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Abstract. One approach how to solve a linear optimization is based on interior
point method. This method requires the solution of large linear system equations. A
special matrix factorization techniques that exploit the structure of the constraint
matrix has been suggested for its computation. The method of Birge and Qi has
been reported as efficient, stable and accurate for two-stage stochastic programs.
In this report we present a generalization of this method for three-stage stochastic

programs.

1 Introduction

Solving the deterministic equivalent formulation of two-stage stochastic pro-
grams using interior point method requires the solution of linear systems of the
form

(ADA") dy = b. (1)

Solving of this problem requires more then 90 — 95% of total programming time
[1]. Birge and Holmes [2] compared different methods for the solution of this
system. They found that the factorization technique based on the work of Birge
and Qi (BQ) [3] is more efficient and stable than other methods. They also
suggested BQ for parallel computation. A parallel version of BQ for two-stage
stochastic programs was also implemented on an Intel iPSC/860 hypercube and
a Connection Machine CM-5 with nearly perfect speedup [4]. According to our
knowledge, this method has not been used for a three-stage stochastic program
so far. The aim of this report is analysis of the BQ method and a suggestion
how the BQ method can be used for three-stage stochastic programming. Sect.
2 briefly describes the BQ matrix decomposition. An application of the BQ to a
three-stage stochastic model is given in Sect. 3.

2  BQ Factorization for Two-Stage Model

For expositional clarity, we start with a two-stage model which has been resolved
in [2]. Let A® be a constraint matrix of the two-stage stochastic model and D(?)
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a positive definite and diagonal matrix

Ao Dy
T1 Al Dl
A = | I A . D@ = D, 7 (2)
Ty Ay Dy,
where A; are m; X n; and D; are positive definite diagonal n; X n; matrices,
i =0,1,2,...,k T; are m; X ng matrices, i = 1,2,..., k. We assume that A;
have full row rank and m; < n;, i =0,1,2,..., k. For wit sake of completness,

let us denote R = A DR (AR Then R?® can be expressed as sum of a
block-diagonal matrix and product of matrices

R® =R® L y® [D(Z) (V(2))t] =R L y® [(W(Q))t ], (3)
where

R = Diag(I,,,, AiD1 A%, ..., AxDyAY) = Diag(I,, Ri,...,Ri) (4)

and
AO Imo
Tl t t t t
U@ p® (vt — | T (Do ; > (,;10 T{ Ty ... Tk> G
: mo mo
Ty

Note R is the diagonal matrix with positive definite matrices on the diagonal
entries. Now, if we need the inverse of R, we can use the Sherman-Morrison-
Woodbury formula. It holds [5]
(R&)™ = (RE)™ — RE)T U (G~ (V) (RO, (6)
if and only if both R(?) and G are nonsingular, where
(GO = agrmg + (W) (RE) U1, 7)

In the matrix form

a2 — Dal + AjAo + Zf:l TitRz‘ilTi Aj _ G®@ Af ) (8)
—Ag 0 -4, 0

It has been proved [2] that G® is positive definite and symmetric matrix and
G® is nonsingular. Hence, the conditions for the validity of (6) are fulfilled.



208  G.Ch. Pflug and L. Halada

Thus, we can rewrite the solution of the system R dy() = b by the relation
(6) as follows: dy® = p(® — 52 where

RZ p = (9)
G? ¢ = (vt p@ (10)
R2) ¢2) — (2 q(2). (11)
More precisely,
Imo p(g; bO
Rl bl
RE p® _ § L | (12)
Ry, pl(f) bi,

Hence, the vector p(® can be computed component-wise by solving sub-block
systems

P(()Q) = by
R; Pz@) = b;, i=1,2,..k. (13)

We can proceed similarly in the case of computation of the vector s(2). It gives

582) — A, qu) n q§2)
R =Tq®, i=12 .k (14)

Because R; = A;D;Al, i =1,2,..k is symmetric positive definite matrix, its
Cholesky decomposition can be used for the solution of both (13) and (14). The
solution of (10) can be found by exploiting the matrix structure G(?). We have

G2 At q(2) 5@
a® @) :< o> c) o () 15
q _AO 0 qé2) 652) ( )

.(2) t,(2) k t,(2)
0] A +> . Tlp;
(@%2)> - (V(z))t p® = ( 0Po 2(12_)1 D > . (16)

where

—py
The vectors qi@) and 131(2) , i=1,2 have the size corresponding to the matrix
structure G . By an elimination process, for (15) we get

[Ap(G®) 71 A5 68 = Ao (G716 460 (17)
G® P = oY — Ab ().

