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Abstract. We present effective criteria for first-order definability of reg-
ular tree languages. It is known that over words the absence of mod-
ulo counting (the noncounting property”) characterizes the expressive
power of first-order logic (McNaughton, Schiitzenberger), whereas non-
counting regular tree languages exist which are not first-order definable.
We present new conditions on regular tree languages (more precisely,
on tree automata) which imply nondefinability in first-order logic. One
method is based on tree homomorphisms which allow to deduce nondefin-
ability of one tree language from nondefinability of another tree language.
Additionly we introduce a structural property of tree automata (the so-
called A-V-patterns) which also causes tree languages to be undefinable
in first-order logic. Finally, it is shown that this notion does not yet give
a complete characterization of first-order logic over trees. The proofs rely
on the method of Ehrenfeucht-Fraissé games .

1 Introduction

Regular word languages as well as many subclasses of regular word languages can
be defined using very different formalisms, e.g. finite automata, regular expres-
sions and monadic second-order formulas. An important example is the class
of star-free word languages that has been investigated by McNaughton and
Schiitzenberger [10, 15]. In particular it was shown by McNaughton that this
class coincides with the class of first-order definable word languages and from
Schiitzenberger we know that a regular word language is star-free iff the lan-
guage is aperiodic. (A word language L is called aperiodic if there exists n € IN
such that for all u,v,w € 2* we have uv"w € L <= uv"*lw € L.) Since ape-
riodicity is decidable for a regular word language by inspecting the minimal de-
terministic automaton accepting this language, also first-order definability turns
out to be decidable.

In the introduction to [1] Biichi wrote: “The extension from unary algebras
to n-ary algebras (tree automata) sometimes is obvious and sometimes requires
additional ideas.” The ”obvious extension” applies well to the definition of reg-
ular tree languages in the above mentioned formalisms whereas the notions of
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star-freeness, aperiodicity and first-order definability introduced by Thomas [18]
yield different classes of regular tree languages. In [14] it was shown that every
regular tree language over an alphabet without unary symbols is star-free and in
[8] that there exist aperiodic tree languages which are not first-order definable.
Thus aperiodicity is only a necessary criterion for first-order definability.

Up to now, the only way to prove that an aperiodic tree language is not
first-order definable is to apply the well-known Ehrenfeucht-Fraissé game [4, 6].
In the present context this game is played by two players on two trees. Trees
satisfy the same set of first-order formulas of a certain quantifier-depth n if and
only if the second player has a winning strategy in the play with n rounds on
these trees. Thus a tree language T is not first-order definable if there exists a
sequence (Sp,tn)nen Of trees such that for alln € IN: s, € T, t,, ¢ T, and the
second player has a winning strategy in the n-round play on s, and ¢,. As can
be seen in [8] it is often difficult to construct such a sequence and to verify the
required properties.

The aim of this paper is to provide effective necessary conditions for first-
order definability. We show that certain mappings on trees (nondeleting linear
tree homomorphisms [5]) preserve winning strategies of the second player and
thus allow to deduce nondefinability of one tree language from nondefinability
of another tree language. We also apply these mappings fo show that it suffices
to deal with languages of binary trees in order to find a decision procedure for
definability in first-order logic.

In [12] it was shown that a certain set of partial boolean expressions is aperi-
odic, but not first-order definable. From this example we extract the notion of an
A-V-pattern which is a condition on state transformations in the corresponding
minimal tree automaton. We show that this notion provides a quite powerful
necessary condition for first-order definability but still does not characterize the
class of first-order definable tree languages. The example language proving that
the absence of an A-V-pattern does not suffice to insure first-order definabil-
ity also corrects an error in [18] by showing that there exists an aperiodic tree
language that is definable in chain logic but not in first-order logic.

The remainder of this paper has 5 sections. In Section 2 we introduce regular
tree languages in terms of tree automata and monadic second-order formulas. In
Section 3 we present an Ehrenfeucht-Fraissé game for first-order logic on finite
trees and recall some basic facts on this game. In Sections 4 we Investigate tree
homomorphisms and in Section 5 A-V-patterns. An outline of future work will
be given in Section 6. For lack of space some proofs have to be omitted which
can be found in [13].

