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Abstract. We presentan automateddeductionsystemfor equationalreasoning
combiningtwo differentparallelization/distributionschemes:Strategy-compliant
parallelizationon the level of individual deductionsteps(PaReDuX)and dis-
tributedcooperationof multiple agentswith differentsearchstrategies(TEAM-
WORK). In ourexperimentswemainlyobservedamultiplicationof thespeed-ups
of eachapproachin our combinedsystem.

1 Introduction

Parallelizationin therealmof automateddeductionhasalongandrich history(see,e.g.,
[SS93, BH94] for surveys),althoughthetaskof finding a suitableparallelalgorithmis
often not easyto accomplish.Usually a staticproblemdecompositionis not feasible,
asruntimesof sub-problems(generatedby staticsplitting)canhardlybepredicted,and
thereforethe computationalcapacitycannotbe utilized adequately. Moreover, we are
frequentlyfacedwith a high degreeof datadependenciesandwith thefact thatprover
programsarevery complex. Both aspectsmake partitioningof the problemdifficult,
and are furthermoreintensifiedwhen datastructuresin the prover’s core have been
optimized.On the other hand,speedingup the proof processis highly desirable,as
generationof automaticproofsis computationallyvery expensive.

Becauseof the aforementioneddifficulties, andasmostproversuseheuristicsto
maketheirdecisions,parallelizationis mosteasilyobtainedby runningdifferentprovers
or proverswith differentheuristicscompetitively in parallel.In the fortunatecasethat
oneof the proverspossessesthe right settingsandheuristics,a proof canpossiblybe
found in reasonabletime. This approachcanbe improved uponby usingcooperation
in order to exchangevaluableinformation.Another approachto parallelizationis to
speedup thebasicstepsof theprover by performingthemin parallel,or evensplitting
themup andexecutingtheatomsthey arecomposedof concurrently. Thecombination
of bothapproachescanbeexpectedto deliver evenbetteraccelerationsthanthesingle
approachesthemselves.However, this combinationis seldomput into practice,partly
becausethesuccessof suchacombinationis notobviousapriori, partlybecauseimple-
mentingsucha systemis a non-trivial task.Amongthereasonsfor neverthelesstrying
to combinebothmethodsis—besidesthe hopefor increasedspeed-ups—thefact that
�
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sucha two-tiredparallelsystembetterreflectstheactualhardwarecommonlyusedfor
parallelautomatictheoremproving: clustersof (symmetric)multi-processorcomput-
ers(SMPs).EachSMPperfectlymatchesthedemandsof thesecondof theaforemen-
tionedparallelizationapproachesof executingthe basicstepsin parallel,ascommon
datastructurescanbeheldin sharedmemoryandallow very fastdataaccess.Clusters
of SMPsconnectedby networks (i.e. distributedmemorymulti-processors)betterre-
flect thefirst approachof cooperatingagents,asthey havenocommonmemoryto store
datausedby all agents,which matchesthe fact that informationhasto be exchanged
lessfrequentlyandin smallerquantitiesin thecooperationapproach.

Our systemTEAMWORK-PaReDuXis a combinationof two alreadyexisting sys-
temsfor parallelequationalreasoning:PaReDuX[BGKW98] implementsa strategy-
compliantparallelizationon the level of individual deductionsteps,TEAMWORK is a
framework for distributedcooperatingagentsthathasbeenappliedto equationaltheo-
remproving in theDISCOUNTsystem[DKS97].

2 Theoretical Background

2.1 Unfailing Completion.

Wewill now giveabrief introductionto termrewriting systemsanddescribetheunfail-
ing completionprocedure.For a thoroughintroductionwe refer thereaderto thework
of Dershowitz andJouannaud[DJ90].

