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Abstract. We present a new transformation of call-by-value lambda-
terms into continuation-passing style (CPS). This transformation oper-
ates in one pass and is both compositional and first-order. Because it
operates in one pass, it directly yields compact CPS programs that are
comparable to what one would write by hand. Because it is composi-
tional, it allows proofs by structural induction. Because it is first-order,
reasoning about it does not require the use of a logical relation.

This new CPS transformation connects two separate lines of research.
It has already been used to state a new and simpler correctness proof
of a direct-style transformation, and to develop a new and simpler CPS
transformation of control-flow information.

1 Introduction

The transformation into continuation-passing style (CPS) is an encoding of arbi-
trary A-terms into an evaluation-order-independent subset of the A-calculus [30,36].
As already reviewed by Reynolds [35], continuations and the CPS transformation
share a long history. The CPS transformation was first formalized by Plotkin
[B0], and first used in practice by Steele, in the first compiler for the Scheme pro-
gramming language [39]. Unfortunately, its direct implementation as a rewriting
system yields extraneous redexes known as administrative redexes. These re-
dexes interfere both with proving the correctness of a CPS transformation [30]
and with using it in a compiler [22/39]. At the turn of the 1990’s, two flavors of
“one-pass” CPS transformations that contract administrative redexes at trans-
formation time were developed. One flavor is compositional and higher-order,
using a functional accumulator [IJI0/41]. The other is non-compositional and
first-order, using evaluation contexts [37]. They have both been proven correct
and are used in compilers as well as to reason about CPS programs.

Because the existing one-pass CPS transformations are either higher-order or
non-compositional, their correctness proofs are complicated, and so is reasoning
about CPS-transformed programs. In this article, we present a one-pass CPS
transformation that is both compositional and first-order and thus is simple to
prove correct and to reason about. It is also more efficient in practice.
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Overview: The rest of this article is structured as follows. We present three
derivations of our first-order, one-pass, and compositional CPS transformation.
We derive it from the higher-order one-pass CPS transformation (Section [2)),
from Sabry and Wadler’s non-compositional CPS transformation (Section [3]),
and from Steele’s two-pass CPS transformation (Section [). We also prove its
correctness with a simulation theorem & la Plotkin (Section [).

higher-order first-order first-order
one-pass one-pass two-pass
compositional non-compositional compositional
CPS transformation CPS transformation CPS transformation
. Secti .
Section ection B Section @
first-order
one-pass
compositional

CPS transformation

Section | Bl

correctness

We then compare the process of reasoning about CPS-transformed programs,
depending on which kind of CPS transformation is used (Section [B]). Finally, we
conclude (Section 7).

Prerequisites: The syntax of the A-calculus is as follows. We follow the tradition
of distinguishing between trivial and serious terms. (This distinction originates
in Reynolds’s work [36] and has been used by Moggi to distinguish between
values and computations [25].)

ex=t| s e € Expr (terms)
tu=2x | Aze t, K € Val  (trivial terms, i.e., values)
s = ep el s € Comp (serious terms, i.e., computations)

x,k € Ide  (identifiers)

We distinguish terms up to a-equivalence, i.e., renaming of bound variables.

2  From Higher-Order to First-Order

2.1 A Higher-Order Specification

Figure [M displays a higher-order, one-pass, compositional CPS transformation.
£ is applied to terms in tail position [3] and £’ to terms appearing in non-tail
position; they are otherwise similar. S is applied to serious terms in tail position



100 Olivier Danvy and Lasse R. Nielsen

& : Expr — Ide — Comp
EMt] = ek QTt]
Els] = Mk.S[s] @k

S : Comp — Ide — Comp
S[eo 61]] = Xk‘.g/ﬂe()]] @ (X:C().Slllel]] @ (Xml.xo @:El @k))

7 : Val — Val
Tz] ==
T[x.e] = Az k.E[e] Qk

&' Expr — (Val — Comp) — Comp
E'M = M.k QTt]
E'ls] = AeS'[s]@x

S’ : Comp — (Val — Comp) — Comp

S'[eo e1] = Ak.E'[eo] @ (Mwo.E'[e1] @ (Az1.0w0 Q21 @ (Az2.k Q 22)))

Fig. 1. Higher-order one-pass CPS transformation

and &’ to terms appearing in non-tail position; they are otherwise similar. 7 is
applied to trivial terms.

