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Abstract

In this paper, we provide a behavioural characterization of the class of finite, series-
parallel pomsets by showing that this simple model based on partial orders is fully-
abstract with respect to the behavioural equivalence obtained by applying Abramsky’s
testing scenario for bisimulation equivalence, [Ab87], in all refinement contexts, [AH89).
This casts the observability of series-parallel pomsets in a purely interleaving framework.
Moreover, we prove that the order structure of a series-parallel pomset is completely
revealed by its set of ST-traces, [G190], and provide a complete axiomatization of ST-

trace equivalence over the class of series-parallel pomsets.

1 Introduction

In recent years, many models of concurrent computation based upon partial orders have
been proposed in the literature, e.g. Petri Nets [Rei85], Event Structures [Win80,87], Pom-
sets [Pr86] and, more recently, Causal Trees [DD89]). These models are based upon the
idea that concurrent, communicating systems are characterized by their causal structure,
i.e. by the computational events a system performs during its evolution together with the
causal dependencies amongst them, and that its proper description is necessary in account-
ing for the nonsequential behaviour of distributed systems. The mathematical tractability of
causality-based models has been investigated in the literature by providing operational and
denotational semantics for process algebras, such as CCS [Mil80,89], CSP [Hoare85} and
ACP [BKS85}, in terms of the above mentioned models. Partial order operational semantics
for standard process algebras have been presented in e.g. [BC88], [DDMS88], [DD89], and
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denotational semantics are given in e.g. [Win82}, [Go88|, [Tau89]. Several notions of equiv-
alence over the above mentioned models, which allow to abstract from the way processes
evolve, have recently been proposed in the literature (the interested reader is invited to con-
sult [GV87] and [GI90] for a comparison among some of the proposals), thus importing in
the partial ordering setting some of the abstraction techniques supported by the standard
interleaving equivalences and preorders [HM85], {H88a], [BHR84].

However, not much work has been carried out in studying reasonable testing scenarios,
[DH84], which justify the use of these models in giving semantics to concurrent programming
languages. Notions of observability play a fundamental réle in the study of suitable seman-
tics for programming languages. Following Milner and Plotkin’s paradigm, mathematical
models for programming languages should be justified by comparing them with some natural
notion of behaviourally defined equivalence between processes. Models that are in complete
agreement with the coarsest equivalence over processes induced by the chosen notion of
observability are called fully abstract in [Mil77], [P177], [HP79], [Sto88]. As fully abstract
semantic models are the most abstract ones which are consistent with the chosen notion of
observability, it is natural to try to justify the choice of a model for a language by showing
that it induces exactly all the distinctions that can be made by means of some natural notion
of observation.

The main aim of this paper is to provide such a behavioural justification for a simple
model based on partial orders, namely the class of series-parallel or N-free pomsets [Gi84],
[Pr86]. Series-parallel pomsets have been extensively studied in the literature, see e.g. [Gi84],
[BC88], [Ts88}, and have a pleasing algebraic and order-theoretic structure that will be ex-
ploited in the proofs of the main results of this paper. Following Gischer, the algebraic
structure of the class of series-parallel pomsets will allow us to relate it to a simple process
algebra, whose terms are built from a set of generators by means of the operators of sequen-
tial and parallel composition. This gives us a syntax for denoting such partially ordered
structures and will allow us to give a standard LTS semantics for the resulting language. We
shall define a standard notion of observational equivalence over processes by means of the
bisimulation technique [Pa81], [Mil83]. The notion of observability underlying such a notion
of equivalence has been thoroughly investigated in {Ab87| and is called “tightly-controlled
testing” in [H88b]. Series-parallel pomsets do not give rise to a fully abstract model with
respect to standard bisimulation equivalence; however, by enriching the language with a
refinement operator like the one used in [AH89], [NEL88), [GG88}, and closing bisimula-
tion equivalence with respect to all the contexts built using this new language construct we

shall be able to make series-parallel pomsets fully observable. In other words, series-parallel



pomsets are fully abstract with respect to the coarsest congruence obtained by applying
Abramsky’s testing scenario in all refinement contexts. By relying on results from [AH89],
we shall be able to provide a natural behavioural characterization of series-parallel pomsets
in terms of Hennessy’s timed equivalence [H88c¢]. These results will cast the observability of
series-parallel pomsets in a well-known interleaving setting.

A natural notion of basic observation which is widely used in the interleaving models
for concurrency is that of trace, [Hoare85]. Indeed, some natural models for concurrency,
e.g. Hennessy’s Acceptance Trees, [H85], and the Failures model, [BHR84], have been shown
to be fully abstract with respect to behavioural equivalences which are intrinsically based
on such a notion of observability, [Main88], [H88a]. A natural question to ask is whether
series-parallel pomsets can be made fully observable by assuming a trace-based notion of
observation. In this paper, we shall provide a partial answer to this question by showing
that the order structure of a series-parallel pomset is totally revealed by its set of ST-traces,
[G190]. ST-semantics has been recently proposed in [GV87], [GI90] as a refinement of split-
semantics, [H88c], in which an explicit link is required between the beginning and the end
of any event. It will be shown that series-parallel pomsets give rise to a fully abstract model
with respect to ST-trace equivalence over the simple process algebra considered in this paper.
As a corollary of this result, we shall be able to give a complete axiomatization of ST-trace
equivalence over the class of series-parallel pomsets.

