutof any rectangleR̄ is defined
aspartitioningtherectangleusinganaxis-parallelhyperplanethatis atdistanceat least
1
3 lmax 
 R̄� from its nearestparallelsides.Notethatafair cutof R̃
 A� satisfiesthefair split
conditionon R
 A� , sincelmax 
 R
 A��� - lmax 
 R̃
 A��� andR
 A� 7 R̃
 A� at any momentin
time.Let R B R$ indicatethatR$ canbeconstructedfrom Rby a sequenceof fair cuts.

We maintaina binary tree T underinsertionsanddeletionsin which eachnodesat-
isfiesthefollowing invariants:

(I1) For all internalnodesA with childrenA1 andA2, thereexistsa fair cut thatparti-
tionsR̃
 A� into rectanglesR1 andR2 suchthatR1 B R̃
 A1

� andR2 B R̃
 A2
� .

(I2) For all leavesa, R̃
 a�O� a.

It is easyto seethatT is a fair-split tree.InvariantI1 ensurestheexistenceof a fair cut,
which satisfiesthefair split property.

Insertion: Whenwe want to inserta point a, we find the deepestnodeA in T such
thata � R̃
 A� . Let R1 andA1 have thesamemeaningasin InvariantI1 andassumethat
a � R1. We inserta new nodeB, which replacesA1 asa child of A. We make A1 anda
childrenof B. We show how to constructR̃
 B� satisfyingInvariantI1.



ConsiderInvariantI1 for nodeA. SinceR1 B R̃
 A1
� , thereexistsa sequenceof fair

cutsthatconstructR̃
 A1
� from R1. Clearly the last rectangleR in thesequenceof cuts

thatsatisfiesa � R canbeassignedasR̃
 B� . However, this doesnot giveusanefficient
way to find R̃
 B� , sincethesequenceof cutsmaybelong. In [8] it is shown thatgiven
thedeepestnodeA, R̃
 B� canbecomputedin constanttime.

We cancomputeA usingO 
 logBN � I/Os by posingit asa deepest-intersectquery
on theTopologyB-tree[5].

Deletion: To deletea point a, deletethe leaf a and compressthe parentnode p 
 a� .
Notethatthis preservestheinvariants.

Theorem2. Thefair-split treeof a point setP canbemaintainedusingO 
 N � B� disk
blocksandO 
 logBN � I/Os per insertor deleteoperation.

Maintaining the pairs dynamically We follow theapproachof [8]. We usethefollow-
ing characterizationof well-separatedpairs.An orderedpair of nodes 
 A � B� � A � B � T
is well-separatedif andonly if it satisfiesthefollowing conditions:

1. Thepoint setsA andB arewell-separated,
2. Nodesp 
 A� andB arenot well-separated,and
3. lmax 
 R
 B��� 9 lmax 
 R
 p 
 A����� - lmax 
 R
 p 
 B����� .

It is easyto constructexampleswherethe insertionof a new point canadda linear
numberof well-separatedpairs.Thus,we cannotdo a trivial updateof thepairsupon
insertionor deletion.The main ideaof the approachis to anticipateall but a constant
numberof pairsthatwould beaddedwhena new point is inserted.So,whena point is
insertedor deleted,weneedto updateonly aconstantnumberof pairs.In [8] it is shown
that this invariantcanbemaintainedonly if thepoint distribution of P is uniform. If it
is not uniform, we adddummypointsto make it uniform. In [8] it is shown that it is
necessaryto addonly O 
 1� dummypointsperwell-separatedpair.

Whena point p is inserted,we computea c-approximationof thedistancebetween
p andits nearestneighborin P, for someconstantc � f 
 s� . In [5] it is shown how to
computetheapproximatenearestneighborin O 
 logBN � I/Os usingaTopologyB-tree.

