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Abstract. A procedure is introduced to compute mass fluxes and mass
tendencies for a Eulerian transport model from spectral fields in a consis-
tent way. While meteorological forecast models are formulated in terms
of vorticity, divergence, and surface pressure expanded in spherical har-
monics, Eulerian transport models, widely used for tracer and climate
studies, require wind fields or mass fluxes on a regular grid. Here hori-
zontal and vertical mass fluxes are computed directly from the spectral
data to stay as close to the representation in the meteorological model
as possible. The presented procedure can be applied to compute fluxes
for global as well as limited area models.

1 Introduction

The study of climate and atmospheric composition with three dimensional global
models requires accurate simulation of tracer transport. Horizontal winds in-
creasing in magnitude from the surface upwards are the driving force for global
transport and mixing of trace gases. The exchange of trace gases between the
different atmospheric compartments such as the mid latitude troposphere and
stratosphere is a key process for the impact of human activity on climate. For
accurate simulation of transport, three dimensional chemistry-transport models
(CTMs) are often equipped with sophisticated and expensive advection routines
[1]. However, less attention is paid to the numerical procedure to compute mass
fluxes required for the advection and to interpolate them to the model grid. A
model comparison by [2] showed that performance of CTMs strongly depends on
how the meteorological model input is used. Comparison of simulated ozone con-
centrations with aircraft measurements showed significant differences between
chemistry transport models, in spite of a common source of meteorological data
(ECMWF) and usage of similar advection and identical chemistry schemes.

The mass fluxes used as input for tracer models are derived from wind fields
from a meteorological model. Most tracer models use analyzed or forecasted wind
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fields from a weather forecast or climate model. Data from meteorological fore-
cast models have the advantage of being based on assimilation of meteorological
measurements. A disadvantage is that the data is only available at discrete time
instants 3 or 6 hours apart. Nowadays most operational meteorological forecast
models are formulated in terms of vorticity and divergence rather than wind
components. Most models represent these fields in terms of spherical harmonics.
Tracer transport models however expect input of mass fluxes through boundaries
of grid boxes or wind fields at the grid cell centers. Therefore, a method should
be developed to compute mass fluxes in a consistent and accurate way from the
spectral fields.

A method often applied is interpolation of the spectral wind fields to a high
resolution regular grid. Integration of these wind fields over the boundaries of grid
boxes then provides the required mass fluxes. If the high resolution grid does not
match with the grid of the tracer model, additional interpolations are required.
Vertical fluxes are then computed from horizontal divergence and boundary con-
ditions of zero flux through the top and bottom. This method has for instance
been used in older versions of CTM2 [3] and TM3 [2]. Although the horizontal
fluxes computed in this way are quite accurate, the errors in the vertical fluxes
can be quite large. The vertical velocities are very small (a few cm per second)
in comparison with the horizontal winds, which are of the order of several to
tens of meters per second; this is a consequence of near geostrophic balance [4].
If interpolated wind fields are used to compute the vertical ones, small interpo-
lation errors easily lead to large errors in the vertical wind [4]. In [2] it is stated
that for this reason the use of interpolated fields should be avoided.

To avoid unnecessary interpolations, the mass fluxes should be computed
from spectral fields directly. The input for the TOMCAT model is computed
from vorticity and divergence using integrated spherical harmonic functions [5].
In particular, the vertical fluxes are computed from divergence fields to stay as
close to the parent meteorological model as possible. Near the surface, where the
surface pressure acts on the hybrid vertical coordinate, the mass fluxes computed
for TOMCAT are corrected to preserve the tracer mixing ratio.

This paper proposes a consistent scheme for computation of mass fluxes from
spectral fields of vorticity, divergence, and surface pressure, avoiding the use of
interpolated wind fields. The next section describes the horizontal and verti-
cal grid of a general Eulerian model, and requirements for the mass fluxes. A
short discussion of the integration of spectral fields is given in 3. The algorithm
proposed in section 4 computes a consistent set of three dimensional fluxes, in
balance with the surface pressure tendency. The method as described here is
suitable for computation of mass fluxes for a global tracer transport model with
rectangular grid boxes in the lat/lon plane. All equations assume a vertical co-
ordinate system with hybrid σ/pressure levels, for which pressure and σ levels
are special cases. Modifications needed for non-regular discrete grids or other
vertical coordinate systems are straightforward. The new system of mass fluxes
has been evaluated with the TM3 model; a comparison between old and new
formulation is provided in section 5.
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2 Definition of the tracer model