We now give a brief outline of the remainder of the paper. Section 2 is devoted to a review
of mostly standard material in the theory of pomsets. Two behavioural semantics for series-
parallel pomsets, based on the notion of bisimulation equivalence, are presented in §3. We
shall show that series-parallel pomsets are fully abstract with respect to the finer of the two
behavioural semantics, which may be seen as arising by applying Abramsky’s testing scenario
for bisimulation equivalence in all refinement contexts. The proof of this result is algebraic in
nature and relies on Gischer’s axiomatization of the theory of series-parallel pomsets, [Gis4].
Section 4 is entirely devoted to providing another behavioural characterization for series-
parallel pomsets. We shall prove that ST-trace equivalence coincides with equality over the
class of 8P pomsets, thus giving a trace-theoretic understanding of this simple model based

on partial orders. We end with a conclusion and a discussion of related work.

2 Series-parallel pomsets

This section will be devoted to a brief review of some basic notions of the theory of partially

ordered multisets (or pomsets in Pratt and Gischer’s terminology) which will find application



in the remainder of the paper. The interested reader is referred to [Gr81], [Gi84], [P186],
for more information on pomsets and further references. The following definition introduces

the main objects of study of the paper.

Definition 2.1 1. A labelled poset IP over a label set L is a triple IP = (P, <,1), where

e P is a finite set of events,
® < is @ binary, transitive and acyclic relation over P, and
¢ | : P — L is a labelling function.

Two L-labelled posets IP; = (Pi, <i,k), i = 1,2, are isomorphic, written 1Py = IP,, iff

there exists a bijective function h : Py — Py such that, for all u,v € Pi, u <3 v iff

h(u) <z h(v) and ly(u) = l3(h(u)).

2. A pomset over L, a = [P,<,l], is an isomorphism class of L-labelled posets. For a

label set L, Pom[L] will denote the set of pomsets over L and will be ranged over by
a fB....

Several operations on pomsets have been defined in the above given references. Since pomsets
are isomorphism classes of labelled posets, it will be convenient to define operations on them
by using arbitrary representatives of the isomorphism class. For each operation it will be
straightforward to establish that the result of the operation is independent of the chosen
representative and such verifications will be omitted. Let A be a set of observable actions
ranged over by a,b,a'.... In the remainder of the paper we shall only need the following

operations over Pom[A].

s Empty pomset. 1 will denote the isomorphism class of the A-labelled poset (8,9, 8).

e Atomic actions. For each ¢ € A, a will denote, with abuse of notation, the isomorphism
class of the one element poset labelled with a. In what follows, A will be used to denote,

with abuse of notation, the set of all such atomic pomsets.

s Sequential and parallel composition. Let a = [Py, <;,44] and 8 = [P, <3,/2] be pomsets
on A and assume, wlog, that P, N P, = §. Then o;f, the sequential composition of a
and B is given by

a;ﬂ = [P1 UP2,<1 tJ <q U(P1 X Pz),llulzl
and «|B, the parallel composition of & and g, is given by

alf = [PLU Py, <1 U <3, Ul.



(PAR1) zjnil = =z

(PAR2) zly = ylz

(PARS) (ah)lz = sl(ul2)

(SEQ1L) znil = =z = niljz

(SEQ2) (z3y);z = z;(y;2)

Figure 1: The set of axioms E

Following Gischer {Gi84], the class SP of series-parallel pomsets over A may now be defined
to be the closure of A and I with respect to the operations of sequential and parallel
compositon. The definition of the class of pomsets SP has a pleasing algebraic flavour;
indeed, the class of pomsets SP is in close correspondence with the set of terms $P built
from the set of observable actions A by means of the operators of sequential and parallel

composition. More formally, let SP be the set of terms generated by the syntax

pu=nil|a|p;p|plp,

where a € A. SP will be ranged over by p,q,p'.... Following Gischer, the set of terms $P
may be interpreted as series-parallel pomsets by defining the semantic map [-] : $P — SP

as follows:
o [nil] =1,
o [o] = q,
* [pia]l = [pl;[4] and

o [plg] = [#lil4]-

The following theorem, which formalizes the close connection between $P and SP and gives a
complete axiomatization of the congruence on S/ induced by the above given denotational
semantics, has been proven in [Gi84] (Theorem 5.2, page 23). Let =g denote the least

§ P-congruence which satisfies the set of axioms E in Figure 1.

Theorem 2.1 (Gischer) For eachp,q€ SP, [p] = [q] if p =z ¢.

The algebraic characterization of the theory of SP pomsets given by the above theorem

will provide the key to their behavioural characterization, which will be presented in the



following section; namely, we shall give a behavioural view of the processes in § P, based on
a well-understood testing scenario familiar from the theory of bisimulation semantics, and
prove that the denotational semantics for S given by the map [-] is fully abstract with
respect to it. Following Milner and Plotkin’s paradigm, this will justify the choice of SP as
a denotational model for § 7 by showing that SP is the most abstract model for S P which
is consistent with the chosen testing scenario.

We end this review of standard material on series-parallel pomsets with an order-theoretic
characterization of the class of pomsets SP. It is well-known that the class of pomsets SP
coincides with that of the so-called N-free pomsets, see e.g. [Gi84] {Theorem 3.2, pp. 14-15)
and [BC88], where a more general result is proven for Event Structures. Here we only present
a result from [Ts88] giving a characterization of SP pomsets in terms of their order structure

which will find application in §4.

Proposition 2.1 (Tschantz) A pomset [P, <,l] is series-parallel iff the following property
holds:

(N) Vw,z,y,z€ P w<yw<zandz<zimplyy<zorw<zorz<y.

In what follows, a labelled poset IP will be said to be series-paraliel (SP) iff it satisfies the
above-given property (N). Pos[A] will denote the class of SP posets labelled on A.

3 Full-abstraction for series-parallel pomsets

This section will be entirely devoted to a discussion of a behavioural semantics for the simple
language $P and to a proof of full abstraction of the denotational semantics given by the
map [-] with respect to it. Following Milner and Plotkin’s approach, the behavioural view
of processes we shall present, which is based on the notion of testing characterizing standard
bisimulation semantics studied in [Ab87], will justify the denotational semantics in terms
of series-parallel pomsets. In what follows, we shall introduce two operational semantics
for the set of processes SP and two notions of observational equivalence for it. Relying on
results from [AHB9], we shall study the relationships between the two behavioural theories
of processes and prove that the denotational semantics is fully abstract with respect to the
finer one, the timed equivalence proposed in [H88¢|.