Thebasicobjectswe aredealingwith areequations�
	�� andrewrite rules �

��
(directedequations),both of which arebuilt out of terms � and � . The only inference
rule is to replaceequalsby equals,whererewrite rulesareonly appliedin theindicated
direction.For adefinitionof termandequationinstances, reducibilityandnormalforms
we kindly askthereader—dueto spacelimitations—tolook up in theaforementioned
work. Given a reductionordering � (well-founded,closedundersubstitutionandre-
placementof subterms),thenotionof reducibility canbeextendedto equations:for an
equation������	�� we denoteby ������� the setof all orientedinstancesof � , i.e. the
setof rules ��� �!�"� 
��#� suchthat �$�%�&�#� and ��� is aninstanceof � . We denoteby 
(')
resp.	 ) thetransitive-reflexiveresp.symmetricclosureof thereductionrelation 
 ) .

Unfailing completion[BDP89] is anextensionof thereasoningprocedureof Knuth
and Bendix [KB70] for equationaltheories.Startingwith a given equationaltheory
representedby a set * of equations,a reductionordering � , anda goal +,	.- to be
proved, the unfailing completionproceduresuccessively transforms* into two sets/

and 0 of rulesresp.equationssuchthat the inducedreductionrelation 
 )�132�4 is
well-foundedandconfluenton termscontainingno variables.Moreover, to ensurecor-
rectness,equalityasdefinedby 
 )5132#4 mustimply equalityby * . Thenthegoal +6	�-
is proved assoonaswe have found a 7 suchthat +8
 ')�132�4 7:9 ')�1;2#4 - . This trans-
formation of * is accomplishedby repeatedlyapplying an inferencerule to a triple< *:=>0?= /A@ producinga successortriple

< * � =B0 � = / � @ , startingwith 0C� / �ED . Thein-
ferencerule is selectedout of a setof eightdifferentones,asdescribedin [BGKW98].
One of the inferencerules allows derivation of new equationscalled critical pairs
[KB70] from the set

/GF 0H� . Thesecritical pairs �I	J� all possessthe propertythat
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�K9 )�1;2#4ML 
 )�1;2#4 � for someterm L , andthuscompensatethe weakeningeffect
obtainedby the orderingof equations.Let us illustrate this by an example.Assume/ �N��O < O <QP =>R @ =TS @ 
UO <QP =VO < RH=TS @>@ =WO <QXT<QP @ = P @ 
�YZ� and 0[�\D . Furthermore,letL �]O < O <QX^<QP � @ = P � @ =>R � @ =_�`�!O < Ya=>R � @ and �?�!O <QXT<QP � @ =VO <QP � =>R � @>@ . Then �b9 )ML 
 ) � ,
and �b	c� is acritical pair thatpartiallycompensatestheweakeningcausedby ordering
theassociativity rule.

UFC( d , e , fhgNi )
[ d : equationaltheory, e : termordering,f
gji : equationto beproved]
(1) [Init] kml npo�qsrtl npo .
(2) [Selection] Chooseu:n&vQw_gGxzyZ{|d .
(3) [Orient/Unfail] Remove u from d ;

If w�e}x or xZe~w add u as �H�G� where��e8� to k , otherwiseas w_g\x to r .
(4) [Collapse � ]

for each�|gN��{6r do:
if �|�8�������>�a��� resp.�|�8�����_�Q� 4 ��� remove �|gG� from r , add ����gG� to d .

(5) [Collapse � ]
for each� � �G� � {|k do:

if � � �8�������>�a� � � resp.� � �8�����_�Q� 4 � � � remove � � �G� � from k , add � � � gG� to d .
(6) [Compose]

for each� � �G� � {|k do:
if � � is reduciblew.r.t. �H�G� resp. ��w_g\x��#� :

remove � � �\� � from k ;
normalize� � with respectto kM��r�� resultingin � � � ;
add � � �\� � � to k .

(7) [Simplify & Delete]
for each�|gN��{|d do:

if �|gG� is reduciblew.r.t. ���\� resp.��w�gGx��#� :
normalize�6gG� w.r.t. kM��r � ;
remove �6g\� from d if it is aninstanceof anequationin r or if �|n,� .

