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Abstract.

We introduce a calculus for concurrent and communicating processes, which is a direct and simple
extension of the A-calculus. The communication mechanism we use is that of Milner’s calculus
CCS: to communicate consists in synchronously sending and receiving a value through a shared
port. Then the calculus is parameterized on a given set of port names, which are used in the two
primitives for sending and receiving a value — as in the A-calculus, a value can be any term. We
use two parallel constructs: the first is interleaving, which does not allow communication between
agents. The second, called cooperation, is a synchronizing construct which forces two agents to
communicate on every port name. We show that the A-calculus is a simple sub-calculus of ours:

A-abstraction is a particular case of reception (on a port named 1), and application is a particular
case of cooperation.

1. Introduction.

The A-calculus of Church formalizes in a very concise way the idea of functions being applied to
arguments. Despite its simplicity, this calculus provides an astonishingly rich model for sequential
evaluation, see [2]. A challenging problem that has emerged for some time is to devise a similar
framework for concurrent and communicating processes, relying upon some “minimal” concepts
for concurrency and communication. A natural claim is that such a formal model for processes
should contain the A-calculus as a simple sub-calculus — this would provide us with the full power
of combinators. This note presents an attempt in this direction.

Regarding communication, our main source of inspiration is Milner’s CCS [5]. Communi-
cation in CCS is a value passing act which two processes perform simultaneously: one of the
two partners sends a value through a labelled port, while the other receives this value on a port
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labelled by the same name, say «. Correspondingly there are two communication primitives in
CCS, an output construct and an input construct. The output construct is ae.p, representing a
process sending e on the port «, and then behaving as p. In this construct, e is an expression
belonging to some outer language. The complementary input construct is ax.p, representing a
process receiving some value at the port «; here z is a bound variable, and receiving the value v
yields a new process p[z > v], that is p where v is substituted for z. Communication occurs when
two concurrent processes perform matching send and receive actions. Therefore the interaction
law may be stated, using || for parallel composition, as:

(az.p | @e.q)— (plz vl q)

where v is the result of evaluating e. In CCS such a transition is labelled by the communication
action 7.

Let us discuss briefly how one could use CC8’s ideas to find a generalization of the A-calculus.
Milner remarked (cf. [5] p.128) that one may compare a function’s argument places with input
ports of a process. Indeed the terms Az.p of A and az.p of CCS behave quite similarly: both
of them wait for a value to be substituted for 2 in p. This suggests that one could regard these
two constructs as the same one — X is thus a port name, the only one for the A-calculus {¢f. [5]
p-49). Another obvious idea is that application of a function to its argument should be a special
kind of communication (see again [5] p.128), or more precisely that S-reduction should be the
typical instance of an interaction law. Then application appears as a parallel composition, where
the argument is explicitly sent to the function, Regarding the sending primitive, we shall keep to
the philosophy of the A-calculus, where any term is a possible value. Then the sending construct
is Gp.q, where p is any agent. In fact we are only interested in the case where ¢ is an idle (or
terminated) process 1., which is like nil in CCS. Then &p will be an abbreviation for &p. 1.

To work out the previous ideas, let us now introduce a first attempt - the calculus we actually
propose will be a little bit more sophisticated. In order to build agents az.p and &p we need a
denumerable set X of variables z, y, z... , and a non-empty set N of port names. We shall use o,
B ... to range over port names. Then the syntax of the tentative calculus is given by the following
grammar:

pu= Liz|ezp|ap|(plp)

where o is any port name. We shall use p, ¢, r... to range over terms. As usual, the variable
z is bound if it is in the scope of an az, and some care is needed in defining substitution. For
simplicity, we shall adopt Barendregt’s variable convention ([21): in any mathematical context
where they occur, the terms pq,...,pn are supposed to exhibit bound variables different from the
free variables.