2 Notation

Let ¥ = Sy U...UX, bea finite ranked alphabet where X; denotes the sef of all
symbols of arity 7. Let furthermore V' denote a set of 0-ary variables. The set of
all trees over X with variables in V, denoted by T (V), is inductively defined as
follows: every O-ary symbol a € X and every vartable ¢ € V belongs to Tz (V)
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and with b € %; and ¢4,...,t; € Tx(V) also b(ty,...,t;) belongs to Tx(V). Ty
denotes the set of trees over X without any variables. T' C Ty is called a tree
language over X. If additionally X' = Xy U Xy we call a tree language over X
binary. In the remainder of this section we denote by a always a 0-ary symbol,
by ¢ a variable and by b a symbol of positive arity. The labelling of the leaves
of a tree t from left to right is denoted yield(t), e.g. yield(a) = a, yield(c) = ¢
and yield(b(tq,...,t;)) = yield(t1) - ... - yield(t;). With each tree we associate
a prefix closed set dom(t) C {1,...,7}* called the domain of ¢ and defined by
dom(a) = dom(c) = {e} and dom(b(t1,...,t:)) = {e} UUyy ;& - dom(ty). <
denotes the partial prefix ordering on the domain of a tree. We refer to the set of
leaves of a tree t by front(t) C dom(t). For k € dom(t) we denote by t(k) € X
the label of node k in ¢. t* denotes the tree obtained from ¢ by removing all nodes
that are not greater than k, i.e. dom(t*) = {{| kI € dom(t) } and t*(1) = #(kl)
for all I € dom(t¥).

We will now introduce a concatenation on trees via replacement of variables.
Let T,71,...,Tm C T2(V) and {c¢1,...,em} C V, then we denote by T[e; «
Ti,...,¢m «— Tp] the set of all trees obtained from trees in 7' by replacing
all variables ¢; by possibly different trees in the corresponding tree language
T;, more formally we put T[¢ — T] = Uep t[ec — T] with afc — T] = a
for a € Zo UV \{er,...,em}, cifc — T] = T; and b(tq,...,4)[c — T] =
{o@@5,...,8) | t; € tjlc — T for j = 1,...,i}. For T C Tg(V) and c € V
we put 7%° = {J;5, 75" with 7% = {c} and T = TS U T%[c — T1.

A tree s € Tp({c}) with exactly one leaf labelled c is called a special tree. The
set of all special trees is denoted by Sx. For s € Sy and t € Ty U S we write
s -t instead of s[c «— ¢]. (Sg, -, ¢) is a monoid that serves to extend the notions
of Nerode-congruence and aperiodicity from word languages to tree languages.
Let T C Ty and t,t' € Ty. t and t’ are called (Nerode-)congruent with respect
toT (t = t)iff Vs € Sgs-t €T <= s-t €T. T is called aperiodic iff
IneINVs, seSpVteTy s s -teT < s .s"t .t eT.

A deterministic bottom-up tree automaton (DBA) A = (Q, X, 6, F) consists
of a finite set of states @, a set of final states F C @, a ranked alphabet X
and a transition function 6 : (J,_, , Tk x QF — Q. We can extend § in the
usual way to a mapping é§ : Ty .y Q. The tree language accepted by A is
T(A) = {t € Tz | 6(t) € F}. A tree language T is called regular if T = T(A)
for a DBA A. Let p € Q, s € Sy and t € Ty with §(t) = p. Then we put
6(3,[)) = 6(s - ¢).

As in the case of regular word languages there exists a minimal DBA for
every regular tree language which is unique up to state renaming and which is
characterized by the following two conditions: Vg € Q 3t € Ty 6(t) = ¢ and
Vp,g €Q p#q=3Is€ Sy 6(s,p) € F <= &(s,q) ¢ F. Furthermore the
minimal DBA can be computed effectively from an arbitrary DBA accepting the
tree language. The states of this minimal DBA correspond to the equivalence
classes of the Nerode-congruence, thus a tree language is regular iff the Nerode-
congruence has finite index. Furthermore, if A is a minimal DBA accepting T
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we have that T is aperiodic iff there exists n € IN such that for all s € Sy and
for all ¢ € @ we have 8(s", q) = §(s"**, q). Therefore we obtain that aperiodicity
is decidable for regular tree languages. For a more detailed introduction in tree
language theory see {7].

We will now describe tree languages in terms of monadic second-order logic.
With every tree ¢ we associate a relational structure ¢ = (dom(t), <, S1,..., Sr,
(Pa)acx) where < denotes the partial prefix ordering on dom(t) and S; denotes
the i-th successor relation (with kS;k' iff ki = k). P, consists of all nodes
labelled «.