Because both matrices AO(CAT‘@))*A%J and G are symmetric positive definite,
one can use their Cholesky decomposition for solving these systems. The proce-
dure for sequential computing of the vector dy® by (9)-(11) has been named
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Findy in [2]. The parallel version of Findy has been formulated in [4]. For-
mally, parameters of this procedure are Findy(R?, Ay, Do, T, ..., Tk, b, dy®).
In [4] this procedure has been implemented on a distributed-memory multiple-
instruction multiple-date (MIMD) message-passing parallel computers, an Intel
iPSC/860 hypercube and a Connection Machine CM-5. Results are reported with
the solution of the linear systems arising when solving stochastic programs with
98,304 scenarios, which correspond to deterministic equivalent linear programs
with up to 1,966,090 constraints and 13,762,630 variables. From the timing
data presented in this paper it is evident that the speed-up and the efficiency is
most influenced by the percentage of time spent in communication and also by
the ratio m;/n;.

3 BQ Method Applied to Three-Stage Stochastic Model

Let A®) be here a constraint matrix of a three-stage stochastic model

A
T A1o
Ti1 Ay
Ti2 Aro Ao
A®) = Ts Ars — | 7 AP , (18)
T Ao T® AP
Ty Agy
Ty Az
To3 Az

where Ag is mo x ng and A;; are m;; X n;; matrices. T;; has the size conformable
to the matrices Ag and A;;. Let D®) be diagonal and positive definite matrix

D® = Diag(Dy; Dio, ..., Dis; Dag, ..., Da3) = Diag(Do, D', D), (19)

where Dy and D;; are diagonal ng X ng and n;; X n;; matrices with positive
entries, ¢ = 1,2; j = 0,1,2,3.. Again, we assume that Ay and A;; have full row
rank and mg < ng, my; <ny, 1=1,2; 7=0,1,2,3.

The matrix R®) = A®)DG)(AB®)! in the denotation of the largesized blocks
matrix A®) can be decomposed as follows:

R®) =RG) L y® DB (v = RG) L UG [ (W), (20)
where

R®) = Diag(Ln,, AP D (AP, A DS (AD)) = Diag(L,, R, RSY)
(21)
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and
Ao I,
U@Dp® (e — [ 7 " (Do Ay @y (22)
1(3) ImO _Imo
T2

By the Sherman-Morrison-Woodbury formula we obtain again
(R = (RO)™ = (RO (GI) 7 (v (RO, (23)
if and only if R®) and G®) are nonsingular. Here

(GO = [Ty tmy + DO (VENYE (RO 3= DB
GO = (D)L (VO (ROH~L UG, (24)

In the matrix form:

o® = (Do + Ao+ L (@) (BT ALY | (GO AL o)
—Ap 0 —Ag O

The validity of (23) follows from the same reason as for the two-stage model.
Thus, the solution of R®) dy®) = b®) can be expressed by the inversion as
dy® = p®) — sG) while

REIpB) = pB), (26)
G®gB) = (V(P’))tp(?’), (27)
RBIsG) = B¢, (28)

The equations (26)-(28) represent the decomposition of the original problem
into three sub-problems. An advantage of such decomposition is that R®) is the
block-diagonal matrix amenable to further decomposition.

3.1 Solving the Equation R®)pB) = p(3)

It is easy to see from the equation

Ing . pé3) bé?’)
RO p® = Rl PP = (29)
R§2) pég) b;g)

that this system represents the following independent systems

py = by (30)
RPp® =b?, i=1,2 (31)

) )
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where REZ) = Agz)DZ@) (AEQ))t, i = 1,2 represent the matrix of the two-stage mo-
del problem, which has been described in Sect.2. Therefore, (31) can be solved by
the procedure Findy or Parallel Findy, depending on the number of processors.
Its input parameters are readable from the entries of matrix A(2 ) defined in
(18)-(19). The right-hand side and the solution vector are b( ’ and p(g) 1=1,2,
respectively. It is clear that in our case the parameters are

Findy(R§2), Ao, Dio, Tias - - - 13,5(3)7171(3))7 i=1,2
where Rl@) is the diagonal matrix in the decomposition RZ@), ie.
R =RP L uPw®y =12 (32)

and

R = Diag(In,y, Ri, Rio, Riz), Rij = AiyDiy AL, i=1,2 j=123

Aio I’ITLIO
U(z) — 1 , W( t_ ( 20 11 £42 ~43 . 33
' Ti2 U Iy —Iin, (33)
Tis

If this procedure is applied for the given values, having in the mind the relations
(30)-(31) we are able to compose the vector p(3).

