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Abstract. We give a decision procedure to determine whether or not
the transduction of a functional transducer can be realized by a deter-
ministic (resp. reduced deterministic) transducer. In case this is possible
we exhibit a general construction to build this transducer.

0 Introduction

A (finite-state bottom—up) tree transducer is a finite state device. While tra-
versing an input tree it produces an output tree in a bottom—up fashion. It is
called functional iff there is at most one output tree for every input.

In practice, the concept of tree transducers is used, e.g., by tools for gener-
ating code selectors from formal descriptions of target machine languages (cf.
[4]). Given a (regular) tree grammar which specifies the semantics of machine
instructions in terms of operators of the intermediate representation language, a
(typically non—deterministic) tree transducer is generated. The accepting com-
putations describe all sequences of target machine code possibly generated for a
given piece of program. Taking into account that different instructions may have
different costs (e.g., need more or less processor cycles) a functional transducer
is constructed which produces a cheapest instruction sequence.

Our main concern in this paper is the implementation of such functional
transducers. Usually, this is done in two passes. The first one traverses the input
tree to compute an overview over all possible computations from which the
second one constructs an accepting computation and produces the output for
it. We would like to avoid this second pass and produce output immediately.
This can be done provided the corresponding tree transducer is deterministic.
However, simple examples show that it is not always possible to construct an
equivalent deterministic transducer. Therefore, the natural question arises: When
can the transduction of a functional transducer be realized by a deterministic one?

Also, one would like to produce output only for subcomputations which
finally is part of the resulting output. This can be guaranteed provided the
tree transducer is reduced determenistic. Again, it is not always possible to con-
struct even for a deterministic transducer an equivalent reduced deterministic
transducer. Therefore, we also have to deal with the question: When can the
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transduction of a functional transducer be realized by a reduced deterministic
one?

Corresponding results for word transducers are known at least since [2]. Ex-
plicit constructions are described in 7] and [10].

So far, for tree transducers no related results are known. Several papers deal
with deterministic or functional transducers, but they are mainly concerned with
the equivalence problem. In [11] Zachar showed that for deterministic transducers
equivalence is decidable. In [3] Engelfriet showed that it is decidable whether
or not a tree transducer is functional. In [9] it was shown by the author that
this problem is decidable even in polynomial time. As a corollary it follows
that also equivalence of functional tree transducers is decidable in polynomial
time provided the transducers agree in their domains. Especially, equivalence of
unambiguous or deterministic transducers is decidable in polynomial time.

The present paper answers the question whether or not the transduction of
a functional transducer can be realized by a deterministic or even reduced de-
terministic transducer. It is organized as follows. In Section 1, we provide some
basic definitions. In Section 2, we introduce tree transducers. Especially, we allow
these transducers to produce a final pattern after having reached a final state
at the root of the input tree. This extension does not enlarge the power of a
non—deterministic transducer; in case of a deterministic transducer this notion
corresponds to the well-known class or “subsequential transducers” [2, 7, 10] for
words. Section 3 shows that, for every functional transducer we can construct an
unambiguous transducer realizing the same transduction. Then we investigate
deterministic transducers. Sections 4 and 5 present necessary conditions (D0},
(D1) and (D2) (resp. (wD0), (D1) and (D2})) on a transducer for its transduc-
tion to be reduced deterministic (resp. deterministic). Our Main Theorems are
presented in Section 6. Provided Properties (D0), (D1) and (D2) (resp. (wD0),
(D1) and (D2)) hold for a functional reduced tree transducer M we construct
an equivalent reduced deterministic (resp. deterministic) transducer.

Because of space limitations most details of the proofs are omitted. They can
be found in the full paper.

1 Trees

In this section we give basic definitions and state some fundamental properties
about trees. Moreover, we present some technical propositions which will be used
in the sequel.

A ranked alphabet or signature is a pair (X, p) where X' is a finite alphabet
and p : ¥ — Ny is a function mapping symbols to their rank. Usually, if p is
understood we write X for short and define X; = p~1(j) . T’z denotes the free 2-
algebra of (finite ordered X-labeled) trees, i.e., Ty is the smallest set T satisfying
(i o CT ,and (ii)ifa € 2, and £1,...,4y € T, then a(t1, ..., {m) € T. Note:
(1) can be viewed as the subcase of (ii) where m = 0.

Let N C X;. The N-depth of a tree t € Tx, depthy(?), is defined
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by depthy(t) = {(;OO gi g ffo\N if t € X, and depthy(?) = 1+
max{depthy({1),...,depthy(tm)} if t = a(t1,...,tm) for some a € X, m > 0.
If N = Xy we omit the index N; also, if N = {z} contains just one element we
also write depth, () instead of depth,3(-).

The size of t, |t], is defined by |t] = 1 if t € Xy, and |t| =1+ Z;.":l It;] if
t=alty,...,ty) for some a € Xy, m > 0.