In this calculus, communication is given by an obvious adaptation of the interaction law of
CCS, namely:

(az.p|l ag)— (plz—q] || 1)
The term 1 represents an idle process, and is a unit for parallel composition. Therefore the term
we get after a communication, that is (p[z— ¢] || 1), behaves like p[z+ ¢]. Then the interaction

law is similar to B-reduction, and, assuming that A contains a distinguished name A, we can try
to represent A as the subset of terms given by the grammar:

p = z|Az.p|(p] p)
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We could denote (p || Aq) by (pq) (application), so that the previous rule is the f-rule, up to the
simplification (r || 1) = r. However this simple calculus fails to capture the A-calculus. Let us see
this point in more detail.

CCS also formalizes the natural idea that parallel composition is commutative and associative,
so that processes need not be contiguous to communicate — unlike A-terms where communication
is sequential application. In other words, the following should hold in our tentative calculus:

C--lezpl---lagl--)—(-lplz—al f--- 2]

Let us assume for a while that we have two rules stating that parallel composition is commutative
and associative:

(Pl lir)—s = (pll(glr)—s

(elle)—s + (¢l p)—s
These two rules introduce conflicts, arising from communication (technically speaking, we should
say that associativity introduces overlapping redexes). As in CCS, there is a possibility that inputs
at the same port may have different sources, and outputs at the same port different destinations.
Then two communications are conflicting if they share the same destination, or the same source,
the typical example being {{az.p| @q) || @r), and solving the conflict introduces non-determinism.
To our view, the non-determinism arising from conflicting communications is a rather pleasant
feature. But there is a negative consequence to the associativity {(and commutativity) of parallel
composition, namely that we lose the correspondence with A-calculus application. For instance
the term ((Azy.z)u)v cannot be accurately represented by p = {(Az.Ay.z || Au) || Av) since we

have -2~ ((v || L) || 1). One can recover from this failure by using the relabelling and restriction
constructs of CCS, as shown by Thomsen in [7]. However, in Thomsen’s CHOCS the A-calculus
is only caught up to observational equivalence; in particular the S-reduction is performed in two
steps in his calculus, and thus is not an instance of the communication law.

We insist on obtaining the A-calculus as a sub-calculus; more precisely, our goal is to find a
direct generalization of the A-calculus, that is a calculus where the operational semantics, once
restricted to an appropriate subset of terms, gives an exact image of the f-reduction on A - recall:
the B-reduction should be an instance of the interaction law. We do not want for instance to
restrict the evaluation rules, by disallowing associativity of parallel composition for a particular
kind of terms. Hence we must abandon the parallel composition of CCS — we do not expect to
get CCS as a sub-calculus. One should observe that this parallel composition involves both the
notion of concurrency and the notion of communication. Then our proposal is to split the into
two constructors. The first is the usual interleaving construct (p|g), which consists in juxtaposing
p and ¢, without any communication wire between them. This operator represents concurrency.
The second construct, denoted (p © ¢) and called cooperation, consists in plugging together p
and g — up to termination of one of them. This operator provides for communication, which
can only occur within a (p ® ¢). On the other hand, a compound process (p | ¢) can propose
communications to its environment, and the interleaving operator is commutative and associative
{and satisfies (p | 1) = p}. Therefore the interaction law becomes:

10 (- lampl )@ (- 1ag] )= (- plarral |- )@ (o 2+

Like the operator considered by Milner in [5] (p.21), the operator ® is not associative. This
allows us to represent A-calculus application (pg) by a combination of cooperation and output,
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namely:

(rg) = (p® Ag)

so that a particular case of the y-rule above is:
(Az.p®Ag)— (plz—ql © 1)

To ensure the correctness of this representation, the semantics of cooperation must be such that
(p® 1) behaves like p. In other words, ® is not a static operator: (p©g) cannot communicate with
another process if p and ¢ are not terminated, but it will be free to do so once p or ¢ terminates.
To capture the usual operational semantics of the A-calculus, we must also introduce structural
rules, which formalize the fact that reduction is compatible with the constructors. For instance
there will be two rules allowing internal computations within a guarded process:

p—p' + ap—ap'

p—p + az.p—oaz.p (& rule}
These do not hold in CCS8, where the transitions describe the behaviour of a reactive system,
rather than an evaluation mechanism. Processes in our calculus could be qualified as interactive
systems rather than reactive — in fact this is a matter of evaluation strategy.