3.2 Solving the Equation G®)¢®) = (V(®)tp®)

Solving of this equation requires to have the entries of the right-hand side vector
and the sub-block matrix G®) available .With this aim we denote the elements
of the vector (V®)tp®)  as (ﬁ%g),@g’))t. Then we have

~(3 3 3
Ug ) — f)pg ) Zz 1 zopgo) (34)
f](3) ;

2 P

(3) (3)

where p;,’, @ = 1,2 is the vector of the first m;g-elements of p,
(25) that

. We know from

2
GO = Dy + Ao+ 3_(I) (R T, (35)
i=1

For the relatively complicated expression (Ti(g))t(REQ))_lﬂ(g) we can prove that

(TR = Th (T — Two), 1= 1,2 (36)
where Tio is the solution of the equation

[Aio (GPNYED AL Tho = Tho, i =1,2. (37)
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Really, according to (6) we have

(TR =
(T4(3))t [(R(Q))fl_ (R(z))fl U@)(G(Q))fl(V(Q))t(R(Q))fl ] TG _

(3 (3

(T (3)) (R(2)) ( ) (T»(?’))t(R@))_lU@)(G<2))_1(V.(Q))t(R@))_lT.(S).
It holds

(TR TS =TT, (TP (RO = (ThAw, Th),  (38)

t .
VRS — (Helh ). (39)
~Ti)

Therefore

. A2) e\ L t
(TOVY ROV TS = T8 Ty — (T4 Ay, Th)  Fi Ao AwTio) (40
¢ ¢ ¢ v ¢ ¢ —A;pp O —Tio

K L G® qe T
(vw)= (5, ) - )
M N —Aip 0

Now let

According to [6]

N = [Ap(GP) 1AL (42)
—(GP) AL [Aw(GP) ALY (43)
M = [Ap(GP) 1AL 7 Ap(GP) 1 (44)
K = (G — (GP) T AL [ A (G 1AL P A (G L (45)
Now, if we use (42)-(45) in ( 40) we obtain
(TERPY VT = T [ Aig(GP) 1ALy | o — Th T (46)
Thus,
~ 2 A
G® =Dyl + AjAg + Y Tjo(Tio — Tio). (47)

i=1

We remember that the Cholesky decomposition of matrix Aio(éz(-Q))*lAﬁo has

been performed during the procedure Findy applied on matrix R§2), 1 =1,2.
Thus, this decomposition is available already, only triangular solver is used for
the computation of Tj, i = 1,2 in this step. Having the values of G and

(A(3) ~(3)y¢
o
= . 48
o (48)

0,7, 05" )" we can solve the system

(604 (45
—Ao 0 qg)
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The standard elimination process applied on this system yields

[(Ao (GO~ 4] gf) = Ag (GO o) + ofY (49)
G® Y = oY - 4} q§3’. (50)

Thus, to solve (48) the following procedure is required:

PROCEDURE Updy(G®), 4, 0¥, 4{*)

(a)  Form the Cholesky decomposition of G(®)
(b)  Solve the systems G®) By = A}

(¢) Form the Cholesky decomposition of AgBy
(d)  Solve the systems (49) and (50).

3.3 Solving the Equation R®)s®) = Uy g3

The system R 5(3) = UG)¢(3) could be solved in a similar way as in Sect. 3.1.

The right-hand side equals

Ao Ly (3) Ay q + ng)

U ¢® = [ 1 0 ( ) = Tl“) A (51)
ol

Thus, the system has the form

I 5@ Ao q® 4 g
R®) () — R§2) s§3) _ T1(3) (3) ’ (52)
R§2) SéB) (3) (3)
from which we obtain independent equations
s6) = Aoal” + a5 (53)
RP =13 =12 (54)

The last two equations are again solvable by the procedure Findy as in Sect.
3.1 with the right-hand side Ti(g)qgg), i = 1,2. But, owing to the structure of
this vector, where only the first m;o- entries are nonzero, we suggest for its
computation a modification the already mentioned procedure Findy.