In Figure [[] transformation-time abstractions (\) and applications (infix @)
are overlined. Underlined abstractions (A) and applications (infix @) are hygienic
syntax constructors, i.e., they generate fresh variables.

An expression e is CPS-transformed into the result of M\k.E[e] Q k.

2.2 Circumventing the Higher-Order Functions

Let us analyze the function spaces in Figure [Il All the calls to £, S, &, and
S’ are fully applied and thus these functions could as well be uncurried. The
resulting CPS transformation is only higher order because of the function space
Val — Comp used in £ and S’. Let us try to circumvent this function space.

A simple control-flow analysis of the uncurried CPS transformation tells us
that while both £ and £’ invoke 7, 7 only invokes £, £ only invokes S, and
S only invokes & while £ and &’ invoke each other. The following diagram
illustrates these relationships.
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£ S & =8

T

Therefore, if we could prevent S from calling £, both £’ and 8’ would become
dead code, and only &£, S, and 7 would remain. We would then obtain a first-
order one-pass CPS transformation.

Let us unfold the definition of S and reason by inversion. The four following
cases occur. (We only detail the -reductions in the first case.)

S[[t() tl]]@k —def g/[[to]] @(Xl‘o 8’[[151]]@@3:1 Zo @1‘1@]@‘))
=def ()\CL‘O 5 [[tl]] ()\371 Zo @131 @ k))@T[[to]]
-3 5/[[751]]@()\,%1 T[[to]]@.’l)l@k)
=def Az1.T[to] Qw1 QK) QT [t,]
—gs Tt]QT[t]Qk

Sﬂto Sﬂ]@k‘ =g ]] (/\l‘1 [[to]]@l‘l @k)

S'[s
‘SIISO tl]] @]{3 =B 8/ [[So]] (AIO o @ Tﬂtl]] (@ k)
S

S[[SO 81]]@]? =3 So]] ()\ZL’O S/[[Sﬂ] ()\.’El o @1’1 @k))

This analysis makes explicit all of the functions x that S passes to S’. By def-
inition of &', we also know where these functions are applied: in the two-level
eta-redex \xo.k @ xo. We can take advantage of this knowledge by invoking S
rather than &', extend its domain to Comp — Expr — Comp, and pass it the
result of eta-expanding . The result reads as follows.

Hto tl]] @ = Hto]] @T[[tl]] Qk
S[[to 51]]@]65 IIS ]] ()\1’1 [[to]]@l’l@k)
S[[So t1]] @]{i = [[S ]] (/\l‘o o @T[[tl]] @ ]41)

S[[So 81]] Qk = S[[SQ]] @ (AmoS[[ 1]] @ (A.’Iﬁl.xo @xl @k‘))

In this derived transformation, £ and S’ are no longer used. Since they are the
only higher-order components of the uncurried CPS transformation, the derived
transformation, while still one-pass and compositional, is first-order. Its control-
flow graph can be depicted as follows.

5—>sk\

\\
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& : Expr x Ide — Comp
EMtlk = kT[t]
Els]k = S[s] k

S : Comp x Expr — Comp
Slto t1] K = Tto] Tt1] K
Slto s1] K = S[s1] (Az1.T[to] z1 K)
S[so t1] K = S[so] (Azo.zo T [t1] K)
Slso s1] K = S[so] (Azo.S[s1] (A\z1.20 21 K))

T :Val — Val
Tlz] = =
T z.e] = Mz k.Ee] k

Fig. 2. First-order one-pass CPS transformation

The resulting CPS transformation is displayed in Figure . Since it is first-order,
there are no overlined abstractions and applications, and therefore we omit all
underlines as well as the infix @. An expression e is CPS-transformed into the
result of \k.E[e] k.

This first-order CPS transformation is compositional (in the sense of denota-
tional semantics) because on the right-hand side, all recursive calls are on proper
sub-parts of the left-hand-side term [42], page 60]. One could say, however, that it
is not purely defined by recursive descent, since S is defined by cases on immedi-
ate sub-expressions, using a sort of structural look-ahead. (A change of grammar
would solve that problem, though.) The main cost incurred by the inversion step
above is that it requires 2™ clauses for a source term with n sub-terms that need
to be considered (e.g., a tuple).