Operationally, the constructs in the language for processes SP will be interpreted in a
fairly standard way; following Milner {Mil80,89], nil will be interpreted as the process that
cannot perform any move. A generator a € A will be interpreted as a process which is capable

of performing the task represented by a and terminate in doing so. The combinators ; and



(1) a - nil

(2 p—7 implies p;q —— p';q
(3) pv,g->>¢ imply pg—¢
(4) p P implies plq IR p'lq

glp = qlp’

Figure 2: Axiom and rules for ——

| will stand for sequential composition and parallel composition (without communication),

respectively. Both the operational semantics for the language S P consist of two ingredients:

1. a termination predicate 1/, used in giving an operational account of the sequential

composition operator, and
2. a standard LTS semantics for $P given using Plotkin’s SOS method, [PI81].

The termination predicate 4/ is the least subset of §P which satisfies the following axiom

and rule:
o nil €4/,

¢ pc+/and g € 4/ imply p;q € / and plg € /.

In what follows, p € 4/ will be often written as py/. Using this termination predicate we
may now give the first Labelled Transition System semantics for §P; this semantics will be
based on the assumption that processes evolve by performing actions which are atomic. For
each ¢ € A, - will denote the least binary relation over $ P which satisfies the axiom and
rules given in Figure 2. A standard notion of observational equivalence over P may now
be defined by means of the bisimulation technique [Pa81], [Mil83]. The relation ~C $P? is
the largest symmetric relation which satisfies, for all p,g € SP,p~qif, foralla € A,

p — p' implies ¢ —=» ¢’ and p' ~ ¢', for some ¢'.
The following proposition is then standard.
Proposition 3.1 ~ fs a § P-congruence.

The testing scenario which is needed to characterize ~ as a testing equivalence has been spelt
out by S. Abramsky in [Ab87]; a tutorial exposition of Abramsky’s testing characterization

of the equivalence ~ may be found in [H88b]. The main import of Abramsky’s results is



that, by using ~ as our basic notion of equivalence, we automatically have a testing scenario
justifying it; in the remainder of this section we shall behaviourally characterize the class of
SP pomsets by means of the testing scenario presented in [Ab87]. However, as it is stated in
the following proposition, there is still a mismatch between the denotational semantics for
$ P given by [-] and the behavioural semantics given in terms of ~. In fact, the denotational

semantics is sound, but not complete, with respect to the behavioural one.

Proposition 3.2 (i) For all p,q € $P, [p] = [q] ¢mplies p ~ q.

(ii) a;a ~ ala, but [a;a] # [ala].

The import of the above proposition is that, not surprisingly, series-parallel pomsets do
not give rise to a fully-abstract model with respect to standard bisimulation equivalence.
The remainder of this section is devoted to showing how to define a behavioural semantics
for the language $P with respect to which the denotational model SP is fully abstract.
Following the system-testing approach discussed in [H88b], the discriminating power of the
testing scenario which induces the equivalence ~ over § P may be increased by enriching the
language with some computationally meaningful constructs and by applying the basic tests
presented in [Ab87] to processes in all language contexts built using the new combinators. In
what follows, we shall apply this philosophy by enriching the language S P with a refinement
operator p like the ones considered in e.g. [NEL88|, [GG88], [AH89].

Definition 3.1 (i) A refinement map s @ function p: A — SP.

(ii) The closure of ~ with respect to all refinement contexts, ~*, is given by

p ~* q iff, for all refinement maps p, pp ~ qp,

where pp and qp are the terms (in § P) obtained by syniactically replacing p(a) for each

occurrence of a in p and q, respectively.

By construction, ~* is the largest S P-congruence contained in ~ which is preserved by all
refinements of actions by processes. As pointed out before, this notion of equivalence may
be seen as arising by applying Abramsky’s testing scenario in all refinement contexts. We
shall now show that ~? is indeed the behavioural counterpart of the denotational model SP,
i.e. that series-parallel pomsets are fully abstract with respect to the behavioural semantics
induced by ~*. The proof of this claim proceeds in two steps. First of all, relying on work
presented in [AH89], we shall give a behavioural characterization of ~* in terms of Hennessy’s

timed equivalence [H88c|, ~;. Secondly, we shall prove that the set of equations E in Figure



1 completely axiomatize ~; over SP. The result will then follow as ~; and the congruence
induced over $ P by the denotational semantics have a common axiomatization.

It is easy to see that ~ is strictly weaker than ~*. For instance, as previously remarked,
a;a ~ aja; however, {(a;a)p +# {a|a)p, where p is any refinement map such that p(a) = b;c.
In fact, {ala}p = (b;¢){(b;c} can perform two b-moves in a row, whilst (a;a)p = (b; c); (b;¢)
can not. Hence a;a #° ala and this implies that ~ itself is not preserved by the refinement
combinator over SP. As pointed out in e.g. [AH89], this is not at all surprising as the
definition of ~ is based on the assumption that processes evolve from one state to another by
performing actions which are atomic. This behavioural view of processes becomes inadequate
in the presence of a refinement operator like p and a more refined behavioural description
of the processes in $P is needed. If actions are no longer atomic, a minimal consequence
is that they have a beginning and an ending. This is exactly the intuition underlying the
timed view of processes presented in [H88c]. By assuming that beginnings and endings of
actions are distinct events and that they may be observed, a new behavioural description of
processes may be obtained. Formally, for each a € A, §(¢) and F(a) are used to denote the
beginning and the termination of action a, respectively. Ev =4, {S(a), F(a) | a € A} will
be the new set of observable events and will be ranged over by e.