We consider a general Eulerian transport model, defined on a three dimensional
grid of hybrid σ/pressure levels. For the vertical levels it is common practice to
copy the set of vertical levels used by the meteorological model or a subset of it.
In a system of hybrid σ/pressure coordinates such as used by ECMWF [6], the
vertical coordinate is a dimensionless parameter η ∈ [0, 1]. All that is required
for η is that it is a function h(p, ps) of the pressure and surface pressure at a
certain location, with the boundary h(0, ps) = 0 at the top and h(ps, ps) = 1 at
the surface. In the vertical there are nlev layers with boundaries or half levels at
ηk−1/2 and ηk+1/2 and mid levels ηk. At the half levels, the pressure is specified
by hybrid coefficients ak+1/2 and bk+1/2:

p(λ,β, ηk+1/2) = ak+1/2 + ps(λ,β) bk+1/2 [Pa] (1)

where λ and β denote the longitude and latitude respectively, both in radians.
For integration of a field F (η) between two half levels we will use the procedure
used in the ECMWF model:

ηk+1/2∫
ηk−1/2

F (η)
∂p

∂η
dη ≈ Fk ∆pk = Fk (∆ak + ps ∆bk) (2)

where ∆ak = ak+1/2 − ak−1/2 and ∆bk = bk+1/2 − bk−1/2. The horizontal grid
will be supposed to consist of rectangular cells in the lat/lon plane. A cell i then
has a surface area of:

Ai = [λ−i ,λ
+
i ] × [β−i ,β

+
i ] = ∆λi ×∆βi [rad2] (3)

The size and location of the cells is left undefined. With the algorithm introduced
in section 4 we will be able to compute mass fluxes through all six boundaries of
a box, independent of other boxes. In a simple configuration, the grid cells form
a regular pattern with equal spacing in both the latitudinal and longitudinal
direction. Irregular grids are however possible too: modern tracer models often
use a regular or quasi-regular reduced Gaussian grid which implies irregular
spacing in latitudinal direction and for each latitude band a different longitudinal
spacing. The tracer model requires three entities which in theory completely
define the airmass fluxes between the cells within a time interval [t0, t1]:

1. the air mass distribution at t0, for example in kg per grid box;
2. the horizontal mass fluxes in kg/s through the boundaries of the grid cells,

valid for the complete interval [t0, t1];
3. the air mass distribution at t1.

Knowledge of these entities implies that the vertical fluxes can be calculated
from mass conservation. In here, we will however compute the vertical flux from
the meteorological data too, in order to correct for errors in the horizontal fluxes.
Mass conservation implies that the net flux into a box should equal the difference
in mass between the beginning and end of the interval. The latter is given by the
change in surface pressure in the case of time-independent vertical coefficients
ak and bk.
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3 Spectral fields

To compute the variables specified in the previous section, a meteorological
model should provide wind fields and surface pressures. Meteorological models
such as the ECMWF model solve the continuity equation on the sphere:

∂

∂t

(
∂p

∂η

)
+ ∇ ·

(
v
∂p

∂η

)
+

∂

∂η

(
η̇
∂p

∂η

)
= 0 (4)

where v is the horizontal wind and ∇ the horizontal gradient operator. The
output of the model consists, amongst others, of fields of divergence D =∇ · v,
the vertical component of the vorticity ξ = (∇×v)η, and the natural logarithm of
the surface pressure ln(ps). These are available in the form of spectral coefficients.
Their value at a certain point in grid space can be computed from the expansion:

X(λ, µ) =
M∑

m=−M

N∑
n=|m|

Xm
n Pm

n (µ) eimλ (5)

Here, µ = sin(β), and Pm
n denote the associated Legendre functions. For compu-

tation of mass distributions and fluxes, the spectral fields need to be integrated.
An integral in the longitudinal direction can simply be solved analytically. In
the latitudinal direction, integrals over the associated Legendre functions can be
computed once to be used multiple times for expansion of the spectral sum using
integrated rather than ordinary base functions. Since no simple analytic solu-
tions exist for definite integrals of associated Legendre functions, the integrals
over Pm

n have to be solved numerically. This approach is for example used for
preprocessing meteorological data in the TOMCAT model [5]. Apart from dif-
ficulties with oscillating Legendre functions at higher truncations, this method
is not suitable for an integral over a product of spectral fields, a computation
that is often needed in the hybrid level system when fields are multiplied with
the surface pressure before integration (see for example equations (9-11) and
(13-14) below). A better method is therefore to evaluate the spectral fields to a
high resolution grid, and to use numerical quadrature afterwards.