3 From Non-compositional to Compositional

3.1 A Non-compositional Specification

The first edition of Essentials of Programming Languages [18] dedicated a chap-
ter to the CPS transformation, with the goal to be as intuitive and pedagogi-
cal as possible and to produce CPS terms similar to what one would write by
hand. This CPS transformation inspired Sabry and Felleisen to design a radi-
cally different CPS transformation based on evaluation contexts that produces
a remarkably compact output due to an extra reduction rule, Sy [ITJ37]. Sabry
and Wadler then simplified this CPS transformation [38] Figure 18], e.g., omit-
ting Bup. This simplified CPS transformation now forms the basis of the chapter
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on the CPS transformation in the second edition of Essentials of Programming
Languages [19].

Using the same notation as in Figure[2], Sabry and Wadler’s CPS transforma-
tion reads as follows. An expression e is CPS-transformed into Ak.E[e], where:

Ele] = S[e] k S[t] K = K T[t]
Slto t1] K = Tto] T[t1] K
T[[x]] =X S[[to 81]] K = S[[S1]] ()\.731.8[[150 331]] K)
T z.€] = Az k.E]e] S[so e1] K = S[so] (A\xo.S[xo 1] K)

For each serious expression s with a serious immediate sub-expression s’, S
recursively traverses s’ with a new continuation. In this new continuation, s’
is replaced by a fresh variable (i.e., a trivial immediate sub-expression) in s.
The result, now with one less serious immediate sub-expression, is transformed
recursively. The idea was the same in Sabry and Felleisen’s context-based CPS
transformation [37, Definition 5], which we study elsewhere [12/1527].

These CPS transformations hinge on a unique free variable k and also they
are not compositional. For example, on the right-hand side of the definition of
S just above, some recursive calls are on terms that are not proper sub-parts
of the left-hand-side term. The input program changes dynamically during the
transformation, and proving termination therefore requires a size argument. In
contrast, a compositional transformation entails a simpler termination proof by
structural induction.

3.2 Eliminating the Non-compositionality

Sabry and Wadler’s CPS transformation can be made compositional through the
following unfolding steps.

Unfolding S in Sty 1] K: The result is 7 [to] 7 [x1] K, which is equivalent
to T[[to]] Iy K.
Unfolding S in S[zg e1] K: Two cases occur (thus splitting this clause for S
into two).
— If ey is a value (call it ¢1), the result is 7 [xo] 7 [t1] K, which is equivalent
to o T[[tl]] K.
— If €7 is a computation (call it s1), the result is S[s1] (A\x1.S[zo z1] K).
Unfolding the inner occurrence of S yields S[s1] (Az1.7 [zo] 7 [x1] K),
which is equivalent to S[s1] (Az1.20 1 K).

The resulting unfolded transformation is compositional. It also coincides with the
definition of S in Figure[d and thus connects the two separate lines of research.

4 From Two Passes to One Pass

4.1 A Two-Pass Specification

Plotkin’s CPS transformation [30] can be phrased as follows.
Clt] = Mk.k D(t) P(r) ==
Cleo e1] = Mk.Cleo] (Azo.Cler] (Az1.zo 1 k)) P(Az.e) = Ax.C[e]
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Directly implementing it yields CPS terms containing a mass of administrative
redexes that need to be contracted in a second pass [39).

4.2 A Colon Translation for Proving Simulation

Plotkin’s simulation theorem shows a correspondence between reductions in the
source program and in the transformed program. To this end, he introduced the
so-called “colon translation” to bypass the initial administrative reductions of a
CPS-transformed term.

The colon translation makes it possible to focus on the reduction of the
abstractions inherited from the source program. The simulation theorem is shown
by relating each reduction step, as depicted by the following diagram.

reduction ,
€ e
CPS transformation CPS transformation
Cle] K Cle|K
administrative administrative
reductions w‘/) reductions
e: K e K

The colon translation is itself a CPS transformation. It transforms a source
expression and a continuation into a CPS term; this CPS term is the one that ap-
pears after contracting the initial administrative redexes of the CPS-transformed
expression applied to the continuation. In other words, if we write the colon
translation of the expression e and the continuation K as e : K, then the follow-
ing holds: C[e] K —e: K.