One should observe that we still have conflicting communications, so that we can represent

a non-deterministic choice, using the standard combinator K = Az.Ay.z, which chooses its first
argument and deletes the second one:

(r@q) = (Ko (Ap|ig)

It is easy to see that we have:

peg>(po(r|n)=p and (pog->(¢0(1]D) =4

where = is the syntactic equality, defined in the next section. An obvious consequence is that the
Church-Rosser property no longer holds for reduction in our calculus ~ which therefore cannot
be “included” in any way in the A-calculus. Moreover it would be inconsistent to regard the
associated conversion as establishing a notion of equality(}). We shall adopt an intensional notion
of equality, namely that of observational equivalence of Milner [5], which relies on the commu-
nication capabilities of a process. This has already been used by Abramsky in [1] to give a new
semantics for A-terms.

To conclude the informal presentation of our calculus, let us say a few words about the
binders. In the A-calculus, these are sequences Azj.....Azy corresponding to application to a
stream of arguments. Since in our calculus we may have interleaved arguments, it seems natural to
correspondingly generalize the binders, allowing not only sequences of az’s, but also interleavings.
Then we will have terms of the form (a3z1 |- | arzy).p, meaning that p waits for k unordered
values. This allows us for instance to represent non-deterministic choice as a simple variant of the
combinator K, namely @ =qef {Az | Ay).z. We will also see later how to represent some “parallel
functions”, not definable in the A-calculus.

{1) as a matter of fact, conversion is not regarded as the semantical equality for the A-calculus,
¢f. [2] proposal 2.2.14.
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2. The ~-calculus.

Given a denumerable set X of variables and a non-empty set ¥ of port names, we first define the
binders, which are the terms built according to the following grammar, where « is any port name,
and z stands for any variable:

pu=claz|(p-p)|(p]n)

Intuitively oz represents a reception on the port e, (p- ') represents sequencing of such receptions
while {p | p') represents their interleaving. The term ¢ is an empty binder, therefore we shall
consider binders up to the congruence = generated by the equations:
(pre)=p=(c-p)
(ple)=p=1(c]p)
The congruence = defines the syntactic equality over binders. Any binder p will bind the variables
belonging to the set var(p) defined as follows:
(1) var(e) =0
(ii) var(az) = {z}
(iif) var(p - p') = var(p) U var(p')
(iv) var(p | p') = var(p) U var(p’)
The syntax of the y-calculus is given by the following grammar, where « is any port name of N,
p is any binder, and z stands for any variable:

pu=1|z|ap|{o).p|(pop)|(p|p)

We denote by T the set of terms generated by this grammar, and we shall use p, ¢, r... to range
over terms — which will be called agents or processes. For simplicity we shall denote {az).p by
az.p, and we shall omit some parentheses, using for instance (p | p').p instead of {(p | p')).p. A
variable z is bound if it is in the scope of a binder. Then in substituting ¢ for ¥ in p, vielding
ply— g1, we might have to rename some bound variables of p. Although this is a standard matter
(see [2], appendix C), it is worth to carefully define substitution. Here we adapt the definitions
of [6]. The set free(p} of free variables of the term p is given by
(i) free(2) =10

(i) free(z) = {z}

(iii) free(d@p) = free(p)

(iv) free({p).p) = free(p) — var(p)

(v) free(p © g) = free(p) U free(q) = free(p | g)
A term p is closed if free(p) = 0. A substitution is any mapping 6: X — I'. We use o, o'...
to range over the set S of substitutions. The identity substitution is denoted .. The updating
operation on substitutions is defined as follows: let z€ X, p€T and ¢€ §; then the new substitution
o' = (z+ p/o) is given by:

oy )P fy==z
o'(v) = {o(y) otherwise

For a binder p and a renaming, that is a substitution &: X — X, the result p[£] of applying ¢ to p
is defined in an obvious way, that is by structural induction starting from (az)[¢] = af(z). To
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define substitution on terms of I', we assume given for each pair V,W of finite subsets of X an
injective mapping newy,w:V — X—W; this assumption makes sense since X is infinite. Then the
result plo] of applying the substitution ¢ to the term p is defined by structural induction, the
only non obvious case being p = (p).q with var{p) # 0. In this case, let:

V =var(p) = {T1,...,2n}

W = {v|3z € free(p) v € free(c(2))}

newy,w (zi)=y; for1<i<n

§=lziy1/ - [Tnrryafil

o' =[z1y1/ - [Zaryn/o]
Then we define plo] to be (p[£]1).qlo’]. We shall denote plz— ¢/i] by plz+ ¢l (similarly
plz—y] denotes plz~ y/t]), and define the composition p e ¢ by {p s 0)(z} = o(z)[p]l. As
usual, we regard terms differing only on the name of bound variables as syntactically identical.
Moreover we also regard 1 as a terminated, or idle agent, which should be cancelled from parallel

combinations. Then our syntactical equality is the congruence = generated by the following
equations:

(pol)=p=(10p)
(pla)=p=(2]p)
(e)p=p
loyp={pYop fp=/p

{p).p = (plzryl).plzsyl if z € var(p) and y & free(p) U var(p)
One could prove that = is substitutive, that is p= ¢ = plo] = gqlo] for all substitution o {cf.
[6]). We shall say that an agent p is terminated, or idle, in notation pt, if p = 1.

To define the semantics, that is the laws of reduction, we shall use Milner’s technique of la-
belled transitions. This is the best way to formalize the idea that processes need not be contiguous
to communicate. Let us introduce some technical definitions. The semantics is given by means of
labelled transitions p-2 p’ where the action & may be fty, which means sending p at port «, or
ap, which means receiving p at port a, or the communication action 7. This could be formalized
by saying that the set of actions is A = (N x T) U (I’ x N) U {r} (if we regard a, and &, as
notations for (e, p) and (p, @) respectively). We shall say that a and b are complementary actions,
in notation @ ~ b, if @ = ap and b = &p, or symmetrically ¢ = @, and b = a,. To define the
semantics of (p).p we also need to specify the reception actions allowed by the binder p. To this
end we introduce a transition relation p-% p' between binders, where a has the form a,,,. This
transition relation is the least one satisfying the following rules:

o

pel F oar—2r ¢

p_g,_p, . (p,pn)_g_(pl_pn)

p=c&k %o+ (p-p)Sp"

p50' (o]0 (0" |0")

p_q_')_pl - (P”lP)-g*‘(P”IP')
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The transition relation -+ on agents is the least subset of I' X A X I' satisfying the rules given

below {where, as usual, we denote {p,0,7') € — by % p'). The first two rules introduce the
communication actions:

~ G
output R1: F ap——1

a o
input R2: p—2 ot (p).p—2 {p").plz > q]
One may observe that, due to R2, the sort of a process — that is the set of port names through

which it may communicate — can evolve dynamically: if p-% p’ the sort of p' is not necessarily a
subset of the sort of p. There is another rule concerning input, when the binder is empty:

input R3: p=c&kpp + (p)pSyp
The interaction law is given by (the 4-rule):
communication R4 (7):  p-Sp', q—b> d&a~bF (po g (' ©¢)

The following rules state that the transition relation - is compatible with all the constructors,

and that % is compatible with interleaving for any a € A:

output RS: p--p + apD-ap
input R6: p-5p + {p)p- (o).t
cooperation (left) RT: pLp F (pOg) S (0 04)

cooperation (right) R8: ¢5¢ +F (pog 5> (pod)
interleaving (left) R9: p2p F (p]))5 (]9

interleaving (right) R10: q-b-»- g F (p|g) b (rld"

Our last two rules formalize the fact that cooperation only holds up to termination of one partner:

cooperation (right unit) R11:  p-% ¢/, ¢t F roqSp
cooperation (left unit} R12: q—IL gd,ptF [po q)—b> q