(8) [Deduce]
compute  6f#xz¡3¢Bf#�¤£ � n¦¥�£%�%v¤kM�Wrs§�u�y 1;
for eacḧ6{|d � do:normalizë w.r.t. kM��r�� .

(9) [Merge & Simplify Goal]
addall ¨|{|d � to d ;
normalizef
gji w.r.t. kM��r�� ;
if f
n¦i output“PROVED” andexit, otherwisego to step(2).

Fig. 1. SequentialCompletionStrategy for Unfailing Completion:Algorithm UFC

Theinferencerulesfor unfailing completionpossessahighdegreeof indeterminism
in thatneithertheorderof rule applicationnor theselectionof theequation�b	c��©A*
to beconsiderednext is specified.In aneffective implementationacompletionstrategy
is employedthatreducestheindeterminismandadditionallyensurescompleteness.

1 ¥5£ � v"ªh§zu�y denotesthesetof critical pairsbetweenrules �b{:ª � and � � {��Vu�� � .
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Huet presenteda completionstrategy for the ordinary Knuth-Bendixcompletion
algorithmandprovedits completeness[Hue81].In theTEAMWORK-PaReDuXsystem
we adopteda modifiedversionof Huet’s completionstrategy for unfailing completion
[MGB95]. ThealgorithmUFCwe implementedis shown in Fig. 1. Wedenotetheloop
comprisingsteps(2) to (9) of this algorithmasthebaseloop of UFC.

Algorithm UFC still leavessomedegreeof indeterminism:Which equationY shall
wechoosein step(2)?In whichordershouldweapplyrulesfrom « F|¬ � to normalize
termsin steps(6)-(9)? Although the latter questionhasalso influenceon the effec-
tivenessof thecompletionprocedure,finding a goodanswerto the formerquestionis
crucialfor agoodperformanceof thealgorithm.

2.2 Parallel Search

Wewill now briefly describesomeof thepossibilitiesto parallelizetheUFCalgorithm,
andclassifythedifferentapproachesdependingonthesizeof theportionsof codeto be
executedin parallel(grain size). On theoneendof thescalewe have asa very coarse
grainedmethodthe concurrentexecutionof several instancesof the whole sequential
UFC algorithm (by so-calledagents) with different equationselectionstrategies ap-
plied in step(2). This settingof competingagentscanbe improvedby allowing coop-
erationby exchanginginformationbetweenagents.TEAMWORK is a representative of
this coarsegrainedparallelizationmethod.On theotherendof thescale,realized,e.g.,
by PaReDuX,we canperceive fine-grainedparallelsystemsin which eachstepof the
algorithmis split, andthe resultingportionsareexecutedby individual processorsin
parallel.

3 The TEAMWORK-PaReDuX System

The TEAMWORK-PaReDuXsystemis a combinationof the parallel UFC algorithm
of the PaReDuX-suiteand a distribution approachusing TEAMWORK ’s cooperating
agents.BoththePaReDuXsystemandDISCOUNT, asystemimplementingtheTEAM-
WORK method,have alreadyshown their successin speedingup the unfailing com-
pletionprocedure[BGK95, DKS97]. In TEAMWORK tasksareworking independently
overafixedtime interval of severalsecondsor minutesinterspersedby communication
periods;PaReDuX,on theotherhand,executesindividual steps(or groupsof steps)of
thealgorithmUFCin parallel.Thedifferentscaleonwhichparallelizationis performed
in thesetwo systemsmakesintegrationpromising.

3.1 PaReDuX

ThePaReDuXsystem[BGK95] is a strategy-compliantparallelimplementationof al-
gorithmUFC.Strategy compliancemeansthatsequentialandparallelprogramrunsare
equivalentin thesensethatthereis adirectcorrespondencebetweentheprogramstates
of thesequentialandtheparallelversionat eachpassageof thebeginningof thebase
loop.Thisimpliesthatmeasurementsarereliable,timingsdonotchangewhenanexper-
iment is repeated,andthereforeprogramdevelopmentandimprovementis facilitated.
On theotherhandnosuper-linearspeed-upscanbeachievedwith this approach.
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Parallelizationwithin PaReDuXis achievedin two ways.First, by concurrentexe-
cutionof individual stepsof thealgorithm,takingdatadependenciesinto account.And
second,by executingthefor each-partof appropriatestepsin parallel.