Let X denote a set of variables of rank 0. Define Tx(X) = Txux. We use
this different notation in order to indicate which variables are to be substituted.
(Clearly, Ty C Tz (X).) t € Tx(X) is called X—proper iff every z € X occurs in
t exactly once. If X == {z} we write z—proper instead of {z}-proper, and if X is
understood we skip the prefix X.

Every map 6 : X — Tx(X) can be extended to a map 6 : Tx(X) —
Ty(X) by t0 = @8 if t = @, and t0 = a(t10,...,tm0) if t = a(ty,..., ty) with
a € X. 0 is called X-substitution or simply substitution if X is understood. If
X ={zy,...,2m} and z;6 = t;, we denote t# also by t[t1,...,t,]. Of special
importance is the case where the set X of variables which are to be substituted
consists of just one element z. Assume z0 = {3 and t; € Tx(z) = Tx({z}). Then
we write t16 = #1¢5 . The set Tx(z) is a monoid w.r.t. z—substitution. (The
neutral element is ). Tx(z) is not a free monoid. Especially, t12 = ¢; if {; does
not contain an occurrence of z.

Let Tx(z) denote the submonoid of Tx(z) consisting of all trees ¢ which
contain at least one occurrence of . Note that trees in T's(z) may contain not
only one occurrence of & but also two occurrences or more. Call a tree ¢ € T ()
z—irreducible iff t # z and ¢ = wv implies either u = 2 or v = 2. If & is understood
we also skip the prefix x. So for example, t = a(z, b(z)) is irreducible whereas
t' = a(b(z),b(z)) = a(z,x)b(z) is not. Also, trees a(xz,t) or a(t,z) for all trees
t € Ty are irreducible. Let Iy(z) denote the set of 1rreducible trees in Tz'(.L’)
Note that Iy(z) is infinite whenever X; # () for some j > 1.

In [9] the following theorem was proven.

Theorem 1. As a monoid, Ts(x) is freely generated from Is(x), i.c., T);(a:) =
Ig(l‘)* a

Consider for example the tree ¢ = a{a(b(z), b(x)),c) for a,b,c € X. Then t =
uqusus for irreducible trees u; where uy = a(z, ¢); us = a(z, z) and uz = b(z).

Theorem 1 allows to define the z-length |t], of a tree t € Tx(z): |tl: = n
iff t = uy...up for irreducible trees u;. Observe that [t|, < depth,(t), and
[t|z = depth,(t) whenever t is z—proper. If ¢ = ujuy € TE(CE) then wu; is called
an z—prefiz of 1. Accordingly, us is called z—suffix of ¢.

2 Bottom—up Finite State Tree Transducers

In this section we introduce finite tree automata (FTAs for short) and bottom—
up finite state tree transducers (FSTs for short). Similar to [9] we define an
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FST M as a pair (A,T) where A is the finite tree automaton underlying M
and T 1s the output function. Moreover, we recall the notion of reducedness of
a transducer from [8, 9] which turns out to be useful in this context as well.

In the sequel, X denotes the fix denumerable set {z;|i € N} of variables and
form>0, X;, ={21,...,2n}

A finite tree automaton (FTA for short) is a 4-tuple A = (Q, X, 6, Qr) where
@ is a finite set of states, Qr C Q) 18 the set of final states, X' is the signature of
input trees, § C|J,,50 @ % Zm x @™ is the set of transitions of A; the transitions
in § N U,so{q} x Zm x Q™ are also called q—transitions.

Let t = a(ty,...,tm) € Ty(Xy) and ¢,q1,...,98 € Q. A (g,q1...qx)—
computation ¢ of A for t starts at variables z; in states ¢; and consists of
(pj,q1---qx)-computations of A for the subtrees ¢;, j = 1,...,m, together with
a transition (g, a,p1 . ..pm) € 6 for the root. We write the state at the root to the
left of the states at the variable leafs. This convention is chosen in accordance
with our prefix notation of trees and the left-to-right order of substitutions. For-
mally, we represent ¢ as a tree over signature § and set of variables X as follows.
If t = «; and ¢ = ¢; then ¢ = ;. If t = a(ty,...,tm) then ¢ = 7(d1, ..., ¢m)
where 7 = (¢,a,p1...pm) € 6 for suitable states p1,...,pm € @ and ¢; is a
(pj,q1-..qx)-computation for ¢;, j = 1,...,m. Overloading the symbol 6, we
write (q,%,¢1...qx) € 6 iff there exists a (¢, ¢1 .. . ¢x)—computation of A for ¢.