One can readily see from these rules that if p # 4 % ¢ then (p® ¢) can only perform 7 actions,
while communication between p and ¢ is forbidden within the construct (p | g). We shall mostly

denote p--~ g’ by p— p', and by definition this is the y-reduction between terms of T

Our main purpose is to show that the v-calculus contains the A-calculus, up to syntactical
equality. Then we first have to check that syntactical equality is consistent with the operational
semantics. Formally speaking, this amounts to show that = is a bisimulation. Our notion of
bisimulation is a slight extension of Park and Milner’s one, in two respects: first we must regard
the actions — made out of agents — up to bisimulation, second we must take into account the
potential termination of agents. Moreover we wish to directly define bisimulation for non-closed
terms; then two terms p and ¢ are similar if all their instances plo]l and ¢[o] have similar
behaviours. We shall use two notions of simulation: the first one, called strong, is relative to the
transition relation —-. We will see the second (weak) one latter. Let R C T x T be a relation on
terms; we define its extension B C A x A on actions as follows:

aRb 4 a=borIacNIpgpRe&a=5,&b=2a,
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A relation RCT xTis

(i) a strong simulation if it satisfies

S1: pRq&plol-%p = Fb.aRb3¢.pPRe & qlo} b q

S2: pRg&pt = gt
(ii) a strong bisimulation if it is a symmetric strong simulation.
The first property defining a simulation is a refinement of the usual one: (instances of) strongly
similar agents must perform similar actions. The second property states that strong simulation
preserves the termination property. This property, that is p = 1, should not be confused with the
property of being a normal form, that is y-irreducibility (p is y-irreducible if {¢|p— ¢} =8): to
our view a term such as az.z is not terminated since it can perform some actions — namely a,.

One should note that every strong simulation is substitutive:

FACT. If R is a strong simulation then pR¢ = plol Rqlo] for all substitution o.

This holds because (plol}[p] = plpe ol (cf. [6]).

PROPOSITION. The congruence = is a strong simulation on I'.

The proof is straightforward: one proceeds by induction on the proof of plo] = qlo] (using the
fact that = is substitutive), and then by induction on the proof of the transition plo] Ly to
show that 3¢’ = p’ ¢lo]-% ¢'. In the case of R4, one must show that:

(84 Xyt
p_‘?+pl&q_=.ql = 31)". p'Ep"&p—-—i*p"

One must also prove that = satisfies:

po-2ph & po = py = 3ph. ph = pl & pr -5 )
The details are omitted o
This result allows us to define the transition relation — on I'/=. We shall abusively write
transitions between simplified terms (obtained by cancelling 1 from parallel combinations), as for
instance in a special case of the v-rule: (az.p ® ag) — plz+—ql.

Now we can show that the ~-calculus contains the A-calculus - which we assume to be well-
known! The syntax of A is given by the following grammar:

M = z| )l M| (MM)

The rules for S-reduction, denoted M — N, are:

R'1 (8): (Az.M)N — Mz~ N1

R2: M—M F Az.M—dz.M
R'3: M—M' F (MN)— (M'N)
R'4: N—N' F (MN)— (MN')

Assuming that A € N, we define the translation 4 from A to T’ as follows:
b(z) =12z
6(hz.M) = (Az).6(M)
O(MN) = (6(M) ® X(N)).
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We assume that substitution is defined for A-terms as it was defined for ~-terms, so that the
translation preserves substitution, that is:

YM,NeA O(Mlz— N1)=08(M)[z+ 8(N)]

PROPOSITION. For all A-termas M and N:
(i) M— N = 3p=0(N). 6(M)—p
(ii) 6(M)—p = INEA M—>N&4(N)=p

PROOF: let M, N € A such that M — N. We proceed by induction on the proof of this transition
to show that 3p = 6(N) 6(M)— p. If this transition is an instance of the f-rule , then we have
M = (Az.P)Q, N = Plz+ Q] and 8(M) = {{Az).6(P) ® X8(Q)). Using R1 and R2 we have

26(Q)-% L witha = Xo(q) and (\z).6(P) LS (€).6(P) [z 8(Q)] with b = Ag(g). Therefore using
the ~-rule (R4) we have (M)~ ({£).6(P) [z 6(Q)] @ 1) = 6(N). All the other cases are trivial.

