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Abstract

A timed process algebra is developed for evaluating the temporal worst-case effi-
ciency of asynchronous concurrent systems. For the sake of simplicity, we use a classical
C(CS-like algebra where actions may occur arbitrarily within a continuous time interval,
yielding arbitrary relative speeds of the components. Via the timed testing approach,
asynchronous systems are then related w.r.t. their worst-case efficiency, yielding an effi-
ciency preorder. We show that this preorder can just as well be based on much simpler
discrete time and that it can be characterized with some kind of refusal traces. Finally,
precongruence results are provided for all operators of the algebra, where prefix, choice
and recursion require special attention.

1 Motivation and Introduction

Classical process algebras like CCS model asynchronous systems, where the components have
arbitrary relative speeds. To consider the temporal behaviour, several timed process algebras
have been proposed, where usually systems are regarded as synchronous, i.e. have compo-
nents with fixed speeds. The easiest of these is SCCS [Mil89], since terms are essentially the
same as for CCS; the natural choice to fix the speeds of components is to assume that each
action takes one unit of time; so SCCS-semantics differs from CCS-semantics essentially by
excluding runs where one component performs many actions while another performs just
one.

Our aim is to evaluate the temporal worst-case efficiency of asynchronous concurrent systems
modeled with a process algebra, and — as in the case of SCCS — we want to keep things simple
by using just classical CCS-like process terms. Furthermore, we will use a variant of (must-)
testing [DNH84|, where the testing preorder can be interpreted as comparing efficiency.

A usual treatment of asynchronous systems with a timed process algebra is to allow arbitrary
idling before each action [Mil89, MT91]; this achieves arbitrary relative speeds, but is not
suitable for defining worst-case runs since each action already can take arbitrarily long. Here,
we assume each action to be performed within a given time — and to keep things simple as
in SCCS, we take 1 as a common upper time bound for all actions. This enforces some
progress, but different from SCCS, actions may also be performed faster than necessary;
hence, components have arbitrary relative speeds and we take into account all runs of an
asynchronous system. E.g. [Lyn96] uses upper time bounds for asynchronous systems in the
area of distributed algorithms.

*This work was supported by the DFG-project ‘Halbordnungstesten’.



We compare processes via the testing approach developed by [DNH84] and extended to timed
testing in a Petri net framework in [Vog95, JV95|, where a timed test is an environment
together with a time bound. A process is embedded into the environment essentially via
parallel composition and satisfies a timed test, if success is reached before the time bound
in every run of the composed system, i.e. even in the worst case. If some process P satisfies
each timed test satisfied by a process @), then P may be successful in more environments
than specified by @, but it may also be successful in the same environments within a shorter
time; therefore, we call it a faster implementation of (), and the testing preorder is naturally
an efficiency preorder.

To define this testing formally, we have to define runs of asynchronous systems. In Section 2,
we develop a suitable semantics with upper time bound on actions where time is continuous;
we try to formalize our intuitive ideas as directly as possible without anticipating any specific
treatment that might be necessary to obtain a precongruence in the end. As regards the
definition of testing, the classical embedding in the test environment leads to a testing
preorder which — surprisingly — is not a precongruence for prefixing; instead of refining the
preorder to the coarsest such precongruence (cf. [Jen96]), we get this precongruence directly
by using a slightly different, but also intuitive embedding.

Using continuous time is certainly not as simple as intended; e.g. initially each process can
make uncountably many different time steps. Our first main result in Section 3 shows that
realism and simplicity can be reconciled: we define an analogous efficiency preorder based
on discrete time behaviour and show its coincidence with the first one. In Section 4, as
usual in a testing approach, we characterize the efficiency preorder — here with some kind of
refusal traces. The important point with this second main result is that test environments
are asynchronous systems, hence ‘temporally weak’, but nevertheless reveal the temporal
behaviour of tested processes quite in detail; correspondingly, the construction of revealing
tests 1s a little involved.

We also provide precongruence results for parallel composition, hiding, relabeling and pre-
fixing. Finally, in Section 5 we refine the efficiency preorder to a precongruence also for
choice: as usual, we additionally have to take into account the (initial) stability of processes.
Quite surprisingly, although we consider a preorder, the additional condition on stability is
not only an implication but an equivalence. The refined efficiency preorder is then shown to
be the coarsest precongruence for all operators of our process algebra that respects inclusion
of discrete behaviour. We also provide a precongruence result for recursion. Here, we avoid
the introduction of least elements ({)-terms) and application of cpo-techniques (cf. [Hen88))
and thereby gain some degree of self-containment, but our technique exploits the restriction
to guarded recursion.

We have translated the results for Petri nets from [JV95] to a process algebra setting for two
reasons: on the one hand, it is shown that the underlying ideas are not model-dependent; on
the other hand, the developments here are quite different, in particular since process algebras
are much more powerful than finite safe Petri nets; see e.g. the progress preorder in Section 3.
For an interesting application of our approach see [JV95], where different implementations
of a bounded buffer are distinguished w.r.t. their efficiency; we intend to carry over this
example into our process algebra setting, expecting the same results.



2 Continuously timed Processes and Tests

We will use a CCS-like process algebra with TCSP-like || 4 parallel composition, where A
is the set of actions components have to synchronize on. Processes will perform (atomic)
actions instantaneously within time 1; time passes continuously (in this section) in between
their occurrences. For example, process a.P will idle and then perform action a at some time
point in the real interval [0; 1], evolving to P. To model this, we introduce continuously timed
actions (a,r), which carry a ‘timer’ r whose initial value can be chosen from the interval [0; 1]
of real numbers. Whenever time passes globally by a certain amount, the timer of a locally
activated action will be decreased accordingly. Timer value 0 denotes that the idle time of
the respective action has elapsed, hence it must either occur or be deactivated before time
may pass further — unless it has to wait for synchronization with another component (i.e.
our processes are patient). E.g., process a.P corresponds to (a,1).P and can idle, process
(a,0).Q) can neither idle nor wait, but component (a,0).Q in ({a,0).Q)|1o3({a,1).P) has to
wait for synchronization on a while component (a, 1).P still may idle.

We also use two distinguished actions: 7 represents internal activity that is unobservable for

other components; w is reserved for observers (test processes) only, which use this action in
order to signal success of a test.

Definition 2.1 timed actions

Let A be a possibly infinite set of actions, let w be a special action — the success action —,
and let 7 be the internal action. We define A, = AU{w} and A, = A,U{7}. Elements
of A, are denoted by a,b,c,... (including 7 and w).

Let T = [0;1] C Ry be the set of real numbers in the interval [0;1]. Elements from T
are denoted by p,r,...

Let Act = A, x T = {a,,...} be the set of continuously timed actions, where e.g.
a = (a,r) € Act. We use a as a shorthand for (a, 1) and a as a shorthand for (a, 0), which
we call an urgent action. m2.1

Definition 2.2 continuously timed and initial process terms and processes

Let ® : A,, — A, be a function such that the set {a € A |0 # @ !(a) # {a}} is finite,
¢! (w) C {w} and ®(7) = 7; then ® is a general relabelling function.

A (continuously timed) c-process term P is generated by the following grammar:
P u= 0| X |(anr)P| P+P | PlsP | P8 | pX.P

where 0 (Nil) is a constant, X € X = {X,Y, Z,...} is a (process) variable, (a,r) € Act, ®
is a general relabelling function and A C A possibly infinite. Additionally, we only allow
guarded recursion, where also internal timed actions (7,7) may serve as a guard. The set

of c-process terms is denoted by IP..

We distinguish several cases: P is an inztial process term, if the choice of r is restricted
to r = 1; the set of initial process terms, is denoted by P;. P is a (continuously timed)
c-process, if P 1is closed, i.e. all variables X in P are bound by the according uX-operator;
the set of c-processes is denoted by P.. IP; = IPcﬂli’l is the set of initeal processes. m 2.2



0 is the Nil-process, which cannot perform any action, but may let pass time without limit.
X € X is a process variable used for recursion. a.P is (action-) prefixing, known from CCS,
where (a,r).P is ready to perform action a at some time in [0,7]. P; + P, models the choice
(sum) of two conflicting processes P; and P,. Pi||aP, is the parallel composition of two
processes P; and P, that run in parallel and have to synchronize on all actions from A; this
synchronization discipline is inspired from TCSP.

The general relabelling operation P[®]| subsumes the classically distinguished operations
relabelling and hiding. These will be understood as special cases of a general relabelling in
the following way: if ® satisfies the condition ®~'(7) = {7}, then ® is a (classical) relabelling
function; if for a set A C A ® satisfies the conditions ®|4 = 7 and ®|a,, \a = tda,,, then
we consider P/A to be a notation equivalent to P[®], where A is called a hiding set. The
restrictions on general relabelling functions serve several purposes: ®(7) = 7 ensures that 7
cannot be made visible by relabelling, and ®(w) C {w} ensures that testable processes will
be closed under general relabelling. The finiteness of the set {a € A |0 # ®7!(a) # {a}} will
ensure later on that the number of different actions ever performable by a given c-process is
finite; note that we allow infinite hiding sets, however.

pX.P models recursion. Some X € X is guarded in a c-process term P € IP., if each
occurrence of X is in a subterm a.Q of P where a € Act (guard); note that also internal
timed actions (7,7) may serve as a guard. In this paper, we only consider c-process terms

1 X.P where X is guarded in P. We say that P € IP. is guarded if all X € X are guarded in

P. Note that c-processes are guarded.

Obviously, initial c-process terms coincide essentially with ordinary CCS-like terms, where
(a,1) represents simple a.

In order to economize on parentheses, we determine the precedence of the operators in
decreasing order as follows: relabelling, prefix, recursion, parallel composition, choice.

Whenever we perform syntactical substitution P{Q/X}, we assume free(Q) N bound(P) = 0
(BARENDREGT convention), where free(P) and bound(P) denote the sets of free resp. bound
variables in P. If S is a function S : X — IP., then S denotes a simultaneous substitution of

all variables, and we write [Pls for P{S(X)/X,S(Y)/Y,... }.

We intend choice and parallel composition to be commutative and choice to be associative,
and we anticipate this by a syntactical congruence:

Definition 2.3 syntactical congruence
Syntactical congruence = C IP. x IP, is the least congruence of c-process terms satisfying
for all P, Py, P ¢ P, and AC A:
1. A+ P =P+ P
2. (P+P)+ =P+ (P + P)
3. Pil|aPy = P||aPy
We regard syntactically congruent c-process terms as equal. Therefore, > ;. P; 1s used

as a shorthand for the sum of all P, ¢ IE’C, where 1 is in a finite indexing set I. We define
Yico Pi =0, and if |[I| =1, then Y ey P = P =23



Now the purely functional behaviour of process terms (i.e. which actions they can perform)
is given by the following operational semantics, where syntactical congruence enables us to
use only one SOS-rule for choice and two SOS-rules for parallel composition:

Definition 2.4 Operational semantics of functional behaviour

Via the following SOS-rules, a ternary relation —C (IE’C X Ay X IE’C) is defined inductively:

a¢A7P11>P1’ GEA,P11>P1’,P2i>PZI
Pref, —————— Pary P Par,s pa— -
<G,,'I">.P—>P P1||AP2—>P1||AP2 P1||AP2—>P1||AP2
P, % P pop pop
Suma 4 Rela 3(a) Reca 2 ;
P+ P, — P P[®] = P'[®] uX.P = P'{uX.P/X}

For c-process terms P, P’ € P, and a € A, we write P % P’ if (P,a,P') €~ and P 5
if there exists a P” € P, such that (P, a, P") €—.

Finally, we let A(P) = {a € A, | P >} be the set of activated actions of P. m24

Except for Pref, and Rec,, these rules are standard. Pref, allows an activated action to occur
disregarding the value of its timer. Additionally, passage of time will never deactivate actions
or activate new ones, and we capture all behaviour that is possible in the standard CCS-like
setting without time. Note that rule Rec, implicitly makes use of guarded recursion [BD91].
It forces us to define an operational semantics not only for c-processes but also for c-process
terms (in the premise of Rec,). On the other hand, it will simplify proofs of operational
properties, since it connects induction on inferences with induction on the structure of a
c-process.

The set of activated actions of a c-process term P describes its immediate functional be-
haviour; note that A(X) is empty for process variables X € X, reflecting that unbound
occurrence of a variable means incomplete implementation and that A(P) records only ac-
tions, not the possibly various timer values associated with the same action in a process.

We have defined the set of activated actions via operational semantics, but A(P) can equiv-
alently be determined inductively from the syntactical structure of P alone.

The set of activated actions will we preserved both along passage of time and under substi-
tution of guarded variables; furthermore, due to the image-finiteness of general relabelling
functions, A(P) is always finite, and this will be used for the characterization of our testing
preorder.

Proposition 2.5
Let P,Q, R € P, be c-process terms, a € A, and let X € X be guarded in P.

1. A(P) is finite.

2. P{Q/X} % R if and only if there exists P’ € IP, with P % P’ and R = P'{Q/X};
in particular A(P) = A(P{Q/X}).

3. A(P) can be calculated by induction on the structure of P:



Proof:
1.

2.
Nil:

Var:

1. Nil:  A(0)=90

2. Var:  A(X)=10

3. Pref:  A({a,r).P) = {a} forall a € A,

4. Sum: A(P+ P) = A(P)UA(P,)

5. Par:  A(Pi]|aP2) = (A(P) NA(P)NA)U ((A(P1) U A(P)) \ A)
6. Rel:  A(P[®]) = ®(A(P))

7. Rec: A(pX.P)= A(P)

Induction on the structure of P.

Induction on the structure of P:
0=0{Q/X} > fornoac A,,.
X guarded in P =Y implies X # Y; this case is analogous to Nil.

Pref: X is guarded in {(a,r).P and ((a,7).P){Q/X} = {(a,7).(P{Q/X}) > P{Q/X},

which is unique, and {(a,r).P % P, which is unique.

Sum: X guarded in P; + P, < X guarded in P; and Ps.

Par:

Rel:
Rec:

3.
Nil:

Var:

(P, + PYQIXY = PQ/X} + Pr{Q/X) % R e PQIX} S RV P{Q/X} S
Re3P . (P 5P VP SP)AR=P{Q/X}o 3P :P+P,% P AR=
P{Q/X}.

X guarded in Pi||4 P> < X guarded in P; and Ps.

Let a € A;

then (P1]|aP){Q/X} = Pi{Q/X}HaPo{Q/X} = RillaRo

& P{Q/X} S R A PB{Q/X} > Ry

<:>E|P1,,PZI.P1 i>.P1’ A P21>P21 A Rl EP{{Q/X} A RZEPZI{Q/X}

<:>E|P1’,PZI . P1||AP2 1>P1’||AP21 N

RallaBy = PHQ/XYIAPHQ/X} = (PllaP)IQ/X}.

Let a ¢ A;

then wlosg. (PilaPs){@/X} = PQ/X}aPHQ/X} 5 RalaPr{Q/X}

o P{Q/X} % R, & 3P : P, % P! A R, = P{Q/X}

<:>E|P1’§P1||AP2 i>.P1’||A.P2 N

RallP{Q/X} = PAQIXYAPAQIX} = (PllLaP2){@/X).

straightforward induction.

Let X =Y and pY.P % P'{uY.P/Y} due to P % P’ by rule Rec,; then X is
bound in pY.P and P'{uY.P/Y}, hence (uY.P){Q/X} = pY.P > P'{uY.P/Y} =
(P'{uY-PY}){Q/X}.

Let X # Y, then (uY.P){Q/X} = pY.(P{Q/X}) since by BARENDREGT con-
vention Y is not free in . By rule Rec,, (pY.P){Q/X} = pY.(P{Q/X}) > R
iff R = R{uY.(P{Q/X})/Y} and P{Q/X} > R’ for some R’ iff (by ind.) R =
R{pY.(P{Q/X})/Y} and R' = P'{Q/X} with P % P’ for some R' and P’ iff
R = (P{QXN{uY.(PLQ/X})/Y} = (P{uY-P/Y}){Q/X} and P % P' for
some P'iff R = P"{Q/X} and P" = P'{uY.P/Y} and P % P’ for some P’ and
P" iff uyY.P % P" and R = P"{Q/X?} for some P".

Induction on the inference of P -%-:
0 > for no a € A,,, hence A(0) = 0.
analogously to Nil.



Pref: a.P % iff a = (a,r), hence A(a.P) = {a}

Sum: P+ P, 3 PL 5 VP, 3 ac AP) V a € A(P,), hence A(P, + P,) =
A(P) U A(P).

Pari: a ¢ AN PifjaPy S ad AN(PL S VP 3) e ad AN (a€ AP) Vace
A(P)), hence iff a € A(P;) U A(P»)

Pary: a € AN PifjuPs S S ac AN(PL S AP, 3) e acAN(ac AP) ANac
A(P)), hence iff a € A(P;) N A(P»)

Rel: P[®] % < Jbec @ (a): P B Ibe A(P): (b) = a < a € B(A(P))

Rec: uX.P % & P 5 & ac€ A(P). m25

As a first step to define timed behaviour, we now give operational rules for the passage of
‘wait-time’: all components of a system participate in a global time step, and this passage of
time is recorded for locally activated actions by decreasing their annotated timer in rule Pref..
Note that time passes disregarding elapsed timers; this might be necessary for a component
when waiting for a synchronization partner, and this explains the notion ‘wait-time’.

Definition 2.6 operational semantics for wait-time

Via the following SOS-rules, a ternary relation ~~.C (IE’C x T x IPC) is defined inductively:
Pl '\ﬁ)c-Plly PZ'VQ)CPZI

Nil, Sum,

0-5.0 (a,7).P ~5; (a,r').P P+ P, ~5. P + P,
P4, P p, 5, P, P, 5, P PS5, P
Rel, - Par, 5 Rec. >
P[®] ~~. P'[®] Pi||aPy ~>c PJ||aP, pX.P~, P{uX.P/ X}

For c-process terms P, P’ € IP, and p € T, we write P ~5, P if (P, p, P') €~».. We write
P -5, if there exists a P" € IP, such that (P, p, P") €~v.. m2.6

Note that a process variable X € X has no time semantics, again reflecting the fact that
unbound occurrence of a variable means incomplete implementation.