As pointed out in [H88c|, the language for processes is not sufficiently expressive to
describe a possible state a process may reach by executing the beginning of an action. To
overcome this problem, a new symbol S(a) for each a € A is introduced into the language.
S(a) will denote the state in which action a is being executed but is not terminated yet.

The set of process states S is the least set which satisfies:
i) pe $P impliespe §

ii) a € A implies S(a) € §

iif) s€ §,pc $P imply s;p€ §

iv) s1,8; € § imply s;1]s; € §.

The operational semantics for process states may be defined following standard lines. For
each e € Ev, the transition relation == over $ is defined as the least binary relation over §
which satisfies the axioms and rules in Figure 3. The defining rules of == use a termination
predicate on process states, 1/;, which is induced on § by the one previously defined on S 7;
namely, sy/; iff s € $P and sy/. A standard behavioural equivalence over process states
may now be defined using the notion of bisimulation. A relation R C §? is a t-bisimulation

iff it is symmetric and, for each (s;,s;) € R, ¢ € Ev,
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1. ¢ 29 5(a)

2. 5(a) 24 nit

3. s == s implies s;p =% s;p
4. s/, p==> &' imply s;p == ¢’

5. s; ==> s} implies s1}s; == s|s2, sz|s1 = sa|s}

Figure 3: Axioms and rules for =%

[ . . [
s; == &) implies, for some s}, s == s} and (s}, s}) € R.

Let ~; denote the maximum t-bisimulation. The following theorem from [AHB9| states
that ~; gives a behavioural characterization of the relation ~? defined previously by purely

algebraic means.
Theorem 3.1 (AHB89) Forall p,q€ SP,p~iqiff p~* q.

The behavioural characterization of ~* given by the above-stated theorem will be the touch-
stone for relating ~* to the denotational semantics for § P in terms of series-parallel pomsets.
The proof of full-abstractness of the denotational semantics with respect to ~ relies on Gis-
cher’s axiomatization of the congruence induced by [-] over S P stated in Theorem 2.1. Let
us recall, for the sake of clarity, that =g denotes the least congruence over $ P that satisfies
the set of equations E in Figure 1. The key to the full-abstraction result is then provided
by the following theorem, whose proof, which is rather long and involved, may be found in

the full version of the paper [Ac90].
Theorem 3.2 (Equational characterization of ~;) Forallp,q€ $SP,p~qiffp=rq.

The full-abstractness of series-parallel pomsets with respect to ~? now follows fairly straight-

forwardly from the results stated above.

Theorem 3.3 (Full-abstraction for series-parallel pomsets) For all p,g € SP, [p] =
ld) iff p ~* q.
Proof: Assume p,¢ € SP. Then:
[#]l =[q] <= p=gq by Theorem 2.1
<=> p~yq by Theorem 3.2
<= p~*g by Theorem 3.1. O
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We end this section with a few comments on the equational characterization of ~; provided
by Theorem 3.2. First of all, it is interesting to remark that the equational characterization
of ~;, and consequently of ~7?, is finite and does not make use of any auxiliary operator.
This is not in contrast with F. Moller’s results on the non-finite axiomatizability of “strong
bisimulation”-like equivalences because ~;, when considered over SP, does not satisfy his
“reasonableness criterion”. See [Mol89] for more details. Moreover, we can prove a stronger
version of Theorem 3.2 stating that the above-given equational characterization of ~; is also
w-complete [Mol89], i.e. complete for the open term theory.

We shall now present a proof of the w-completeness of the set of equations E with respect
to ~;. Let Var be a countable set of variables ranged over by z,y,z. SP(Var) will denote

the set of expressions built by adding the clause
s z € Var implies z € § P(Var)

to the formation rules for $P. $P(Var) will be ranged over by ¢,#,¢,.... The equivalence

~¢ can now be extended to $P(Var) in the standard way as follows:

Definition 3.2 Let t,t' € SP(Var). Thent ~,; t' iff for all closed substitutions ¢ : Var —
SP,to ~; t'o. An equational theory EQ over the signature of SP is then called w-complete
with respect to ~; iff for all open terms t,t' € $P(Var),t ~, V' iff EQt-t=¢t. EQFt =1

will also be written ast =gq t'.

We shall now prove that the set of axioms E presented in Figure 1 is indeed w-complete
with respect to ~; over SP(Var). In the proof we shall make use of a novel technique for
proving the w-completeness of a set of equations developed by J.F. Groote in [Gro90]. For
the sake of clarity, we shall now briefly outline Groote’s proof-technique for showing the
w-completeness of a set of equations. Assume that t and t' are open terms in § P(Var) and
t ~; t, ie., by Theorem 3.2, to =g t'c for all closed substitutions ¢. The application of
Groote’s technique requires the isolation of a closed substitution p : Var — $P, mapping
each variable occurring in ¢ and #' to a distinguished closed term representing this variable,
and of a translation map R : $P — SP(Var), which replaces each subterm representing
a variable by the variable itself. This pair of functions is required to satisfy the following

conditions:
(1) ¢ =5 B(p(t)) and ¢ =5 R(o(¢),

(2) for each © € {;,|} and p1,p2,q1,92 € SP, R(p1 ® p2) =+ R{g: ® gz), where E' =
EU{R(p:)=R(g)|i=1,2}, and
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(8) for each axiom t; = t; in E and closed substitution o, R(o(t1)) =g R(o(t2)).

Having found such a pair of maps p and R satisfying conditions {1)-(3) above, we could
then obtain the w-completeness of £ with respect to ~; by applying the following instance
of Theorem 3.1 from [Gro90], page 317.