The colon translation can be derived from the CPS transformation by pre-
dicting the result of the initial administrative reductions from the structure of the
source term. For example, a serious term of the form tg e; is CPS-transformed
into Ak.(Ak.k D(v)) (Azo.Cle1] (A\x1.mo z1 k)). Applying this CPS term to a
continuation enables the following administrative reductions.

-3 ()\kk‘ @(to)) ()\l’o.C[[el]] ()\.’El..’EO T K))
-3 ()\(E(}C[[@ﬂ] ()\l‘l.{L‘O I K)) @(to)
-3 C[[el]] )\xl.@(to) T1 K

The result is a smaller term that can be CPS-transformed recursively. This
insight leads one to Plotkin’s colon translation, as defined below.

t:K =K &(t)
to tl K = @(to) @(tl) K
to 81 K= S1: (A‘Tl@(to) I K)
s0 e1: K = sg: (Axo.Cler] (A\z1.20 21 K))
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4.3 Merging CPS Transformation and Colon Translation

For Plotkin’s purpose—reasoning about the output of the CPS transformation—
contracting the initial administrative reductions in each step is sufficient. Our
goal, however, is to remove all administrative redexes in one pass. Since the colon
translation contracts some administrative redexes, and thus more than the CPS
transformation, further administrative redexes can be contracted by using the
colon translation in place of all occurrences of C.

The CPS transformation is used once in the colon translation and once in the
definition of @. For consistency, we distinguish two cases in the colon translation,
depending on whether the expression is a value or not, and we use the colon
translation if it is not a value. In the definition of @, we introduce the continuation
identifier and then we use the colon translation. The resulting extended colon
translation reads as follows.

t: K =K ®(t)
to tl K = @(to) @(tl) K
to S1 K= 51 ()\(Elq-s(to) I K)
S0 tl K = S0 - ()\xo.wo @(tl) K)
s0 81: K = sp: (Azo.(s1: (Ax1.20 21 K)))

P(z) ==
d(Ax.e) = Az \k.(e: k)

With a change of notation, this extended colon translation coincides with the
first-order one-pass CPS transformation from Figure[2l In other words, not only
does the extended colon translation remove more administrative redexes than
the original one, but it actually removes as many as the two-pass transformation.

5 Correctness
of the First-Order One-Pass CPS Transformation

Theorem 1 (Simulation). A term e reduces to a value t if and only Ee] A\xz.x
reduces to T[t], where & and T are defined in Figure[2.

The complete proof appears in the full version of this article [I3]. It is more
direct than Plotkin’s [30] since we do not need a colon translation.

6 Reasoning about CPS-Transformed Programs

How to go about proving properties of CPS-transformed programs depends on
which kind of CPS transformation was used. In this section, we review each of
them in turn. As our running example, we prove that the CPS transformation
preserves types. (The CPS transformation of types exists [24140] and has a log-
ical content [20§26].) We consider the simply typed A-calculus, with a typing
judgment of the form I'Fe: 7.
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6.1 A Higher-Order One-Pass CPS Transformation

Danvy and Filinski used a typing argument to prove that their one-pass CPS
transformation is well-defined [L0, Theorem 1]. To prove the corresponding sim-
ulation theorem, they used a notion of schematic continuations. Since then, for
the same purpose, we have developed a higher-order analogue of Plotkin’s colon
translation [14127].

Proving structural properties of CPS programs is not completely trivial.
Matching the higher-order nature of the one-pass CPS transformation, a log-
ical relation is needed, e.g., to prove ordering properties of CPS terms [9IT6//17].
(The analogy between these ordering properties and substitution properties of
linear A-calculi has prompted Polakow and Pfenning to develop an ordered logi-
cal framework [31I32I83].) A logical relation amounts to structural induction at
higher types. Therefore, it is crucial that the higher-order one-pass CPS trans-
formation be compositional.

The CPS transformation preserves types: To prove the well-typedness of a CPS-
transformed term, we proceed by structural induction on the typing derivation
of the source term (or by structural induction on the source expression), together
with a logical relation on the functional accumulator.

6.2 A First-Order Two-Pass CPS Transformation

Sabry and Felleisen also considered a two-pass CPS transformation. They used
developments [2], Section 11.2] to prove that it is total [37), Proposition 2].