Lemma 2.7 properties of passage of wait-time

Let P,P',P",Q, R € P, be c-process terms, p, p’,p+p' € T and X € X be guarded in P.

1. P 5, if and only if P is guarded, and if P ~%, P’, then P’ is guarded.
2. If P -5, P and P ~5, P", then P' = P".
3. P{Q/X} ~*. Rif and only if there exists P’ € P, with P ~5, P’ and R = P'{Q/X}.
4. If P -5, P', then A(P) = A(P").
5. P 2% P if and only if P -5, P! ¥, P" for some P'.
Proof:
1. By induction on the structure of P:

Nil: 0 is guarded and 0 ~5. 0.
Var: P = X for X € X is not guarded, and for no p: X ~5..



Pref: (a,r).P is guarded and (a,7).P ~5, (a,').P with # = max(r — p,0), and (a,+').P
is guarded, too.

Sum: P = P, + P, 5, iff for 1 = 1,2: P A P! for some P/, hence by ind. iff both
P, and P, are guarded, in which case both P; and P, are guarded, too. Thus,
P=P +P, A, if Pis guarded and if P L. P = P| + P,, then P’ is guarded.

Par: analogously to Sum.

Rel: similar to Sum.

Rec: pX.P is guarded iff P is guarded iff by ind. P ~5, P’ for some guarded P’ iff
pX.P ~5, P{uX.P/X}, which is guarded, too.

2. By induction on the inference of P ~%, P’, P %, P" resp.

3. For the following reason, it suffices to show the ’if’-direction:

let X be guarded in P and assume that P ~5, P’ implies P{Q/X} ~5. P'{Q/X}; then
P{Q/X} 5. R implies P{Q/X} is guarded by 1., and since X is guarded in P, P itself
is guarded; hence P ~%5, P’ for some P' by 1. again, thus P{Q/X} ~%. P'{Q/X} by
assumption and R = P'{Q/X} by 2.

Induction on the inference of P ~5. P’, using that P and P’ are guarded by 1.:

Nil: 0-%,0 and 0{Q/X} = 0.

Pref: a.P 5, o/.P and (a.P){Q/X} = a.(P{Q/X}) ~5. &' .(P{Q/X}) = («’.P){Q/X}.

Sum: P = P, + P, 5, P iff Viey 5, P; ~5. P! and X guarded in P;, and P' = P! + P}
by 2. Hence by ind. for i = 1,2: P, ~5, P! implies P,{Q/X} ~5. P{Q/X}.
Thus P, + P, ~5. P! + P} implies (P, + P,){Q/X} = P{Q/X} + P{Q/X} 5.
PIQ/X} + PAQ/XY = (Pl + PIQ/X}

Par: analogously to Sum.

Rel:  similar to Sum.

Rec: If X =Y, then X not freein uY.P,ie. (uY.P){Q/X} = pY.P, and if uY.P <5, P,

then P ~5, P” for some P” such that P’ = P"{uY.P/Y}; now X not free in P’
either, hence P'{Q/X} = P'.
Let X # Y; then pY.P ~%, P’ implies P ~%. P" for some P" and P' = P"{uY.P/X},
hence by ind. P{Q/X} ~5. P"{Q/X}. Now by BARENDREGT convention, (uY.P)
[Q/X} = uY.(P{Q/X}) and u¥.(P{Q/X}) 2. (P{Q/XDInY.(P{Q/X})/Y)
= (P{pY.P/Y}{Q/X} = P{Q/X}.

4. By induction on the inference of P ~5, P'. We only consider the Rec-case in the
induction, since the other cases are clear:

By rule Rec., uX.P ~5. R implies R = P'{uX.P/X} and P ~%, P’ for some P’ and

by 1., X is guarded in P and P’. Now by rule Rec,, induction and Proposition 2.5.2:

A(pX.P) = A(P) = A(P') = A(P'{uX.P/X}) = A(R).

5. Induction: ,

Nil: 0%, 0and 05,05, 0.

Var: For all X € X and p,p’ € T: neither X ~%, nor X i

Pref: (a,r).P gy {a,max(r — (p + p'),0)).P and (a,r).P %, (a,max(r — p,0)).P %,
{a, max(max(r—p,0)—p’,0)).P and max(max(r—p,0)—p’,0) = max(r—(p+p'),0).



Sum: P, + P, %, P! + P” & Viiia B2 P & (ind.) Vi, ,3P! : P, 5, P! S, P e
Vi1,3P!: P, + P, &, P! + P} & P!y P,

Par: analogously to Sum.
Rel: straightforward.

Rec: pX.P p;l;p; R iff (by rule Rec.) P p;l—»p; P" for some P" and R = P"{uX.P/X} iff (by
induction) 3P, P" : P 5, P' %, P" A R = P"{uX.P/X} iff (again by rule Rec,
and by 3. since X is guarded in P and P’) 3P', P" : uX.P ~5, P{uX.P/X} %,
P"{uX.P/X} = R. m2.7

The operational semantics of wait-time allows c-processes to wait forever, but our intention
was that an urgent action has to occur or be disabled, unless it has to wait for a synchro-
nization partner. We will enforce this using an auxiliary function that calculates for a given
action a its residual time R(a, P) in a c-process term P, i.e. the time until it becomes urgent.

Definition 2.8 residual time of actions and c-process terms

The residual time of an action a € A, in a c-process term P € IE’C is determined by the
following inductively defined function R : A, x P, — T:

1. Nil:
2. Var: R

a,0) =1for all a € A,
X)=1forallac A,

3. Pref: R(a,a.P)= r ifa=({ar)

R(
(a,
( 1 otherwise
4. Sum: R(a, P, + P;) = min(R(a, P1),R(a, P»))
( max(R(a, P1),R(a,P;)) ifac A
min(R(a, P1),R(a,P)) ifa¢ A
(a, P[8]) = min{R(5, P)| b € 3~} (a)}
R(a,pX.P) = R(a, P)

5. Par: R(a, Pi||aP2) =

6. Rel: R
7. Rec:

Finally, the residual time of a c-process term P € P, is R(P) = min{R(a, P)|a € A(P)},
where min () := 1. 28

We have chosen R(a, X) = R(a,0) = 1 mainly for technical reasons (cf. Proposition 2.9.1
below). The Par-case will realize the desired behaviour of waiting in a parallel composition:
if P; and P, have to synchronize on a, then the residual time of a in P;||4 P, is determined
by the ‘slower’ component with larger residual time; if P; and P, do not have to synchronize
on a, the ‘faster’ component determines the maximal possible delay of a in P[4 Ps.

Observe that in the Rel-case (6.) ®!(a) may be empty (where minf) = 1) or infinite;
for the latter case, we will show below that for any P € IP. there are only finitely many
be A, with R(b, P) # 1 (Proposition 2.9.1 together with Proposition 2.5.1), such that the
set {R(b,P)|b € ®'(a)} is finite and R(a, P[®]) exists. Similarly, R(P) exists for each

c-process term P, and, hence, the residual time is well-defined in all cases.

In the following Proposition, we ascertain that only activated actions of a c-process term
can have a residual time less than 1, and that the residual time of each action in a c-process
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term is preserved under substitution of guarded variables. Additionally, we show how the
residual time of a c-process term can be calculated directly from the residual times of its
components, provided there is no parallel composition with synchronisation:

Proposition 2.9
Let P, P;, Py, Q € P, be c-process terms, a € A,,, and X € X.
1. R(a,P) € T, and R(a, P) # 1 implies a € A(P).
2. If X is guarded in P, then R(a, P) = R(a, P{Q/X}), thus R(P) = R(P{Q/X}).
3. Except for parallel composition, R(P) may be calculated directly:
1. Nil: R(0) = 1

2. Var: R(X) =

3. Pref:  R({a,r). ) r

4. Sum: R(P;+ P:)=min(R(P1), R(P-))
5. Rel: R(P [ 1) =R(P)

6. Rec: R(pX.P)=R(P)

Proof:

1. Induction on the structure of P; R(a,0) = R(a,X) =1for all a € A,,. Now:

Pref: R(a,(a,r).P) =r € T and a € A({a,r).P). If a # d/, then R(a, (a',7).P) =1 € T.

Sum: R(a, P; + P») = min(R(a, P1), R(a, P2) € T since by ind. R(a Pl) R(a, P,) € T.
If R(a, P, + P») # 1, then w.lo.g. R(a,P1) # 1, hence by ind. a € A(FP;) C
A(P) U A(P,) = .A(P1 + Py).

Par: By ind. R(a, P1),R(a, P;) € T, hence R(a, Pi||aP2) € {min(R(a, P1), R(a, P)),
max(R(a, P1),R(a, P2))} C T.
If a € A and R(a, P1||aP2) # 1, then R(a,P1) # 1 # R(a, P,), hence by ind.
a € A(P)N A(Py), thus a € A(P1|[aP,).
If a ¢ A and R(a, P1||aP2) # 1, then R(a, P1) # 1 V R(a, P,) # 1, hence by ind.
a € A(P1)U A(Py), thus a € A(P1|[aP,).

Rel: {R(b,P)|b € &' (a)} = {R(b,P)|be & a)N A(P)}U{R(b,P)|b € & (a)\
A(P)}, and by ind., {R(b, P)|b€ &7 (a) \ A(P)} = {1} and, hence {R(b, P)|b €

“Ha)} = {1} U{R(b,P)|b € & '(a) N A(P)}, which is finite, thus R(a, P[®]) =

min({1} U {R(b, P)|b € ® '(a) N A(P)}) € T by ind. If R(a, P) # 1, then
R(b, P) # 1 for some b € ®7(a) N A(P), hence by ind. b € A(P), and &(b) =
implies a € A(P[®]).

Rec: R(a,pX.P) = R(a,P) € T by ind., and R(a,uX.P) = R(a,P) # 1 implies
a € A(P) by ind., hence a € A(uX.P).

2. Induction on the structure of P:

Nil: R(a,0)=1for all a € A, and 0{Q/X} = 0.

Var: X is not guarded in P = X, and the case P =Y # X is analogously to Nil.

Pref: (a.P){Q/X} = a.(P{Q/X}), hence R(a,a.P) = R(a,a.(P{Q/X})) = R(a, (a.P)
{Q/X}).

Sum: X guarded in P + P, = X guarded in P; and X guarded in P,. R(a, P +
P;) = min;—; » R(a, P;) = min;—; » R(a, P,{Q/X}) = R(a, A{Q/X}+P{Q/X}) =
R(a, (P + P){Q/X}).

Par, Rel: analogously.
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Rec: If X =Y, then X is bound in pY.P, hence R(a,uY.P) = R(a, (uY.P){Q/X}).
If X 2Y, then (pY.P){Q/X} = pY.(P{Q/X}) by BARENDREGT convention, and
X guarded in pY.P implies X guarded in P, hence by ind. R(a, (1Y.P){Q/X}) =
R(a, u¥.(P{Q/X})) = Rla, PLQ/X}) = R(a, P) = R{a, uY.P).

3. We exploit the finiteness of A(P) and the restriction on general relabelling functions

® in order to swap minima:

)

1. R(0) = min,c 4(0) R(@,0) = mingcp R(a,0) = 1.

2. R(X) = minge4x) R(a, X) = mingeg R(a, X) = 1.

3. R({a,r).P) = mingc 4((a,ry.p) R(a', (a,7).P) = R(a,(a,r).P) = 7.

4. R(Pl—I—Pg) = minaeA(p1_|_p2) R(a, Pl—I—Pg) = minaeA(pl)UA(pz) min(R(a Pl) R(a Pg))
= min(min,e 4(p,)uAp;) R(a, Pi), minge ap)uar,) Ria, P))
= min(mingea(p,) R(a, P1), minge 4(p,) R(a, Py)) = min(R(P1), R(P2)).

5. R(P[®]) = mingc a(pja)) R(a, P[®]) = min,ca(a(p)) Minpes-1(a)nacp) R(b, P) =
minbeA(p) R(b, P) == R(P)

6. R(pX.P) = minge4ux.p) R(a, pX.P)) = mingc 4p) R(a, P) = R(P). 29

)

The effect of waiting on the residual time of activated actions is described by the following
lemma: if time advances by amount p, then the residual time of an activated action is
decreased by the same amount, unless it has already been less than p, in which case it is
zero afterwards. This behaviour is realized locally by rule Pref, of Definition 2.6.

Lemma 2.10

For c-process terms P, P’ € IP, and p € T let P ~%, P’; then for all a € A(P) = A(P’)
we have either R(a, P) — R(a, P') = p, or R(a, P) < p and R(a, P') = 0.

Proof:
In this proof, we will deal with minima and maxima in order to calculate residual times.
In these calculations, we will often use the following properties without mentioning it:

Let I be a finite set, p € T and (z;)icr, (¥:)ier be families of real numbers.
1. miniel (mz — yi) S miniel Lr; — miniel Y;.

2. fe; —y; < pforall s € I, then min;ey @; — minger y; < p.

3. If ¢; —y; = p for all © € I, then min;e; z; — mings y; = p.

4. max;er (®; — y;) > max;er ©; — Max;er Yi.

5. If ¢; —y; < p for all € I, then max;cy ; — max;er y; < p.

6. If ¢; —y; = p for all © € I, then max;c; ; — max;er y; = p.

Proof:

1. Let min;er @; = @; with j € I; then min;er(z; — i) < z; —y; < z; — min;es y; =
miniel Lr; — miniel Y;.

2. Let min;ey y; = yr with k € I; then min;e; @;—min;ey y; = mingey z;—yr < Tp—Yyr < p.

Follows from 1. and 2.

e

4. Let max;er z; = z; with j € I; then max;er(z; — y;) > ¢ — y; > @; — maX;er y; =
maX;er ; — mMaX;er Y;.
5. Follows from 4.
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6. max;c; ®; — max;er y; < p by 4. Let max;cr y; = yr with k € I; then p = zp — yp <

maX,ey £; — Y — MaX;e7 T, — IMNaX;ecr Y;.

After verifying A(P) = A(P’') with Lemma 2.7.4, we now perform induction on the

structure of the inference tree of P ~%, P’, using Lemma 2.7.4 again; the property trivially

holds for 0 and X, since A(0) = A(X) = 0; now:

Pref:

Sum:

Par:

Rel:

Rec:

(a,7).P ~5, (a,max(r — p,0)).P = (R(a,{a,r).P) =

p,0)).P) = R(a,(a,0).P) = 0) V (R(a, (a,r).P) =

R(a, (a,max(r — p,0)).P) =r — (r — p) = p.

P1+P2”€>CP1"|'P2':>V1':1,2P¢“’€> P} = Viz1,2Vacap; A(P!) (R ( P;)—R(a, P)) =

pV (R(a,P)<p A Ra,P!)=0)). For a € A(P, + Pg) = .A( + P,) by ind. one

of the following cases applies:

i) Jiz12 R(a, P;) < p A R(a, P!) = 0; then R(a, P, + P;) = min;—12R(a, P;) < p
and R(a, P + P,;) = min;—; 5 R(a, P!) = 0.

i) Viz12 R(a, P;)—R(a, Pz-') = p; then R(a, P14+ P;) —R(a, P{+ P;) = min;—; » R(a,
P;) — min;—; » R(a, P}) =

iii) R(a, P) — R(a, P|) = p /\ R(a, Ps) = R(a, P;) =
then R(a, P + P) — R(a P + P}) = min;—; » R(a,
R(a, Pl) R(a, P]) =

P1||AP2 PI||API:>VZ 1,2 PZW PZI

For any a € (A(P1) NA(P2))N A by ind. one of the following cases applies:

i) Viz12 R(a, P;) < p A R(a, P/) = 0; then R(a, P1||aP2) = max;—12R(a, P;) < p
and R(a, P/||4Py) = max;—1 2 R(a, P/) = 0.

i) R(a, P1) — R(a,P]) =p A R(a, P1) > R(a, P;) (or vice versa);
then R(a, Pi||aP2) — R(a, P/||aP;) = max;—12R(a, P;) — max;—1»R(a,P!) =
R(a, P1) — R(a, P|) =

For any a € (A(P) UA(P,))\ A by ind. one of the following cases applies:

i) J4iz12R(a, P;) < p A R(a, P!) = 0; then R(a, P1||aP2) = min;—12R(a,P;) < p
and R(a, P{||4Py) = min;—; » R(a, P/) = 0.

i) Viz12R(a, P;)—R(a, Pz-') = p; then R(a, P1||aP2)—R(a, P{||aP,) = min;—; » R(a,
P;) — min;—; » R(a, P!) =

iii) R(a, P) — R(a, P|) = p /\ R(a, Ps) = R(a,P;) = 1 by 2.9.1 (or vice versa);
then R(a, Pi||aP2) — R(a, P{||aP;) = min,—; 2 R(a, P;) — min;—; » R(a, P}) =

P[®] 5. P'[®] = P ~5, P'

= Vaeap)=ap)(R(a, P) = R(a, P') = p V (R(a, P) < p A R(a, P') =0))

= Vaca(p(a))=A(P[#]) (MiNsea-1(a) R(, P) — minpeg—1(q) R(b, P') = p V

(minb@)—l(a) ( ) <p A mlnbeﬁ 1(a )R(b P') = 0))

= Vaca(pie)-apia))(R(a, P[®]) — R(a, P'[®]) =

(R(a, P[2]) < p A R(a, P/[3]) = 0)).

pX.P ~5, R implies R = P'{uX.P/X} and P ~5, P’ for some P’ by rule Rec,,

hence induction yields

Vacap)=ap) R(a, P) — R(a, P') = p V (R(a, P) < p A R(a, P') = 0)

and since P’ is guarded by Lemma 2.7.1, with Proposition 2.9.2 follows

VGGA(”X_p):A(pl{”X_p/X})R(a,,ll,X.P) - R(a, PI{,U,XP/X}) == R(a, P) - R(a, PI) ==

pV (R(a,pX.P)=R(a,P)<p AN R(a,P{uX.P/X})=R(a,P')=0). m2.10

< p A R(a,(a, max(r —
> p A R(a,{a,r).P) —

T
T

1 by 2.9.1 (or vice versa);
P;)) — min;—; 2 R(a, P!) =
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Using the residual time of a c-process term, we are now able to restrict wait-time to the timed
behaviour we had in mind originally and which we call ‘idle-time’. Alternatively, idle-time
could have been defined via SOS-rules intertwined with the rules for wait-time.