Let dp betheapproximatedistancecomputedabove.It canbeshown thattheinter-
actionsbetweenp andpoints � q � P � d 
 q � p� � dp � arealreadycoveredin thecurrent
WSPD.We needto computewell-separatedpairsthataccountfor interactionsbetween
p andpointswithin distancedp from p. Thenumberof suchpairsneededis O 
 1� . We
cancomputethesepairsasfollows:

Extractall nodesA � T whoseboundingrectanglesR
 A� overlapthe cubeC cen-
teredat p with lengthl 
 C �P� dp andsatisfytheconditionsof aWSPDdefinedearlierin
this subsection.This canbedoneby filtering C througha Topology-B-treethatcorre-
spondsto thefair-split tree.Sincethenumberof pairsextractedis O 
 1� , wecanperform
this extractionusingO 
 logBN � I/O’s.

We needto add dummy points to make surethat the region covering the newly
computedpairs 
 A � B� is uniform. Note that for the existing pairs, we have already
addedtherequireddummypoints.A straightforwardway is to adda meshof suitably
spacedpointscoveringtheregion aroundR
 A� andR
 B� . We insertthedummypoints



andcomputethepairscorrespondingto themasdescribedabove.Thetotal numberof
dummypointsaddedis O 
 1� andthenumberof pairsaddedto theWSPDis O 
 1� . Thus,
theentireprocessrequiresO 
 logBN � I/Os.Thedeletionof a point p canbetakencare
of usingasimilar procedure.

Theorem3. Let P bea setof N pointsin H d . Thewell-separatedpair decomposition
of P with respectto a fair-split treeT canbemaintainedunderinsertionsanddeletions
usingO 
 logBN � I/Os perupdateandO 
 N � B� diskblocks.

6 Applications of the WSPD

6.1 t-Spanners

Givenapoint setP, let G � 
 P� E � beagraphwhoseedgeshaveweightscorresponding
to theEuclideandistancebetweentheirtwoendpoints.G is calledat-spannerfor P if for
any two pointsp andq in P, theshortestpathfrom p to q in G is at mostt timeslonger
thantheEuclideandistancebetweenp andq. In [9] it is shown thatthefollowing graph
G � 
 P� E � is a t-spannerof linearsizefor thepoint setP: For everynodeA � T choose
arepresentativeq 
 A� � A. For everypair � Ai � Bi � in thegivenWSPDof P, addanedge
� q 
 Ai

� � q 
 Bi
� � to E. In [3] it is shown that onecancomputea spannerof diameterat

most2logN by choosingrepresentativescarefully. In particular, we partitiontheedges
in T into heavy andlight edges.Givena nodeA with childrenA1 andA2, edge 
 A � A1

�
is heavy andedge 
 A � A2

� is light if �A1 � J �A2 � . Otherwise,edge 
 A � A2
� is heavy and

edge 
 A � A1
� is light. Every nodeof T is containedin a uniquechainof heavy edges

startingat a leaf.For nodeA, let q 
 A� betheleafwhosechaincontainsA.
This assignmentof representativescorrespondsto sendingrepresentativesup the

tree;at every nodeA receiving representative q 
 A1
� andq 
 A2

� from its children,we
chooseq 
 A� asthe onesentalongthe heavy edge.The decisionwhich edgeis heavy
canbe madeby sendingsizes �A1 � and �A2 � alongwith the representative q 
 A1

� and
q 
 A2

� . Thiscanbedoneusingtime-forwardprocessing.

Theorem4. Givena setP of N points in H d , it takesO 
 sort
 N ��� I/Os and O 
 N � B�
blocks of external memoryto computea t-spannerG of linear sizeand diameterat
most2logN for P.

The next theoremstatesthat the I/O-complexity of the spannerconstructionis practi-
cally optimal.

Theorem5. It takes Ω 
 min � N � sort
 N � � � I/Os to computea t-spanner, t � 1, for a
point setP of N pointsin H d .