4 Computation of mass fluxes

The proposed algorithm for computation of the mass fluxes and mass distribu-
tions for the tracer model consists of four stages.

4.1 Computation of the mass distribution

The mass distribution in kg per grid box at t0 and t1 is computed from the
pressure. For the system with hybrid pressure levels, it is sufficient to compute
the average surface pressure (ps)i for each cell i:

(ps)i =

∫∫
Ai

ps(λ,β) cosβ dλ dβ / Ai [Pa] (6)
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Together with the hybrid coefficients, this defines the mass in a box i at level k:

mi,k = [ ∆ak +∆bk (ps)i ] Ai R
2 / g [kg] (7)

where R is the radius of the earth (m), g the acceleration of gravity (m/s2), and
Ai the area of the box defined in (3). If the meteorological model provides a spec-
tral field for the natural logarithm of the surface pressure, it should be evaluated
on a fine mesh, followed by transformation into surface pressure and numerical
quadrature. Optionally, the mass distributions could be slightly adjusted with a
multiplication factor to impose a global mass conservation.

4.2 Computation of the vertical fluxes

In this stage the vertical mass fluxes are computed for the time interval [t0, t1].
We assume that the temporal resolution of the available spectral data is such that
for the center of the time interval the flux could be computed. The computed flux
will be used for the entire time interval, without using temporal interpolations.

The vertical flux η̇∂p/∂η is computed by integrating the continuity equation
(4) from the top of the model to the desired η:

η̇
∂p

∂η
= − ∂p

∂t
−

η∫
0

∇ ·
(
v
∂p

∂η

)
dη [Pa/s] (8)

In the hybrid coordinate system, one can use that the surface pressure tendency
is computed from (8) with η = 1 and boundary condition of zero flux through
the surface, so that the flux through the bottom ηk+1/2 of a grid box i at level
k is equal to:

Φw(Ai, ηk+1/2) =
R2

g

∫∫
Ai

(
η̇
∂p

∂η

)
k+1/2

cosβ dβ dλ (9)

=
R2

g

∫∫
Ai

[( nlev∑
j=1

Ωj

)
bk+1/2 −

k∑
j=1

Ωj

]
cosβ dβ dλ [kg/s] (10)

where

Ωj = ∇ · (vj ∆pj) = Dj (∆aj +∆bjps) +
V j

cosβ
· (∇(ln ps)) ps ∆bj (11)

In spectral models it is common that the velocity vector V = v cosβ is available
in spectral form, otherwise it can be derived from the divergence and vorticity.
The singularity in V / cosβ at the pole is thus circumvented. The asymptotic
value of v at the poles can be set to an average of surrounding values. The
gradient ∇(ln ps) of the natural logarithm of the surface pressure is hard to
obtain from an interpolated pressure field, but easily derived from spherical
harmonics.
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4.3 Computation of the horizontal fluxes

Similar to the vertical fluxes, the horizontal fluxes are computed from meteo-
rological fields valid at a time centered within [t0, t1], and used over the whole
time interval. The flux through a vertically oriented surface S is equal to:

Φh =
1

g

∫∫
S

n · v ∂p

∂η
dη dl [kg/s] (12)

with v the horizontal velocity vector, n the normal vector on the surface, and
l the horizontal coordinate (m). In the hybrid vertical coordinate system, the
fluxes through a longitudinally or latitudinally oriented surface between two half
levels are given by:

Φu(∆βi, k) =
R

g

∫
∆βi

U(λ,β, k)

cosβ
[∆ak + ps(λ,β)∆bk] dβ [kg/s] (13)

Φv(∆λi, k) =
R

g

∫
∆λi

V (λ,β, k) [∆ak + ps(λ,β)∆bk] dλ [kg/s] (14)

where U and V are the components of V = v cosβ. The integrals can be ap-
proximated by numerical quadrature after evaluation of V on a fine grid. At the
poles, the limiting values of U/ cosβ along the meridians need to be evaluated
for computation of Φu; the zero length of ∆λi ensures vanishing of Φv here.