Definition 2.11 passage of idle-time
For P, P' € P, and p €T we write P 5, P'if P~5, P and p < R(P). m2.11

Most of the properties of wait-time stated in Lemma 2.7 carry over to idle-time analogously,
gathered in Proposition 2.12 below. Note that c-processes without activated actions may
idle for an arbitrary amount of time by 4., 1. and 3., but if there are activated actions, they
may idle at most for time 1 by 5., 1. and 3.

Proposition 2.12 properties of idle-time

Let P,P', P" Q,R € PP, be c-process terms and p,p’,p + p' € T.

1. P 5, iff Pis guarded and p < R(P), and P’ is guarded if P 5, P’ (urgency)

2. If P 5. P and P %, P", then P' = P". (determinism)

3. If P %, P’ then A(P) = A(P'). (persistency)

4. If A(P) =0 and P 5, P', then R(P) = R(P') = 1. (termination)

5. If A(P) #0 and P &, P!, then R(P) — R(P') =p (progress)

6. P pif; P" if and only if P 5, P’ ’, . P" for some P’. (continuity)
Proof:

1. Implication of Definition 2.11 and Lemma 2.7.1.

Implication of Definition 2.11 and Lemma 2.7.2.

Implication of Definition 2.11 and Lemma 2.7.4.

Implication of 3. and Proposition 2.9.1.

Implication of Lemma 2.10, Definition 2.11 and Definition 2.8.

6. Follows from Definition 2.11 and Lemma 2.7.5:

p i, pr

S PP P A p+p <R(P)  (by Def. 2.11)

3P . p-A, P «fic P"Np<R(P)ANp <R(P)—p (by Lemma 2.7.5)
s3Jp P& P «fic P" A p' < R(P) (by Def. 2.11 and 4. and 5.)
&3P P A, P 5, P' (by Def. 2.11) m2.12

Ot B W N

Both, purely functional and timed behaviour of processes will now be combined in the
continuous language of processes. As usual, we will abstract from internal behaviour, but
note that internal actions gain some ‘visibility’ in timed behaviour, since their presence
possibly allows to pass more time in between the occurrence of visible actions. For technical
reasons, we also need a continuous language that records 7’s when we compare processes
w.r.t. their temporal progress in the next section.
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Definition 2.13 continuous language of processes

Let P, P’ € P, be c-process terms. We write P =, P’ if either ¢ € A, and P 5 P, or
e € Tand P 5. P'. We extend this to sequences w and write P 3, P’ if P = P’ and

w = A or there exist Q € P. and € € (A, UT) such that P >, Q 3;6 P and w = ew'.

For a sequence w € (A,-UT)* let w/7 be the sequence w with all 7’s removed, let act(w)
be the sequence of elements from A, in w, and let {(w) be the sum of time steps in w;
note that {(w/7) = {(w). We write P =. P’ if P 5. P' and v = w/T.

For a c-process P € IP. we define CL,(P) = {w|P 3.} to be the continuous T-language,
containing the continuous T-traces of P, and CL(P) = {w|P =.} to be the continuous
language, containing the continuous traces of P. m2.13

We state in passing that the set of c-processes is closed under occurrence of actions or passage
of time, i.e. P € P, and P %, P implies P’ € [P, again.

Based on the continuous language of c-processes, we are now ready to define timed testing
and to relate c-processes w.r.t. their efficiency, thereby defining an efficiency preorder:

Definition 2.14 continuously timed tests

An wnateal process P € Py is testable if w does not occur in P. Any initial process O € P,
may serve as a test process (observer).

A c-timed test is a pair (O, R), where O is a test process and R € R is the real time bound.
A testable process P c-satisfies a c-timed test (P must, (O, R)), if each w € CL(7.P||o0)
with {(w) > R contains some w.

For testable processes P and @), we call P a continuously faster implementation of @),
written P ., @, if P c-satisfies all c-timed tests that () c-satisfies. m2.14

Note that in contrast to e.g. [DNH84|, execution and not only activation of an w is necessary
for satisfaction of a c-timed test. Note that 7.P|oO is a shorthand for ((r,1).P)||aO.
Usually, one considers the behaviour of P||aO when defining a test. This is also done
in [Jen96], where it is shown that surprisingly the resulting efficiency preorder is not a
precongruence for prefix and therefore has to be refined afterwards. In order to avoid this
complication, we have chosen 7.P|[4O instead, gaining the same result directly. From an
intuitive point of view, the additional r-prefix represents some internal setup activity before
the actual test begins.

Runs with duration less than R may not contain all actions that occur up to time R; hence we
only consider runs with a duration greater than the time bound R for test satisfaction. Ob-
serve that this definition of c-satisfaction would be of questionable usefulness, if c-processes
were able to stop time, i.e. to reach a state from where no time step is possible any more;
we will see later on (cf. Corollary 3.4.4) that this doubt is unsubstantiated.

At this point, it is by no means clear how to check P . @ for given testable P and Q.
Obviously, it is impossible to apply the definition directly, since there are uncountably many
time bounds and, hence, c-timed tests to apply. And even if we could decide P 1. @ from
CL(P) and CL(Q) only (which is not the case), CL(P) and CL(Q) are still uncountable and
hard to handle.
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3 Discretization

Intuitively, satisfaction of a c-timed test essentially depends on the ‘slowest’ sequences in
CL(7.P||a0); in this section, we will show that these are generated by discrete behaviour
only, i.e. those traces with only time steps of duration 1. This will yield a simple theory.

Definition 3.1 discrete language of processes
Let P, P’ € P, be c-process terms. We write P =, P’ if either ¢ € A, and P 5 P/,
or e =1 and P 5, P'; in the latter case we say that P performs a unit time step. For
sequences w € (A,, U {1})*, we define P %, and P w:/;d analogously to Definition 2.13.
For a c-process P € PP, we define DL, (P) = {w]|P =4} to be the discrete T-language,

containing the discrete T-traces of P, and DL(P) = {w/7|w € DL.(P)} to be the discrete
language, containing the discretes traces of P. m3.1

Observe that by definition DL(P) C CL(P) and DL,(P) C CL.(P).

We are mainly interested in initial processes (which can be seen as the processes of an
ordinary untimed process algebra). Therefore, we will first characterize syntactically those
c-processes in IP. that are reachable from an initial process by only discrete behaviour. These
terms represent a discretely timed process algebra and their structure is important e.g. in
the proof of Proposition 3.3.

Definition 3.2 process terms and urgent process terms

An urgent process term U is generated by the following grammar:
U = 0 ‘ a.l ‘ U+U ‘ Ul|laU ‘ U[d] (recall that a is (a,0))

where [ € IP1 is an wnitial process term, a € A,,, A C A and ¢ a general relabeling
function. The set of urgent processes terms is denoted by Py, and Py = Py N PP, is the
set of urgent processes;

A (discretely timed) process term P is generated by the following grammar:
P u= I|U | PP | P[2]

where I, A, ® are as above and U € PPy is an urgent process term. The set of process
terms is denoted by IP, the set of (discretely timed) processes is IP = P N IP.. Obviously
P,UP, CPCP.. m3.2

Intuitively, an urgent process term is reached whenever a process term performs a unit time
step. Hence, an urgent process term usually must not let time pass further; but this is
allowed for process terms without activated actions: consider 0 € Py U IP; for this case,
which can be seen as both, initial and urgent. Process variables X € X are always initial,
since they may not let pass time at all, hence cannot be reached by a time step.

Proposition 3.3
Let P € P be a process term and a € A,,,.
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1. R(a, P) € {0,1}, thus R(P) € {0,1}; if P € IPy, then R(a, P) = 1, thus R(P) =
2. If P % P' then P' € P and Vyea,, R(b, P) < R(b, P'), and P’ € P, if P € IP;.
3. If P-4, P', then P’ € Py; in particular, P 54 P’ implies P’ € IP,.
4. There are P, ¢ Ii)l and w € {r}*, such that P, 1—1>Ud P, where w = Aif P € IE’O.
5. There are P’ € P and w € {a}*, such that P %, P' and R(a, P') = 1.

Proof:

1. By induction on the structure of P using Definition 2.2 of initial processes, Defini-
tion 3.2 of processes and Definition 2.8.

2. Induction on the structure of P:

Clear for 0 and X € X.

Pref: (a,1).P % P ¢ P and Veea, . R(b,P) =1, since P € IP;. Analogously for (a,0).P.

Sum: If P, + P, % P] then w.lo.g. P, % P] and since P, € PoUP, CIP by ind. P| €
IP, too. Furthermore, by ind., Veea,, R(b, P, + P2) = min(R(b, P1), R(b, P,)) <
R(b, P;) < R(b, P!). Additionally, P, + P, € P, iff P, P, € IP, hence by ind.
Pl e P,.

Par: Let a € A; then Pi|sP; = P'||AP' implies P, % P! and P, % P,, hence by ind.
P/, P, € IP, thus Pl||aPy € IP. Furthermore, by ind., for all b € A: R(b, Pi||aP>) =
max(R(b Pl) R(b, P»)) < max(R(b, P)), R(b P))) = R(b, P{||aP,) and for all b €
A, \ A R(b,Pi||aP2) = min(R(b, P1),R(b, P»)) < min(R(b, P}),R(b, P;)) =
R{, PllLAF3).

Now let a ¢ A; then w.lo.g. Pi||aPy = Pl||aP; with P, % P/, hence by ind.
Pl e IP thus P'||AP2 cP. R(b, P1||AP2) < R(b, P/||aP,) follows as above.
Furthermore Pi||aPs € P, iff P;, P, € PPy, hence by ind. in both cases Pl||aPy € Py,
Pl/||aP> € IP; resp.

Rel: If P[®] % P'[®], then P < P’ for some ¢ € ® !(a), hence by ind. P’ € P,
thus P'[®] € P. Furthermore, by ind.: R(b, P[®]) = min{R(c, P)|c € & '(b)} <
min{R(c, P')|c € & 1(b)} = R(b, P'[®]). Additionally, by ind., P'[®] € PP, if
P e P,.

Rec: If uX.P % P’ then P' = P"{uX.P/X} and P = P” for some P”. Now by
ind. P” € P, since P € P; and P"{,uX P/X} € P, since uX.P € IPl, hence
P' ¢ P, C IP. Since uX.P,P'" € Py, we have furthermore for all b € A, :
R(b, uX.P) = R(b, P') = 1.

3. Induction on the structure of P (the additional property for —4 now follows with

Definition 2.11):

Clear for 0 and X € X.

Pref: (a, >P~1=> <a 0). P ¢ P, and <a 0). P 5, <a,0> PEIE’O, since P € P;.

Sum: If P, + P, w P/ + P; then P, w P/ and P2 w P, where P, P, € Py UIP, C IP
hence by ind. P!, P! € IPy, thus P! + P € IP,.

Par, Rel: similarly to Sum

Rec: If uX.P ~b, P’ then P' = P"{uX.P/X} and P ~5, P" for some P". Now P" € P,
by ind. and by Lemma 2.7.1 X is guarded in P"; furthermore, uX.P € IP; and for
any subterm (a,7).Q of P" we have Q € IP;, hence Q{uX.P/X} € P, and thus
P'=P"{uX.P/X} € P,.
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4. Induction on the structure of P:

Ni: 0ePyand P, =0 —1>d 0, thus w = A.

Var: If P=X € X, then P, = (7,1).X € P, and P, 5, (1,0).X 54 X.

Pref: For P = (a,1).Q € P, we may choose P, = (r,1).(a,1).Q € P, with P, 54
(1,0).{a,1).Q 4 p. ) i
For P = (a,0).Q) € IPy we have @ € Py, hence we may choose P, = (a,1).Q € IP;
with P; —1>d P, thus w = A.

Sum: If P = Q+R € IP,\IPy, then P, = (r,1).(Q+R) € P, with P, R (1,0).(Q+R) 54
P.

If P=Q+ R and Q, R € PPy, then there are by ind. and the additional property
Q., R, € P, with Q; 4 Q and R, 54 R; hence P, = Q, + R, € P; and P, 54 P
by rule Sum,, thus w = A.

Par: For P = Q4R with Q,R € IP there are by ind. Q1,R; € Py, and u,v € {r}*,
such that @, Ly Q' 340 and R, LR %, R. Since Qi, R, € Ii’l, we have also
(Q1]|aR:1) € Ii)l, hence P; = Q1]|aRs Ly Q'||aR’ by rule Par.. Now by iterated
application of rule Par,;, Q'|aR 34 QllaR =4 Q| 4R, hence P, W P IfPc 1P,
then also @), R € Py, hence by induction v = v = A, thus w = uv = .

Rel: For P = Q[®] there are by ind. Q; € P; and w € {r}* such that Q, L.0Q" 8,5 0.
Since Q; € IP; we have P, = Q1[?] Ly Q'[®] with 1. and rule Rel.. Now by iterated
application of rule Rel, exploiting the condition ®(7) = 7 on general relabelling
functions, we get Q'[®] 24 Q[®], hence P M, P. If P € Py, then also Q € IPy,
hence w = A by induction.

Rec: uX.P € IP;, hence P, = (r,).uX.P € P, and P, 5, (1,0).uX.P 5q pX.P.

5. If R(a,P) =1 we may choose P = P and w = A and are done. Hence assume (by
1.) in the following R(a, P) = 0, in particular P is not 0 or X € X or pX.Q). We perform
induction on the structure of P:

Pref: (a,0).Q 54Q € P, C IP, hence we may choose w = a.

Sum: For P = Q + R there are by ind. Q', R’ € P and u,v € {a}*, such that Q %4 Q’
and R %4 R' with R(a,Q’) = R(a, R') = 1 and by assumption uv # A. If w.lo.g.
u#A then P=Q + R %, Q' = P’ with R(a, P') =1 and w = u.

Par: For P = Q||aR there are by ind. Q', R’ € P and u,v € {a}*, such that Q %, Q'
and R %4 R' with R(a,Q') = R(a,R') =1
If a ¢ A, then by iterated application of rule Par,;, P = Q4R =4 Q'||aR >4
Q'||aR' = P’ with R(a, P') = 1 and we may choose w = uv.

If a € A, let wlo.g. |u| < |v|; then by iterated application of rule Par,y, P =
Q|laR 34 Q'||aR" = P’ with R(a, P') = 1 since R(a,Q’') = 1, and we may choose
w = u.

Rel: Let P = Qo[®] and B = & *(a) N A(Qo); B = {b1,..., b} is finite since A(Qo) is
finite. By induction, for i = 1,...,n, there are Q; € P and v; € {b;}* such that
Qi1 —4 Q; and Vi<j<; R(bj,Q;) = 1 by 2., hence Vyep R(b, @,) = 1. Furthermore,
2. and Proposition 2.9.1 imply Viyca-1aps R(b, Qo) = 1 = R(b,Qn). Hence for
w € {a}* with |w| = X7, |v;| we have P = Qo[®] =4 Qn[®] = P’ with R(a, P') =
min{R(b,Q,)|b € & '(a)} = 1. m3.3
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Proposition 3.3 states technical properties of (discrete) process terms and discrete behaviour;
they are crucial in the proofs of many further developments and are gathered in a more
readable manner in Corollary 3.4 below.

First, in 3.3.1, we ascertain that the residual time of (actions in) process terms is always either
0 or 1, reflecting that process terms can perform either no time a step or a unit time step.
Properties 2. and 3. ensure that discrete behaviour of a process term yields a process term
again, validating the match between the operational Definition 3.1 of discrete behaviour and
the syntactical Definition 3.2 of discrete process terms. Additionally, occurrence of actions
can only increase the residual time of (actions in) a process term. Properties 4. and 5. are of
rather technical nature, but their statements are of intuitive interest, too: any process term
is reachable from an initial process term by a = step only, and repetition of a single action
will eventually yield a process term, in which this action is not urgent any more. This will
be important when characterizing the testing preorder in the next section.

Corollary 3.4

1. The set IP contains exactly those process terms that are reachable from some initial
process term P € IP; by only discrete behaviour.

2. The set IPy contains exactly those process terms that are reachable from some initial
process term P € IP; by performing only a 1-time-step.

3. For each process term P € IP there is a discretely reachable successor P’ € P with

R(P') = 1.
4. All three results above hold true for respective processes either.

5. Let P € P be a process and P =, P’ for some w € DL(P). Then for each R € IR}
there is a w’' € DL(P') (hence ww' € DL(P)), such that {(ww') > R.

1. By Proposition 3.3.2, .3 and .4.
2. By Proposition 3.3.3 and .4.

3. By iterated application of Proposition 3.3.5, since A(P) is finite.

4. TP is closed under —4 and P, is closed under —., hence under —4, thus IP = PN P,
1s closed under —4.

5. Let P %4 P’ and R ¢ R}. Then P’ ﬂ;d P" for some P" with RT(P") = 1 by 3.

and 4., hence P 24 P" for some P" by Proposition 2.12.1, thus ww'l € DL(P) with
C(ww'l) = {(w) +1. Now either {((ww') > R, or we proceed analogously with P"”’. m 3.4

From Corollary 3.4.1 follows that the set of processes is closed under discrete behaviour,
ie. P € P and P 5,4 P’ for some w € DL,(P) implies P’ € P again. Furthermore,
Corollary 3.4.4 states that at least discrete behaviour never yields a time stop. Theorem 3.9
will indicate that this is sufficient also for our definition of c-timed tests to make sense.