Conversely let us assume that (M) — p. We proceed by induction on the structure of M to
show that 3N € A M — N & 8(N) = p. We cannot have M € X, since a variable cannot perform
any action. If M = Az.P then §(M) = (Az).0(P), and the transition §(M)}— p must be proved
using R6 (since the action is 7). We easily conclude in this case using the induction hypothesis. I
M = (PQ) then 8(M) = (0(P) ® X6(Q)). The transition §(M)— p cannot be proved using R11
or R12 (since §(P) # 1). If it is proved using R7 or R8 (and then R5) the result follows from the

induction hypothesis. If it is proved using R4, we have §(P) L p' and 24(Q) b ¢ with ¢ ~ b;
hence @ # 7 # b, and the second transition can only be proved by means of R1. This implies
that b = XQ(Q) {and ¢’ = 1), and therefore a = Ag(@)- It is easy to prove that for all P e A if

G(P)-g\—irp' then P = Az.P' & p' = (¢).0(P')[z+ s]. Consequently we have M = ((Az.P’)Q),
and §(N) = 0(P") [z 0(Q)] = ((e).0(P)(z—0(Q)10OL)
This result allows us to regard the A-terms as a special kind of ~-terms. To simplify the notations,
we shall use (pg) as an abbreviation for (p ® Ag) - recall also that Az.p is a notation for (Az).p.
We shall keep the usual notation for the standard combinators, ¢f. [2], chapter 6. For instance
K is the {v-}term Az.Ay.z, or more simply Azy.z.

We already saw that the ~-calculus is strictly more powerful than the A-calculus: the term
(Az | Ay).z (non-deterministic choice) does not have any image in A. Let us see another example,
showing that we find in I’ “parallel functions” (we do not intend to precisely define them) which
are not definable in A. It is known that K, which could be denoted also T, and F = Azy.y may
be regarded as the truth values. One can define in the A-calculus a combinator representing the
left sequential disjunction, namely V = Azy.(zT)y. This combinator is left-sequential since one
cannot reduce (VM)T into T without evaluating M. From Berry’s sequentiality theorem (¢f. [2]),
one can show that there is no A-term representing a parallel disjunction O, such that (OM)T and
(OT)M can be both reduced to T without evaluating M. On the other hand, this combinator is
definable in the ~-calculus: this is just a parallel variant of V, namely

O =get (Az | Ay).(2T)y

Then it is easy to see that:

Vpel (0Op)TET and (OT)pST
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since the comnbinator O can choose what argument eventually needs to be evaluated first:

(0p)g-*~(»pT)g and  (Op)g>>(gT)p

Obviously we also have:
(OF)F-5F

Let us see another example, showing that we can retrieve in the ~v-calculus some of CCS’s ideas
about concurrent processes. One of Milner’s intentions in designing CCS was to formalize the idea
that a process performs possibly infinite sequences of communications with its environment. One
may wonder whether it is possible to describe in the ~4-calculus a system made out of processes
continuously exchanging messages. The answer is positive, thanks to the existence of endlessly
reducible terms. In the A-calculus, the typical example of such terms is 1 = AA, where A = Az.zz
is the usual duplicator, for we have 1 — f). Using this feature we can define a process which
repeatedly accepts a message on a port a and then sends on port 8 a response elaborated using
a “method” ¢. Let

§=2y.az.(Bgl(y®ry)) and w=(50X)

These terms could be written more simply § = Ay.az.{Bq ]| yy) and w = (66). Then we have:

w—r az.(ﬁqlw)g {Bqlz+— pl lw)ﬁ* (B"!W)&* (2]w)

We should say that evaluating w repeatedly creates the communication channels « and 8. More
generally, recursion can be handled as in the A-calculus, that is by means of fixed point combina-
tors, like Turing’s one ®@ = (FF), where F = Az.\y.y((zz)y), which is such that OM X M(OM).