We use z, y, ... to denote variables ranging over nodes and X, Y, ... to
denote variables ranging over sets of nodes. Atomic formulas are the follow-
ing: ¢ <y, ¢ =y, £S5y, Xz and P,z. From the atomic formulas we build up
the set of all monadic second-order formulas using the boolean connectives A,
Vv, =, and the quantifiers 3 and V for both kinds of variables. We denote by
o(®1,...,&n, X1,...,Xm) a formula with free variables among z1,...,2, and
Xi,...,Xm. The satisfaction relation (¢, k1, ..., kn, K1, ..., Kn) E @(21,. .., 2n,
Xiy.-.,Xm) is defined as usual. By FO we denote the set of first-order for-
mulas, i.e. formulas without any set variables. The quantifier-depth of a first-
order formula is inductively defined as follows: ¢d(¢) = 0 for all atomic for-
mulas ¢, qd(p V ¥) = qd(e A ¢¥) = maz {gd(¢), ¢d(¥)}, 9d(~¢) = qd(p) and
qd(3zp) = gd(Vze) = qd(p) + 1. Every formula ¢ without free variables de-
fines a tree language T'(¢) = {t | t = ¢}. A tree language is called monadic
second-order definable (first-order definable) if there exists a monadic second-
order formula (first-order formula) ¢ such that T'= T'(¢). Regular and monadic
second-order definable tree languages are related by the following theorem:

Theorem 1. [2, 17] A tree language T is regular iff T is monadic second-order
definable.

Chain logic and antichain logic have been introduced by Thomas [18] as frag-
ments of monadic second-order logic. In chain logic set quantifiers range only over
chains, i.e. sets of nodes that are totally ordered by the partial prefix ordering.
An antichain in a tree is a set of nodes such that no two nodes in this set are
comparable in the partial prefix ordering. Antichain formulas (where set quanti-
fiers are restricted to range over antichains) define exactly the class of star-free
tree languages.

The following theorems summarize the relations between the notions of star-
freeness, aperiodicity and first-order definability:

Theorem 2. [14] Every regular binary tree language is star-free.

Theorem 3. [8] Every first-order definable tree language is aperiodic, but there
exist aperiodic tree languages that are not first-order definable.

The only difference between word languages and tree languages of unary
trees is that word automata process a word starting from the minimal node in
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the usual ordering whereas bottom-up tree automata start at the maximal node
in the partial prefix ordering. Since regular word languages are closed against
reversing we can apply the results of Schiitzenberger and McNaughton to sets
of unary trees. In [11] Perrin presents an effective construction of a star-free
expression defining all words which effect the same transformation on the states
of an aperiodic word automaton. Star-free expressions on words can be rewritten
syntactically to a first-order formula defining the same word language. With a
technique of restricting the range of quantifiers we finally arrive at the following
proposition:

Lemmad4. Let A = (Q, 2,6, F) be an aperiodic DBA and m : Q — Q. Then
there exists a first-order formula @, (2) such that for all t € Ty we have: (t, k) =
om(z) ff the mazimal unary subiree above z effects state transformation m.

3 An Ehrenfeucht-Fraissé Game

Ehrenfeucht-Fraissé games are widely used in the literature to show that certain
properties of relational structures are not expressible in a given logic [3, 4, 6].
In this section we recall the rules of the first-order game played on trees as
introduced in [8]. Furthermore we enumerate some basic facts on this game.
Most proofs can be found in [8, 12, 13] and are therefore omitted here.

The Ehrenfeucht-Fraissé game is played on two trees by two players, here
called player I and player II, with the aim of player I to show that the given
trees are different. By Gn((t, k1,. .., km), (t', k1, - .., kl,)) we denote a play with n
rounds on two trees ¢ and t’ with a sequence of m specified nodes in both trees. In
each move player I chooses anode in ¢ or ¢’ and player Il reacts by choosing a node
in the other tree. Let ky,4i resp. k], ; be the nodes chosen in ¢ resp. ¢’ in the i-th

m-1?
round. Player I wins the play if the+nodes ki, kngmintand kf, ... ko in
t' define a partial isomorphism from ¢ to t/, i.e. if we have for all 1 < 4, j < m+n,
foralla € ¥ and forall 1 <1 <rik; = (<, S)k; <= ki = (<,51)k} and
P,k; <= P,k;. Since we deal with finite trees either player I or player I has a

winning strategy. This fact yields to the following definition:

Definition5. Let 75" denote the set of all trees in Ty with a sequence of m
specified nodes and let FO™ denote the set of all first-order formulas with m
free variables. For (¢, k), (', k') € TF" we denote by (¢, k) ~, (', k') that player I
has a winning strategy in the play G, ((t, k), (¢', ¥')).