Proof. We prove the lemmafor d � 1. The proof generalizesto higher dimensions
by placingall pointson a straightline in H d . Given a list X of items x1 ��4�4�4�� xN and
a permutationσ : # 1 � N % B # 1 � N % , we arefinally interestedin computingthe sequence
xσ � 1� ��4�4�45� xσ � N � . Let σ begivenasasequenceS �RQ σ 
 1� ��4�4�45� σ 
 N ��S . Wemapdataitemxi

to thepoint i " 1
t andσ 
 i � to thepoint σ 
 i � . Any t-spanner, t � 1, of theresultingpoint

setmustcontainedges
 σ 
 i � � xσ � i � � . Wefirst removeall edgesthatarenotof thistypeand



thenreversethe permutationperformedon elementsσ 
 i � by the spannerconstruction
algorithmto arrangethe remainingedgesin the order 
 σ 
 1� � xσ � 1� � ��4�4�45��
 σ 
 N � � xσ � N � � .
This reversalcanbedoneby recordingtheI/Os performedby thespannerconstruction
algorithm and playing this I/O-sequencebackward, exchangingthe meaningof read
andwrite operations.

The constructionof the point set takesO 
 scan
 N ��� I/Os. The reversalof the per-
mutationtakesO 
 TS 
 N ��� I/Os, whereTS 
 N � is the I/O-complexity of the spanneral-
gorithm.In total, we cancomputeany permutationin O 
 TS 
 N ��� I/Os, sothatTS 
 N �.�
Ω 
 perm
 N ����� Ω 
 min � N � sort
 N � � � . TU

6.2 K-NearestNeighbors

In thissectionwe show how to computetheK-nearestneighborsfor everypoint p � P.
Theconstructionfollows thesequentialalgorithmin [9] for thisproblem.

Lemma 3 ([9]). Let � A � B � be a pair in a well-separated realizationof P 1 P with
separations � 2. If there is a pointb � B that is a K-nearestneighborof a pointa � A,
then �A �V- K.

Given a setB, let OB be the centerof R
 B� . Thenwe divide the spacearoundB into
a constantnumberof coneswith apex OB suchthat for any two pointsa anda$ in the
samecone, W aOBa$ 9 s

sX 1.

Lemma 4 ([9]). Let a point setX and a conec with apex OB be given,such that for
anytwo pointsa anda$ in c, W aOBa$ 9 s

sX 1. Let Xc
� 
 x1 ��4�4�4�� xl

� bethesetof pointsin
X that lie in c, sortedbydistancefromOB. For i � K, nopoint in B canbea K-nearest
neighborof xi .

Basedon Lemma3 the algorithmin [9] first extractsall pairs � Ai � Bi � with �Ai �D- K.
This canbe donein O 
 sort
 N � " scan
 KN ��� I/Os usingtime-forward processingand
a reversepreordertraversalof T. For a nodeB in T, let � A$1 � B �2��4�4�4��6� A$q � B � betheset
of pairssuchthat �A$i �*- K. Note that thesetsA$i arepairwisedisjoint. We storetheset
f 
 B�,� : q

i < 1A$i asa candidatesetat nodeB in T. Theconstructionof sets f 
 B� takes
sortingandscanningandthusO 
 sort
 KN ��� I/Os.Thenthesetof candidatesis narrowed
down by atop-downprocedurein T, whichcanberealizedusingtime-forwardprocess-
ing. At therootnodeB of T, thealgorithmpartitionsthespacearoundOB into conesas
describedaboveandusesK-selectionin eachconeto find theK pointsin f 
 B� thatfall
into thisconeandareclosestto OB. By Lemma4,all otherpointsin f 
 B� cannothavea
K-nearestneighborin B. Call theresultingsetof pointsN 
 B� . As N 
 B� containsatmost
K pointsperconeandthereareO 
 1� cones,�N 
 B� � � O 
 K � . ThesetN 
 B� is passedon
to thechildrenB1 andB2 of B. Thepointspossiblyhaving a closestneighborin Bi are
in theset f 
 Bi

�ZY N 
 B� . Thus,thealgorithmappliesthesameK-selectionalgorithmto
this setto constructN 
 Bi

� andpassit on to Bi ’s children.As we sendonly O 
 K � points
alongeveryedgeof T, this takesO 
 sort
 KN ��� I/Os.