Concurrent Execution of Several Steps. A carefulanalysisof data-dependenciesbe-
tweenthe eight stepsof the baseloop revealsthat steps(4) and(5) canbe executed
in parallel,providedthat thewrite-accessto * is postponed.In this casestep(4) only
readsandmodifies0 , whereasin step(5)

/
is affected.Similarly, wefind thatsteps(7)

and(8) canbeexecutedsimultaneously, asin step(7) only * is modified,which is not
reador written in step(8). Theotherway round,no datausedby step(7) is modified
in step(8). It turnedout that steps(2) to (6) in mostcasesconsumeaccumulatedless
than5%of theruntime[BGKW98]. Thereforein theUFCimplementationof PaReDuX
only steps(7) and(8) areperformedconcurrently.

Sub-Division of Individual Algorithm Steps. Therulesandequationsof * , 0 and
/

arestoredin listswithin PaReDuX.In algorithmstep(7) theequationsof * arenormal-
izedwith respectto 
(­ 1�®s4 , which is relatively timeconsuming.Thereforein thisstep
thelist * is recursively split, theresultingsublistsareprocessedconcurrentlyby differ-
entprocessors,andthentheresultis joinedinto theupdatedlist for * . Thisdivide-and-
conquer-style processingis well supportedby the thread- or fork/join-paradigm,and
thereforePaReDuXhasadoptedthisparallelizationschemehere.Similarly, thecompu-
tationallyintensiveoperationof critical pair computation̄�°±� < /EF 0?=BY @ in step(8) is
performedin parallelby splitting thelist representing

/²F 0 . Thenormalizationof the
resultingequationsin * � is alsodoneby paralleltasks,accordingto step(7).

To make the fork/join-paradigmavailable for the specialdemandsof PaReDuX,
virtual symbolicthreads(VS-threads) [KW92] have beenemployed.Symbolicthreads
extendtheusual(POSIX-)threadsby automaticmemorymanagement,garbagecollec-
tion andlist processing.Virtual threadsdecideon their own whethera fork is executed
asanormalfunctioncall or mappedto akernelthreadleadingto realconcurrency. This
allows handlingof large setsof (logical) threadswithout running into possiblelimi-
tationsof the underlyingoperatingsystem.Moreover, the PaReDuXimplementation
usesdifferentgrainsizeparameters(concerninglist lengthsfor thedivide-and-conquer
style list processing)that serve asthresholdvaluesbelow which threadforks areexe-
cutedasdirectfunctioncalls.For ourexperimentsweusedthedefaultsettingsfor these
parameters.An in-depthdescriptionof PaReDuXcanbefoundin [BGKW98].

3.2 TEAMWORK

Thegeneralideaof theTEAMWORK approachis to have differentprogramscalledex-
pertsworking cooperatively on thesameproblem.All expertswork independentlyon
a commonproblemdescriptionduring the so-calledworking phases, which areinter-
ruptedby teammeetings. Teammeetingsallow theexchangeof newly gatheredinfor-
mationor thereconfigurationof thewholeteamby takingoutunsuccessfulexpertsand
replacingthemby hopefullybetterones.Eachexpert is assigneda refereewhich is re-
sponsiblefor assessingtheexpert’s work andjudgingwhich partof thework couldbe
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of interestto theotherexperts.Oneof theexpertsis calledsupervisorandhasa distin-
guishedrole to play: it builds new problemdescriptionsat theendof a teammeeting,
it choosesexpertsfor the next working phaseand it determinesthe working phase’s
duration.
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Fig. 2. Actionsduringa TeamMeeting.