Assume ¢t € Tw(Xy) and ¢ = oft1, ..., 5] Assume &g is a (¢,p1...Pp)—
computation for g, and ¢; arve (p;, q1 . ..¢m)—computations for t; , i =1,... k.
Then ¢o[é1,...,8%] s a (¢,4¢1...¢gm)—computation ¢ of A for ¢. Conversely, if
to contains exactly one occurrence of any z; , j = 1,...,k (i.e., is Xp-proper),
then every (¢, q1...¢m)—computation ¢ for ¢ uniquely can be decomposed into
a (q,p1...pr)—computation ¢g for tg, and (pi, ¢1 . - . ¢m)—computations ¢; for ¢;
(for suitable states p;) such that ¢ = ¢o[d1,..., dr]. ¢; is called subcomputation
of ¢ on ;.

A (g, €)-computation is also called g—computation. A g—computation is called
accepting, iff ¢ € Qp. L(A) = {t € Tx| there is an accepting computation of A
for t} is the language accepted by A.

A is called unambiguous iff there is at most one accepting computation for
every input tree ¢ € Ty. A is called deterministic iff for every input symbol
a € X and sequence q;...q; € @F, there is at most one state ¢ € ¢ such that
(¢,a,q1...qx) € 8. Clearly, every deterministic FTA is also unambiguous.

The size of A, | A}, is defined by

A= Y (m+2)

(qra'y‘?l“~9m)€6

A bottom-up finite state iree transducer (FST for short) is a pair M = (A, T').
A=(Q,%,6Qr) is the FTA underlying M whereas T : §UQp — Ta(X) , the
output function of M, maps transitions and accepting states to their oufput
patterns. Transitions 7 = (¢,a,¢1 ...4m) are mapped to trees T(7r) € Ta(Xym),
whereas states f € Qp are mapped to trees T(f) € Ta(z1).
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Note that an FST according to the definition in [9] is not allowed to produce
output depending on the final state after having processed the whole input tree.
For non—deterministic transducers, the additional feature does not increase the
power of the corresponding device. For deterministic transducers it does. Here,
it corresponds to the notion of “subsequential transducers” for words [2, 7, 10].

T is extended to computations as follows. Assume ¢ is a (g,¢1...q%)-
computation of A. If ¢ = z; for some j then T(¢) = z;. If ¢ = 7(¢1,...,dm)
then T(¢) = T(N)[T(¢1),...,T(¢m)]. T(¢) is also called the output produced
by ¢. By this definition, T(¢[¢1, ..., ¢x]) = T($)[T(¢1), ..., T(¢r)]. Overloading
the symbol T', we also write (¢,,s,q1...q5) € T iff there exists a (¢,¢1...q%)~
computation ¢ of A for t with T(¢) = s.

For some tree t € T, Ty (t) = {T(f)T(¢)|¢ accepting f-computation of A
for ¢} denotes the set of outputs of M for ¢. T(M) = {(¢,s)|t € L(A),s € Ty (1)}
is the transduction realized by M. M is called functional iff #7s(t) < 1 for every
input tree ¢ € Tx. M is called unambiguous or deterministic iff the underlying
FTA is unambiguous or deterministic respectively. Clearly, every deterministic

FST is unambiguous; and every unambiguous FST is functional.
The size |M| of M is defined by

M| =141+ (TMI+ D+ Y (T +1)

TES fEQF

A state q € Q is called useful iff an accepting computation ¢ exists that
contains a g—transition. If this is not the case, g is called useless. Useless states
can be removed without changing the “behavior” of A (and hence also M). An
FTA A is called reduced iff A has no useless states.

The rest of this section is concerned with a “reduction” of transducers. Out-
puts for subcomputations which are not parts of the final output uniformly
should equal a special output tree, namely L. L is a new symbol (ie., L & A)
of rank 0. Accordingly, we consider FSTs M = (A4,T) where the range of T is
contained in Ta(X)U{L}. However, we consider in fact only FSTs (A, T) where
an output tree L is always substituted for a variable z; which does not occur
in the corresponding output pattern. Therefore, L does not occur as the leaf of
an output tree s # L, i.e., the output of every (q,¢1 ... ¢x)-computation ¢ of A
either equals L or is in T4 (X%).

The FST M = (A,T) is called reduced, iff A is reduced and there is some
subset U(M) of states such that (1) and (2) hold:

(1) For every 7= (q,a,¢1...qm) €6,

e qc UMY T(r) = L; and

e g; € U(M) iff ; does not occur in T'(7).
(2) FeQrnUM)IFT(f) e Ta.

The states in U (M) are exactly those which are used by subcomputations ¢
which produce L. If a subcomputation has reached some state not in U(M) we
can be sure that the output for the corresponding subcomputation is part of the
final output. The proof of a corresponding proposition in [8] can be carried over
to prove:
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Proposition2. Assume M is an FST. Then a reduced FST M, can be con-
structed in polynomial time such that

- T(M) = T(Mr);
- M <2 M|

Proof. We repeat the construction of M, since we will refer to it in Section 6.