So far, we only know that discrete behaviour of an initial process is part of its continuous
behaviour, viz DL(P) C CL(P). We now aim to show that discrete behaviour already
contains enough information for checking P . @) for testable P and (). For this purpose,
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we will map each continuous trace of an initial (c-)process to a discrete trace of the same
process. Related traces will exhibit the same behaviour, but at different points in time. We
first relate the intermediate c-processes reached when performing such traces.

Definition 3.5 progress preorder of c-process terms

The progress preorder is the least ternary relation »5C (IE’C x T x IE’C) satisfying:

Nil: 0>50forall §cT
Var: X>sXforall 6T
Pref:  (a,71).P >5{(a,r2).P if g —1r; <§
Sum: P+ Py >5 Q14 Q2 if Vi P >5 Q)
Par: Pi||aPs 5 Q1]|aQ2 if Vic12 P; =5 Q;
Rel: P[] =5 Q[&] if P 5 Q
Rec: a) pX.P >suX.P
b) P{uX.P/X} =5 uX.P if P' =5 P
¢) pX.P>s P{uX.P/X} if P >; P’ u35

o Ot N

Intuitively, P >5 () means that P and @) are essentially identical up to the values of timers,
and if P is ahead of @, then for at most time §. However, ¢) may be ahead of P for an
arbitrary amount of time, which is realized locally in the Pref-case, where we allow ry < 7.

In cases Rec b) and ¢), uX.P and P'{uX.P/X} are regarded as structurally identical in
two specific situations; this is necessary to make Proposition 3.6.4.a) below true: if P =
pX.R =5 uX.R = @ and @) makes a time step, then only for ) recursion is unfolded by rule
Rec.. An alternative would have been permitting 0 time steps in the discrete behaviour,
which we have reprobated for the sake of compactness, since they only alter recursive terms
and blow up discrete traces unnecessarily.

Proposition 3.6
For c-process terms P,Q, R € P, and 6,6’ € T let P »5 Q. Furthermore, let a € A,,,
X € X and p, p1,ps € T.
P o Pforal PcP..
X 1s guarded in P iff X is guarded in Q.
A(P) = A(Q)
R(a, Q) — R(a, P) < 4§, in particular R(Q) — R(P) < 4.
If§ <¢', then P >4 Q.
P{R/X} =5 Q{R/X}.
If P % P!, then there exists Q' such that @ = Q' and P’ =5 @', and vice versa.
a) If P5, P and § +p <1, then P’ =5, Q.
b) fQ 2. Q and 0 < § — p, then P =5_, Q.
c) If P AP, QB . Q and0< 8§+ p; —py <1, then P’ > 5tpr—py @
9. In all three cases of 8., —. may be replaced by ~»..

S B A T
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Proof:

1. Induction on the structure of P.

2. Induction on the inference of P >4 @; only the Rec-cases (7.) are non-trivial:

a) Clear.

b) X guarded in pY.P iff X guarded in P iff (ind.) X guarded in P’ iff X guarded in
P'{uY.P/Y}. (For the last 'iff’, observe for '=’ that Y is guarded in P, hence in P’
by ind., so all occurrences of X in pY.P are guarded in P'{uY.P/Y}. Observe for '<’
and X =Y that again Y is guarded in P, hence in P’ by ind.)

c¢) Analogously to b).

3. Induction on the inference of P >s @Q; in the Rec-cases observe that X is guarded in
P and apply 2. and Proposition 2.5.2.

4. We perform induction on the inference of P >; Q):

IfP=Q=0o0or P=Q = X, then Voca,, R(a,Q) — R(a,P) = 1 -1 < §, since
A(P) = A(Q) = 0. Now:
Pref: (a,71).P >5 (a,r9).P = 1y — 11 < § = Vyiea,, R(d,{a,rs).P) — R(d,{a,r).P) =
ro—r1 <8V R(d,(a,rs).P) — R(d,{(a,r).P)=1—-1<34.
Sum: P, + Py >5 Q1+ Q2 = Viz12 Pi =5 Qi = Vaca,,Viz1,2 R(a, Qi) — R(a, P;) <
Vacao, R(a, Q1+ Q2) — R(a, PL + P;) = min;—; » R(a, @;) — min;—; ZR(a F;)
Par: Pi||aP2 >s5 Q1]|aQ2 = Viz12 P =5 Qi = Vaea,.Viz12 R(a, Qi) — R(a, F;) <
Vaca,, Max;—1 2 R(a, Q;) —max;—; s R(a, ;) <& A min;—; » R(a, Qi) —min;—; »
P)) <6 = Vacao, R(a, Q1]|aQ2) — R(a, Pi||aP>) < 4.
Rel: P[®] =5 Q[® ]:>P>5Q:>VGGAW R(a,Q) —R(a,P) <4
= VYach,, Mipeg—1(q) R(b, Q) — minyeg-1(4) R(b, P) < 6
= Vaea., Rla, Q[@]) R(a, P[®]) < 4.
Rec: a) R(pX.P) — R(pX.P) =0 <.
b) Since X is guarded in P, it is guarded in P’ by 2., hence R(a, P'{pX.P/X}) =
R(a, P') by Proposition 2.9.2. Now R(a, pX.P)—R(a, P'{uX.P/X}) = R(a, P)
— R(a, P') < ¢ by ind.
c¢) Analogously to b).

For the additional property we can either choose a € A(P) = A(Q) with R(P) = R(a, P)
and get R(Q) — R(P) < R(a,Q) — R(a, P) <4, or we have A(P) = A(Q) = 0 and by
Proposition 2.9.1: R(Q) — R(P)=1-1<34.

5. Induction on the inference of P 5 Q; in particular, r,—r; < § < §’ in Definition 3.5.3.

=
J.
=

§
<
§
R(a,

6. Induction on the inference of P >5 @); the case P = () is covered by 1. and 5., and
covers Nil, Var and Rec a).

Pref: a.P 5 B.P depends on a, B and § only, hence (a.P){R/X} = a.(P{R/X}) >
8.(P{R/X}) = (B.P){R/X}.
Sum, Par, Rel: straightforward induction by ’distributivity’ of substitution.
Rec: b) Y is not free in P'{uY.P/Y} and pY.P, hence assume X # Y'; then by BAREN-
DREGT convention P'{uY.P/Y}{R/X} = P'{R/X}{uY.P{R/X}/Y} Now
P' >5 P implies P'{R/X} »s P{R/X} by ind., hence (P'{R/X}){uY.P{R/X}
IY} s nY.(P{R/X}) = (uY-P){R/X}.
c¢) Analogously to b).
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7. Induction on the inference of P % P’

Nil: 03 fornoa € A,,.

Var: X 3 for no a € A,, and no X € X.

Pref: Let (a,r,).P =5 (a,r3).P; then (a,7).P = P and (a,73).P = P and P = P by
1., hence P 5 P by 5.

Sum, Par, Rel: straightforward induction.

Rec: a) Clear.
b) X is guarded in P and also in P’ by 2.

On the one hand, P'{uX.P/X} % R only if (by Proposition 2.5.2)

AP": P' % P" A R = P"{uX.P/X} only if (by ind.)

SP" P" . P % P" A P" w5 P" A R= P"{uX.P/X}

only if (by Rule Rec, and 6.)

3P P" . uX.P % P"{uX.P/X} A R = P"{uX.P/X} =5 P"{uX.P/X}.

On the other hand, pX.P % R only if (by rule Rec,)

AP" . P % P" AN R= P"{uX.P/X} only if (by ind.)

3P P" . P' % P A P" =5 P" A R= P"{uX.P/X}

only if (by Proposition 2.5.2 and 6.)

3P", P" : P{uX.P/X} % P"{uX.P/X} =5 R= P"{uX.P/X}.
c¢) Analogously to b).

8.a) By Definition 2.11, it suffices to show P ~5, P/ A §+p <1 = P’ =5,, Q by
induction on the overall size of P and @) (where the size is the number of operators, also
counting pX):

Clear for 0 and X.

Pref: (a,r1).P »5 (a,73).P = ry — r; < §. We distinguish two cases:

i) p <y

then (a,r1).P A (a,r1 — p).P and

ro—r1 <d=>r—(r—p)=ro—r+p<8+p=(a,r1 —p).P >5:, (a,r2).P.
i) p>rye:

then (a,r).P ~5, (a,0).P and

ra—r1 <d=>r<d+r<d+p=>r2—0<6+p=(a,0).P >s5, (a,rs).P.

Sum, Par, Rel: straightforward induction.

Rec: a) uX.P ~5. R due to R = P"{uX.P/X} and P ~%, P" for some P" by rule Rec..
Hence P >; P implies P" >,,s P by ind. and thus P"{uX.P/X} > ,.5s pX.P by
Definition 3.5.7.b).

b) P{uX.P/X} ~5, R implies by 2. and Lemma 2.7.3 that IP" : P’ -5, P" and
R = P"{uX.P/X}. Hence by ind. P" >s,, P, such that R >5,, pX.P by
Definition 3.5.7.b). Note that P’ has at most the size of P'{uX.P/X}, and the
sizes might be equal if P’ does not contain a free X; but in any case, P has a
smaller size than pX.P and, thus, induction is applicable.

¢) Similar to a) with induction and 6.

8.b) Similar to 8.a). We only consider the Pref-case:
{a,r1).P 5 (a,7y).P = ry — r1 < §. We distinguish two cases:
1) p <y

then (a,ry).P A (a,r9 — p).P and



22

ro—1r1 <8=>(re—p)—ri=ra—r1—p<d8—p=(a,r1).P >5_,{a,rs — p).P.
i) p>ry:

then (a,74).P ~5, (a,0).P and

0—m<0<é—p=(a,r1).P >5_, (a,0).P.
8.c) Iféd+p <1,weget P' 5., Qby8.a)and P' >s5., _p @ by 0 <68+ p; —pyand
8.b). Otherwise, P S pr 4, P with p=p1+6—1Dby Lemma 2.7.5. Now P" >, @ by
8.a), P" >1_,, Q' by 8.b) and P’ »45,, _,, Q' by 8.a) again.
9. By the proof of 8. m3.6

Proposition 3.6 provides the elements for emulating each continuous trace of an initial process
by a discrete trace that exhibits the same behaviour but consumes more time:

Lemma 3.7

Let P € IP; be an initial process; then for each w € CL(P) there is a v € DL(P), such
that act(v) = act(w) and {(v) > {(w).

Proof:
We will construct for each w € CL,(P) a v € DL,(P), such that act(v) = act(w) and
¢(v) > ¢(w); furthermore, we will show that for P, and P, reached after w and v we
have P, >¢(s)-¢(w) Pw; by Corollary 3.4.4, this will imply P, € IP. Then w/r € CL(P),
v/T € DL(P), act(v/7) = act(w/7) and ((v/7) = {(v) > {(w) = {(w/T).
The proof is by induction on |w|, where for w = A we can choose v = A; then P o P by
Proposition 3.6.1, hence P, >¢_¢ P, .

Hence, assume that for w € CL.(P) we have constructed v € DL.(P) as desired and con-
sider w' = we € CL,(P). We denote the processes reached after w’ and the corresponding

v' by P, and P,.

If e =a € A,, then v/ = va with act(v’') = act(w’) and {(v') = {(v) > ((w) = {(w').
We have P, % P, and by Proposition 3.6.7, there is a P, such that P, % P, and
Py = ¢()=¢(w) Purs 1€ Pyt = ¢w)~¢(w) P

Now let e = p € T. If p < {(v) — ((w) we choose v' = v; obviously, act(v') = act(w'),
((v") = €(v) > p+ C(uw) = C(w’). Furthermore, C(v') — C(w') = C(v) — C(w) —p > 0, hence
P, > ¢(v)=¢(w) Pw and Proposition 3.6.8.b) yield Py = P, > ¢(v)—¢(w') Pu'-

If on the other hand p > ((v) — ((w), we choose v/ = vl. With Proposition 3.6.4,
from P, >¢()—¢(w) Pw we conclude R(P,) + ((v) — {(w) > R(P,) and R(Py) > p >
¢(v) — ¢(w) by Definition 2.11, i.e. R(P,) > 0 and R(P,) = 1 by Proposition 3.3.1. now
by Proposition 3.6.2, P, is guarded iff P, is guarded, and P, is guarded by Definition 2.11
and Lemma 2.7.1; hence by Proposition 2.12.1, the time step 1 is allowed after v and v' =
vl € DL.(P) with act(v') = act(w’). Furthermore, {(v') = {(v) +1 > {(w) + p = {(w'),
and finally, p < 1and 0 < {(v)—((w) give 0 < {(v)—((w)+1—p, and {(v)—((w) < p gives
((v) = ¢(w) + 1 — p < 1; so with Proposition 3.6.8.c) we conclude Py >¢(v)—¢(w)+1-p Pu',
1e. Py, >_C(v')—C(w') P, m3.7

With this emulation result we can restrict attention to discretely timed testing based on
discrete behaviour and discrete time bounds:
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Definition 3.8 discretely timed tests

For a testable process P € Py, an observer O € P; and D € IN, define P musty (O, D),
if each w € DL(7.P||a0), with {(w) > D contains some w. The relation 4 is defined
accordingly. m3.8

We now give our first main result: although ; is based on fewer tests and much more
restricted behaviour than ., it turns out that both relations define the same efficiency
preorder. By this, we have also reached simplicity: we can now work with a CCS-like untimed
algebra, extended syntactically by urgent terms (see Definition 3.2) and semantically by 1-
time-steps.

Theorem 3.9

The relations —, and —; coincide. m3.9

Proof:
Let P and Q be testable processes, O an observer and R € R{. We first show

P must, (O,R) < P musty (O, |R])

Assume P rhust. (O, R); then there is a w € CL(7.P|[4O) without w and {(w) > R; now
by Lemma 3.7, there is a v € DL(7.P||a0) without w and {(v) > {(w) > |R], hence
P yhusty (O, |R|). Now assume P yhusty (O, |R]); then there is a w € DL(7.P||a0)
without w and {(w) > | R|, hence {(w) > | R|+1 > R; since DL(7.P||a0) C CL(7.P||a0),
the same w causes P rhust, (O, R).

With this result we conclude V (O, R) : Q must. (O, R) = P must. (O,R) iff V(O, R) :
Q musty (O, |R|) = P musty (O, |R]), hence P 1. Q iff P T4 Q.

Checking P J. @ now reduces to checking P J; ). But as for testing in general, it is
impossible to apply the definition of 1 directly, since there are still infinitely many discretely
timed tests to apply. And as indicated in Section 2, we cannot decide P J4 @ from DL(P)
and DL(Q) only, since DL(7.P||aO) generally cannot be determined from DL(P) and DL(O)
alone: e.g. synchronization allows activated actions in one component to wait for a partner
in the other one, which is not the case in stand-alone behaviour of a single component,
recorded in DL(P), DL(O) resp. Technically, DL-inclusion is not a precongruence for parallel
composition. Thus, in the next section we will refine the discrete language to a kind of
refusal traces, fulfilling the precongruence criterion. Refusal traces of a testable process will
allow us to characterize the preorder J; denotationally, where we also need the following
result, stating that the number of different actions ever performable by a process is finite.

Definition 3.10 semantic sort of a process
For a c-process P € P, let £.(P) = {a € A,,|3w € CL(P), P’ € P.: P 5. P 3.}
be the continuous semantic sort of P, and £43(P) = {a € A,.|Jw € DL (P), P' € P, :
P 54 P" 3,} CL(P) be the discrete semantic sort of P. m3.10



24

Proposition 3.11
Let P € IP..
A(P) € £4(P)
. For each w € CL,(P) there is a v € DL,(P) with act(v) = act(w) and no time steps.

£.(P) and £4(P) coincide and will both be denoted by £(P) (semantic sort of P).
{(P) is finite.

Ll

Proof:
1. Clear.

2. We construct an adequate v performing induction on |w| and show additionally that
for P, and P, reached after w and v resp. we have P, >, P,.

By Proposition 3.6.1, P >¢ P, and by Proposition 3.6.5 P >; P, hence we are done for
w = A. Thus assume there is an adequate v for a given w and P, > P,.

If w' = wa for a € A, then by Proposition 3.6.7, P, = P, and P, = P, for some P,
such that P, > P,, hence we have va € DL,(P), and there is no time step in va since
there is none in v.

If w' = wp for p € T, then P, 5, P, and by Proposition 3.6.8.b) and 0 < p < 1,
P, >1_, Py, hence by Proposition 3.6.5 P, >; P,s, thus we may choose v' = v.

3. {4 C /L. by definition, and we are done by 2.

4.  For a general relabelling function ® let b(®) = {a € A, |0 # & '(a) # {a}}
(image base of ®); by definition, :b(®) is finite. Furthermore, let

L(P)={a € A, |aoccurs in P} UUs occurs in P 20(P)

be the syntactic sort of P, where occurrence means being part of the syntatic structure of
P. This definition yields L(P{Q/X}) C L(P)UL(Q), which will be used in the Rec-case
below. Obviously £(P) is finite; we show £(P) C L(P) and are done.

By Proposition 2.5.2, P % iff a € A(P), and by 1. and 2. it suffices to show by induction
on the structure of P that A(P) C £L(P) and that P % P’ implies L(P') C L(P):

Clear for 0 and X € X.

Pref: A(a.P) = {a} C {a} U L(P) = L(a.P); furthermore, a.P = P and L(P) C
{a} U L(P) = L(a.P).