Theactionstakingplaceduringa teammeetingareasfollows (seeFig. 2): At first,
eachrefereecomputesan assessmentvaluefor its expert (1), which aresentasshort
reports to the supervisor(2). The supervisordesignatesits own successor, which is
usually the bestexpert of the last working phase,andthenpassescontrol to the new
supervisor(3), which in turn requestsfull reports—consistingof aselectionof thebest
resultsof the last cycle of an expert—fromthe referees(4). Thenthe new supervisor
integratestheseresultsinto its own problemdescription,anddistributesthisdescription
asthenew problemto asetof freshlychosenexperts(5).

When applying the TEAMWORK methodto unfailing completion,all expertsex-
ecutethe samebasicUFC algorithm,but with differentequationselectionheuristics
appliedin step(2). During a teammeetingthesuccessof eachexpertis computed,and
thebestrulesandequationsareintegratedinto thenew problemdescription.

3.3 Combined System

To combinethePaReDuXsystemwith theTEAMWORK method,we take theapproach
outlinedin the lastsection,but replacethesequentialexpertsby expertsexecutingthe
PaReDuX-algorithm.

An outline of the architectureof the combinedTEAMWORK-PaReDuXsystemis
shown in Fig. 3. As mentionedbefore,the PaReDuXsystemis basedon VS-threads,
which on theonehandbuild thelink to theoperatingsystem’s threadsandon theother
handprovide a multi-threadedmemorymanagementandlist processingfunctionality.
Two or morePaReDuXinstancesarelinkedtogetherby TEAMWORK ’sTWlib [DL96].
TWlib providesfacilitiesfor convertingastandardprograminto aTEAMWORK expert,
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for communicationbetweenexperts,and supportfor all actionsperformedduring a
teammeeting.
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Fig. 3. Architectureof theTEAMWORK-PaReDuXSystem.

During the working phasesall expertsrun the PaReDuXalgorithm,but with dif-
ferent equationselectionheuristics.We have implementedsix heuristicsin our sys-
tem:MaxWeight[DF98], AddWeight

Ä Å
[DF98], OccNest[AA90, DF98,BGKW98], Oc-

cNest(Mod)[BGKW98], GoalInCP[DF94], andCPInGoal[DF94]. Insteadof explain-
ing themin detail,we give a roughpictureof someideasof theseheuristics,andrefer
the interestedreaderto the quotedliterature.A commonidea is to give precedence
to small equations,i.e. termswith a low numberof symboloccurrences.This is mo-
tivatedby the fact, that suchequationsarestatisticallyapplicablein moresituations.
MaxWeight andAddWeight

Ä Å
fall into this classof heuristics.The otherfour strategies

aregoalsensitive, i.e. they take theequationto beproved into consideration.OccNest
andOccNest(Mod)comparethestructure(numberof occurrencesof eachfunctionsym-
bol, functionalnestingdepth)of anequationwith thegoal,andchoosethebestmatching
one.TheremaininggoalorientedstrategiesGoalInCPandCPInGoalperformaneven
moresophisticatedsimilarity comparison.

For theassessmenttakingplaceat thebeginningof theteammeeting,we haveuni-
formly usedonetype of referee,calledstatisticalreferee. The statisticalrefereecom-
putesthesuccessof anexpertusingtheparameterizedassessmentfunction

Æ\ÇÉÈ`Ê ËÌÊ�ÍÎÆ Å È Ê ÏÐÊ�ÍÑÆ Ä È`Ê ÒÓÊ�ÍÑÆ\ÔÉÈ #REDÕ
where#REDdenotesthe total numberof reductionsperformedwith anequationof Ï
or a rule of Ë duringthelastworkingphase.WesetthevectorÆ to Ö	×�Ø�Õ�×uÙ�Ú`Õ�×�Û�Õ�Ù�ÚEÜ ,
a valuealreadyemployed in the DISCOUNT system.The expertwith the highestas-
sessmentvalueis selectedasthenew supervisorandrequestsfull reportsfrom all other
experts.A full reportconsistsof up to tenof thebestnewly derivedrulesor equations
(from Ë or Ï ) of eachexpertbasedon theevaluationof rulesshown below. Thetrans-
ferredequationsmustall begeneratedduringthelastworkingcycle,andthosewith the
highestvaluesareselected.Theevaluationis uniformly computedby theparameterized
function