Define M = (4,1) where A = (Q,%,6,Qr) where @ = Q x {0,1}; Qr
consists of all pairs (f, i) where f € Qp and i = 0 iff 1 does not occur in 7'(f).
For such a final state (f, i) define T((f,4)) = T(f). Finally, 6 and T'; are defined
as follows. Assume 7 = (g,a,q1...¢x) € 6.

Th‘in <7', O) = ((q, 0>7 a, (‘11, 0> e '<qm: 0>)7 (Ta 1> = ((q: l)) a, <Qb 61) v <Qm, €m>)
are in 6 where ¢; = 1 if ¢; occurs in T(7), and ¢; = 0 otherwise. {7,1) and (r,0)
are the versions of 7 which are used in subcomputations whose output will be
part resp. will not be part of the final output. Therefore, we put T({r, 1)) = T(1)
and T((r,0)) = L. )

Then, 7(M) = T(M) and M satisfies (1) and (2) of the definition of reduced-
ness with U(M) = @ x {0}. Now eliminate superfluous states and transitions.
Note here that by definition, every state of M is derivable; however, not every
state 1s also accessible from @, p. |

Prop. 2 1s the justification that we always w.lo.g. may assume that a func-
tional tree transducer is reduced. However, if the tree transducer M was de-
terministic 1t i1s not necessarily the case that the reduced tree transducer M,
constructed according to Prop. 2 is deterministic as well!

3 Unambiguous Transducers

As for word transducers, for every functional transducer we can construct a
reduced unambiguous transducer realizing the same transduction. We have:

Theorem 3. For every functional transducer M an unambiguous transducer M,
can be constructed such that

1. T(M) = T(My);
2. |Mu| < ’Ml ’ 3IM['

Proof. The 1dea 1s the following. First, we construct an FTA Aq whose states
are pairs (D, B) of sets of states of A where D is the set of derivable states and
B C D is the set of accessible states in D. Then we assume a natural ordering
on the states of A. This ordering mduces a lexicographical ordering on every
subset of QF, k > 0. We want to produce output according to an accepting
computation of A for the given input tree ¢ which is determined by the following
strategy: for every node of ¢ we select a unique accessible and derivable state
together with a transition in a topdown fashion as follows. We start at the
root by selecting the smallest accepting state which is derivable. Now assume
transition 7 = ({1, B), a, (D1, B1}...{Dx, Bx)) has been chosen at some node
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o of the accepting computation ¢ of Ag for the input tree £, and the selected
state for node o is 4. By construction, ¢ € B. Let trans(r,q) denote the set of
g-transitions (¢,a,q;...q;) of A such that ¢; € D; for all j. By construction
of Ag, trans(7,q) is not empty. Then the transition of ¢ for o is that element
of trans(r,q) for which the sequence ¢1...¢p of successor states is minimal,
and select for j = 1,...,k, state ¢; for the j—th successor node of o in ¢. By
construction, ¢ is an accepting computation of A for ¢. Finally, the output we
produce for ¢ is the output of A for ¢.

To implement this idea we construct an FST M; = (A;,T1) where A; is ob-
tained by adding a third component to the states of Ag holding the correspond-
ing selected states. Formally, 41 = (Q1, X, 61, Q1,7) where Q1 = {(D, B, q)|q €
B C D} with Q1r = {{D,B,q) € @Q1|B = Qr N D,q € B minimal} where
T1({D, B,q)) = T(q). The transition relation é; is defined as follows.

T = ((D,B,q),a,, <D1;31;Q1> .. -<Dk,Bk,Qk>) € 61 iff

- D={pe DVjzp; € D; : (p,a,p1-..px) € 6};
—and q1...q9x € By X ... x By is minimal such that 5 = (¢,a,¢1...qz) € 6.

Moreover, 11(7) = T(7o).
Finally, M, is obtained from M; by removing useless states and transitions
from A; and restricting 77 accordingly. Qo

4 Cyclic Computations

In this section we recall the notion of a pairing. The notion of a pairing was
introduced in [9] to allow for an elegant description of pairs of computations of
a transducer for the same input tree. We use it to state the necessary conditions
(DO) (resp. (wDO0)) and (D1) for an FST such that 7(M) can be realized by a
reduced deterministic (resp. deterministic) transducer.

Given an FTA A = (Q,2,6,Qr) we define the FTA A as follows.
Let A = (Q,%,8,QF) be the FTA with @ = Q2 and Qr = Q? where
= ({pa),ae{pLa) . () €07 = (pa,pr...pr) € 6 and =
(g,a,q1...qx) € 6. In this case, we write 7 = (11, 72). Accordingly, computa-
tions of A are viewed as pairs of computations of A for the same input tree.

A need not be reduced. Thus, A(®) is obtained from A by removing useless
states and transitions. In A(®) every pair of states is accepting which jointly are
derivable.

A triple II = (A, T1,T) is called pairing iff A is an FTA and both T} and
T are output functions for A. In our applications here (A, T;) always will be
functional.