Theorem 3.4 If for each t,t' € SP(Var) such that to =g t'o, for all closed substitutions
o, there exist a closed substitution p : Var — SP and a map R : §P — § P(Var) satisfying
(1)-(8) above then E is w-complete.

We shall now apply the technique described above to prove that E is indeed w-complete

with respect to ~; over S$P.
Theorem 3.5 (w-Completeness) For eacht,t' € SP(Var), t ~; t' iff t =g ¢'.

Proof: Let t,t' € SP(Var) be such that ¢ ~, ¢. By Theorem 3.4, in order to prove that
E is w-complete, it is sufficient to find p : Var — $P and R : $P — $§P(Var) satisfying
conditions {1)-{3) above. Define p : Var — §P by p(z) = a, € A, where, for each z,y € Var,

e a, does not occur in ¢ and ¢/, and
® a, = a, implies z = y. (Note that such a map can be found because A is infinite)

The translation map R : §P — $P(Var) is defined by induction on the structure of p € §7
as follows:
o R(nil) = nil,

z fa=a,

» Rla) = {

a otherwise,
* R(p@q) = R(p) © R(g), for @ € {;, 1}

We are now left to prove that p and R satisfy conditions (1)-(3). We examine each of the

conditions in turn.

(1) We prove that, for all f € § P(Var) not containing actions of the form a,, f =g R(p(%)).

The proof is by structural induction on . We only examine two of the cases.

¢ T = a. Then R(p(a}) = R(a) = a because a # a,, for all z. The clajm now follows

by the reflexivity of =g.
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o T =t;;t3. Then we have that

R(p(ti;tz)) =  R(p(t:);p(t2))
R(p(t1)); R(p(t2))
=g tiitz by induction.

i

(2) Let © € {;,|} and p1,p2,91,92 € SP. Then, letting E' = EU{R(p;) = R(q:) | i = 1,2},

we have that

R(p1®©p:) = R(p)O R(pz)
=g R(q)® R(q)
= R(q10¢q)

(3) Let ¢t; = ¢, be an equation in F and o be a closed substitution. Then it is easy to see
that R(o(t1)) =z R(o(t2)). For instance,

R(o((=zlv)lz)) = R((o(2)lo(y))le(2)
= (

As p and R satisfy conditions (1)-(3}, by Theorem 3.4 we have that E is indeed w-

complete, O

4 Series-parallel pomsets and ST-traces

In the previous section we showed that series-parallel pomsets are fully-abstract with respect
to the equivalence obtained by applying Abramsky’s testing scenario for bisimulation in
all refinement contexts. The observability of SP pomsets was then cast in a well-known
interleaving setting., The aim of this section is to investigate to what extent the model SP
can be made fully observable by assuming a trace-based basic notion of observation. It will
be shown that the causal structure of an N-free pomset is totally revealed by its set of ST-
traces [GI90], i.e. that SP pomsets are fully abstract with respect to ST-trace equivalence
over the set of processes § P. ST-semantics has recently been proposed in [GV87], [GI90] as a
refinement of the timed behavioural view of processes outlined in §3. This more refined view
of processes is obtained by requiring a link between the beginning and the end of any event;
this allows one to express that a start-action S{a) and an end-action F(a) represent the

beginning and the end of the same occurrence of action a. Notions of ST-bisimulation and
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ST-trace equivalence have been proposed and studied in [GV87], [GI90] for Petri Nets and
Event Structures, respectively, and the interested reader is invited to consult these references
for more details on ST-semantics.

In what follows we shall mainly work with labelled posets rather than pomsets; this will
make the technical development slightly less cumbersome. All the results will be lifted to
pomsets and the process language $P in a straightforward way. Our first aim is to give
the class of labelled SP posets the structure of a labelled transition system following the
intuitions underlying the timed view of processes described in [H88c| and §3. In order to
provide an LTS semantics for the class of A-labelled posets, we shall have to extend the class
of labelled posets in order to express those intermediate stages in the evolution of a process

in which some actions have started but have not yet terminated.

Definition 4.1 Let Ag = AU {S(a) | a € A}. An Ag-labelled poset IP = (P,<,l) ts
sensible iff, for all u € P, l(u) = S(a), for some a € A, implies u is minimal in IP.

Pos|Ag| will denote the class of sensible, series-parallel Ag-labelled posets.

Note that each IP € Pos|A] is a sensible, series-parallel Ag-labelled poset. Intuitively, As-
labelled posets (P, <,!} in which I{u} € A, for all u € P, are the model-theoretic counterpart
of the processes in §P and those with at least a minimal element labelled S{a), for some
a € A, correspond to proper states in §, i.e. states in which some actions will have started,
but have not yet terminated. The following definition introduces the transition relations

over Pos[Ag].
Definition 4.2 (Transition relations for posets) Let IP = (P, <,l) € Pos[Ag|. Then:
@) P pr g

(a) v is minimal in IP,

(b) H{u) = a, and

(e) IP' = (P, <,l'), where, for each v € P,

V(o) = S(a) ifu=v
I{(u) otherwise.
@) P p g
(a) v is minimal in IP,

(b) !{u) = S(a), and
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(¢) Py = (P1,<1,l1), where P, = P — {u} and <y, l; are the restrictions of < and !

to Py, respectively.

The following fact, whose proof follows easily from the definition of the transition relations
Sﬂ—'ﬂ, e € Ev, and is thus omitted, states that Pos[Ag] is indeed closed under derivation.

Fact 4.1 (Closure under derivation) Let IP € Pos[Ag] and ¢ € Ev. Then IP bt pr
implies IP' € Pos[As].

Using the above-given operational semantics for Pos[Ag], it is now possible to define a
natural notion of complete trace of a poset IP € Pos|Ag|. Intuitively, a complete trace
of a poset JP € Pos[Ag]| records a possible linear history of the evolution of the process
denoted by IP, i.e. the set of events the process involves in together with their relative order
of execution. In what follows we shall only be interested in this notion and the ones derived
from it for SP p‘osets IP € Pos[A].