Sum: By ind. A(P, + P») = A(P1) U A(P:) C L(P1)U L(P:) = L(P1 + P,); furthermore,
P, + P, % P’ implies w.lo.g. P, % P’  hence by ind. L(P') C L(P,) C L(P,)U
L(P,) = L(P + P).

Par: Analogously to Sum.

Rel: Let a € A(P[®]) = ®(A(P)); if a € ib(®), then a € L(P[P]), otherwise ®'(a) =
{a} and a € A(P) C L(P) C L(P[®]) by induction and definition. Furthermore,
P[®) % P'[®] implies P % P’ for some b € A,, with ®(b) = a, hence by ind.
L(P') C L(P), thus L(P'[®]) = L(P')Uib(P) C L(P)Uib(®) = L(P[P]).

Rec: By ind. A(pX.P) = A(P) C L(P) = L(pX.P).

Furthermore, uX.P % P'{uX.P/X} implies P % P’ hence by ind. L(P') C L(P),
thus L(P'{pX.P/X}) C L(P')UL(uX.P) = L(P). m3.11
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4 Characterization

As a consequence of the last section, from now on we let J denote the (coinciding) preorders
—. and 4. Furthermore, we will merely deal with discrete processes and their discrete
behaviour.

We first modify the SOS-rules for wait-time as follows: we only allow unit time steps and
record at each time step a so-called refusal set ¥ of actions which are not waiting; i.e. these
actions are not urgent, they do not have to be performed and can be refused at this moment.
Note that additionally and in contrast to passage of wait-time we now prohibit passage of
time if there are urgent 7’s. This time semantics is also a relaxation of (discrete) idle time:
when a unit time step occurs, all actions in ¥ U {7} are treated correctly w.r.t. passage of
idle time.

Definition 4.1 SOS-rules for refusal of actions

Via the following SOS-rules, a ternary relation —,C (IE’ x 28 x IE’) is defined inductively,
where ¥, 3; C A,:

. ag XU{r}
Nil, s Pref,; s Pref,, ————
05,0 a.P =, aP a.P >,.aP
Par Viz12 B %, P/, 2 C(ANUiz1,2 Zi) U ((Miz1,2 Xi) \ 4)
' Pi|[aP; %, Pl||4P;
Vieis P 3, P! p* BN b pE p
Sum, : Rel, Rec,

Pi+P, 3, P+ P P[®] 3, P[] pX.P 5, P{uX.P/X}

For process terms P, P’ € IP, we write P X Pif (P,X, P') €—, and call this a time
step. We write P E>T, if there exists a P” € IP such that (P, X, P") €—,. m4.l

By Proposition 4.2.1 below, the set of possible refusal sets at a time step is downward closed
w.r.t. set inclusion, and by .3, not activated actions can always be refused. Proposition 4.2.4
provides the link between time steps and unit-time-waiting, unit-time-idling resp. Finally,
Proposition 4.2.5 is an element needed in the treatment of recursion (Section 5), stating
that guarded subterms of a process term are not affected by or involved in time steps or
occurrence of actions.

Proposition 4.2
Let P,Q, R € IP be process terms, let £, %' C A,,let X € X and let ¢ € (A, U2%).

1.IFP 2, Qand X' C X, then P 3, Q.
2. P2, Qand P, R, then Q= R.
3. 1fP 3, Q and ¥ N A(P) =0, then P ™5, Q.
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4. P %, Q if and only if P ~5, Q and Veesugr} Ria, P) =1,

in particular P ﬁﬁ Q if and only if P R Q.

5. Let X be guarded in P. Then P{Q/X} =, R if and only if there exists P’ € IP

Proof:

with P %, P’ and R = P'{Q/X}.

1. Induction on the inference of P E>T using ¥’ C X

Nil:
Var:

Pref;:
Pref,:

Sum:

Par:

Rel:

Rec:

02, 0and 03, 0forall X' C X C A,
Clear.
analogously to Nil.

Y CYAaP3,aP=YCS Aa¢SU{r}=ad Y U{r}=aP 3, aP.

Elgz/\P1+PZE>rQ1+Q2:>E'§E/\PlgrQl/\PZEHQ2:>P12>T

Q1N Py E;r Q2= P+ P EI>rQl‘|'Qz-

S CEA PPy B, Qi]aQ: > T C B C (AN Uiz1,2 Zi) U (Niz12 Z6) \ 4) A

Vicis Pi 25, Qi = Pi|laPs 2, Q1]|aQs.

Y C 2 A P[] 3, Qle] = 1Y U {r})\ {T} C YD U{rH\{r} A
PRI (o | p 2RIV ij[ 1% ola)

YCEApXP 3, Q=3P :YCIAP3 P AQ=P{uX.P/X}= 3P :

PE.P AQ=P{uX.P/X}= 3P uX.P 3, P{uX.P/X} =Q.

2. Induction on the inference of P =, Q, P En R resp.

3. Induction on the inference of P =,  using ¥'N A(P) = 0:

Nil:
Var:

Pref;:
Pref,:

Sum:

Par:

Rel:

Rec:

0 E>T 0and O Ei;; 0forall ¥ C A,.

Clear.

analogously to Nil.

YNA@P)=0AaP 3, aP=n{a}=0ACUu{r)n{a} =0 =
(CusYu{rHhn{a} =0=aP > 4P

SNAPL+P)=0AP +P 3, Q14 Q= YNAP)=0 A TNAWDP) =
OAPL 2. QAP 2 Q= P oy Q1 A Py P Q2:>P1+Pzzi§:r Q1+ Qo
PillaPs 2, Q1]4Qs = £ C (ANUiz12 Bi)U((Miz12 Bi) \A) A Vizr 2 P 5, Q; and
from %' N A(Py||4P2) = 0 we have to conlude £’ C (AN U=y 5 X:) U ((Mizy2 Xi) \
A). By induction, we may assume the ¥; to be maximal w.r.t. to the considered
property, i.e. we may assume Voea, a & A(P;) = a € X;; now X' NA(Py||aP2) =0
and a € X'NAimplies a ¢ A(P;)NA(Pz), hencea € U;_; » ¥i, and a € X'\ Aimplies
a ¢ -A(Pl)U-A(PZ)a thus a € ﬂi:l,z 3;, yielding Y C (AmUizl,Z Ei)U((mizl,Z Ei)\A)-
S N AP[@]) = 0 A Pl&] B, Q@] = P CAINT o A v ear)
f. Now X'N <I>(.A( )) =0 =e10) =0 =232 nSAP))) = 71(¥)
7 (2(A (7)) 2 H(E )NAP) = ‘I’_l(z')ﬂA(P) =0 = &7 (X)\{7}NA(P)
f and 7 1(Z ) \ {T} U N B U{rPH\{r} =2 ((ZUX)U{r}) \ {7}, hence by
induction P * ¢ EUQU{T} 7 Q, thus P[®] =5 = Q[P].

S NApX.P) =0 ApXP 3, Q=3P :SNAP)=0AP S P A

N>
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Q = P{uX.P/X} = 3P' . P ™8 P' A Q = P{uX.P/X} = pX.P *5
P{uX.P/X} = Q.
4. Induction on the structure of P:
Nil: 0 3,0 and 0 ~5, 0 and Vaesu{-}R(a,0) =1 for all ¥ C A,
Var: Forall X € X and ¥ C A, neither X E>T nor X “’1%-
Pref: a.P 3, a.P and a.P ~5, a.P and Vaesugry R(a',a.P) =1
aP 3, aPifag¢ DU {r}iff a.P 5 a.P A Vaesui R(d,aP) =1.
Sum: P, + P, E>r Q1+ Q2 iff Voo P E>r Qi iff
Viz12 (P “’1% Qi N VaesuR(a, Pi) = 1) iff
Viz1,2 B e Qi A Vaesugr} mini—; 3 R(a, P;) = 1 iff
P+ P “’1% Q1+ Qs A Vaezu{T}R(a,H + P) =1.
Par: Pif|aPe 3, Q1]|aQ: iff
81,8 0 8 C (AN Uim2 20 U (Mimap Z6) \ A) A Vi P 25, Qs iff
381, a : Vicr2 (P~ Qi A VaezuryR(a, P) = 1) A
X C (A N Ui:l,z Ei) U ((ﬂi:l,z Ei) \ A) iff
Pil|aPy ~¢ Qu]|4Q2 A
d¥ ={a € A, |R(a,P1)=1},% ={a € A, |R(a,P2) =1}:
Vi:l,ZVGGEiU{T}R(a’7 Pi) =1
(ie.: VaGUi:l , Siu{r} MaXi=1,5 R(a,P;)=1A Va’emizl L Sau{r) min;—; 2 R(a, P;) = 1) A
X C (A N Ui':1,2 Ei) U ((ﬂi:l,z Ei) \ A) iff |
Pil|aPy ~c Qul|aQ2 A
Vae(sufrna maxi—1 s R(a, ;) = 1 A Vagmuri\a mini—1 s R(a, ;) = 1 iff
Pil|[aPs ~¢ Qu1[|4Q> A Vaesugry Ria, PrllaPy) = 1.
Rel: P[&] 3, Q[@]it P * TN g
P, QAacd ' (DU{r})=R(a,P)=1iff
P[®] ~5. Q[®] A b€ TU{r} = minges-1( R(a, P) = 1 iff
P[®] ~5. Q[®] A Veesuiry R(b, P[®]) = 1.
Rec: pX.P 5, P{uX.P/X} AP 3, P'iff P ~5, P' AVqesugry R(a, P) = 1iff uX.P ~>,
P{uX.P/X} A P~5. P' A Vaesugn Rla, pX.P) = 1.
The additional property follows with Definition 2.8 of R(P) and A(P) C A, and Defi-
nition 2.11.
5. If e = a € A,,, we are done by Proposition 2.5.2, hence let e = ¥ C A,. Then
P{Q/X} B, Riff P{Q/X} ~. R and V,ezu(rR(a, P{Q/X}) = 1 by 4. iff P ~», P/
for some P’ such that R = P'{Q/X} and VicsuryR(a, P) = 1 by Lemma 2.7.3 and
Proposition 2.9.2 iff P 3, P’ and R = P'{Q/X} by 4. again. m4.2

Combining time steps and occurrence of actions, we now define refusal traces of processes,
which refine the discrete language due to Proposition 4.2.4 (part 2), as stated in Theorem 4.4.



28

Definition 4.3 refusal traces of processes

Let P, P' € IP be processes. We write P =, P’ if either ¢ = a € A,, and P 3 P/, or

e=XCA_, and P E>T P'. For sequences w, we define P %, P’ and P %, P’ analogously
to Definition 2.13.

For a process P € P, let RT.(P) = {w| P =,} be the T-refusal traces of P, and the set
RT(P) = {w]| P =,} be the refusal traces of P.

act(w) and ((w) are extended to elements from RT.(P) and RT(P), ie. {(w) is the

number of time steps (sets) in w. m43

Theorem 4.4
Let P,Q € IP be processes; then RT(P) C RT(Q) implies DL(P) C DL(Q).

Proof:
By Proposition 4.2.4, P 5, P’ iff P = P’, hence DL(P) can be gained from those
w € RT(P) where ¥ = A, for all refusal sets ¥ in w, replacing A, by 1. m44

From now on we denote refusal-trace-inclusion and -equivalence of processes by <,., =, resp.
and lift this relation to process terms as usual via closed substitutions:

Definition 4.5

Let P,Q € IP be process terms. We write P <, Q if for all closed substitutions S : X — P
where [Pls, [Q]s € P we have RT([P]s) C RT([Q]s). We write P =, Q if P <, @ and
Q <, P. m4.5

As for discrete traces, we note that the set of processes is closed under performance of refusal
traces, i.e. P € IP and P =%, P’ for some w € RT,.(P) implies P’ € P again. The information
on temporal and nondeterministic behaviour of a process provided by refusal traces is very
similar to the one e.g. contained in the ‘barbs’ of TPL (see [HR95]). But astonishingly, we
will be able to observe this with asynchronous — i.e. weak — test processes.

For technical reasons, in the following we do not only consider the RT-semantics but also
the RT, -semantics: it will play an important role when deriving the precongruence property
of RT- and RT -inclusion w.r.t. the recursion operator in Section 5. Note that RT,.(P) does
not only treat 7’s like visible actions: additionally, by Definition 4.1, all refusal sets ¥ in a
w € RT,(P) implicitly contain 7, i.e. in w after a time step an activated 7 must either occur
or be disabled before the next time step X.

The following developments are concerned with (pre)congruence properties of refusal-trace-
equivalence (-inclusion). As indicated in Section 3, DL-inclusion is not a precongruence for
parallel composition: it does not record runs of a component in which actions are delayed
beyond idle time, which in general is necessary in a parallel composition when waiting for a
communication partner. We first show that (7-) refusal traces serve this purpose:

Definition 4.6 shuffle of refusal traces w.r.t A

Let u,v € (A, U2%«)* and A C A; then ul|4v is the set of all w € (A, U 2%)* such
that for some n u =uy... Uy, v =v;...0,, w =w;...w, and for all k= 1,...,n one of
the following cases applies:
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l. yp=vp=wp,=acC A

2. uyp=wr=a€ A,\Aand vy = A

. vp=wr=a€ A, \ Aand up = A

4 up =%, C AL, =3, CA,,urg =X C A,and ¥ C (AN(T,UE,))U((ZNZ,)\A)

For sets Ry, Ry C (A, U2%)* we define Ry ||4aRy = U{u||av|u € Ri,vE Ry}. w46

Observe that if (v||4u) # 0, then by 1. for all @ € A the number of a’s is equal in u, v and
all w, and by 4. the number of time steps is equal in u, v and all w.

Theorem 4.7

For processes P, P, € IP, we have RT(P1||aP2) = RT(P1)||[aRT(P:) and RT(Pi||aPs) =
RT.(P1)||aRT-(P2). In particular, both RT-inclusion and RT -inclusion are precongru-
ences for parallel composition.

Proof:
It suffices to show the claim for RT-semantics; the same technique then applies for RT .-
semantics, where 7’s are treated like visible actions. Let P = P;|| 4 P».
7g7:
Let v € RT(P). Then there is a w € RT,(P) such that v = w/7. We perform induction
on the length of w and show that if P =%, P’  then there are w; € RT,(P,) and w, €
RT.(P,) such that w/7 € ((w1/7)||a(ws/7)) C (RT(P1)||aRT(P,)), and — furthermore —
if P, 2%, P/ and P, 23, P;, then P' = PJ||4P;.

For w = A we choose w; = wy = A such that w/7 = A € ((w1/7)]|a(w2/7)) = {2} and
P = P' = Pi||aP> = P/||aP;.

So let w' = we and P %, P’ %, P"”. Then one of the following cases applies:

l.e =a€ AC A, Byind. P’ = P/|[4aP;, and P[||aP; >, P" iff by rule Par,y:
P" = P/'||4P), P, % P! and P % P, for some P/, P;. Hence P, 5, P| %, P/
and P, 38, P} %, P}, thus by ind. and Definition 4.6.1 for w} = w;a and w} = wsa:
Wfr = (wa)fr = (w/r)a € (((wr/r)a)]a((w2/)a)) = ((wia)/D)a((wra)/r)) =
((wh/7) L4 /).

2. e=a€ A, \A Byind. P’ = P|||4P;, and P[||aP; =, P" iff (w.l.o.g.) by rule Par,;:
P" = P/'||4Pj and P] % P}’ for some P/'. Hence P, =%, P! %, P/ and P, 2%, P}, thus
we choose w| = wya and w) = wy. If a = 7, then w'/7 = w/7 and w|/7 = w; /7, and
by ind. w/r € ((w1/7)||a(w2/7)). If @ # 7 we observe wy = wsA; then by ind. and
Definition 4.6.2 (or .3 resp.): w'/7 = (wa)/7 = (w/7)a € (((w1/7)a)||a((w2/T)A)) =
(((wia)/7)[|a((w2A)/7)) = ((wy/7)]| a(w3/7)).

3.e =% C A, Byind. P = P|/||aP,, and P]|[aP, E>T P" iff by rule Par,: P" =
Pl'||aPy, P gr P/ and P, ET P) for some P|', P,, such that ¥ C (AN (¥; U X,)) U
((¥; N X¥3) \ A), hence by ind. and Definition 4.6.4: w'/7 = (wX)/7 = (w/T)¥ €
(1))l (w2/7)%2)) = ((050) /| a((w252)/7) = (/) (/7))

D

Let v € (RT(P1)||aRT(P,)). Then there are w; € RT(P;) and wy € RT(P,) such that

v € ((w1/7)]|a(wz/7)), P, B3, P! and P, %, P;. We show for all these w; and w, that
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there is a w € RT,(P) with w/T = v € RT(P), and - furthermore — if P =, P’ for this

w, then P’ = P/||4aP,;. We perform induction on |w; |+ |wsy|. For |wi|+ |wa| = 0 we choose

w= A and get P = P' = P,||aP, = P|||aP,. We now distinguish several cases:

1. wy = wir. Then wy/7 = w|/7, hence v € ((w1/7)||a(wa/7)) = ((w}/7)]|a(wa/7)), and
by ind. there is a w’ with w'/7 = v, P i;r P' = P/||aP,, P g P! and P, 33, P).
Now by rule Par,;: P’ 5, P" = P/'||4P, since P, 5, P} for some P,, and we may
choose w = w'r since w/T = (w't) /T = w'/T = v.

2. wy = whT. Analogously to 1.

3. Neither 1. nor 2. but w; = wia with a € A C A,. Then v = v'a and wy; = wja for
some v', w, by Definition 4.6.1, such that v’ € ((w}/7)||a(w}/7)). Now by ind. there is

a w' with w'/T =v' and P i;r P' = P|||aP,;, where P, 5 P| and P, ) P,. By rule
Par,; and assumption: P’ %, P" = P/'||4P;' where P| % P, P; % P;, and we may
choose w = w'a since w/r = (w'a)/7 = (w'/7)a = v'a = v.