For M we define the pairing M@ = (A(z),Tl,Tg) where T; produce the
output according to the i—th components of the transitions of §? with 7;(z') = =,
for all 2.
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A proper (#,2')-computation ¢ is called cyclic iff both T1(¢) & {1, &1}
and To(¢) € {L,z1}. A state 2z’ of A®) is called cyclic iff a cyclic (2/,2')~
computation exists. Cyclic computations play an essential role in our charac-
terization of (reduced) deterministic transductions. Property (D0) says that a
(z, z)-computation already is cyclic provided either the first or the second output
for it is non—trivial:

M has Property (DO0) iff

(D0) Ti(¥) € {L, 2} iff Ta(4) € {L, 1} for every proper (z, z)-computation v
of A%,

It turns out that although Property (D0) is always satisfied when 7 (M)
can be realized by a reduced deterministic transducer (c¢f. Prop. 4 (1)), it may
not be satisfied when 7(M) can be realized by a deterministic transducer only.
Therefore, a weaker property (wD0) is needed. (wDO0) limits the possibilities how
M may violate (DO0):

M has Property (wDO) iff

(wDO0) The set of states of A(?) is the (disjoint) union of sets Qo, @1, @2 and Q3
where

e For every 2/ € Qo and every proper (2,z')-computation 4 of A(?),
Ti(¢)e{Ll,zi}fori=1,2

o For every 2’ € @1 the first output of every proper (2, z’)-computation
of A®)isin {1, 2}, and some (z/, 2')-computation ¢ of A) exists such
that Th(¢) & {L, z1}.

o For every 2’ € (2 the second output of every proper (2/, z')—computation
of A® isin {1z}, and some (2', 2'}-computation ¢ of A?) exists such
that T4 () & {L, 21}

e For every 2/ € Q3 and every proper (2,2')-computation ¥ of A(2),
Ti(y) € {L,z:} iff To(¢) € {L,21}, and some proper (z,2')-
computation ¢/ of A(?) exists such that 73(y') & {L, z1}.

For these sets the following holds:

1. If for some ¢ € {1,2,3}, some state z3 of A®) i reachable from some
21 € Q; then 25 € Qo U @;.

2. If for some i € {1,2, 3}, some state z5 € (; is reachable from some z; of
A®@ then z; € Qo U Q;.

3. Assume (z,a,21 ...2;) IS a transition A?) and for some i € {1,2,3} and
j, some state of J; is reachable from z;. Then every state reachable from
some zj/, 7’ =1,...,k, isin Qo U Q;.

Proposition4. Assume M = (A, T) is a reduced FST.

1. If T(M) can be realized by a reduced deterministic transducer then M has
Property (D0).

2. If T(M) can be realized by a deterministic transducer then M has Property
(wD0).
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It can be decided in polynomial time whether or not M has Property (D0) or
(wD0). ]

Property (D1) speaks on the difference between the produced outputs when
reaching a cyclic state z.

M has Property (D1) iff

(D1) For every state z of A®), every z—computation ¢ and every cyclic (z,2)-
computation 1, '

(1) r,m € TA(afl) exist with z1 € {ry, 2} with 1Ty (% ¢) = roTo (1" ¢) for
every k > 0.

For words, Property (DO0) together with Property (D1) hold iff all pairs of states
are twinned (cf. [2, 10]). Property (wDO) is without analogue in the word case.
Assume M has Property (D1). Then also the following Properties hold:

(2) i is a prefix of T5_;(¢") for some I > 0 with depth(r;) < depth(T5_;(4)).
3) 1T(¥)ler = To(P)l, -

(4) Assume ¢’ is another (z, z)-computation of A®) Then also
rTi((¥)Pe') = roTo((¢')F @) for every k > 0.

(5) Assume ¢’ is another z-computation of A(®), and rTi(*¢") =
roTo(p*¢’) for every k > 0. Then for i = 1,2, risi = r;s; for s;, s, €
Ta(z1) with z; € {s},s:}.

Especially by (5), 71 and r are uniquely determined.

Proposition5. Assume forj =1,2,v; is a cyclic (zj, z;)—computation of A,
é1 18 a (21, 2z2)—computation and ¢ is @ z9—computation.
If M has Property (D1) then for every k > 0,

riT1(WE ¢o) = ri Ty (WE da)

and also
51Ty (¥} 61)r2 = 52 To (¥ ¢1)r

for some s;,71; € TA(:Bl) where both ©1 € {s1,s2} and 1 € {ry,ra}. |

Proposition6. Let M be a reduced FST. If T(M) can be realized by a deter-
manistic transducer then M has Property (D1). O

It turns out that Property (D1) together with Property (D0) (or (wDO))
neither characterizes determinism nor reduced determinism.
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5 Bounded Difference

In this section we introduce Property (D2) which completes the set of proper-
ties necessary to characterize deterministic resp. reduced deterministic transduc-
tions. Property (D2) has no counterpart in the word case. Together Properties
(D0), (D1) and (D2) (resp. (wD0), (D1) and (D2)) allow to prove that A is of
bounded difference (bd) (resp. weakly bounded difference (wbd)). In the next
section we will construct an equivalent reduced deterministic transducer for M
whenever M is of bounded difference thus showing that Property (bd) (and hence
jointly Properties (D0), (D1) and (D2)) is also sufficient for reduced determin-
ism. A corresponding result holds for determinism as well where Properties (D0)
and (bd) are replaced by Properties (wD0) and (wbd) respectively.