Now let us return to the semantics of our calculus. We shall adopt Milner’s observational
equivalence [5] as our notion of equality. The observational equivalence is defined with respect
to a transition relation where one abstracts from internal communications (i.e. 7 actions). This
transition relation => is the least subset of I' x 4 x I' containing — and satisfying the following
rules:

o1 o SN P
02 pyp,pLeptpy
0s3: p==sp", p' 2oy F pp
It should be clear that p == p’ iffa =7 & p' = p or
p(5 ) ()P
Arelation RCI'xTis
(i) a weak, or observational simulation if it satisfies
W1: pRq&plol =% p' = Jb.aRb3¢. p'Re & qlo] ——é—'—é q
W2: pRg&pt = 3. ¢=—=d &'t
(i} a weak, or observational bisimulation if it is a symmetric weak simulation.

Note that the we have:
pRq&plolt = 3¢ . qlol > ¢ & ¢'t
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since plol =Ly plol, hence there exist ¢" such that g{o] =5 ¢" and plo] R q", therefore there ex-
ists ¢’ such that ¢’ + and ¢" L ¢, hence ¢lo] L ¢'. Consequently any observational simulation
is substitutive:

FACT. If R is an observational simulation then pRq = plo] Rqlo] for all substitution o.

The following characterization of observational simulations is useful:
LEMMA. A relation B CT x I is an observational simulation if and only if
(i) R is substitutive: pRq = Vo€ § plo] Rqlo]
(i) pRqg & p%p' = 3b. aRbId. PR & ¢q =b> q
(i) pRe& pt = 3. > ¢ & '}
PROOF: it is clear that any observational simulation satisfies these properties. Let us assume that
R satisfies (i)-(iii). We have to prove

pRq&plol Lo p' = 3b.aBbig. PRy & qlo] 2> ¢

Since R is substitutive, it is enough to prove this for o = ¢ {note that p{.] = p). We proceed by

induction on the proof of p == p': if this transition is p-% p’, then we conclude using (ii}. The
point is trivial if p = p' is an instance of Ol,since p’ =p,e=rand ¢ =s g {by O1). The two
other cases easily follow from the induction hypothesis

The observational equivalence that we regard as our semantic equality is the coarsest weak bisim-
ulation. Such a coarsest bisimulation exists, and is an equivalence, since we have:

DEFINITION and FACT. Let us define:
PR q ©d4et IR CT X T weak bisimulation such that pRgq

Then = is a weak bisimulation. Moreover ~ is an equivalence.

{the proof is omitted ~ the only point to check is that the composition of two weak simulations is
a weak simulation).

A consequence of the previous lemma is that any strong simulation is also a weak one. Then
for instance we have = C ~. This lemma also allows us to prove some algebraic properties of the
operators with respect to =, as for example:

(roq)=(¢0p)
(rol)=px~(10p)
i@l ~rlair)
(plg) ~(a]p)
(plo)=p=(2]p)

Note that the cooperation operator is not associative (up to a): for instance

(Az.z©Xp) ® Xq) % (Az.2® (Ap © Ag))

since the first term — which is (I p)g, where | = Az.x is the usual identity combinator — can be
reduced to (pg) (up to =) while the second one, which could be written 1 ® (Ap ® Ag), cannot
perform any computation.
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3. Conclusion

To conclude this note, let us briefly discuss the relationships between the proposed v-calculus and
other established calculi.