&y and &, 1-equivalence are related by the so-called back and forth prop-
erty:

Lemma 6. Let (t, k), (', k') € TR
(t, k) ~ngr (U, k) iff
Vk € dom(t) k' € dom(t')

(t,k, n (U k' k') and
VEk' € dom(t') 3k € dom(t) (i, k

k)~
k) ey (U KR

b
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From this property the following theorem can be deduced easily:

Theorem 7. [8] The relations m, are equivalence relations of finite index on
TE and we have for all (¢, k), (t', k') € TH:

(&, k) ~n (U, k) iff

Vp(5) € FO™ qd(9(2)) < n = [(1,F) k£ 9(@) = (¢,F) F ¢()

We will use the last theorem in the following way to prove that a tree language
is not first-order definable:

Corollary 8. T' C Ty is not first-order definable iff there exists a sequence
(sn,tn)nen such that s, €T, t, ¢ T and s, =y, t, for alln € IN.

We will construct such sequences of pairs of trees by induction. For the
inductive step we need some technical propositions that allow us to construct
~ip1-equivalent trees from =v,-equivalent ones. The first proposition states that
winning strategies of player II on certain parts of two trees can be combined to
get a winning strategy for the whole trees.

Lemma9 (Composition Lemma).
Let s,t € Sy with s(I) =t(k) =c and s',t' € Tx.

(s, b1, Im, 1) ~y (t k1, .. km, k)
A (s'ye,l0,...,1) Ron, ' e, ki, ... k)
—

5.8 00,0 LA ) o (E-t ke e, K R RR!
1 T 1 r

The previous lemma allows us to weaken the precondition of Corollary 8.

Remark 10. Let T' be a regular tree language. T' is not first-order definable iff
there ezists a sequence (sn,tn)ncIN such that s, #r t, and s, ~ t, for alln € IN.

Proof. The direction from left to right follows directly from Corollary 8. For the
reverse direction we use that the Nerode-congruence has finite index. Thus there
exists a subsequence (s, , 1/ )Jnew such that sj, =7 ;. and ¢}, =7 ¢, foralln,m >
0. From the definition of this congruence we obtain a special tree s such that
s-s, €T < s-t,, ¢ T for all n € IN. The Composition Lemma 9 shows that
either the sequence (s(s,),s(t,))new or the sequence (s(t,), s(s,))neN proves
nondefinability of T according to Corollary 8.

A more powerful method to combine winning strategies is formulated in the
following proposition.

Lemma 1l (Substitution Lemma). [13]
Let (u,ly,... . ln), (v, k1, ... k) € TR ({c1,...,¢:}) and T1,..., T, C Ty such
that

(u,ll, .. .,lm) on (U,k'l, .. .,km) and

(s,€) = (8',¢) foralls, s’ €T; (i=1,...,r).
Then (t,1y, ..., lm) ~p (t' k1,... km) for allt € uley «— Th,...,¢; « T;] and
t E’U[Cl T, ...,¢ <—-Tr]



131

The following remark describes exactly the way how sequences of pairs of
trees as required in Corollary 8 are constructed in the sequel.

Remark 12. Let u,v € Tx({c1,...,¢r}), t1,8), ..., tr, 0. € Tx, s € ufe; «—
{t;,ti} |1 <i<r] and t € v[c; — {t,, ti} |1 < i< r] such that
(1) (1) st (3,€)
(2) (ti,€) =n (t},€) for1<i<r
(3) Vk € front(u) Ik’ € front(v) (u,e,k) ~y (v, k') A s* =¥
VE' € front(v) 3k € front(u) (u,e,k) ~y (v,6, k') A sF =¥
Then we have (s,&) ~py1 (L, 2).

4 Tree Homomorphisms

In this section we introduce tree homomorphisms (see also [5]) and show that
these mappings preserve winning strategies of player II. Then we use tree homo-
morphisms to show that it suffices to deal with binary tree languages in order
to obtain a decidability result for first-order logic.

Definition13. In order to define tree homomorphisms we extend the notion
of special trees. The set of n-special frees, denoted by S%, consists of all trees
t € Tx({c1,...,cn}) such that yield(t) € Z5e1 X3 ... Xie, Zf. For t € S% and
t1,...,tn € Ty we abbreviate t[e; «— t1,...,¢n — tp] by €(t1,...,1n).