M has Property (D2) iff for every transition 7 = (z,a,2...2;) and z;-
computations ¢; of AP §=1,...,k, the following holds.

(D2) Let J denote the set of all z; where ¢; = t;1%;2¢;3 for proper computa-
tions 1;; where ;5 is cyclic. Let y = Ti(7)[vi1, ..., vig) Where vi; = z;
whenever z; € J and vy; = Ti(¢;) otherwise. Assume #.J > 1. Consider
the decompositions y; = r;y; where r; is the maximal z;-prefix of y;. Then
J—substitutions #; exit such that for every 3 € J,

1. x; € {xjel,ycjt%};
2. 405 = yhby;
3. (2i60) T (Pj195%ys) = (202)Ta(¥51975¢53) for every m > 0.

Analogously to Prop. 5 we have:

Proposition7. Let M be a reduced FST satisfying properties (D1} and (D2).
Assume the assumptions of Property (D2) hold, and additionally a cyclic (#',2")-
computation 3 exists for some state 2’ together with a proper (z', z)—computation
¢'. Then some s; € Ta(z1) exist with x1 € {s1, 52} such that s;T1((¢")"¢")r1 =
s To(()" ¢ )y for every m > 0.

Note especially, that in the situation of Prop. 7, either ry is a suffix of ry or
vice versa.

Proposition8. Let M be a reduced FST. If T(M) can be realized by a deter-
ministic transducer then M has Property (D2). 0

For the following always assume that A has n > 0 states. The reduced FST
M is of bounded difference (bd) iff the following holds:

(1) Tor every z-computation ¢ of A one of the following statements hold:
1. depth Ti(¢) < n-|M| for both i =1 and i = 2;
2. T;(¢) = viu for some v € Ty and v; € TA(;rl) such that for 7 = 1,2,
depth, (vi) < n-|M| and v; does not contain subtrees in T4 of depth
at least (n + 1) - [M].
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(2) For every transition 7 = (2,4, 2 ...2;) and z;-computations ¢; of A the
following holds. Let J; denote the set of all z; where depth(7T;(¢;)) > n-|M]|
for i = 1,2, and J = Jy U Jo. Let y; = Ti(7)[v1i, - . ., vgi] where vj; = =;
whenever z; € J and v;; = T;(¢;) otherwise. Assume #J > 1. Consider
the decompositions y; = zy; where z; is the maximal z1-prefix of y;. Then
J-substitutions 0;, ¢ = 1,2, exist such that for every j € J,

L. z; € {01,202} C Tal(z;);
2. Y102 = yho1;
3. (2;01)T1(¢;) = (292)T2(%5)-

M is of weakly bounded difference (wbd) iff for every z—computation ¢ of A®@)
statement (1) must only hold provided depth T;(¢) > n-|M| for both i € {1, 2};
and statement (2) only provided J; # 0 # Jo.

6 Characterizations

This section presents the main theorems of this paper. Theorem 9 states that
the transduction of a reduced functional transducer M can be realized by a
reduced deterministic one iff M has Properties (D0), (D1) and (D2). Theorem
10 is the corresponding version for realization by deterministic transducers. Here,
the characterization only differs in that Property (D0) is replaced by Property
(wDO0).

Theorem 9. Assume M is a reduced functional FST. Then the following three
statements are equivalent:

(1) T(M) can be realized by a reduced deterministic transducer.
(2) M has Properties (D0), (D1) and (D2).
(3) M is of bounded difference.

It can be decided whether or not the transduction of an FST can be realized by
a reduced determinisiic one.

Proof. Let M = (A,T) be a reduced functional FST where A = (@, 2,6, Qr)
and n = #Q > 0. We only give the construction showing that (3) implies (1).
Assume that M is of bounded difference. We construct a reduced deterministic
FST Mg realizing 7 (M).

Let Ag = (Qo, ¥, 60,Qo,7) be the standard subset automaton for A, i.e.,
Qo = 29 Qor = {B C QBN Qr # B}; and & consists of all transitions
(B,a,B;...By) where B ={q € Q|Vjde; € Bj : (¢,a,q1...q5) € 6}.