The solution s( ) of (54) can be expressed as 8(3) = ]553) — §§3), where ]3(»3) and

3® =12 fulfi

R(Q) A(3) T(3) (3) (55)
G(2 (3) (V(Z)) p(3) (56)

? K2

RO 5 (3) _u®4®, (57)
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In the matrix form

(3
R 5 Ri Py

i =

from which we have immediately

P =Tig®, i=1,2

Y =0, i=12 j=1,23

To find the solution of (56) means to solve the following matrix equation

(GE” Aﬁo) Q) _ [ Abpy
~Aiw 0 )\ 4y —pyy

Tio QES)

4(3)

Iy, éz(g) Aio‘fgf) + ;o
(3 ~(3
R®®) _ Rix s Ty
Y Riz 555 TGy
Ris §E§) 7}3@(?)
from which we have
S = Awd? +4d), =12
Ri; Ef) — 7,4, i=12 j=1,2,3.
With the vector §§§’) available, we have the result
- i
(3) _ 3 _ ) —5)
8 = ﬁz - §'L = AE})’) ) = 1a 2
B
—8i3

(3)
PROCEDURE Findysparse(R\?, Ao, Ty, Ty, Tys, T\
1 Set pla) = Tyq®, i=1,2

Finally, the computing of s

)

2. Solve the system (61)
3. (a) Set 8% = 4,06'Y + 45, i=1,2

(b) Solve R;;5\Y = Ti;q\y), i=1,2 =123
4. Set s =p® — 53 i —12.

qgi’;)7 853)

)

, © = 1,2 consist of the following steps:

(58)

(61)

(62)
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Note that the Cholesky decomposition of the system matrices is available in step

2 and 3(b). These decomposition has been computed by the procedure Findy.

In the end, the result of a three-stage stochastic model problem equals

dy® = p®) — sB3) This difference is obtained by the following computational

process :

1. Call Flndy (R£2), Aio, Di07 Tila ce ,Tig, b§3)7p§3))7 1= ]., 2,

2. Call Updy(G®), Ao, 0¥, ()

3. Call I*jindyspaurse(7?,1(-2)7 Ao, Ti1, Tio, Tis, TZ-(?’)qgg)7 553)) i=1,2

4. Form dy® as difference p® — s(3).

The procedures in steps 1 and 3 are independent and can be computed at the

same time. Step 2 represents a binding of existing two-stage models and enables
(3 (3), i=1,2 for Findysparse(). Roughly, the

to calculate s; ) and the parameter g¢;
process may be symbolically written as:

bo Aog” + ¢
dy® = Findy(R?), ...,pgs)) - Findysparse(Rgm, e 5(13)) . (66)
Findy(Rgz), ...,pgg)) Findysparse(RéQ), s 8%3))

4 Conclusion

The aim of our paper has been to use the BQ factorization technique for three-
stage stochastic program in a framework of an interior point method. As we can
see, this technique leads to the solution of independent subproblems. Moreover,
these subproblems are again scalable into smaller linear system of equations. The
whole process contains a serial coordination step, but the range of a sequential
computation is not critical for large-scale stochastic program. A parallel imple-
mentation of this algorithm within an interior point code and an extension to
the multistage model will be topics of our future work.

References

1. Vladimirou, H. Zenios, S.A.: Scalable parallel computations for large-scale stochastic program-
ming,Annals of Oper. Res. 90,1999, pp.87-129.

2. Birge, J.R., Holmes, D.F.: Efficient solution of two-stage stochastic linear programs using interior
point methods, Comput. Optim. Appl., 1, 1992 pp. 245-276.

3. Birge, J.R., Qi, L.: Computing block-angular Karmarkar projections with applications to sta-
chastic programming, Management Sci., 34,1988, pp.1472-1479.

4. Jessup, E.R.,Yang, D., Zenios, S.A.: Parallel factorization of structured matrices arising in sto-
chastic programming, STAM J.Optimization, Vol. 4., No.4,1994, pp. 833-846.

5. Golub,G.H.,Van Loan, Ch.F.: Matrix Computations, The Johns Hopkins University Press, 1996.

6. A.Ralston : A first course in numerical analysis, McGraw-Hill, inc., New York, 1965.



	Introduction
	BQ Factorization for Two-Stage Model
	BQ Method Applied to Three-Stage Stochastic Model
	Solving the Equation R (3) p (3) = b (3)
	Solving the Equation G (3) q (3) =(V (3) ) t p (3)
	Solving the Equation R (3) s (3) = U (3) q (3)

	Conclusion
	References