Definition 4.3 (Complete traces) Let IP = (P,<,l) € Pos[A]. A sequence v =
(e1,u1) - - - {ex, ur) € (Ev X P)*, k > 0, is a complete trace of IP iff there exist IPy,...,IP; in
Pos[Ag] such that

(i) Po=1P, IP. = (0,0,0) and

(i) B ) P for all i < k.

CT(IP) will denote the set of complete traces of IP. The projection maps will be homomor-
phically eztended to strings over (Ev x P)*, i.e. for v = (eg,u1) - -~ (e, up), m{7) = €1--- €

and ma(Y) = uy -+ - uy.

It is easy to see that if v = (e1,u1) - - {ex, ws) is a complete trace of IP = (P, <,l) € Pos[A]
then P = {uy,...,ut}, k = 2m where |P| = m and, for all u € P, there exist unique 7, j such
that 1 < ¢ <j <k, (&, u) = (S(a),u) and (e;,u;) = (F(a),u), with @ = I(u). By using the
above notion of complete trace it is now possible to define two key notions of trace equivalence
over Pos[A]. The first one, which is based on the operational intuition underlying the timed
operational semantics defined in §3, is (complete) split trace equivalence [Va88], [G190]. Split
trace equivalence is just standard interleaving trace equivalence, [Hoare85], but based on
interleavings of beginnings and endings. ST-trace equivalence, [GI90], will then be defined
as a refinement of split trace equivalence by requiring that beginnings and endings of the

same occurrence of an action a € A are explicitly connected in a complete trace.

Definition 4.4 (Split and ST-trace equivalence) Let IP,IP;,IP; € Pos[A].
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(i) A sequence o € Ev* is a split trace of IP iff there exists v € CT (IP) such that mi(v) = 0.
S(IP) will denote the set of split traces of IP. Then IP; and IP, are split trace equivalent,
IP, ~y 1By, iff S(IP) = S(IP,).
(ii) IP; and IP, are ST-trace equivalent, IP, ~gr IP;, iff the following conditions hold:
(a) for each 41 = (e1, 1) - - {ex, ur) € CT(IPy) there exists v = (f1,v1) - {(fn,vn) €
CT(IP,) such that
e h= IC, 7['1(’11) e 7!'1(’72), and
o forall 1 <i<j <k, u=u; iff v; = v; (ST-condition);

(b) viceversa, with the réles of IP; and IP, interchanged.

The following fact states two basic properties of the above-given notions of equivalence over
Pos[A]. The first justifies our choice of working with labelled posets rather than pomsets by
showing that the notions of equivalence given above may be consistently lifted to pomsets.
The second states that avgr is at least as strong as split trace equivalence. For the sake of
clarity, we recall that isomorphism between labelled posets is denoted by 2 {see Definition
2.1).

Fact 4.2 Let IP,, IP, € Pos|A]. Then:
(3) P, = IP, implies IP, =y IP; and IP) ~s57 IP;.
(ii) P, mgr IP, implies IPy ~y IP;.

In the light of the statement above, ~v;; and 5 may be now extended to SP in a rather

straightforward way.

Definition 4.5 Let a = [P1,<1,11],ﬂ = [P2,<2,lz] &€ SP, Then o wq (a ~NsT ﬂ} iff
(Pi, <1, 1) =2 (P2, <2, 1) ((P1, <1,1) ms7 (P2, <2,13))-

The remainder of this section will be entirely devoied to showing that ST-trace equivalence
coincides with isomorphism over Pos[A] (and thus with equality over SP). This implies
that SP pomsets can be made fully observable by assuming a trace-like notion of observation,
albeit one in which beginnings and endings of the same occurrence of an action are explicitly
linked. The following standard example shows that ~gr does not coincide with isomorphism

over general labelled posets and pomsets.
Example 4.1 Let a and § denote the following pomsels:

o a = [(a;b)|(a;b)] and
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e B =[P,<,l], where P = {1,2,3,4}, 1 < 2,3 <4 and 1< 4,1(1) ={(3) = a and
1(2) = 1(4) = b. This pomset is just Gischer’s N(a,b,a,b), [Gi84].

Then o =g 8, but obvtously o # B. Note that 8 is not a series-parallel pomset.

The following lemnmas, which analyze basic properties of the transition relations (—eﬂ, e € Ev,
will be useful in the proof of the main result of this section. The following lemma states that
sequences of start-moves are made up of independent transitions; such transitions may then
be performed in any order without influencing the resulting target state. A similar property

holds for end-moves.

Lemma 4.1 (Commuting start and end moves) Let IP = (P,<,l) € Pos[As]. Then
the following properties hold.

@ P Sy P SO o implies IP UN) P, (Sl IP", for some IP; € Pos[Ag].
(i) P @ pr EO) o implies IP @) P () IP", for some IP, € Pos[Ag].

The following lemma states that end-moves and start-moves corresponding to events which
are not causally related may be performed in any order without influencing the resulting

target state.

Lemma 4.2 Let IP = (P, <,l) € Pos|Ag]. Then IP (Ela)) P o P" and u £ v imply
ey P ey P, for some IP; € Pos|Ag].

The following result presents a basic consistency requirement on the complete traces of a
poset IP = (P, <,l) € Pos[A]; namely that, for each v € P, the end of each event u < v

must precede the start of v in every linear history of IP.

Lemma 4.3 Let IP = (P,<,l) € Pos[A]|. Assume that u,v € P and u < v. Theny =
(e, u1) - -+ (ex,ux) € CT(IP), (F(a),u) = (e, u) and {(S(b),v) = (e;,u;), with l(u) = a and
o) =b, imply i < j.