A tree homomorphism from Ty to Tp, assigns to a symbol b € 2, a k-special
tree h(b) € S&, 1.e. h: ;= =0, ..r Tk = Sk . h induces a mapping h* : Ty — Tp
by h*(a) = h(a) for a € Xy ‘and h*(b(t1, ..., te)) = h(B)(R*(t1),..., h*(t)) for
b € 2;. In the sequel we will identify 2 and h*.

Since copying (multiple occurences of a variable ¢;) is not allowed for tree
homomorphisms we can transfer a winning strategy of player Il on two trees to
the images of these trees. At first we show that the restriction to noncopying
mappings is indeed necessary.

Fzample 1. Let ¥ = Xy U Xy with Xy = {a} and Xy = {b}, T C Ty the set of
all trees (words) of even height, 2 = 2o U 22 with 29 = {a} and 25 = {b} and
finally Teyer, C Tip the set of all trees that contain a path of even length.

T is periodic and therefore not first-order definable. Let h : Ty — Tp be
defined by h(a) = a and h(b) = b(cy, ¢1). Then h is syntactic for T and Teyen,
but Teyen is first-order definable.

We call the path that starts at node & and contains all nodes in the set
k(12)*(1 U €) the ”zig-zag” path starting at k. This path has even length if the
final node belongs to the set £(12)* and has odd length otherwise. It is easy to
construct a first-order formula @ey,en(2) which is satisfied by all nodes k with
a zig-zag path of even length starting at k. A tree contains a least one path of
even length and one path of odd path of length iff there exists a node k such
that all path below the left successor of £ have even length and all path below
the right successor have odd length or vice versa. In particular @eyen () applies
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to k1 iff peyen(z) does not apply to k2 in this case. Hence we are able to define
the set of all trees that contain at least one path of even length and one path of
odd length. If a tree has only paths of even length or only paths of odd length,
then also the zig-zag path starting at the root has even length or odd length
respectively. So a disjunction of two formulas defines Teyen, one defining the set
of trees with paths of even and odd length and the other one defining the trees
with a zig-zag path of even length starting at the root.

Lemmal4. Let h: Ty — Ty be a tree homomorphism and ¢, € Ts.
Then we have t Np41 ' = h(t) =, h(t').

Proof. Let us call a subtree in A(t) or h(t') resulting from a node labelled a in
t or t' an a-segment. Suppose player I chooses a node { in h(t). Let k be the
preimage of this node in ¢. Then player II chooses a node &’ in t’ according to his
winning strategy in the n+1-round game on ¢t and t'. If the node k in # is labelled
with a then also &’ in ¢’ is labelled with a. In a last step player II computes the
a-segment which is the image of &’ in h(t') and chooses in this segment the same
node as player I. The strategy of player Il is shown in the following picture.

h(t)

i

h(a) h ks

AN

[ Gn+1(t,t)

h(t') .

h(a) h k!
AN ;

After n moves the game ends with n chosen nodes in h(t), h(t'), t and ¢'. Let
us call these nodes I;, I}, k; and k] for i = 1,...,n. Now we have to verify the
winning conditions for player I . We only show the most difficult condition to
verify, le. ; <lj <= I} <1}.

So let I; < ;. If I; and [; belong to the same segment, i.e. k; = kj, then also
k! = k! and since player II has chosen the same nodes in corresponding segments,
we also have [[ < I}.

It remains to investigate the case that I; and Il; do not belong to the same
segment. Thus we have k; < k; and k] < k}. From this fact we can not deduce
directly that I < I} because not all nodes in the segment belonging to k; are
predecessors of all nodes in the segment belonging to k}. Let k;r be the direct
successor of k; above kj, i.e. k;r < kj. Thus I is a predecessor of the segment
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belonging to the r-th successor of k; and so is {! for the segment belonging to
klr. Since player II has played in ¢ and ¢’ according to his winning strategy in the
game with n + 1 moves and up to know only n moves a played, we can deduce
that also kir < k}. Thus I} is a predecessor of all nodes in the segment of &, in
particular of I;.

In order to be able to transfer nondefinability from a tree language T to
another tree language 7° using a tree homomorphism we need an additional

condition stating that the tree homomorphism respects the Nerode-congruences
of T"and T".

Definition15. A tree homomorphism A : Ty — Tg is called syntactic for
TCTyand T CTgiffforallt,t' € Ty ¢ Zp t' = h(t) ZEr h(t').

Lemma 14 and Remark 10 yield immediately:

Theorem 16. Let T C Txy and T' C Ty; be regular itree languages. If T is not
first-order definable and if h : Ty — T is a syntactic tree homomorphism for
T and T', then T' is not first-order definable.