Finallyeveryleafb storesasetN 
 b� of sizeO 
 K � suchthatb is apotentialK-nearest
neighborfor thepointsin N 
 b� . Thetotalsizeof all thesesetsis O 
 KN � . Now webuild
setsN $[
 a� for all pointsa � P suchthat b � N $[
 a� if andonly if a � N 
 b� andapply



K-selectionto eachsetN $	
 a� separatelyto find theK-nearestneighborsof pointa. This
takessortingof KN pointsanda standardK-selectionalgorithm,hence,O 
 sort
 KN ���
I/Os.

Theorem6. Givena setP of N pointsin H d , it takesO 
 sort
 KN ��� I/OsandO 
 KN � B�
blocksof externalmemoryto find theK-nearestneighbors for all pointsin P.

6.3 K-ClosestPairs

Givenawell-separatedrealizationof P 1 P, let thepairs � Ai � Bi � besortedby increasing
distancesd 
 R
 Ai

� � R
 Bi
��� . For any suchpair, �Ai & Bi � � �Ai �G�Bi � . To find theK closest

pairs,wefirst determinethesmallesti suchthat∑i
j < 1 �A j �G�B j � J K andretrieveall pairs

� A � B � suchthatd 
 R
 A� � R
 B��� -;
 1 " 4 � s� r, wherer � d 
 R
 Ai
� � R
 Bi

��� . Weextractthe
setof pairs � a � b � suchthata � A andb � B for somepair � A � B � thatwe retrieved.

In [7] it is shown that the K closestpairsareamongthe extractedpoint pairsand
thatthetotalnumberof extractedpointpairsis O 
 N " K � . Giventhis setof pointpairs,
we applyK-selectionagainto find theK closestones.Givenall point pairs,this takes
O 
 scan
 N " K ��� I/Os.We have to show how to extractall candidatepairs � a � b � .

Sortingthepairs � Ai � Bi � by their distancesd 
 R
 Ai
� � R
 Bi

��� betweenthebounding
rectanglestakesO 
 sort
 N ��� I/Os. Thenit takesa singlescanto extract all pairswith
d 
 R
 A� � R
 B��� -\
 1 " r � s� r. We extract the points in setsAi andBi in the sameway
asin theprevioussectionandsort theseat mostO 
 N " K � pointsto guaranteethat the
pointsin thesamepair � Ai � Bi � arestoredconsecutively. We cannow constructtheset
of all candidatepointpairsby scanningtheresultingpoint list. Weobtainthefollowing
result.

Theorem7. Givena setP of N pointsin H d , it takesO 
 sort
 N " K ��� I/OsandO 
�
 N "
K � � B� blocksof externalmemoryto computetheK closestpairs in P.

6.4 Dynamic ClosestPair

We show how to maintaintheclosestpair of pointsin P underinsertionanddeletion.
We make thefollowing simpleobservation:

Lemma 5. LetP bea point setof n pointsin H d . Let 
 a � b� � a � b � P betheclosestpair
in P. Then,thepair �]� a �D�6� b �]� belongsto thewell-separatedpair decompositionof P.

Proof. Let 
 A � B� bethepair in thewell-separateddecompositionsuchthata � A � b � B
andb is a nearestneighborof a. Applying Lemma3, we have �A � � 1. Similarly, a is a
nearestneighborof b. By Lemma3, wehave �B � � 1. TU

Denotethewell-separatedpairsof theform �2� a �2�6� b �2� assingletonpairs.Wemain-
tain thesingletonpairsin aB-treebasedon thedistancebetweenthem.Theclosestpair
is thesingletonpairwith minimumdistance.

During an insertor deleteoperation,updatethe well-separatedpairsandinsertor
deletethe singletonpairs in the B-tree,respectively. Sinceonly O 
 1� well-separated
pairschangeduringaninsertor deleteoperation,weobtainthefollowing theorem.

Theorem8. Let P bea point setof n pointsin H d . Theclosestpair in P canbemain-
tainedusingO 
 logBN � I/Os per insertor deleteoperation.
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