4. Neither 1. nor 2. but wy = wya with a € A C A,. Analogously to 3.

5. Neither 1. nor 2. but w; = wia with a € A, \ A. Then by Definition 4.6.2, v = v'a
for some v’ with v’ € ((w}/7)||a(ws/7)), and by ind. there is a w’ with w'/7 = v' and
p i;r P’ = P|||aP,;, where P, % P! and P, 2, P). By rule Par,; and assumption:
P' %, P" = PJ'|| 4P, for some P!, and we may choose w = w'a since w/T = (w'a)/T =
(w'/T)a =v'a =w.

6. Neither 1. nor 2. but wy = wha with a € A, \ A. Analogously to 5.

7. Neither 1. nor 2. but wy = wi¥; with ¥; C A,. Then by Definition 4.6.4: v = v'%¥
and wy = wyX, for some v',wy and X, ¥, such that ¥ C (AN (¥ U %)) U ((Z1 N
Y2)\ A) and v' € ((w}/7)||a(wy/7)). Now by ind. there is a w’ with v’/ = v’ and
p i;r P’ = P]||aP;, where P, % P/ and P, Y P;. By rule Par, and assumption:
P33, pr= P/'||aP;y where P| 3, P/ P, %, P}, and we may choose w = w'% since
w/T = (W'E)/7 = (w'/7)E =V'E =w.

8. Neither 1. nor 2. but w, = wy¥, with ¥, C A,. Analogously to 7.

The additional property follows since || 4 is monotonic: consider any R, Ry, Ry C (A,- U
244)* with R; C R,; then by Definition 4.6: R|sR; = U{ullav|u € R,v € R} C
U{ul|lav|v € R, v e Ri}UU{u|lav|uv € R,v € Ry \ R} = U{u|lav|u € R, v € Ry} =
RHARz- m4.7

We now show that (7-)refusal-trace-inclusion is also a precongruence for prefix:

Definition 4.8 prefix of refusal traces
For R C (A,,U2%)* and a € A, we define
1. a.R to be the set of all prefixes of
{21...EHG|TL€]N0, 21 g Aw, 22,...,2]” gAw\{a}}oR,

2. a.R to be the set of all prefixes of
{21...EHG|TL€]N0, 21,...,2]” g Aw\{a}}oR,

3. 7 R={%A|XC A, }oR,
4. T.R=R. m4.8



31

Theorem 4.9

Let P € IP; be an initial process and a € A,,;. Then RT(a.P) = a.RT(P) and RT(a.P) =
a.RT(P). Furthermore, if a # 7, then RT,(a.P) = a.RT,(P) and RT.(a.P) = a.RT,(P).
Finally RT,(7.P) is the set of all prefixes of {r,X7|%X C A,} o RT(P) and RT,(z.P) is
the set of all prefixes of {7} oRT,(P). In particular, both RT-inclusion and RT-inclusion
are precongruences for prefixing of (initial) processes.

Proof:
Using Definition 4.3, Definition 4.1 and Definition 4.8 for a € A:

A(a.P) = {a}, a.P %, P, a.P E>T a.Pforal X C A, aP E’n aPifr£ad¢ ¥ CA,
and a.P 5%, P.

For the additional property consider any R, R;, R2 C (A,. U 2A“’)* with R; C R,; then
obviously for any w € (A, U 2"”")*: w € RoRy = w € Ro R,, and also for all of their
prefixes. =49

It is worth noting that due to Definition 4.8.3 and Theorem 4.9 we are not able do find a
metric in the domain of sets of refusal traces, for which prefixing is a contractive function; this
will rule out application of BANACH’s fixpoint theorem when treating recursion in Section 5.
We allow 7’s as guards for recursion, and they actually gain some visibility in refusal traces
due to time steps, but, however, this is not enough for making fixpoints unique modulo

RT-equivalence: consider P = pX.7.X and Q = pX.(7.X + a.0); we have 7. X{P/X} =, P
and 7. X{Q/X} =, Q, but P #, Q.

For the characterization we will also use the precongruence property of (7-)refusal-trace-
inclusion w.r.t. hiding and relabelling:

Definition 4.10 relabelling of refusal traces

Let ® be a general relabelling function, a € A,,, ¥ C A, and define a[®];! = $7!(a)
and %[®]-! = {3 1B U {r}) \ {r}}; we extend [®] ! to sequences w € (A,, U 24«)*
via concatenation o. We define [®]~! identically, but additionally A[®]~! = &~*(7)\ {r}.
®~! is again extended to sequences. m4.10

Theorem 4.11

For a process P € IP and a general relabelling function ® we have

1. RT(P[®]) = {w € (A, U2%)* | w[®]' NRT(P) # 0}
9. RT.(P[3]) = {w € (Ao, U24)* |w[3]-* NRT,(P) # 0}

Furthermore, both RT-inclusion and RT . -inclusion are precongruences for general rela-

belling P[®] of processes, in particular for relabelling P[f] and hiding P/A.

Proof:
By Definition 4.1, Definition 4.3 and Definition 4.10. For the additional property consider
any Ry, Ry C (Ay, U2%¢)* with R C Ry; then {w € (AL, U2%)* |w[®]-1 N R, # 0} C
{w € (A, U2%)* | w[®]71 N Ry # 0} and the same holds for [®]~. m4.11
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Another property needed for the above mentioned test construction is that 0 is a zero element
for both choice and parallel composition without synchronisation:

Proposition 4.12
Let P € IP be a process term; then P lp0 =, Pand P+ 0=, P.

Proof:

Let S : X — IP be a suitable substitution.

First, [P|p0]ls = [P]s ||p0 and RT([P]s ||[p 0) = RT([P]s) ||p RT(0) by Theorem 4.7. Now
since by Definition 4.1 and Definition 4.3, RT(0) = {¥;... %, |n € N, ¥;,..., %, C A,},
Proposition 4.2.1 and Definition 4.6 (where only cases 2 and 4 apply, since A = () yield
RT([Pls)[lo RT(0) = RT([P]s).

Second, we show for some v € (A, U 2%)* by induction on |v|: [P + 0]s =, @Q if and
only if [Pls =, Q or [P]s —, R for some R, such that Q = R+0. In the base case v = A
we have [P+ 0]s = [P|s + 0 —A>T [Pls + 0 =@ and [P]s —A>r [Pls = R, thus @ = R+ 0.
Hence assume the claim to hold for some v and consider ve with € € (A, U 2A“’). Then
[P +0]s >, Q@ >, Qiff by induction either [P]s =, @ =, Q' or [P]s >, R for some
R, such that @ = R +0 5, @Q'. In the first case, we obviously have [P]s 2%, Q' again.
In the second case, first let ¢ = a € A,,; then R+ 0 %, Q' if R %, Q' by rule Sum,,

hence [Pls &3, Q' again. Now let ¢ = ¥ C A,; then R+ 0 E>T Q' iff by rules Sum,
and Nil,.: R E>T R’ for some R/, thus [P]s 25, R/, such that @' = R’ + 0. We conclude
RT.([P + 0]s) = RT-([P]s), hence RT([P + 0]s) = RT([P]s) by Definition 4.3. m4.12

Finally, we state that refusal traces can always be extended by a time step (after performing
all urgent internal activity) and that time steps can be omitted:

Proposition 4.13
Let P, P', P" € IP be processes, w,w' € (A, U2%)* and X C A,,.

1. w € RT(P) if and only if wh € RT(P).

2. wXw' € RT(P) implies ww' € RT(P).

3. IfP2,.pP'= P %T, then ww' € RT(P).
Proof:

1. ’if’: clear by Definition 4.3.
‘only-if’: assume P =%, P’ for some P’ € IP; then by Proposition 3.3.5 there is a t € {7}*

such that P’ %, P” for some P" € P with R(r, P") = 1; now P" LY by Proposition 4.2.4
and Lemma 2.7.1 since P” is closed, hence guarded, and finally P w:gr by Definition 4.3.
2. wX¥w' € RT(P) implies wXw' = (uXv)/7 for some uXv € RT,(P). Now it suffices to
show by induction on |v| that uXv € RT,(P) implies uv € RT,(P), where we additionally
show that for P, reached after uv and P, reached after uXv we have P, >¢ Ps.

The base case is v = ), hence P %, P, and P, =, P, by Proposition 3.6.1 and .5. Then

by Proposition 4.2.4 and Proposition 3.6.9 and .8b), P, E>T P, implies P; =9 P;. Now
assume the property to hold for v.
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If v = va for a € A,,, then P, % P} for some Pj, and since P, =¢ P; by assumption,
Proposition 3.6.7 implies P, — P] for some P], such that P; = P, again.

If v/ = vY for ¥ C A, then P, E’n P; for some P, iff P, S, P, and for all a € X' U {7}
we have R(a, P,) = 1 by Proposition 4.2.4. Hence, by assumption of P; > P, and
Proposition 3.6.9 and .8c), P ¢ P! for some P!, such that P! =¢ P} again; furthermore
by Proposition 3.6.4, for all a € ¥’ U {7} we have R(a, P1) > R(a, P,) —0 = R(a, P;) = 1,
thus finally P, E’n P/ by Proposition 4.2.4.

3. Clear by Definition 4.3. m4.13

We now have gathered all elements for characterising the efficiency preorder via refusal-
trace-inclusion, which is our second main result:

Theorem 4.14 characterization of the testing preorder
Let Py, P, be testable processes. Then P, 1 P if and only if P, <, Ps.

Proof:
By Definition 4.5 and Definition 3.8 we may assume P, P, € IP;.
if?:
Let (O, D) be a timed test. Then RT(P;) C RT(P,) implies DL(7.P;||aO) C DL(7.P;||a0)
by Theorem 4.9, Theorem 4.7 and Theorem 4.4. Thus, if P; fails the test due to some
w; € DL(7.P;||a0), then so does P,.
‘only if”:
We assume P; P, and take some w; € RT(P;). By Definition 4.1, Proposition 4.2.4 and
Definition 3.10, all actions in w; are in £(P;) U £(P,). Furthermore, by Proposition 4.2.3
and .1, we may assume that for all refusal sets ¥ in w; we have ¥ C £(P;) U £(P;), which
is finite due to Proposition 3.11.4.

Now let w = w; if w; = A and w = w; () otherwise; by Proposition 4.13.1, w € RT(P;),
too. Furthermore Yw € RT(7.P;) for each ¥ C {(P;) U £(P,) by Theorem 4.9 and

Definition 4.8.3; for technical reasons, we will only consider the case where ¥ = ().

We will construct a timed test (Osy,((w)) that is failed by a testable process P € IP;
if and only if Yw € RT(7.P). Hence, P, fails (Osy,((w)), thus by assumption P fails
(Osw, ((w)), too, and we conclude Yw € RT(r.P,). But then ¥w; € RT(r.P,) by Propo-
sition 4.13.1 and w; € RT(P,) or ¥w; € RT(P2) by Theorem 4.9 and Definition 4.8.2, i.e.
w; € RT(P,) by Proposition 4.13.3, and we are done.

The proof is structured as follows: We first give the construction of Og, (1), then we
show that P fails the test (Osy, ((w)) if 7.P performs Yw (2), and finally we show that
P fails the test (Osy,((w)) only if 7.P is able to perform Yw (3). All three parts are

inductive w.r.t. the structure of w.

(1)
To make induction work, we define Og,, for sequences Yw that end with ) but may start
with an arbitrary ¥ C £(P;) U £(P,). Furthermore, all actions of Yw are in £(P;) U 4(P,)

and all refusal sets are subsets of £(P;) U £(Ps).
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Oy, will consist of several components that communicate via synchronized actions which
must not occur in the sort of P; or P,. Hence, let H = {by, co,b1,¢1,...} C A be an
infinite set such that H N (£(P1) U 4(Py)) = 0; H exists since £(P;) and £(P,) are finite

and A is infinite.
The components @s., Rsw, Ssw and Xs,, of Os, are defined inductively as follows:

The base case is Yw = 0:

Q@ = w0
Sp = 0
X@ =0

Now let the general case be Yw = Xa; ... a,%'w’, where X'w' ends with (). We define:

@sw (be(w)-@smwr) llo (ce(w)-0 + w.0)

Sgw bc(w).al Ce an.cc(w).Sglw:

Xsw (bc(w).XEle) ||0 (CC(w)—l-O + Zmezl 113.0)
In both cases let

Rsw = (Xsw [0 ¢¢(w)-0)
and finally Os,, = Ts,/H where

Tsw = Qsw ||H Ssw ||H R3w

Before detailed formal reasoning, the function and the interplay of the parts are shortly
and informally described in the following:

The part Xa; ...a, of Yw = ¥a; ...a,%'w' is called the {(w)-th round of Xw, started by
occurrence of X, whereas occurrence of %' marks the begin of the ({(w) — 1)-th round.

(s 1s the ‘clock’-part of the test, which for each round 7 of ¥w enables an w that is
urgent after the time step starting round 7 and can only be deactivated by performing
the auxiliary action ¢; (completion of round 7) before the next time step.

The ’action-sequence’-part Sy, will ensure that ¢; can only occur after performance of
the action sequence aj...a,, which itself must be preceded by the auxiliary action b;
(begin of round 7). Furthermore, occurence of b; triggers the activation of the w for the
next round by enabling @sr,,. This must not happen too early, i.e. b; and hence ¢; will
be performed after the time step starting round : and before the next one.

At the beginning of the present round, the 'refusal-set’-part Xs, enables all actions =
from the refusal set X’ of the following round in conflict with the auxiliary action ¢;_;
which has to occur only at completion of the following round. After the time-step of
the present round, all z from ¥’ have become urgent, but may not occur — i.e. must be
refusable by the tested process at the time-step starting the following round.

Finally, Xy, 1s augmented to Ry, for proof-technical reasons, 7%, puts all three parts
via synchronisation together, and Oy, hides the auxiliary actions away. Otherwise, they
would have to synchronise with the tested process, which is of course impossible by the

definition of H.
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)

By Definition 3.8, P fails the test (Ogy, ((w)) if and only if there is a u € DL(7.P||aOsyw)
without w and with {(u) > ((w). By Proposition 4.2.4, this is case if and only if there
is a v € RT(7.P||aOsy) without w and with {(v) > ((w) and all refusal sets in v are
A,. By Theorem 4.7, Proposition 4.2.1 and Definition 4.6, such a v exists if and only
if v € (vi||avs) for some v; € RT(r.P) and vy € RT(Osx,) satisfying the following:
¢(v1) = ((va) > {(w), both v; and v, are without w, all refusal sets in both v; and v,
contain w, and match(vi) = vy, where match is defined inductively as follows :

1. match(A) =
2. match(av') = amatch( Y for a € A,.
3. match(Xv') = ¥ match(v') for ¥ C A, where ¥ denotes {w} U A \ X.

For any testable process P we have w ¢ £(P), hence by Proposition 3.11.1 and Proposi-
tion 4.2.3 and .1 we have Yw € RT(7.P) if and only if v; € RT(7.P), where v; is Yw with
each refusal set augmented by w; also, match(X¥w) = match(v,). Hence, in order show
that P fails the test (Osgy, ((w)) if ¥w € RT(7.P), by the above it suffices to show that
match(Xw) = match(v,) € RT(Osy).

In order to apply inductive reasoning, we consider an intermediate state that is reached
when Osy,, performs match(Xw). Let

RY, = Xswllo(cew) 0+ 5
and let 0%, = T, /H where

Ts., = Qsw ||z Ssw |2 RS,

We first observe that the properties

(2.1) Oy %,

(2.2) Of 2,
hold, since (2.1) Op is initial and (2.2) > ,cp 2.0 = 0 € IP; by Definition 2.3, Qg, Sp € PPy,
and ¢, is the only urgent action in Ra', but has no synchronization partner in @y and Sp,
thus R(Of) = 1, and we are done by Proposition 4.2.4.

Now let Yw = Ya; ...a,X'w’. We show the following properties:
(23) Ogpw 5% 0L, =, O%.,

(2.4) 0%, “i 0Of. = Oi.,
Ie. from both Og,, and 0%, by performing a sequence matching the ¢(w)-th round of w,

we reach a process that is RT-equivalent to Of, ,. For the proof of (2.3) consider (using
Corollary 4.12)

A B (w) S¢(w)

QEw —r b((w)-QE’w’ ||(Z) (CC .0+ WO) —r QE’w’ ||(Z) 0 = QE’w’
A bc(w)al...ancc(w)

SEw #r b((w)-afl -Qn. c( SE’w’ —r SE’w’

and
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REw = XE'w ||0 c((w)O A#'r
be(w)Ce(w
(etwy Xz |10 (Cuy-1-0 + Seesr 20)) llo o0 55
(XE"W’ ||0 (QC(w)—l'O + ZEEE’ QO)) ||0 0 =r
(XE’w’ ||0 (QC(w)—l'O + ZEEE’ QO)) = R—lﬁ—’w’

Hence with synchronisation over H by Definition 4.6 and Theorem 4.7 we get

Aubi(w)1 - CBnC(ew
TE'w “ )_1>"‘ ¢ ZIEw =r (QE”W' ||HSE"W’) ||H R+’w’ = TE—Jl—"w’

and hiding H by Definition 4.10 and Theorem 4.11 and finally applying Proposition 4.2.1:

fal...an 1 +
OEw :>:,- OEw —p Ozlwl

For (2.4), analogous arguments apply for the components Qs,, and Ss,, of O%,. For RY,
consider (using Corollary 4.12 again):

S\ {c¢(uwy}
Ry =Xsuw o (cew) 0+ Toezz.0) 55

be(w)Ce(w)
(b¢(w)- Xz [l (Cow)-1-0 + Laexr 2.0)) lo (co(w)-0 + Laex 2.0) A
(Xsrwr llo (Ceqw)-1-0 + Xaexr 2.0)) lo O
(Xsrw lo (Qc(w)—l-o + Yeesy £.0))
t

Hence, analogously to the above:

h )

R},

’LUI

+ gal...an _|_’ o +
Osw = = Osy =r Oz

Using these properties, we now perform induction on the length of Yw to show that
match(Xw) € RT(0%,,):

For Yw = 0, by (2.2) we have A, € RT(0f,) and A, = match(d). For Sw =
Ya; ...a,%"w' by (2.4) and Proposition 4.13.4 we have Xa, ... a, match(%'w') € RT(0%,)
by induction.