One application of tree homomorphismsis the proof of the following theorem,
stating that the decidability problem for first-order logic can be reduced to binary
tree languages over a one letter alphabet.

Theorem 17. [13] For every regular tree language T, we are able to construct
effectively a regular binary tree language T' over a one letter alphabet such that
T is first-order definable iff T' is first-order definable.

Proof. The proof can be divided into two parts. In the first part we eliminate
unary symbols. Therefore state transformations obtained from unary subtrees
are shifted to minimal nonunary nodes below. Then we code non-unary symbols
in a binary one letter alphabet. The correctness of these transformations is shown
using tree homomorphisms and manipulations of first-order formulas.

The next lemma states that it is decidable whether a syntactic tree homo-
morphism between two regular binary tree languages exists. The restriction to
binary tree languages is motivated by Theorem 17 and also simplifies the proof.
Thus in order to obtain decidability of first-order logic it would suffice to find a
recursively enumerable set of regular binary tree languages such that every other
nondefinable regular tree language is related via a syntactic tree homomorphism
to one of these tree languages. It can be shown that at least no finite set of tree
languages has this property.

Lemma18. Let T and T’ be regular binary tree languages. Then it is decidable
if there exists a syntactic tree homomorphism for T and T".
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Proof of Lemma 18. Let A = (Q,X,6,F) and A" = (Q’, 12,8, F') be minimal
DBA accepting T' and 7" respectively. Every tree homomorphism h induces a
mapping H : Q — 29 defined by H(q) = {6(h(¢))|6(t) = ¢} with the following
properties: (i) H(q) # 0 for ¢ € Q, (ii) §'(h(a)) € H(6(a)) for all a € Ty, (iii)
&' (h(b), H(p1), H(p2)) C H(6(b,p1,p2)) for all b € X and all p1,pp € Q. his
syntactic if additionly (iv) H(p) N H(g) = 0 for all p # q.

Condition (ii) can be satisfied for all H that already satisfy condition (i). Thus
it suffices to test all mappings H which satisfy conditions (i) and (iv) whether for
all b € Xy there exists t, € S% such that 6'(¢y, H(p1), H(p2)) C H(8(b,p1,p2))
for all p1, p2 € Q. Therefore we only have to show that we can compute all binary
mappings m : Q X Q — Q effected by any tree in S%. Every 2-special tree can
be decomposed in 3 special trees and a binary symbol as shown in the following

AN
AN

Thus it suffices to compute all state transformations obtained from special
trees and then to combine these transformations with all binary symbols in all
possible ways as indicated in the previous picture.

An application of Theorem 16 will be given in the next chapter.

5 A-V-Patterns

In [12] it was shown that a certain set of partial boolean expressions is not
first-order definable. The simplicity of this particular tree language allows us to
transfer the proof of nondefinability in first-order logic of this tree language to
all tree languages that satisfy a certain condition (called A-V-pattern) on state
transformations in the corresponding minimal DBA. We first recall the definition
of this tree language.

Definition19. Let 28 = £F u 2P with X2 = {0,1} and TP = {A,V}. Let
Ap v be the DBA over I8 with set of states {0,1, 1}, set of final states {1} and
the transition function v with ¥(0) = 0 and (1) = 1. For A and V we define
in the following tables:

We denote T(Ap v) by Ta,v.

It is easy to see that T, v is aperiodic, because A and V are monoton on 0
and 1. Now we introduce the notion of an A-V-pattern.
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Definition20. Let A = (Q, 2,6, F) be a DBA and let ¢, denote an arbitrary
tree with 8(t,) = ¢ for all ¢ € Q. We say that .4 contains an A-V-pattern if there
exists a nonempty, irreflexive and symmetrical relation R C @ x @ such that
there exists for all (p,p’) € R a tree tp, o € To({2rr,yrr | (r,7') € R}) such
that

® 6(tp,p’ [ﬁr,r' 1l Yrpt — £ ]) = p,

(ii) 6(tppt rpr 1, yrp — ]} =p and

(i) 8(tp,pt [2r,pr = bry Y =) =p'.

The following remark justifies the notion A-V-pattern by showing that ¢, p/
acts as a generalized V for p =0 and p' = 1.