Ý�ÇÐÈ #MATCH ÍÞÝ Å È #COLLAPSEÍßÝ Ä È #COMPOSEÍÞÝ�ÔÐÈ #GOAL Õ
where#MATCH, #COLLAPSE,#COMPOSEand#GOAL denotestatisticalinforma-
tion concerningtheapplicabilityof theruleor equationà duringthelastworkingcycle:
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#MATCH denotesthe total numberof reductionsthat have beenperformedwith Y ,
#COLLAPSEresp.#COMPOSEthenumberof rulesandequationsthathavebeencol-
lapsedresp.composedemploying Y , and#GOAL indicatesthe numberof reductions
on thegoalequationthathave beenperformedusing Y . Thevaluefor thevector á was
permanentlysetto

<	â = â�ã = â�ã = â�ãäã @ in ourexperiments.
Thesupervisorthenconstructsa new, improvedproblemdescriptioncontainingits

own problemrepresentation,augmentedby theselectedequationsandrulesof theother
experts.Thoseareaddedto thesupervisor’s set * , andthenew problemdescriptionis
redistributedto all otherexperts,whichstarttheirnext workingcyclewith thenew data< *:=>0?= /A@ in thebaseloop of algorithmUFC, i.e. in step(2).

Of course,thechoiceof theparametervectorså and á canhaveaconsiderableinflu-
enceon thebehavior of thesystemasawhole.Sofar, however, wehavenotconducted
experimentsto empiricallydeterminethebestvaluesfor å and á , but ratheradoptedthe
valuesfrom alreadyexisting implementationslikeDISCOUNTandPaReDuX.

4 Experimental Results

Our experimentsto determinethespeed-upfactorsthatcanbeobtainedwith thecom-
binedsystemascomparedto theindividualapproacheswereperformedontwo SunUl-
traE450eachcontaining4 400MHzUltraSparcIIprocessorsand1 GB of mainmemory,
runningunderSolaris7. For eachprobleminstancewe conductedfour programruns:

Sequential: Onemachinewasrunningasthesoleexpertusingonly oneprocessor. We
reportvaluesfor theequationselectionheuristicthatdeliveredthebestresults.

Parallel: We usedall four processorsof one E450 within one TEAMWORK expert,
fixedtheequationselectionheuristicto thesamestrategy asin thesequentialcase.

Distributed: BothE450wereemployed,but only oneprocessoron eachmachinewas
used.Wehavechosenthetwo equationselectionheuristicscomingupwith thebest
resultsin thesequentialprogramrunsfor ourexperts.

Parallel & Distributed: We usedall eightprocessorsof our two SMPs.Two experts
wereperformingthe parallelUFC algorithm,leaving the heuristicsof the experts
thesameasin thedistributedsetting.

We have selectedtheoremsfrom the TPTPproblemlibrary [SS98], version2.2.1,
whichis acommonreferenceproblemcollectionfor automatedtheoremprovercompar-
isons.Theproblemsaretakenfrom thedomainsBooleanLogic (BOO), Combinatory
Logic (COL), GroupTheory(GRP)andRobbinsAlgebra(ROB). Moreover, we added
theproblemsLUKA3 andRA007.LUKA3 [DF94] usestheaxiomatizationof propo-
sitional logic by Łukasiewicz andproves

<.æ%P 
 æ R @ 
 < R[
 P @
. RA007 proves

that çéèêçìë â
holdsin all RelationAlgebrasusingtheTarski/Givantaxiomatization

[TG87]. Weusedafixedcycle time of tensecondsfor thelengthof theworkingphase,
anddid not make useof thereactive planningpossibilitiesof TEAMWORK, i.e. we did
not changetheteamsetupduringa programrun.