To prove structural properties of simplified CPS programs, one can (1) char-
acterize the property prior to simplification, and (2) prove that simplifications
preserve the property. Danvy took these steps to prove occurrence conditions of
continuation identifiers [8], and so did Damian and Danvy to characterize the
effect of the CPS transformation on control flow and binding times [4[6]. It is
Polakow’s thesis that an ordered logical framework provides a good support for
stating and proving such properties [311[34].

The CPS transformation preserves types: To prove the well-typedness of a CPS-
transformed term, we first proceed by structural induction on the typing deriva-
tion of the source term. (It is thus crucial that the CPS transformation be
compositional.) For the second pass, we need to show that the administrative
contractions preserve the typeability and the type of the result. But this follows
from the subject reduction property of the simply typed A-calculus.

6.3 A First-Order One-Pass CPS Transformation

The proof in Section [ follows the spirit of Plotkin’s original proof [30] but is
more direct since it does not require a colon translation.

A first-order CPS transformation makes it possible to prove structural prop-
erties of a CPS-transformed program by structural induction on the source
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program. We find these proofs noticeably simpler than the ones mentioned in
Section [6.1] For another example, Damian and Danvy have used the present
first-order CPS transformation to develop a CPS transformation of control-flow
information [5] that is simpler than existing ones [46l29].

Again, for structural induction to go through, it is crucial that the CPS
transformation be compositional.

The CPS transformation preserves types: To prove the well-typedness of a CPS-
transformed term, we proceed by structural induction on the typing derivation
of the source term.

6.4 Non-compositional CPS Transformations

Sabry and Felleisen’s proofs are by induction on the size of the source pro-
gram [37, Appendix A, page 337]. Proving type preservation would require a
substitution lemma.

7 Conclusion and Issues

7.1 The Big Picture

Elsewhere [I1JT2[15], we have developed further connections between higher-
order and context-based one-pass CPS transformations. The overall situation is
summarized in the following diagram.

The following diagram is clearly in two parts: the left part stems from
Plotkin’s work and the right part from the first edition of Essentials of Pro-
gramming Languages. The left-most part represents the CPS transformation
with the colon translation. The vertical line in the middle represents the path
of compositional CPS transformations. The vertical line on the right represents
the path of non-compositional CPS transformations. The right arrow from the
colon translation is our higher-order colon translation [14]. The upper arrows be-
tween the left part and the right part of the diagram correspond to our work on
B-redexes [11], defunctionalization [12], and refocusing in syntactic theories [15].

The present work links the left part and the right part of the diagram further.

7.2 Scaling Up

Our derivation of a first-order, one-pass CPS transformation generalizes to other
evaluation orders, e.g., call-by-name. (Indeed each evaluation order gives rise to
a different CPS transformation [21I].) The CPS transformation also scales up
to the usual syntactic constructs of a programming language such as primitive
operations, tuples, conditional expressions, and sequencing.
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Plotkin, 1975 EoPL1, 1991
Sabry &
Felleisen,
Danvy & 1993
. Filinski, context-based
Plotkin, 1992 CPS
Danvy & transformation
Nielsen, Sabry &
2001 Wadler,
1997
Danvy &  compositional “ Dapyy & simplified
colon Nielsen, higher-order Nielsen, context-based
_— — -
translation 2001 g 2001 CPS
. transformation
transformation
Friedman,
i 2
Section Section Bl Section [3] Wand, &
Haynes,
compositional 2001
first-order
one-pass EOPL2, 2001
CPS
transformation

A practical problem, however, arises for block structure, i.e., let- and letrec-
expressions. For example, a let-expression is CPS-transformed as follows (ex-
tending Figure[d).

Sllet x = ey in €3] = Ak.E[e1] @ (A\z.Eex] Q k)
S'[let 7 = ey in ez] = Ax.E'[e1] @ (M\z.E'[e2] @ k)

In contrast to Section[2:2] the call site of the functional accumulator (i.e., where
it is applied) cannot be determined in one pass with finite look-ahead. This
information is context sensitive because x can be applied in arbitrarily deeply
nested blocks. Therefore no first-order one-pass CPS transformation can flatten
nested blocks in general if it is also to be compositional.

To flatten nested blocks, one can revert to a non-compositional CPS trans-
formation, to a two-pass CPS transformation, or to a higher-order CPS transfor-
mation. (Elsewhere [11], we have shown that such a higher-order, compositional,
and one-pass CPS transformation is dependently typed. Its type depends on the
nesting depth.)