An obvious question to investigate regards the relationship between CCS and the ~-calculus.
We did not claim that CCS should appear as a subcalculus of our calculus. As a matter of fact,
we suspect that most CCS primitives are not definable as v-combinators. We conjecture that the
observational equivalence ~ is a congruence on I'(}). A consequence would be that we cannot
define in the v-calculus the CCS sum (p + ¢), whose semantics is given by:

L (R B

¢bd b pratg

More precisely, if ~ is a congruence then there is no y-term r such that (rp)g =~ (p + ¢) for all
p and g, since & is not a congruence with respect to CCS sum — for instance we have (I 1) ~ 1
but 1 + (12) % 1+ 4. To our view, non-definability of CC8 sum could be a good point rather
than a drawback, since there are some serious difficulties with +; the sum is a natural primitive
for describing transition systems, but it is hard to devise a denotational interpretation of this
construct. We saw that a non-deterministic combinator can be defined in the ~y-calculus; this
choice operator @ is quite different from -+, since it is an internal choice: {p @ g) may evolve to
one of p or ¢ by internal communications. We also have, due to the structural rules:

p—~p => pOg—(p'@gq and g—¢ => PO~ (pd¢)

Note that in general (p @ 1) % p — take for example p = 1.

A structural translation from CCS to the v-calculus seems to be doomed to failure. One
could however imagine to relate these two calculi in another way: CCS appears to be well-suited
to describe concurrent and communicating “machines” — indeed Milner showed in [4] that his
static operators (i.e. parallel composition, relabelling and restriction} have a natural interpretation
as constructors of nets of agents. Then, with respect to the ~-calculus, CCS terms could play a
role analogous to that of Turing machines with respect to the A-calculus. From this point of
view, one does not expect to translate directly the primitives of one calculus into the other: the
correspondence is made on the ground of definability of abstract mathematical objects — like
computable functions. For lack of an abstract notion of process, we leave this question for further
investigation.

Regarding the relationship between the 4 and A calculi, let us examine briefly some A-theories
(¢f. {21) from the point of view of observational equivalence. First we should note that observa-
tional equivalence — which is consistent on A: | % Q - is not extensional. This means that the
equation 7 (on A-terms)

Az Mz=M z not free in M

is not valid for ~ — for instance Az.Qz % Q, since the first term has a possible communica-
tion with its environment, while the second has no communication capability. For what regards

(1) the main difficulty is to prove p = ¢ = rlzr pl = r[z—¢]l. The same problem already
arises in the A-calculus, but here we cannot use the semantical method of Abramsky [1], since
we do not have any model theory for the y-calculus. Then we will have to extend the syntactical
method of Lévy [3].
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B-convertibility =g of A-terms, one could prove that S-convertible l-terms are observationally
equivalent, that is

VM,NeAM=p N = 6(M) =~ 0(N)

This implies a restricted kind of n-conversion: if M is really a function, that is if there exists N
such that M-~ Az.N, then we have Az.Mz ~ M (for = not free in M). The converse of the
previous implication is not true: observational equivalence is strictly weaker than B-conversion.
To see this, let us say that a v-term p is Jocked if it has no communication capability, and can
never terminate, that is if p L P = a=17&p # 1. Itis easy to see that any two locked
terms are equivalent — note that if p is locked and p == p' then p’ is locked as well. Then for
instance we have ©0 = {1}, where © is the Turing’s fixed point combinator, while ©© and 0
are not convertible. One should note that the two terms {3 and ©© are unsolvable (¢f. [2] for
this notion). But an unsolvable A-term is not necessarily locked, and observational equivalence
does not equate all the unsolvables - for instance Az.(? is unsolvable, but not locked, and we
saw that Az.0? # §1. Then the observational equivalence of A-terms is quite different from the
usual semantics of the A-calculus, which is based on the identification of unsolvable terms (¢f. [21,
proposal 2.2.14), However, Lévy showed in [3] that one can build a sound semantical theory of
the A-calculus without resorting to this identification — and it may be the case that this semantics
is even “better” than the usual one, since Lévy’s syntactical model provides some kind of “initial”
interpretation. Moreover, Lévy’s interpretation seems to be very close to the one introduced by
Abramsky [1], using the idea of observational equivalence. One may expect that Abramsky’s
applicative bisimulation coincides with observational equivalence on A-terms, as we defined it in
this paper. A first step towards such a result would be to show that the “outermost evaluation”
- that is evaluation performed without using the rules R5-R6 above — is correct with respect to

observational equivalence. This task, involving the adaptation of Lévy’s syntactical technique, is
left for further work.
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