Theresultsof our experimentsareshown in Table1. Thegivenruntimesarewall-
clock times in seconds,wherewe have set a time limit of one hour for all program
executions.An emptyentry in thetableindicatesthat theproblemcouldnot besolved



9

Table 1. ExperimentalResults

Problem Runtimes Speed-up
Seq. Par. Dist. Par. & Dist. Par. Dist. Par. í Dist. Par. & Dist.

BOO002-2 411.95154.02194.80 76.19 2.67 2.11 5.63 5.41
BOO007-4 - - 554.31 163.68 - - - -
BOO022-1 148.50 56.34226.44 57.08 2.64 0.66 1.74 2.60
COL003-12 364.89111.21262.08 86.56 3.28 1.39 4.60 4.21
GRP002-4 205.93 83.36 14.00 6.22 2.4714.71 36.33 33.11
GRP119-1 867.70258.45423.86 99.81 3.36 2.07 6.96 8.69
GRP122-1 752.73218.73155.31 49.23 3.32 4.85 16.10 15.29
GRP175-3 1422.15555.19 63.70 29.04 2.5622.33 57.17 48.97
GRP175-4 464.33163.02243.50 87.61 2.85 1.91 5.44 5.30
LUKA3 - - 135.73 33.17 - - - -
RA007 - - 67.22 25.58 - - - -
ROB004-1 1683.82670.16 40.73 14.60 2.5141.34 103.76 115.33

within the time limit. The speed-upfactor in columnPar. î Dist. representsthe the-
oreticaloutcomeof combiningtheparallelizationanddistribution method,namelyby
multiplication of the speed-upsof the individual approaches(the two columnsto the
left). TherightmostcolumnPar. & Dist. reportstheempiricallydeterminedspeed-up
of ourcombinedTEAMWORK-PaReDuXsystemon eightprocessors.

The speed-upsobtainedby parallelizationalonecover a rangebetweenmediocre
speed-ups(2.47)andthetheoreticallybestpossiblefactorof 4 (with 3.36beingthebest
actuallyachieved). In the distribution approachsynergetic effectsdueto cooperation
of multipleheuristicsbecomeapparentandshow up assuper-linearspeed-upsgrowing
to factorsof over 41 on only two processors.But in somecasesproof searchis even
sloweddown (BOO022-1),becausetheexchangedequationsconfusetheexperts.The
combinationof both systemsreachesfor several examplesnearly the multiplicative
optimum,andfour exampleswereeven betterthanthe predictedtheoreticaloutcome
would suggest.Weexplain theobservationof theseover-proportionalspeed-upsby the
fact that the TEAMWORK approachis quite sensitive to timing changes.Generating
an importantresult just beforea teammeetingwill sendit to the otherexpertsnearly
immediately, while generatingit just aftera meetingmeansthat theotherexpertshave
to wait nearlytensecondsfor it. Thus,theexacttime whena teammeetingtakesplace
canconsiderablyeffect theoverall runtimerequiredfor a proof.

5 Conclusion and Future Work

Ourexperimentshaveshown thatbothmethodscanbesuccessfullyunitedinto asingle
system,with speed-upfactorsalmostmultiplying comparedto the individual systems.
TEAMWORK-PaReDuXhastheadvantageof reflectingthewidespreadtwo-tiredhard-
warearchitectureof clustersof multi-processorcomputersin its softwarearchitecture.
Thusit canmake optimaluseof today’s parallelhardware.Althoughwe presentedthe
combinationof two parallelizationschemesonly for thefield of equationaldeduction,
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we expectit to beapplicablein neighboringareas,suchasGröbnerbasecomputation
or theoremproving by resolution,aswell. It remainsto be shown whetheror not our
approachis generalenoughto beauniversalschemefor anevenbroaderclassof search
problemsasthey occur, e.g.,in therealmof artificial intelligence.

Finally, we would like to thank JochenWalter for his help on implementingthe
TEAMWORK-PaReDuXsystem.
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