The idea of the construction is the following. When starting the computation
for some input tree ¢t at the leaves, My behaves like Ay but records for every
accessible state ¢ that part of the output of some g—computation of which it is
not yet certain whether it will be part of the final output or not. This is similar as
in the word case. The new difficulty that arises is to handle the start—up phase.
Having accumulated sufficiently large possible output trees we have to find the
right “end”, i.e., that subtree which safely can be produced and leave variables
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at the right places. This choice is easy if for more than one of the subtrees at the
present node large outputs can be produced (cf. Case 3). Otherwise, the size of
the subtree’s output must be large enough such that it can be uniquely detected
(cf. Case 1).

Formally, we construct My = (Aq, Tq) with Ag = (Qa, 2, 64, Qq F) as follows.

(4 is some set of mappings p : B — Ta(z1) U {Ll}, B € Qo such that
u(q) is a tree of depth less than (2n + 1) - |[M|. Qg F consists of all mappings
# € Qg which are defined for some ¢ € Qp where Ty(u) = T'(q)u(g), and
U(My) = {1 € Qalrange(u) C Ta U{L}}.

The sets Q4 and &y are iteratively determined as the union of their
imations”, i.e., by

“approx-

Qa=J Q" and 6, = | J 6

v>0 v>0

where Q@ = § and 6(® = §. The construction will be done such that the
following invariant holds:

(0) Assume (u,u,s,¢) € Ty, and B is the domain of y. Then (B, u,¢) € &, and
for every q € B,
o (g,u,1(q)s,€) €T}
e 1 occurs in p(q) iff #; occurs in p(q’) for every ¢’ € B;
o If 21 occurs in p(g) then depth(s) > (n+ 1) - |M|. Otherwise, s = L.

Assume v > 0 and the sets Q=1 and 6"~V already have been defined. Let
pt1, -k € QWY By be the domains of yj, j = 1,...,k, and (B, a, By ... By)
a transition of the subset automaton Ag. We construct one map g : B — Ta(z1)U
{L} such that g € Q) and 7 = (u,a, 3 ... pz) € 6U) and define Ty(7).

By definition of 6y, for every ¢ € B some 7; = (q,a,pg,1-..Pq,1) € 6 exists
with p,; € B; for all j. For ¢ € B let uy = T(r)[p1(pg,1)21, .., tix(pg,x) 2],
and let J, denote the set of all j such that either u;(p, ;) € Ta(z1) or has depth
>n-|M|.

Case 1: u, € T4 for some r € B.

According to claim (0) for Q1) ug € Ty for all ¢ € B. If depth(u,) <
(2n+ 1) - |M]| for all ¢ € B then we define p(q) = u, and Ty(r) = L.

Otherwise, some r € B exists with depth(w,) > (2n+1)-|M|. We claim that

(1) veTa and wy € Ta(z;) exist such that for all ¢ € B,
® Uy = WY,
o depth, (w,) <n-|M|;
e w, does not contain subtrees from T4 of depth > (n+ 1) - |M|;
e the maximal common z;-suffix of wy,q € B, is z;.

Under this assumption, we put u(q) = wy and T3(7) = v.

Case 2: 3j : p;(prj) € Ta(z) for some r € Q and Vg € B #J, <1

Then by claim (0) for Q~Y, p;(p, ;) € Ta(z1) for every ¢ € B. Hence,
J, = {3}, and pjr(py ;1) € Ta for all j* # j. Therefore, u, € Ta(x;) for every
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q € B. Moreover, u, does not contain subtrees in T4 of depth > (n 4+ 1) - [M|.
Let uy = w,yy where y is the maximal common z;—suffix of all u,. We claim that

(2) For every q € B, depth, (w,) <n-|M|.

Provided Claim (2) holds, we put p(q) = wyzi and Ty(r) = y.
Case 3: 3j : pj(pr;) € Ta(x1) and #J, > 1 for some r € B.
Again by Claim (0) for Q=1 u;(p, ;) € Ta(z1) for all ¢ € B. We claim:

(3) There exists exactly one s € Ta(X}) such that the following holds:
o for all ¢ € B, u, = vys where v, € Ta(z;) with depth,, (vg) < n-|M]|
such that v, does not contain subtrees from T4 of depth > (n+1) - |M|;
e s 1s maximal with this property.

Provided Claim (3) holds, we define u(q) = v, for every ¢ € B, and put Ty4(7) = s.
Observe that z; occurs in s iff p;(py ;) & Ta for some q. Therefore, (provided
claim (0) for Q=) holds) z; occurs in Ty(7) iff y; & U(My).

This finishes the construction. In order to prove its correctness we claim:

(4) Assume (B, u,€) € 8p. Then (p,u, s, €) € Ty for some u € @4 whose domain
is B and where for every ¢ € B, (¢, u, u(q)s,¢) € T.

This claim together with claim (0) and the definition of Ty|g, . show that
T(My) =T (M). Since M, is reduced deterministic by construction we are done
provided Claims (0) through (4) hold.