We now have all the technical material which is needed to prove the main theorem of this

section, namely that ~gr coincides with isomorphism over Pos[A].

Theorem 4.1 (ST-trace equivalence = isomorphism over Pos[A])
Let .P; = (.P” <;,1,') € POS{A}, i= 1, 2. Then PI & Pg If Pl gt Pg.

Proof: The “only if” implication follows by Fact 4.2. We shall now concentrate on the proof
of the “if” implication. Assume that IP;, P, € Pos[A] and that IP; ~g7 IP;; we will show
that IP; = IP,. The proof proceeds in two steps:
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1. first of all, we shall show that IF;, ¢ = 1,2, may be recovered from a particular «; €
CT(IP);

2. secondly, we shall construct an isomorphism between IP; and P, by making use of the
information on the order structure of the posets obtained in the previous step and the
fact that P} ~NsT Pz.

Following [Ts88], let < be the ordering relation over CT(IP;) obtained by lexicographically

extending the one over Ev X P; given by
(S{a),u) € (F(b},v), forall a,b € A and u,v € Py.

Let v = {er,u1) - -~ {€x,ux), & > 0, be minimal in CT(IP;) with respect to <. Then there
exist IP,..., IP,_y such that

r=p 2 P2 p 2 (0,0,0).

As previously remarked, P; = {uy,...,u;}; we shall now show that the ordering relation
<; and the labelling function /; of P, may be recovered from ~;. By the definition of the
transition relations over Pos[Ag], it is easy to see that, for each u € Py, li(v) = a iff
(S(a),u) = (&, u;) for some 1 < { < k. We shall now concentrate on showing how <; may be
recovered from 7;. As we are dealing with finite partial orders, <, is completely determined
by the covering relation over IPy; for all u,v € Py, 4 is covered by v iff u <, z <4 v, for no
z € P,. Intuitively, 7, begins with a block of start-moves followed alternately by blocks of
end-moves and blocks of start-moves and then ends with a final block of end-moves. Then
the events in P; appearing in the first block of start-moves will correspond to the minimal
elements in IP,, those appearing in the last block to the maximal elements of /P, and, for
each intervening block of end-moves followed by a block of start-moves, the events appearing
in the block of end-moves will correspond to events in [P, covered by those appearing in the
block of start-moves. We shall thus be able to recover from ~; the covering relation in IP;
this is sufficient to recover <;.

Let <; be the relation over P; such that, for all u,v € Py, u <, v iff

(FS) there exists a subword (ex, un) * - - (€ntrs Uhir) (Ehtrats Ynprsr) - - - {1, ug) of 4y, with h <
! and r > 0, such that
(1) yp=vand yy =v,
(i) for all ¢ < r, epyy = Fla;) for some ¢; € A, and

(i) forall A+ 7 +1 < j <, g = S(b;) for some b; € A.
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Let <7 denote the transitive closure of <;. We claim that
u<fv <= u<. (1)
o We prove, first of all, that v <7 v implies u <; v, i.e. that <7 is sound with respect to

<;. Assume that u,v € P; and v <; v. Then there exists a subsequence of T

P, (F(a;.%%q-x) Payy (F(“h_-ta_):;‘h+2) - (s(bh'l'ri-_z)#uh'f-r-f-?) . (S(btﬂ__):;‘tﬂ) Py,

with A <1, r > 0, such that upy; = u, uy; = v and

(F(anta), unea) - (F(@nprer)s Unprer) (S (Ontrsa)s bharsz) -+ (S (Br4r), visr)

satisfies the property (FS). Assume, towards a contradiction, that u ¢; v. Then, by
repeatedly applying lemma 4.1, we have that, for some /P’ and P*,

P, =L P! Flans)) Phrirsr Slus)e) o wa, Py,

withwi = (F(anyz), unrz) - (F(@htrs1), Untrsa) and w = (S (bniriz), Untriz) <+ (S(b), w)
As u £; v, by lemma 4.2 there exists /P such that

P’ (s(_‘l-i_-_l'):”) P (F(M)»") P".

Thus v = (e, w1}~ (en, un)wi{S (bis1), v) (F(@hr1), wwalersn, wiga) -+ - {€r,us) €
CT(IP) and v < ~;. However, this contradicts the minimality of y; in CT(IP,) with

respect to <. Hence u <; v implies u <; v; by transitivity, u <} v implies « <; v.

* We now prove that u <; v implies u <{ v, i.e. that <{ is complete with respect to <;.
The proof of this fact will depend on the assumption that P, is a series-parallel poset.
Assume that u is covered by v in JP,. Then, by lemma 4.3, (F(a),u) = {es,us) and
{(S(b),v) = (e1,w), for some h,! such that h < I. If the subword of ~y

(ensun) + - - {1, u)

has the (FS) property then we have that v <; v. Otherwise, there exist h; and hg,
with b < hy < hy <, such that e, = S(as,), ex, = F(an,), for some ay,, an, € A, and
{ensun) - (en;, un,) and (en,, un,) - - {&, w) have the (FS) property. By the definition
of <;, we have that u = up <; us, and u, <1 w = v. By the soundness of <; with

respect to <y, we have that u <; up, and up, <; v. Hence we have that
U <3 v, u <3 up and uy, <3 v.

As IP; is a series-parallel poset, by applying the (N) property in proposition 2.1 we
"derive that
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(a) up, <1vor
(b) u <y up, or
(c) un, <y un,.

We examine each possibility in turn, showing that each of them leads to a contradiction.
If (a) holds then we have that u <; uy, <; v, contradicting the hypothesis that u is
covered by v in IP,. Similarly, if (b) holds. If (c) holds then up, <; us,, but this
contradicts the assumption that ks < hy, i.e. that the start of event u;, occurs before
the end of event up, in ;. Hence we have shown that if v is covered by v in IP; then

u <3 v; by transitivity, u <; v implies u <§ v.