Remark 21. Let A= (Q, 12,6, F) be a DBA and let t, be a tree with §(t;) = ¢

for all ¢ € Q. Let furthermore R C Q@ X Q and ty o0 € To({r,r, yrp | (r,7') €

R}) for all (p,p') € R as in the previous definition. We define simultaneously

for all (p,p') € R a mapping gpp : Te({c}) = Ta({cre | (r,7") € R}) by
9p.p'(0) = tp, Gp,pr(1) = tpr, Gp,pr(€) = ppr,

Ip.p' (V(t1:82)) = topr[@rpr = grrr (1), rrt = grpi (E2)] and
o0 (M(t1,82)) = tpr pler e g p (B1), Yrrt — gro r (B2)].
Then we have for allt € Tys and all (p,p’) € R:

Y(l)=0= 5(9p,p’(t)) =p and y(t)=1= 5(9p,p'(t)) =p.

The conclusion in the previous remark does not depend on a particular choice
of the trees g, ,/(0) and g, ,/(1) whereas the definition of these mappings does.
Therefore we will denote mappings obtained from different choices with the same
name and specify g, »/(0) and g, ,/(1) more precisely when necessary.

Now we turn to the main result of this section stating that the existence
of an A-V-pattern implies nondefinability in first-order logic. In the proof we
will use the trees u; € Txs({c}) for i € IN defined as follows: ug = ¢ and
Um = A(tUm~1, Um~1) if mis even and tp, = V(Um—1, Upm-1) if m is odd.

Lemma 22. [12] Let [,',1"” be leaves in u,, (m > 2) which are not neighbours.
Then we can label all leaves of Uy, with 0 and 1 in two different ways such that
the resulting frees vy, and w,, have the following properties:

1

vm(k) = wm (k) for all leaves k ezcept
V() = v (') = wr () = 0

= wp(l) = v (") = wn (") =1

— ¥(vm) =0 and y(wm) =1

]

Theorem 23. Let A = (Q,$2,6,F) be a minimal DBA that contains an A-V-
pattern. Then T(A) is not first-order definable.

Proof. Let RC Q@ xQ and i, 0 € To({2rr, ¥ | (r,7') € R}) forall (p,p') € R
as in Definition 20. We will construct simultaneously for all (p, p’) € R a sequence
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(st 12P"), e such that §(st?') = p, §(t2P') = p' and (sBP &) o, (887 €).
Then we obtain nondefinability of T'((A) directly from Remark 10.

For n = 0 we put 27 = g, »(V(0,0)) and and 27" = g, 1(V(0,0)) where
9p,p'(0) and gp /(1) are arbitrary with 6(gp »/(0)) = p and 6(gp /(1)) = p’

For the induction step let us assume that s7" and ¢ have the required
properties for all (r,7’) € R and let (p,p’) € R be fixed in the sequel. Now
we apply gpp to the trees up,. For I € front(umy) let us denote by M; the
set of images of | in gp p/(ty, ). From finiteness of the ~,-equivalence relation
on To({¢;r | (r,7') € R}) we obtain that for sufficiently large m there exist
LU, 1" € dom(up,) such that:

(*) Yk € M; 3k' € My 3k" € M
(57t ), &, ) o (0 (1), €, ) 2 (050 (), €,K7).

Let v, and w,, as in Lemma22. We put sp+1 gpp'(vm) and t"';l =
9pp' (W) with grr(0) = s7., and g, (1) = t7,, for all (r r’) G R. From
Remark 21 we obtain immediately that 6(s, "'H =p and 6(t"+1) =

In order to prove ~441-equivalence of s";,l and t”: using Remark 12 let us

first mention that s;’;,l,t;;, € gp,p' (Um)err < {87, (7} | (1) € R] and

that s”“;l = tg';l for all k € front(gpp (um)) \ Mi. Thus it remains to verify
condition (c) of Remark 12 for k£ € M;. But this condition is guaranteed by the
choice of I, ', 1" satisfying (*) and the construction of v, and wy,.

It remains to state effectiveness of this condition.
Lemma 24. [{ is decidable whether an A-V-pattern ezists in a DBA A.

Proof. There is only a finite number of relations R C @ x @, hence it suffices to
decide whether an A-V-pattern for a fixed R exists. We can assign to every tree
t € To({zr 1, Yrr | (r,7') € R}) three states according to the equations (i)-(iit)
in Definition 20. Now let us enumerate all trees in To({r,rt, Yr,r | (r,7') € R})
by increasing height and collect the corresponding tupels of states until all trees
of a certain height m < |Q|> do not add any new tupel to the collection. Then
it remains to test whether for each pair (p,p') € R there exists a tupel (p, p’, p')
in the computed set. This is the case if and only if there exists an A-V-pattern
for R.

The following examples show applications of Theorem 16 and Theorem 23.