Claims (0) through (4) must be proven together by induction on the depth of
an input tree u. Note that termination of the construction is due to the second
parts of claims (1) and (2). O

Analogously to Theorem 9 we find:

Theorem 10. Assume M is a reduced functional FST. Then the following three
statements are equivalent:

(1) T(M) can be realized by a deterministic transducer.
(2) M has Properties (wD0), (D1) and (D2).
(8) M is of weakly bounded difference.

It can be decided whether or not the transduction of an FST can be realized by
a deterministic one. a

From Theorems 9 and Theorems 10 we conclude that the transduction of a
deterministic transducer can be realized by a reduced deterministic one iff the
corresponding reduced transducer has Property (D0). We have:

Corollary 11. Assume M is a deterministic FST. Let M, be a reduced func-
tional transducer with T(M) = T(M,). Then the following two statements are
equivalent:



264

(1) T(M) can be realized by a reduced deterministic transducer.
(2) M, has Property (D0).

It can be decided in polynomial time whether or not the transduction of a deter-
manistic FST can be realized by a reduced deterministic one. O

Proof. If T(M,) can be realized by a reduced deterministic transducer then
by Prop. 4, M, has Property (D0). Conversely, assume M, has Property (DO0).
Since T (M,) can be realized by a deterministic transducer (namely M), M, has
Properties (D1) and (D2) by Prop. 6 and 8. But then by Theorem 9, 7(M,) can
be realized by a reduced deterministic transducer.

However, the general construction of the equivalent reduced deterministic
transducer given in the proof of Theorem 9 can be replaced by a simpler con-
struction here. Let M, = (A,,T.) be the reduced functional transducer with
T(M,) = T(M) as constructed in the proof of 2. Since M was deterministic
the set D,(u) of states derivable by some input tree u (w.r.t. A4,) always is a
subset of {{g,0), (¢, 1}} where (g, u, €) € 6. Therefore, if (¢,0) € D,(u) we safely
can produce output whereas as long as (¢,0) € D,(u) we only produce L and
memorize a possible output provided (g, 1) € D, (u).

To implement this idea assume M = (A4,7) with 4 = (@, X,4,Q@r). We
construct My = (Aq,Ty) with Ag = (Qq, X, 84, Qa,r) as follows. Qg is some set
of pairs @ x ({L} U T4 U{z1}) such that

L. {g,L1) € Qq iff {q,0) € @, but {¢,1) & Q,; i.e., the output for the presently
processed subtree is irrelevant in all cases;

2. {q,y) € Qq with y € T4 iff both {¢,0) € @, and {¢,1) € Q,; i.e., the output
t produced so far possibly is relevant; whereas

3. {g,z1) € Qq iff {g,0) & Q, but {¢,1) € @,; Le., the output is definitively
relevant and already has been produced.

Q4 r consists of all pairs (¢,y) € @4 where ¢ € Qp, and U(My) = Q4N (Q x
({L}uTa)).

The sets @4 and 64 are again iteratively defined as the union of their “ap-
proximations”, i.e., by

Qa=J QW and s, = |6

v>0 v>0

where Q(°) = § and §9 = §.

Assume v > 0 and (q1,41), .., (qe, ) € Q™D Let 7 = (¢,a,q1...q%) €6.
We construct some y € {1} UTa U{z;} such that (g, € Q") and 7, =
(g, ), a, (g1, 1) .. . {qr, y&)) € 6@, and define Ty(7y).

Case 1: {q,0) € @, and (q,1) € Q,.

Note that then also for every j, (¢;,0) € @» and {g;,1)} ¢ Q.. Hence, all
y; € {L}UTa. Therefore, we put y = L and Ty(ry) = L.

Case 2: {g,0) € @, and {¢, 1) € Q..

Again, y; € {L}UT4 for all j. Moreover, y; # L whenever «; occurs in T(7).
Therefore, y = T(T)[y1, - .-, yx] in deed is in Ta. Finally, we put Zy(r4) = L.
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Case 3: {¢,0) ¢ @, and {g,1) € Q,.

This is the only case where we have to produce an output pattern different
from L. Define y;- =ux; ify; = 21 and y:7~ = y; otherwise. Then put y = z; and
Ta(ra) =T(DY, - V)

It is easy to verify that the construction terminates, and that this construc-
tion produces a reduced deterministic transducer which is equivalent to M (or
M,). Especially for every (g,y) € Q4, depth(y) < #Q - |M|.

7 Conclusion

We gave a characterization of functional tree transducers whose transduction
can be realized by deterministic or even reduced deterministic transducers. It
remained open whether or not these two characterizations can be decided even
in polynomial time. At least we were able to prove that it can be decided in
polynomial time whether or not the transduction of a deterministic transducer
can be realized by a reduced deterministic one. '
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