It remains to show match(Xw) € RT(Osy): for Yw = () we are done by (2.1); for Yw =

Ya;...a,Y'w', we have Os,, Eagﬁfn 0%, =- 0%, by (2.3) and match(X'w') € RT(0%,,)
by the above, hence we are done by Proposition 4.13.4.

(3)

We now show that P fails the test (Osy,((w)) only if 7.P is able to perform Yw.

We say that a refusal trace v € RT(Osg,) refuses w if w does not occur in v but in all
refusal sets of v. Now by Theorem 4.7, Definition 4.6 and analogous arguments as in the
beginning of part (2), P can fail the test (Osy, ((w)) only if there is a v € RT(Oy,,) that
refuses w with ((v) > ((w) and match(v) € RT(r.P). We will show that this implies
Yw € RT(7.P) and are done.

By V(Osy) we denote the set of all v € RT(Osg,,) that refuse w and satisfy {(v) > ((w),
and similarly for Qs,, etc. We will determine V(Os,,) by induction on the length of Yw,
where we first state the following properties:

The base caseis w = X and ¥ = §:
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(3.1) (Qo ||z So) =+ for a v refusing w with {(v) > ((w) = 0 if and only if
v =%, for some ¥, C A, with w € ¥,, hence {(v) = ((w) +1 = 1.
(3.2) There is no v refusing w with {(v) > 1 such that
((Qo |0 (€1.0 + w.0)) ||z (a} ... a! .c1.59)) =+

Now let Yw = Xa, ...a,X'w’, where X'w’ ends with 0:

(3.3) (Qsw ||z Ssw) =» for a v refusing w with {(v) > ((w) if and only if
v = Nyb(w)a1 . .. ance(w)v’ for some X, C A, with w € ¥, and v’ refuses w and

¢(v) = ¢(w) + 1, such that

Yubi(w)C1---AnCe{w J
(sz ||H Szw) “ ):1>r ¢ lelwl =r (QE’w’ ||H52’w’) ér-

(3.4) There is no v refusing w with {(v) > {(w) + 1 such that
(@sw |0 (ccw)+1-0 + w.0)) ||z (af - . . aly-ce(w)+1-Ssw) =r.

Whereas (3.1) and (3.2) can be checked directly, we show (3.3) and (3.4) by induction
using Corollary 4.12, Theorem 4.7 and Proposition 4.13.4:

(3.3) The if-case is clear. (Qsw ||# Szw) can perform b¢(y), w or a time step X,.
Performance of be(,) yields (@sn |0 (c¢w)-0 + w.0)) ||z (a1 ... an.Cw)- Sz ), and
since ((w') = {(w) — 1, by ind. and (3.4) or (3.2), no v refusing w with {(v) >
¢(w) = ¢(w') 4+ 1 is possible any more.

Hence, v starts with some ¥, C A, with w € ¥,; afterwards, only b¢(wya1 . . . ance(w)
i1s possible, since w is urgent, hence no time step may occur before its deacti-
vation by c¢(,); now a process RT-equivalent to (@i ||ir Sziw) is reached, and
v = Bybe(w)a1 - - . anCe(w)v’. By ind. or (3.1), ((v') = ((w')+1, hence {(v) = ((w)+1.

(3.4) There are two possibilities for an appropriate v:

i) v starts af...a, cw)+1, reaching a unique process, which is RT-equivalent to
(Qsw || Ssw); but then (3.3) yields {(v) = {(w) + 1 only.

i) v starts af . .. a;Xya;, ... a4 Cew)+1 With 0 <7 <m and ¥, C A, with w € X,
yielding a unique process RT-equivalent to ((b¢(w)-Qsmr) |0 (c¢(w)-0 + w.0)) || Szw;
now due to the urgent w, from here only b¢(y)a1 ... ance(w) is possible, reaching a
unique process that is RT-equivalent to (Qsiw ||gr Sxiw); but then (3.3) or (3.1)
yields only ((v) =1+ ((w') + 1 = {(w) + 1 again.

We are now able to determine the set V(Qsy ||g Ssw): by (3.1), we have V(Qg ||a Sp) =
{¥, CA,|w € ¥}, and by (3.3) and induction, for Yw = Xa; ... a,Xw" we get

V(Qsw laSsw) = {5, € Au|w € B} o {b¢(w)a1 - . - ancw)} 0 V(Qsw |1 Sswr)
For the following let [ = {(w) and ¥w be of the form
Sw= %adl.. a .. X°
Hence v; € V(Qsw || Ssw) is of the form

vy = Tty all...al a1, ... ¢ re,

ny



38

where w € T* C A, for all i = 0,...,I. Now by Theorem 4.7, v3 € V (T, ) implies
vy € (v1||gva), where v1 € V(Qsy || Ssw) and vy € RT(Rs,). By the above and
Definition 4.6, (v1 ||g v2) # 0 only if vy is of the form

va= bt Yrulbyubeul™ T Wl g L ud e w0 ul,
where w € T* C A, for allizO,...,landué € (A\H)*fori=0,...,land 5=1,...,3.
Ifué- = au for some 1 = 0,...,l and j = 1,...,3 and a € A, then a must stem from
some sum-part of Xy,,, hence the respective ¢; could not occur any more; observe that
the sum-part for ¢g is empty. We conclude u; =Aforallz=1,...,land all j=1,...,3.

Furthermore, Ry, =, R’ if and only if Rs,, 3, R/, since T ¢ £(Rs, ), and the derivations

of (2) show that Rs, -3, if and only if T¢ C '\ {¢}forall i =0,...,] — 1. As said in
the very beginning of this proof, we will only consider the case where ¥ = (J in Yw, hence
since § = A, by Definition 4.6 and the above, we determine vz € V(T%,,) to be of the
form:

vy = [t} all...all gl 'y, ... o re,

n,

where I C ¥ for all i = 0,...,l. Finally, with Theorem 4.11 and Definition 4.10 we
calculate for the form of a v € V(Og,):

_ il I pi-1 0
v=I1a...q, " ... IV,

where I C ¥ for all 4 = 0,...,[, hence

{—1 =0

match(v):flall...af”f U A
such that T D Xifori=0,...,l, thus by Proposition 4.2.1, match(v) € RT(r.P) implies
Yw € RT(7.P), and we are done. m4.14

5 Full Abstractness

Refusal-trace-inclusion not only characterizes the efficiency preorder, but also makes just
the necessary refinements to discrete behaviour of (initial) processes in order to gain a
precongruence for parallel composition and prefix:

Corollary 5.1

The RT-semantics is fully abstract w.r.t. DL and parallel composition and prefixing of
initial processes, 1.e. it gives the coarsest congruence for initial processes and these op-
erators that respects DL-equivalence. For process terms, <, is a precongruence for these
operators, and also for hiding and relabelling.

Proof:
Theorem 4.7, Theorem 4.9, Theorem 4.11 and Theorem 4.4 show that RT-equivalence
is a congruence and RT-inclusion is a precongruence for parallel composition, prefixing,
hiding and relabelling of processes that respects DL-equivalence, -inclusion resp. By
Definition 4.5, the result for RT-inclusion carries over to process terms related by <,.
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If for initial processes Py, P, we have RT(P;) # RT(P,), then the proof of Theorem 4.14
exhibits a test process O such that DL(7.P1||aO) # DL(7.P,||a0O). (If P, or P, contains the
special action w, then its réle in O must be played by some other action a ¢ £(Py) U£(P,);
consider DL(7.P; ||a,—{a} O) in this case.). Hence, RT-equivalence is the coarsest congru-
ence that refines DL-equivalence to a congruence for parallel composition and prefixing
of initial processes. m5.1

As usual, the testing preorder alone is not a precongruence for choice: e.g. we have 0 <, 7.0
and 7.0 <, 0, but for a # 7, we have neither 0 + a.0 <, 7.0 + a.0 (since e.g. 00a € RT(0 +
a.0)\RT(7.04+a.0)), nor 7.0+ a.0 <, 0+a.0 (since e.g. {a}{a} € RT(7.04+4a.0)\RT(0+a.0)).
As a consequence, we also have to take into account the (initial) stability of processes, where
the example indicates that although we consider a preorder this additional condition is not
an implication but an equivalence:

Definition 5.2 stable processes
A process P € P is stable, if no internal action is enabled, i.e. 7 ¢ A(P).

For process terms P,Q € IP we write P < Q if for all closed substitutions S : X — IP
where [Pls, [Q]s € P we have: RT([P]s) C RT([Q]s) (hence P <, @) and additionally
[P]s stable iff [@]s stable. We write P =Q if P < @Q and Q < P.

For all n € IN we write P <7 @ if for all closed substitutions S : X — P where [Pls, [Q]s €
IP we have: v € RT,([P]s) and |v| < nimplies v € RT.([Q]s). We write P =" Qif P <" @
and Q@ <P P. Wewrite P<, Q (P=-Q)if P<IQ (P =Q) for all n € IN. m5.2

The additional definition of a class of RT -inclusions (<) will support an approximation
technique when treating recursion later on. The following results yield that we have defined
< adequately in order to gain the coarsest precongrence w.r.t. choice that respects RT-
inclusion, hence the efficiency preorder:

Theorem 5.3
Let P,Q € PP be process terms. Then P <, Q implies P < @, and P < Q implies

P <, @, but none of the reverse implications holds.

Proof:
It suffices to prove the claims for P,¢) € IP, where the second claim holds directly by
Definition 5.2.
Let P <, @, i.e. RT(P) C RT.(Q), hence RT(P) C RT(Q). If P is not stable, then
7 € RT.(P), hence 7 € RT,(Q) by assumption and @ is not stable. If P is stable, then
T ¢ A(P), hence R(r, P) = 1 by Proposition 2.9.1, thus P —0>T P’ for some P’ by Proposi-
tion 4.2.4 and Lemma 2.7.1 since P is guarded. Furthermore, 7 ¢ A(P’) by Lemma 2.7.4
and R(7, P') = 1 by Proposition 2.9.1 again, hence P’ —0>T again. Now by assumption
also @ gr Q' —0>T for some @', hence R(r,Q) = R(r,Q') = 1 by Proposition 4.2.4, thus
T ¢ A(Q) by Proposition 4.2.4 and Lemma 2.10. We conclude @ stable and are done.

For the reverse implications consider P = a.0, = a.7.0 and R = 71.a.0: we have

P <@ <, R, but neither P <, @, nor ) < R. mb.3
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Theorem 5.4 refusal traces of a sum
Let either P, € IP, forall i € I, or P; € Py for all 2 € I, hence > ;1 P; € PP.

Let RTTL(Z,L'GI PZ) = {21 ce Enw € U'L'EI RT(PZ) | 21 Ce En € miEI RT(.P,L)7 E,L g Aw, w
does not start with a set} for each n € INo, and let RT (Y ;c; P;) be defined analogously,
with RT, instead of RT.

Now let P = 3;c; P; and let I = SUS such that P; is stable if and only if i € S.

1. RT+(P) = Unem, RT7(Zier i)

2. If S == I, then RT(P) == UTLE]NO RT”(ZiGI PZ)

3. If S # I and P € Py, then RT(P) = U, .sRT(P;) URT*(Zics Pi).
4

€S

. If S +# I and P € Py, then RT(P) = U;.3RT(P) URT’(Zicr P) URT (Zier Br).

Proof:

1. Letv € (A, U 2A“’)*; then v = ¥;...X,w for some n € INy where ¥; C A, for

all i = 1,...,n and w € (A,, U2%)* does not start with a set. Now P 21:5" P if

and only if P Fiin P! for all i € I, such that P’ = }";.; P! by rule Sum,, and P’ 5,
if and only if P; =, for some j € I by rule Sum,, hence v € RT,(P) if and only if
21 e En € m’iEI RT(PZ) and 21 e Enw € U'L'EI RT(PZ)

2. Similar to 1., where we observe that v = ;... Y, w and w does not start with a set
implies that the underlying 7-refusal-trace does not contain a 7 up to (if exists) the first
a € A, in w, since all P; are stable.

3. Forawe (A,U2%)" and P = ¥;.; P; € Py with S a strict subset of I, we show
that w € RT(P) if and only if w € U; g RT(P;)URT®(Z;¢s Pi). The case w = A is obvious;
hence consider ew with € € (A, U 24«).

If e = a € A,, then aw € RT(P) iff P; 5, P; &, for some j € S by rule Sum,, or
P; 5, P; =, for some j € I, hence iff aw € U;.gRT(P;), or aw € RT(Zicr P).

Ife =% C A,, then Yw € RT(P) iff P; 5, P; Eﬁr for some j € S by rule Sum,,
hence iff Yw € U;.gRT(F;). We show that P E>T P' 2, is impossible: Since P € [Py,
by Proposition 3.3.4 there must be a Q € IP;, such that @ RN P, hence also @1 S, P
by Definition 2.11; now since S # (), we have 7 € A(Q) = A(P) by Lemma 2.7.4, hence

R(7, P) = 0 by Lemma 2.10, thus P 2 Pis impossible by Proposition 4.2.4.

4. Foraw € (A,U2%) and P = ¥;.; P; € IP; with S a strict subset of I, we show
that w € RT(P) if and only if w € ;.5 RT(F;) U RT®(Zier Pi) URT (Zier Pi). The case
w = A 1s obvious and the case aw for @ € A, is analogously to the according case in the
proof of 3., where we found that aw € RT(P) iff aw € U,.5 RT(P) URT?(X;cr P:); hence,
we only need to consider Yw with 3 C A,,.

€S

First let Yw € RT(P). Then either P; 5, P; %}r for some j € S by rule Sum, (i.e.
Yw € U;cgRT(F)), or F; E>T P/ for all 2 € I by rule Sum,, such that P = > ;.; P; En

e P/ = P! .. In the second case, P € IP; and P E>T P' % implies P S, PR by
Proposition 4.2.4 and Proposition 3.3.1, such that P’ € [Py by Proposition 3.3.3 and P/
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is stable iff P; is stable by Lemma 2.7.4 for all 7 € I. Now we have P = Yier Pl =P
and w € U;.gRT(P!) URT®’(Z;cs P!) by 3., hence Zw € U; g RT(P;) URT (Z;¢r P).
Now let Yw € U;cgRT(P;). Then for some j € S either P; =, P; %UT, hence by rule
Sum, also P %}r and Yw € RT(P), or P; E>T P; =... In the second case, P € PP,
implies by Proposition 3.3.1 and Proposition 4.2.4 P, = P! for all © € I, such that
P, Yicr P/ = P'. Hence, if w = A, we have Yw € RT(P) and are done, thus let w # A.
Now 7 € A(Pj) by j € S and Lemma 2.7.4, hence R(r, P;) = 0 by Lemma 2.10, thus
P; = implies P; X, for some v such that w = (av)/7, where a € A, since P; En is
impossible by R(r, P]) = 0 and Proposition 4.2.4. But then also P’ %, by rule Sum,,
hence P’ =%, thus Yw € RT(P).

Now let Yw € RTl(ZiGI P;) \ U;cs RT(F;). Then P; Eﬁr for some j € S, hence P; E>T
P; =, by the stability of P;. As above, P € IP; implies P; E>T P/ for all 7 € I, such that

P33, Yicr P/ = P', and if w = A, we have Yw € RT(P) and are done, thus let w # A.
Now Yw € RT'(X;c; P.) implies w = aw' for some a € A,, and since P; is stable again

by Proposition 4.2.4 and Lemma 2.7.4, we have P; glr only if P; R Py %, hence also
P =, Py =, by rule Sum,, thus Yw € RT(P).

We finally see that Yw € RT®(¥;c; P;) is impossible, and are done. mb.4

Theorem 5.5

Both <, and < are precongruences for parallel composition, prefixing, hiding and rela-
belling of process terms, and also for choice.

Proof:
By Theorem 4.7, Theorem 4.9 and Theorem 4.11 and Definition 5.2, <, is a precongru-
ence for parallel composition, prefixing, hiding and relabelling of processes, which carries
over to process terms, since substitutions distribute over these operations. By the same
theorems, for < it suffices to show that these operators preserve the condition on stability.

In the following let Py, P/, P,, Py € IP with P, < P/ and P, < P, let AC A,, a € A,

and let ® be a general relabelling function.

Par: Py| 4P, stable iff both P; stable and P, stable iff both P; stable and P, stable iff
P]||4 P, stable, hence Pi||aP> < P/||aP;.

Pref: Let P, P/ € IP;. Then a.P; stable iff a # 7 iff a. P stable, hence a.P; < a.P].

Rel: If P, not stable then P;[®] not stable, since ®(7) = 7, hence neither P| stable nor
P|[®] stable, thus P;[®] < P/[®].
Now assume P; stable, hence P| stable; we show A(P;) = A(P]), hence A(P;) N
®1(r) = A(P/)N®~1(r), thus P,[®] stable iff P|[®] stable, yielding P;[®] < P][®]:
If 7 # a € A(P,), then a € RT(P;) C RT(P]), and since P| is stable, P] =, implies
P} 5., hence a € A(P}).
If  #a¢ A(P,), then R(a, P1) = R(r, P1) = 1 by Proposition 2.9.1, hence P {_a;r
@ for some @ € IP by Proposition 4.2.4; now 7,a ¢ A(Q) = A(P;) by Lemma 2.7.4,

hence once again {_a;r by Proposition 4.2.4, thus {a}{a} € RT(P1) C RT(F));
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since P] is stable, P, {agi} implies P| {—GQT R {—GQT for some R, hence R(a, R) =1 by

Lemma 4.2.4, thus a ¢ A(R) = A(P]) by Lemma 2.10 and Lemma 2.7.4.