In the course of this work, and in the light of Section[3.2] we have conjectured
that the problem of block structure should also apply to a first-order one-pass
CPS transformation such as Sabry and Wadler’s. This is the topic of the next
section.
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7.3 A Shortcoming

Sabry and Wadler’s transformation [38] also handles let expressions (extending
the CPS transformation of Section B.I):

Sllet x = €1 inez] K = S[e1] (Ax.S[e2] K)

If we view this equation as the result of circumventing a functional accumulator,
we can see that it assumes this accumulator never to be applied. But it is easy to
construct a source term where the accumulator would need to be applied—e.g.,
the following one.

S[to (let x = t1 inte)] K = S[let & = t; in ta] (Ax1.7 [to] 21 K)
= S[t1] (A\z.S[t2] (Az1.T[to] 21 K))
= S[t1] Ax.(Az1.T[to] z1 K) T[t2])
= (A\e.(Ax1.Tto] 21 K) T[t2]) T[t1]

The resulting term is semantically correct, but syntactically it contains an ex-
traneous administrative redex.

In contrast, a higher-order one-pass CPS transformation yields the following
more compact term, corresponding to what one might write by hand (with the
provision that one usually writes a let expression rather than a J-redex).

S[[t() (let xr = tl in tg)]] k= ()\JJT[[tQ] T[[tz]] k) T[[tl]]

The CPS transformation of the second edition of Essentials of Programming
Languages inherits this shortcoming for non-tail let expressions containing com-
putations in their header (i.e., for non-simple let expressions that are not in tail
position, to use the terminology of the book).

7.4 Summary and Conclusion

We have presented a one-pass CPS transformation that is both first-order and
compositional. This CPS transformation makes it possible to reason about CPS-
transformed programs by structural induction over source programs. Its correct-
ness proof (i.e., the proof of its simulation theorem) is correspondingly very
simple. The second author’s PhD thesis [27[28] also contains a new and simpler
correctness proof of the converse transformation, i.e., the direct-style transforma-
tion [7]. Finally, this new CPS transformation has enabled Damian and Danvy
to define a one-pass CPS transformation of control-flow information [4l/5].

Acknowledgments: Thanks are due to Dan Friedman for a substantial e-mail dis-
cussion with the first author about compositionality in the summer of 2000, and
to Amr Sabry for a similar discussion at the Third ACM SIGPLAN Workshop on
Continuations, in January 2001. This article results from an attempt at unifying
our points of view, and has benefited from comments by Daniel Damian, An-
drzej Filinski, Mayer Goldberg, Julia Lawall, David Toman, and the anonymous
referees. Special thanks to Julia Lawall for a substantial round of proof-reading.
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An Example of Continuation-Passing Program

The following ML functions compute the map functional. One is in direct style,
and the other one in CPS.

(*

map : (a -> ’b) * ’a list -> ’b list *)

fun map (£, nil)

= nil
| map (£, x :: xs)
= (f x) :: (map (£, xs))
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(x map_c : (a *x (°b -> ’c) -> ’c) * ’a list * (°b list -> ’c) -> ’c *)
fun map_c (f_c, nil, k)

=k nil
| map_c (f_c, x :: xs, k)
=f_c (x, fn v => map_c (f_c, xs, fn vs => k (v :: vs)))

The direct-style function map takes a direct-style function and a list as argu-
ments, and yields another list as result.

The continuation-passing function map_c takes a continuation-passing func-
tion, a list, and a continuation as arguments. It yields a result of type ’c, which
is also the type of the final result of any CPS program that uses map_c. Matching
the result type ’b list of map, the continuation of map_c has type ’b list -> ’c.
Matching the argument type ’a -> ’b of map, the first argument of map_c is a
continuation-passing function of type ’a * (°b -> ’¢) -> ’c.

In the base case, map returns nil whereas map_c sends nil to the continuation.
For a non-empty list, map constructs a list with the result of its first argument
on the head of the list and with the result of a recursive call on the rest of the
list. In contrast, map_c calls its first argument on the head of the list with a new
continuation that, when sent a result, recursively calls map_c on the rest of the
list with a new continuation that, when sent a list of results, constructs a list
and sends it to the continuation. In map_c, all calls are tail calls.
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