4.4 Conservation of mass

For each grid box in the tracer model, the mass change between the start and
end of the time interval should equal the net flux through the six boundaries:

m(t1)−m(t0) = [ δλΦu + δβΦv + δηΦw ] ∆t (15)

where the δ% denote the difference operators between opposite boundaries of a
grid box. For two reasons, the balance will not be matched exactly by the vari-
ables computed in 4.1-4.3. First, the fluxes through the boundaries are computed
from meteorological fields valid at a discrete time rather than over the complete
interval. Secondly, both the mass distributions and the fluxes are subject to in-
terpolation errors. To produce a consistent set of mass distributions and fluxes,
some of these variables therefore need to be adjusted.

Taking all variables in (15) into account, the largest absolute errors occur
in the net horizontal fluxes. This is because the horizontal velocities are much
stronger than the vertical velocities, and they hardly vary from one box to its
neighbors. The net horizontal flux is therefore computed from differences between
large and almost equal numbers. The adjustment procedure proposed here is to
add small corrections to the horizontal fluxes only, leaving the mass distributions
and vertical fluxes unchanged. The procedure consists of adding a correction flux
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F = (Fu, Fv) to the horizontal fluxes Φh = (Φu,Φv) such that for all grid boxes
the following expression holds:

δh · F = [m(t1)−m(t0)]/∆t − δh ·Φh − δηΦw (16)

where δh = (δλ, δβ) is the horizontal difference operator. This correction can
be applied to every model layer independent of other layers. The system of
equations (16) is under-determined, since the number of correction fluxes is
about twice the number of grid boxes. Therefore, the correction flux can be
obtained from (16) using a least squares solver, able to handle sparse matrices.
If the grid is regular (same number of grid cells in each latitudinal or longitudinal
band), another procedure could be applied by requiring that the correction flux
is divergence free, completely defined by a potential Ψ according to F = δhΨ .
With this assumption, system (16) is transformed in a discrete Poisson equation,
easily solved with a discrete 2D Fourier transform. The result is a correction field
F , periodically continued at the boundaries. For a global model, the boundary
condition of periodically fluxes in longitudinal direction is valid as such. In the
latitudinal direction, the fluxes over the poles should remain zero (periodically
with a fixed value), which can be simply achieved by subtraction of the polar flux
from each longitudinal column of the grid. Since the corrections are in general
small in comparison with the horizontal fluxes (less than a percent), the new
horizontal fluxes hardly differ from the original fluxes.

The procedure described here provides balanced mass fluxes for a global
tracer model. If mass fluxes are to be derived for a limited area only, the pro-
cedure has to be slightly changed. The sub domain is supposed to be a high
resolution or zooming area of a global, coarse grid model, for which mass distri-
bution and fluxes are available. Ideally, each cell in the sub domain is covered
by one cell of the coarse grid only; in an extreme situation, the sub domain is
covered by a single cell of the coarse grid. Mass distribution and fluxes for the
high resolution grid are computed following the equations in 4.1–4.3. The first
step in balancing the mass is now to bring the computed values in agreement
with the values of the coarse grid. That is, if a box of the coarse grid covers n
boxes in the high resolution grid, the total mass in the n small boxes should
equal the mass in the large box, and similarly for fluxes across the boundaries.
A simple scale factor is sufficient here, since the difference between values in the
global grid and the sum over high resolution cells is probably small (if not, the
global variables are inaccurate and should be recalculated with more accurate
quadrature). The second step is to compute the corrections to the horizontal
fluxes in the same way as described before, but now for each each cell of the
coarse grid, with corrections forced to zero at the boundaries.

5 Model results

The impact of computing mass fluxes directly from spectral fields instead of
already interpolated gridded fields has been examined with the TM3 model.
The model input for TM3 is derived from ECMWF meteorological data at a
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temporal resolution of 6 hours and using 31 hybrid σ/pressure levels between
the surface and 10 hPa. The horizontal grid of TM3 is regular with a resolution
of 2.5◦ × 2.5◦. Mass distributions and mass fluxes are computed for each grid
cell, although in the advection routine (second moment scheme [1]) some grid
cells around the poles are actually joined to avoid Courant numbers exceeding
1.