We now show that < is a precongruence for choice. Let I be an indexing set and let for
all 2 € I be P;, P € PqUIPy, such that P = Y ,.; P, and P’ = Y ,.; P/ are processes
and P; < P/ for all « € I. Then P; stable iff P/ stable, hence Y ;.; P; stable iff all P; are
stable iff all P; are stable iff Y ,.; P/ stable. Furthermore, P, < P/ for all ¢ € I implies
RT(P;) CRT(P/) for all : € I. Now let S C I, such that ¢ € S iff P; (and P/) stable.

If S=1or PP € Pyor P,P' € Py, then RT(P) and RT(P’) can be calculated in the
same way Theorem 5.4, hence P < P’; also the case S # I, P € Py and P’ € IP; is no
problem. Thus we consider the case S # I, P € IP; and P’ € P,. We are done once we
have shown that RTl(ZiGI P;) C U;csRT(F).

First take some Yw € RT(P;) with j € S; the as in the Rel-case above, we have A(P;) =
A(P}). Assume a € A(P;), where a # 7 since j € S. Now P; %, by Proposition 4.2.4
since P; € Py, but not Pj 2., since by P; € IPg there is a @ € IP; with @ R P; and
a € A(Q) = A(P;) by Proposition 3.3.4 and Proposition 2.12.3, such that R(a, Pj) = 0

by Lemma 2.10; hence also not P; =, since Pj is stable, and this a contradiction to

P; < Pj. We conclude A(FP;) = A(P;}) = 0 and w € (24«)*.

Now consider Yw € RT'(X;¢; P;), which is by definition in some RT(P;) for j € I. If
j € S we are done, so take j € S. By the above, we have w = A and ¥ € RT(F;) for each
i € S by the definition of RT".

We finally see that RT -inclusion is a precongruence for sum by Theorem 5.4.1. m5.5

Theorem 5.6
For initial processes, < is fully abstract w.r.t. choice and <,.

Proof:
By Theorem 5.3 and Theorem 5.5, we have to show that for any processes P;, P, € IP;
we have P, < P, whenever VP ¢ P, : P, + P <, P, + P.

For given P, P, assume to the contrary, i.e. VP € P, : P, + P <, P, + P, but P, £ P;
choosing P = 0, we have P, + 0 =, P; and P, + 0 =, P, by Proposition 4.12, hence
P, <, P, by Theorem 5.5, thus the condition on the stability of P, and P, must be
violated, i.e. P; stable and P, not stable or vice versa. In the following let P = 2.0 with

z € A, \ (U(P)UL(Py)).

First assume P; stable and P, not stable; then we have 0z € RT(P, + P)\ RT(P, + P),
because 0 € RT(P) N RT(P,) for stable P and P; by Theorem 5.4.2 since 0z € RT(P),
but by Theorem 5.4.4, 00z ¢ RT(P,) + P, since 00z ¢ RT(P,) by z ¢ £(P,) and 00z ¢
RTO(P2—|-P)URT1(P2—|-P) since [§@] > 1. Now RT(P;+P) € RT(P.+ P) is a contradiction
to P+ P <, P,+ P.

Now assume P; not stable and P, stable; then 0{z} € RT(P; + P)\ RT(P; + P), because
Py not stable and @{z} € RT(P;) (observe Proposition 4.2.3), but P and P, stable and
0{z} ¢ RT(P). m5.6
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We finally aim to show that < is also a precongruence for (guarded) recursion. Following
[Hen88], we consider (initial) process terms as functions in the domain of (7-)refusal-traces
and will exploit their monotonicity w.r.t. < and <., which essentially results from Theo-
rem 5.5.

Definition 5.7

For closed substitutions §,8": X — P we write § < &’ if S(X) < §'(X) for all X € X,
and § <, &' if S(X) <, §'(X) for all X € X.

An initial process term P ¢ P, is monotonic, if [Pls < [Pls: whenever § < &' for any
closed inital substitutions S,S’ : X — IP;. 7-monotonicity is defined analogously with <,
instead of <.

For each n € IN, X € X and initial process term P € IP; let P% denote the initial process
term defined inductively by Py = P and P§™ = P{P%/X} = P2{P/X}. m5.7

Now RT.(pX.P) is a fixpoint of the RT,-function defined by the initial process term P;
furthermore, 7-monotonicity of this function carries over to its iterated applications, where
the guardedness of X allows us to ignore up to a certain degree from the relation of the
arguments:

Lemma 5.8

Let P € P, be a r-monotonic initial process term and let X € X be guarded in P.
Furthermore, let S;,S» : X — Py be closed inital substitutions with S;(Y) <, S»(Y’) for
all Y # X. Then for all n € IN:

1. uX.P =, Pp{uX.P/X}.
2. [P}}]Sl S: [P}}]Sz

Proof:
In this proof let € € (A,, U2%<7) and v € (A,, U2%+7)*. Furthermore, for an initial
closed substitution S, variable X € X and initial process @ € IP let S < @ be the initial

closed substitution that coincides with & in all variables except X, where it denotes Q).
Similarly, let S — X coincide with & except for X, where it 1s X.

1. Let S be a closed substitution such that [uX.Pls € IP; then S(Y) € P; if Y €
free(uX.P) and pX.P{S(Y)/Y} = puX.P if Y ¢ free(uX.P), hence w.lo.g. we may
assume S to be an initial closed substitution S : X — IP;.

We perform induction on n € IN, where in the base case we have by rule Rec, or rule Rec,:
[pX.P)s = uX.[P|ls_x =+ R >, iff [Pls_x =, Q such that R = Q{uX.[Pls_x/X} >
iff [P{uX.P/X}|s = [Pls—x{pX.[Pls-x/X} . Q{pX.[Pls_x/X} =, by Proposi-
tion 4.2.5 since X guarded in P, hence in [Pls_x.

Now let the claim hold for some n € IN and let Sp denote S < [P2{uX.P/X}]s, and
let Sp denote S <& [uX.P]s. Then Sp =, Sp by induction, hence [P {uX.P/X}|s =
[Pls—x{[Px{pX.P/X}]|s/X} = [Plsg =, [Plsp by T-monotonicity of P, and finally
[Plsp, = [P{pX.P/X}]s =+ [pX.P]s is the base case again.
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2. We first show for all n € IN, that |[v] < n implies for any initial closed substitution
S : X = IP; and any initial process terms @, R € P1: [P}|s_x{Q/X} =, R if and only
if [P%]s_x —+, P’ for some P’ € IP with guarded X, such that R = P'{Q/X}.

In order to improve the readability, we first define P™* = [P%|s_x for given P, S and n €
IN, and show P™t! = P*{P'/X} for all n € IN by induction, where in the base case n = 1
we have P? = [PR]s_x = [Px{Px/X}s-x = [Px]s-x{[Px]s-x/X} = P'{P'/X},
hence let the claim hold for some n € IN; then P™*! = [Pp')s_x = [P2{P}/X}s_x =
[Pels_x{[Px]s—x/X} = P*{P'/X} by induction.

Using this, we now show the above property by induction on n € IN, where for n = 1
we have |v| < n iff v = A and PY{Q/X} A, P{Q/X} = R and P! A, P = P' with
X guarded in P’ by assumption and R = P'{Q/X}. Hence let the claim hold for some
n € IN and let |v| < n.

First let P"*1{Q/X} = P*{(P*{Q/X})/X} 5. R >, R,. Then by induction P™ 5,
P} such that R; = P/{(P*{Q/X})/X} 5. R, for some P| with guarded X, and
from this again by induction also P™™!' = pP{P'/X} 5, P/{P'/X}. Now Propo-
sition 4.2.5 yields B; = P/{(P*{Q/X})/X} =, Ry only if P| =, P, for some P,
such that Ry, = P{(P{Q/X})/X} = (P,{P'/X}){Q/X}, and again by Proposi-
tion 4.2.5, also PJ{P'/X} 5, P;{P'/X}. Altogether, P"*? 5 P;{P!'/X}, such that
R, = (P,{P'/X}){Q/X}, and since X is guarded in P, it is also guarded in P;{P*/X}.
Now let Pt = p»{pP'/X} %, P/ 5, P;. Then by ind. P* %, P/ for some P} with
guarded X, such that P] = P/{P'/X} 5, P,, hence by induction also P""{Q/X} =
Pr{(PH{Q/X})/X} =, P'{(P*{Q/X})/X}. Now by Proposition 4.2.5 we have P] =
P{P'/X} 5, Pj only if P!' 5, P} for some Pj, such that Py = P;/{P'/X}, and then
again by Proposition 4.2.5, P/'{(P{Q/X})/X} >, Py{(P*{Q/X})/X}, too. Thus,
PHQ/X} =, B{(PHQ/X})/X}Y = (B{P/X}{Q/X} = P{Q/X}, and we are
done showing the above property.

Now let S denote S; <& S3(X) and let |[v| < n. Then by the above property [P%|s, =
[P3ls,—x{S1(X)/X} >, R only if [P%ls,_x —» P’ such that R = P'{S;(X)/X} for
some P’ with guarded X, hence also [Pgls, x{S2(X)/X} = [P%]ls —=» P'{S:(X)/X},
and it suffices to show [P%ls <, [P%]s,- We note that S <, S, and perform induction on
n € IN, where in the base case n = 1 we have [P]s <, [Pls, by the 7-monotonicity of P,
hence let the claim hold for some n € IN.

Let S’ denote S <& [P}]s and let Sy denote Sy < [P%]s,. Now by induction &' <, S},
thus [P3*']s = [P{[P}ls/X}|s = [Pls' <, [Pls; = [Px"']s, by the 7-monotonicity of P.
m5.8

We now can derive the precongruence property for 7-monotonic and monotonic initial process
terms, where we use the fact that for all refusal traces w € RT(uX.P) there is an underlying
r-refusal trace v € RT,(uX.P), such that w = v/7 and |v| < n for some n € IN:

Proposition 5.9

Let P,Q € IP; be inital process terms that are both monotonic and 7-monotonic, and let

X € X be guarded in both P and Q.



45

1. P <, @ implies pX.P <, uX.Q.
2. P <@ implies uX.P < puX.Q.

Proof:

If S is a closed substitution such that [pX.P]s, [4uX.Q]s € IP, then — as in the previous
proof — we may w.l.o.g. assume S to be an initial closed substitution S : X — IP;.

1. LetS; denote S <& [uX.P]s and let S, denote S < [4X.Q]s. Now Lemma 5.8.1 yields
[(wX.Pls = [Px{uX.P/X}]s = [P}]s, and [Q%]s, = [@%{nX.Q/X}]|s =, [pX.Q]s for
all n € IN, hence it suffices to show [P%ls, <" [@%]s, for all n € IN. Now [P%|s, <" [P%ls,
by Lemma 5.8.2, since S1(Y) <, S3(Y) for all Y # X, hence it suffices to show [P%|s, <-
[Q%]s, for all n € IN.

We perform induction on n € IN, where for n = 1 we have [Pls, <, [@]s, by P <, Q,
hence assume the claim to hold for some n € IN. Then [Pyt']s, = [P{[P2%]s,/X}]s, <+
[P{[Q%]s,/X}]|s, by induction and T-monotonicity of P, and finally [P{[Q%]s,/X }s, <+

[Q{[Q%]s./X}Hs, = [Q%']s, by P <, Q again.

2. We first show [Pg¥|s < [Q%]s for all n € IN and any initial closed substitution S.
Let SE denote S < [P%]s and let Sg denote S & [Q%]s. Now it suffices to show
Sp < 85 for all n € IN, where in turn it is enough to show Sp(X) < Sp(X), since
SpY)=S(Y)=85(Y) forall Y £ X.

We perform induction on n € IN, where in the base case n = 1 we have Sp(X) = [Pls <
[Q]s = S5(X) since P < @ by assumption, hence let S§ < §3 for some n € IN.

Then Spt'(X) = [Py¥™]s = [P{[P}]s/X}]s = [Plsy < [P]sg by induction and mono-
tonicity of P, and [Plss < [Q]sz = 5S¢t (X) by P < Q again. We conclude [P¢ls < [Q%]s
for all n € IN.

Now take some w € RT([uX.Pls). Then w = v/r for some v € RT, ([uX.P]s) =
RT, ([P {uX.P/X}|s) by Lemma 5.8.1, and also v € RT,([PY™{uX.Q/X}|s) b

Lemma 5.8.2, hence w € RT([P}:'H{MX.Q/X}]S) C RT([ L?'H{MX.Q/X}]S), because
[P};"H{[MX.Q]S/X}]S < L?Hl{[,uX.Q]s/X}]s by the above. Finally, by Lemma 5.8.1
again, we have w € RT(| L?'H{MX.Q/X}]S) = RT([pX.Q|s), since RT -equivalence im-
plies RT-equivalence. Note that the 7-monotonicity of both P and ) was necessary for
the application of Lemma 5.8.

Finally, A([pX.P]s) = A([P]s) and A([pX.Q]s) = A([Q]s) by Proposition 2.5.2 since
X guarded in P and @, hence 7 € A([uX.Pls) iff 7 € A([P]s) iff 7 € A([Q]s), because
P<Qiff r € A([pX.Qls). Thus [uX.P]|s stable iff [uX.Q]s stable. =59

By showing the 7-monotonicity and monotonicity of all initial process terms by induction
on the term structure using Lemma 5.8 and Theorem 5.5, we end up with the desired result:

Theorem 5.10

Both <, and < are precongruences for recursion.

Proof:
By Proposition 5.9 it suffices to show that all P € IP; are both monotonic and 7-
monotonic. We perform induction on the structure of P, where all cases except recursion



46

are covered by Theorem 5.5, hence assume P € IP; to be monotonic and 7-monotonic
by induction, X € X be guarded in P and consider uX.P. Let S;,S be inital closed
substitutions, let S! denote S; <~ [uX.P]s,, and let S} denote Sy <~ [uX.Pls,.

We first show the 7-monotonicity of uX.P and assume §; <, S; in this case. Then
S1(Y) <, §(Y) for all Y # X, hence [uX.Pls, =, [P}ls: <7 [P%ls; = [uX.P]s, for all

n € IN by Lemma 5.8.1, .2 and .1 again, hence we are done.

We now show the monotonicity of uX.P and assume S; < S in this case. Furthermore,
let S denote S; <& S5(X); then Si(Y) <, SY(Y) for all Y # X, and SV < Sj.

Now take some w € RT([uX.Pls,). Then w = v/7 for some v € RT,([pX.Pls,) =
RTT([P;"H{MX.P/X}]SI) = RTT([P;"H]S{) by Lemma 5.8.1, and by the above and
Lemma 5.8.2 we also have v € RTT([P;?'H]S{:), hence w € RT([P}?'H]S{:). Now we have
RT([PY'"']s:) = RT([PY"" {uX.P/X}]s,) = RT([uX.Pls,) by Lemma 5.8.1 and since

RT.-equivalence implies RT-equivalence, hence it remains to show [P}|sn < [Pg]s; for all
n € IN:

We perform induction on n € IN, where in the base case n = 1 we have [Pls: < [Pls;
by S < §; and the monotonicity of P, hence assume [Pg|sn < [Pgls; for some n € IN:
then [Pgt')sn = [P{[P%lsu/X}sn < [P{[P%ls;/X}|s: = [Px"']s; by induction and

monotonicity of P again.

Finally, A([uX.Pls,) = A([P]s,) and A([uX.Pls,) = A([P]s,) by Proposition 2.5.2 since
X guarded in P, hence 7 € A([uX.Pls,) iff 7 € A([Pls,) iff 7 € A([P]s,) since [P]s, <
[P]s, iff 7 € A([pX.P]s,) Thus [uX.P|s, stable iff [uX.P]s, stable. m5.10

2

6 Related Work

In the literature, several approaches to efficiency preorders have been proposed, from which
only representative samples can be considered here.

For untimed CCS-like terms, efficiency preorders based on testing have been investigated
in [CZ91] and [NC96a], and bisimulation-based ones in [AKH92] and [AKN95]; in all these
approaches, efficiency is measured by counting internal actions, where runs of a parallel
composition are seen to be the interleaved runs of the components; consequently, in all
cases, T.a||{q37.a s as efficient as 7.7.a, whereas in our setting 7.a|/{,j7.a is strictly faster
than 7.7.a.

TPL is a CCS-based discretely timed process algebra developed in [HR95], where systems are
also related via a must-testing approach. In [NC96b], the resulting preorder is interpreted as
to relate systems w.r.t. their temporal and functional ‘predictability’ rather than efficiency.
Systems in TPL can be considered as synchronous, since maximal progress is forced in test
application. This gives the test environment more direct control over the temporal behaviour
than in our setting; as a consequence, no time bounds are needed for tests. By this, TPL
can also be seen as a discrete part of the continuously timed process algebra TimedCSP (cf.
[Sch95]), where e.g. the discrete time unit o is replaced by WAIT 1 constructs.
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In the discretely timed algebra £TCCS of [MT91], components may have arbitrary relative
speeds, but there is no progress assumption at all and the efficiency preorder is based on
a sort of bisimulation; an interpretation in terms of worst-case behaviour is not obvious.
[CGRY5] gives a different bisimulation based approach, where component speeds are fixed
with respect to local clocks (modulo patience for communication in [Cor98]). Here, the
operational semantics realizes local passage of time, hence this idea is hard to compare to
our approach or any other.

[Bur92] discusses how (the more realistic) continuously timed behaviour can be approximated
with discretely timed behaviour; the aim is to ensure that each implementation in the discrete
view is indeed an implementation in the continuous view (but not necessarily vice versa).
There is no result showing that discrete time gives complete information as in our setting.
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