Ezample 2. The first tree language known to be aperiodic and not first-order
definable was introduced by Heuter [8]. The proof of the latter property was quite
difficult. In this example we obtain the same result using a tree homomorphism.

Let ¥ = Xy = Xy = {a,b}. A set of nodes in a tree is called a cut if this
set is an antichain that is maximal with tespect to set inclusion. The labelling
of a cut C is the labelling of the nodes of C in the lexicographical ordering.
Let Tgsgax+ = {t € Ty | every cut of size greater than 1 has a labelhng n
Z*aaX*}. Let T C Tys be the set of boolean expressions with value 1 where A
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and V are totally defined, i.e. A(0,0) = 0 and V(1,1) = 1. Finally let A be the
tree homomorphism defined as follows: 2(0) = a(b, b), (1) = a,

h(N) :/ a \ h(V) :/ a \
a a a a
RN /N 7\ 7\
b 1 €2 b b a a a
/N /N
c1  C2 a b
By induction on the height of £, we are able to show:
If ¢ € T then h(l) € Ty+qay+ and if £ € T then A(t) contains a cut with

labelling in 8X*b\ Z*aaX*. Thus h is syntactic for 7" and T'y+ 445+ and therefore
we obtain that T'y+4,5+ is not first-order definable.

Ezample 3. Let ¥ = Yy U Xy with ¥y = {v,=} and ¥, = {0,1} where V and =
are defined in the following tables:
=011 vio 1L

010 1 L

111 L L
11
The following trees show that the minimal automaton (with set of states

{0,1, 1}) accepting the set of expressions with value 1 contains an A-V-pattern.
Let R = {(0,1),(1,0)} and

to1 = \% t10= =
T 1/ \y 1 V/ \V
| | SN N\

Zo1 Y0,1 Zo,1 Yo,1

In order to verify that these trees match the required properties, one only
has to replace ®,1 and yo,1 by 0 and 1 respectively and to compute the value of
the tree. So we obtain easily that this tree language is not first-order definable.

Many aperiodic tree languages that are not first-order definable can be
treated this way. But the tree language introduced in the next definition shows
that the absence of an A-V-pattern does not guarantee first-order definability.
This tree language is aperiodic, contains no A-V-pattern and is chain definable,
but not first-order definable. Thus we also correct a proposition in [18] stat-

ing that every aperiodic and chain definable tree language is already first-order
definable.

Definition25. Let X' = Y3UX, with 5 = {=, <} and Ty = {0, 1}. The binary
symbols = and < denote partial boolean functions defined in the following
tables:
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Let val(t) € {0,1, L} denote the value of a tree t. The set of all trees with
value 1 is periodic, because the tree «(e,0) is counting modulo two. Thus we
have to forbid unlimited direct nestings of < in order to obtain an aperiodic
tree language.

*,C
-

/\

Let T = |c < 40,1} and let T'=T" N {t | val(t) = 1}.

C c

Theorem 26. T is aperiodic, contains no A-V-pattern and is chain definable.

Proof. T is regular, because it is an intersection of a first-order definable tree
language and a regular tree language. It is also easy to see that T is aperiodic
and contains no A-V-pattern because the leftmost path of a tree in 7" consists
of inner nodes only labelled = and already determines the value of the tree in
the following sense: if this path is of even length then the value of the tree is L
or the value of the leftmost leaf, if the path is of odd length then the value of
the tree is L or the complement of the value of the leftmost leaf. The property
of a path to be of even length can be easily expressed in chain logic. Thus we
can construct a formula ¢;(z) expressing that the leftmost path below node «
determines the value of the subtree at node z to be 1 or L. Then we can define
T by the following formula, where @7/ describes T":

o AdzVz! (2 <z’ Api(z)) A

Va:Va:z‘v’xHVxlz[P;x A xSoxg AryS1291 A :132521822] =

[(p1(z) <= (mp1(z21) <= e1(222))]-

Theorem 27. [13] T is not first-order definable

The proof of this theorem is rather technical and is therefore omitted.

6 Conclusion

The notions of tree homomorphisms and A-V-patterns introduced here provide
effective and powerful criteria for first-order definability of regular tree languages.
Nevertheless the problem of deciding first-order definability remains unsolved.
We want to mention some other possibilities to investigate this problem.
Whereas we decrease the alphabet of tree automata and increase the number
of states in the proof of Theorem 17, one can also try the opposite direction,
i.e. to define operations on tree automata that decrease the number of states
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but preserve nondefinability of the accepted tree language. A more algebraic
approach may result from the notion of tree language variety defined in [16]
since the class of first-order definable tree languges build such a variety.
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