Thus we have shown that v <; v if u <{ v, for all u,v € P;. As IP; =g IP;, there exists
Y2 = {f1,v1) « + + {Jn, Un) € CT(IP,) such that:

(1) k= n, m(n) = m(v2), and
(i) forall 1 <i< j <k, u; = u; iff v; = v;.

Again, we have that P2 = {v,...,v,}. We may now define <; from ~; as we did for <,
from ~y; and, as ; is also minimal in CT{IP;)}, by symmetry and (1) we obtain that z <; y
iff z <7 y, for all z,y € P;. Let us now define ¢ : P, — P, by ¢{u) = z iff there exists
1 < ¢ < k such that u; = v and v; = 5. Then, ¢ is a well-defined function by clause (ii)
above and it is label-preserving by clause (i) and the definition of the transition relations.
It is easy to see that ¢ is also bijective by clause (ii). Moreover, by construction, ¢ is such
that u < v iff ¢(u) <3 ¢(v), for all u,v € P;. Hence, by claim (1) and transitivity, we have
that v <, v iff ¢; <, ¢(v), for all u,v € P;. Thus IP, = IP,. O

The following result is an immediate corollary of the above theorem.
Corollary 4.1 Let a,f € SP. Thena =8 iff a=sr 8.

ST-trace equivalence can be inherited by $P via the semantic map [-] in a straightforward
way; for each p,g € S P, we write p mgr ¢ iff [p] ~s7 [¢]. By using the results presented in §3
and the above theorem and corollary, it is now possible to provide a complete axiomatization
of ST-trace equivalence over $ P. Moreover, as stated by the following theorem, ssgr gives yet
another characterization of the largest congruence over $ P which is preserved by refinement

and is contained in ~.

Theorem 4.2 For allp,qc SP,p=srqiff p~* qiff p=xrq.
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Proof: The claim follows by the above corollary, Theorem 2.1 and theorem 3.3. O

ST-trace equivalence, ~gz, could be defined directly on the language SP without much
difficulty; however, the proof of the main result of this section has been greatly simplified

by working with labelled posets rather than with terms in SP.

5 Conclusions

In this paper, we have presented a behavioural characterization of the class of series-parallel
pomsets, [Gi84], based on a natural interleaving testing scenario. This has been obtained
by showing that the model of series-parallel pomsets is fully-abstract with respect to the
behavioural equivalence obtained by applying Abramsky’s testing scenario for bisimulation
equivalence, [Ab87], in all refinement contexts, [AH89], [GG88], [NEL8S|. Following Milner
and Plotkin’s paradigm, this result justifies the use of this simple mathematical model based
on partial orders in giving semantics to the basic process algebra studied in this paper.
Moreover, we have shown that identity over the class of SP pomsets coincides with ST-trace
equivalence, {G190]. Thus SP pomsets can be made fully abstract by assuming a trace-based
notion of observation, albeit one in which beginnings and ends 6f the same occurrence of
an action are explicitly linked. This retrievability result has allowed us to give a complete
axiomatic characterization of ST-trace equivalence over the class of SP pomsets. A natural
question to ask is whether SP pomsets are completely characterized by their set of split

traces, see [Va88|, [GI90] and §4. The following conjecture naturally suggests itself.
Conjecture: For all ¢, € SP, a = f iff a ~q .

All the author’s attempts to prove or disprove the above conjecture have so far failed.
It is interesting to note that the validity of the above conjecture would have some striking
consequences. First of all, it would imply that, for all p,q € $P, p ~; ¢ iff p ~g g, i.e. that
timed-bisimulation and split trace equivalence coincide over SP.A As it is well-known, this
result is not true of standard strong bisimulation and trace equivalence because the processes
in § P are not deterministic, [Mil89}, [Va88]. Moreover, by following the proof of the results
presented in [AH89], it would be possible to show that equality between SP pomsets is the
largest congruence contained in standard interleaving trace equivalence which is preserved
by refinement.

The work presented in this paper may be seen as an embryonic attempt at defining a

natural testing scenario which justifies the use of partial order semantics without assuming
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any notion of “causal observation”. We have shown that such a testing scenario does exist
for the simple model considered in the paper; however, as work by R. van Glabbeek on
ST-bisimulation semantics shows, [GI90], a notion of system testing based on the refinement
operator does not suffice to reveal the full-distinguishing power of partial order semantics.
The search for a testing scenario which justifies models like Fvent Structures and Causal
Trees seems to be a very interesting topic for future research.

We end this conclusion with a brief discussion of related work. Precursors of the work
presented in §3 are [Gi84], [Ts88], where language equivalence for pomsets and series-parallel
pomsets are studied in detail, and recent papers in the literature studying notions of equiv-
alence for concurrent systems which are perserved by refinement of actions [AH89], [GG88],
[NELS8|, [GI90]. In all these references, the authors present semantic theories for processes
which support refinement of actions. The reference |GG88| gives a good survey of the work
in this area; [NEL88] gives a natural fully abstract model for a language incorporating a re-
finement operator and [AH89] characterizes the largest congruence contained in bisimulation
equivalence which is preserved by refinement over a simple process algebra and gives a finite,
complete axiomatization for it. In [G190], the author studies notions of ST-bisimulation and
ST-trace equivalence over prime Event Structures [Win87] and proves that they are both
preserved by refinement.

Retrievability results like the one presented in §4 for SP pomsets have been shown in, e.g.,
[Va88]. There the author shows that deterministic Event Structures are characterized, up to
isomorphism, by their set of step-sequences. A similar result is shown for split-traces; this
implies that the causal structure of a deterministic concurrent system can be reconstructed

by observers which are capable of observing the beginning and the end of events.
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