The horizontal mass fluxes for TM3 were in the past computed from wind
fields interpolated to a grid of 1◦ × 1◦ degrees. A small difference between the
net mass flux into a column of grid cells and the actual mass change observed
from the surface pressure tendency could not be avoided. Therefore, a correction
field was added to the horizontal fluxes, distributed over the layers with ratios
following the absolute fluxes. Vertical fluxes were only derived afterwards given
the corrected horizontal fluxes and the mass tendency in each layer. In the new
system, the fluxes are computed from spectral fields (T106), and where necessary
interpolated to a grid of 0.25◦×0.25◦ for numerical quadrature. Figure 1 shows an
example of the error in vertical fluxes derived from the (uncorrected) horizontal
fluxes and mass tendency. The derived vertical fluxes are compared with the
vertical fluxes computed using the method described in section 4.2. The error
is reduced significantly in almost all layers of the model when using spectral
fields instead of interpolated fields. Especially at the top of the model, where
the vertical fluxes are small in comparison with the horizontal flow and therefore
not so easily derived from horizontal convergence only, the error is reduced by
50% . The errors increase smoothly towards the bottom of the model, and are
comparable near the surface where all wind components approach zero. The
error in the vertical flux is removed up to machine precision by the mass balance
correction described in 4.4.

The difference between mass fluxes computed from interpolated and spectral
fields in tracer simulations has been re-examined for experiments described in
detail in [2, 7]. In that study, ozone observations from commercial aircraft flights
in the mid latitude lower-most stratosphere were compared with simulations with
TM3 and other models. It was concluded that the model performance signifi-
cantly depends on the preprocessing of the fluxes, and that interpolations should
be avoided. Figure 2 shows an example of the improvement of the performance
if the fluxes are computed from spectral fields. This figure shows the mean plus
and minus the standard deviation for the measured and simulated ozone concen-
trations. The simulations are either based on interpolated winds, with optionally
a correction using vertical velocities [2], or on spectral data. The simulated vari-
ability of ozone improves significantly in comparison with the simulation based
on interpolated fields, especially when the spectral data is used. While in the
case of interpolated fields the range of ozone values was almost twice as broad as
actually measured, the new simulations roughly cover the same variability range
as observed.
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Fig. 1. Error in vertical flux computed from uncorrected horizontal convergence and
mass change, if compared with vertical flux computed from spectral fields (section 4.2).
Computed for may 26, 1996 over four 6-hour intervals.

Fig. 2. Example of the impact of the new method for computation of the fluxes on an
ozone simulation. Mean plus and minus standard deviation of ozone for flights Vienna-
Tokyo during March-May 1996: observations, TM3 with interpolated horizontal winds,
corrected with vertical velocities (see [2]), and using spectral fields.
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6 Conclusions

A method for the computation of mass fluxes for a Eulerian box model from
spectral fields of vorticity, divergence, and surface pressure has been described.
The procedure is applicable for global as well as a limited area Eulerian models
with arbitrary horizontal resolution. The fluxes are computed using numerical
quadrature over spectral fields evaluated on a fine grid, since direct integration
of spectral functions or products of spectral functions is not feasible analytically.

The computed fluxes satisfy the condition of mass conservation over a finite
time interval, whose length is determined by the time resolution of the driv-
ing meteorological model or the archiving frequency. The availability of spectral
fields has been explored to compute vertical fluxes directly, without the need for
using interpolated horizontal wind fields. Small adjustments need to be made
to the horizontal fluxes to get conservation of mass. Without such small adjust-
ments, the mass is not conserved exactly due to numerical inaccuracies, and the
need for fluxes to be valid over a time interval rather than at a discrete time.

Ozone simulations with the TM3 model showed significant improvement in
the fluxes when derived from spectral data instead of interpolated wind fields.
The error in the horizontal mass convergence is reduced by 20-50% in almost
all layers of the model. Comparison of TM3 simulations with ozone data ob-
served during aircraft flights showed good agreement of modeled and measured
variability in concentrations.
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