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Abstract. In this paper we describe an efficient gossiping algorithm 
for short messages into the 3-dimensional torus networks (wrap-around 
or toroidal meshes) that uses synchronous circuit-switched routing. The 
algorithm is based on a recursive decomposition of a torus. It requires an 
optimal number of rounds and a quasi-optimal number of intermediate 
switch settings to gossip in a 7 ~ • 7 i x 7 i torus network. 

1 Introduction 

Distributed memory multicomputer architectures in which the processors com- 
municate by exchanging messages over an interconnection network are very 
useful techniques for achieving cost-effective high-performance computing. At 
present the "circuit-switched" like routing (wormhole, direct connect, virtual 
cut-through, ...) is used in many recent mutticomputer systems such as the Intel 
Paragon, IBM SP2, Cray-T3D or more recently the new Cray-T3E. 

In this paper, we study the circuit-switched gossiping in 3-dimensional  torus 
networks. After the description of the model of communications, we recall some 
classical definitions used in this study. In section 4 we establish a new non-trivial 
lower bound for the number of rounds from a circuit-switched gossiping protocol. 
In the last section we present a new circuit-switched gossiping algorithm for 
3-dimensional  torus networks which uses linear cost model. We prove that  our 
algorithm is optimal in terms of number of rounds and quasi-optimal in terms of 
number of intermediate switch settings. This algorithm gives an efficient protocol 
when the messages are short or when the time to initiate a message transmission 
is much larger than the unit propagation time of a message along a link. This is 

the situation in many current multiprocessor networks. 

2 M o d e l s  o f  c o m m u n i c a t i o n  

In this paper we will consider the circuit-switched routing model. We will use 
the linear cost model in which the transmission time for a message of length L 
to be sent at distance d is c~ + d5 + LT, where a is the time to initiate a new 
message transmission, 5 is the time to switch an intermediate node, and 1/T 
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is the bandwidth of the communication links. We will use the all-port model 
of communication in which a processor can use all of its communications links 
simultaneously. We also assume tha t  the communication links are full-duplex so 
tha t  messages can travel in both  directions simultaneously. Finally, we assume 
tha t  each node has an initial distinct message, but  all these messages have the 
same length L and we allow messages to be concatenated with negligible cost. 

3 D e f i n i t i o n s  

In this article, 7/q will denote the set of integers modulo q. G will denote a di-  
g r a p h  of order N with vertex set V(G) and arc set A(G). The d i s t a n c e  dG(x, y) 
will denote the length of the shortest dipath from a vertex x to a vertex y. D(G) 
will denote the d i a m e t e r  of a digraph G (i.e. D(G) = max(x,y)ey2(G)dc(x, y)). 
In a symmetr ic  digraph G, A(G) (or shortly A) will denote m a x i m u m  in- 
d e g r e e  of G, that  is the maximum over the in-degrees of all vertices V(G). 

D e f i n i t i o n  1 [5]. T h e  k - d i m e n s i o n a l  t o r u s  is the cartesian sum of k sym- 
metric circuits of orders P~,P2,... ,Pk and is denoted by TM(pl,p2, . . .  ,Pk) = 
Cpl OCp: [J... OCpk , where Cp, denote the symmetric  circuit of order Pi. 

Remark. When Pl = P2 . . . . .  Pk, we will use the abbreviated notat ion 
TM(p) k, We will assume that  p _> 3. 

D e f i n i t i o n  2. The total  t ime necessary to achieve a gossiping protocol in a 
digraph G will be denoted by g(G) = g~(G)a + g~(G)5 + g~(G)T where g~(G) is 
the number  of rounds, g5 (G) the sum of the maximum communication distances 
of each couple of processors implicated in each round of the gossiping protocol 
and g~ (G) measure the flow of information. 

As said before, here we consider only short messages (or equivalently suppose 
~- < < a and v < <  5). So we are mainly interested in determining the opt imal  
go(G) and gs(G). For de(G) a trivial lower-bound is the diameter  D(G). In the 
next section we give a new non-trivial lower-bound for g~ (G). 

4 L o w e r  b o u n d s  

First let 7r(G) be the a r c - f o r w a r d i n g  i n d e x  o f  t h e  d i g r a p h  G (see [2]). For 
any digraph we have establised the following theorem. 

T h e o r e m  3. Let G be a digraph with maximum degree A and order N and 
to = [logz~+l(N)]. If g~(G) <_ 2to then g~(G) > to + 1ogz~+l(~(g-~) -- O(1ogz~+l 
log~+ 1 (N)).  

The idea of the proof is based on a precise enumeration of the load of dipaths 
which can be used in a gossiping protocol. This notion is similar to the arc- 
forwarding index which uses the load of the arcs. Now, with this theorem we are 
able to state the following corollary. 
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C o r o l l a r y 4 .  Given a gossip protocol in the digraph T M ( n )  k, the number of 
rounds necessary to achieve this protocol is g~ (G) >_ (k+l) logsk+l  (n)--O(log2k+l 
log2k+l (n)). 

Proof. This corollary is correct as in [2] it has been proved that  ~ ( TM( n )  k) = 
~k--I 

2 L-~J and in [1] it has been shown that  the total number of rounds to achieve 
a broadcasting protocol in the T M ( n )  k digraph is to. Then a trivial gossiping 
protocol will be the concatenation of 2 broadcasting protocols and g~ (G) < 2t0. 
Therefore the result follows immediatly. 

5 G o s s i p i n g  i n  t h e  3 - - d i m e n s i o n a l  t o r u s  T M ( T i )  a 

5.1 Case  o f T M ( 7 )  3 

The idea of this section come from the original study of J.G. Peters and M. 
Syska [4] for the circuit-switched broadcast in the 2-dimensional torus. Here 
G denote the TM(7)  3 symmetric digraph for which we have established the 
following proposition. 

P r o p o s i t i o n  5. There exists a gossiping protocol on the symmetric digraph G -= 
T M ( 7)  3 with time g(G) = 4(~ + 125 + (1 + 7 + 72 + 73)L~. 

The proof is based on the description of the gossiping protocol. But before 
describing it, we need some additional notations and definitions. 

We will consider the vertices of G as elements of the 3-dimensional  vector- 
space 7/3, with canonical base {el, e2, e3} 1. If M is a 3-dimensional  matr ix and 
U is a set of vectors, M U  will denote the image of U by M : { M x  I x 6 U}. The 
sum of two sets of vectors U1 and (]2 will be U1 + U2 = {x I x  = ul + us,u1 E 
UI~ us C Us}. We will denote by B1 the set {el, e2, e3, 0, - e l ,  -e2 ,  -e3}  of vectors 
whose norm is less than or equal to 1. Note that  B1 is the sphere of radius 1 
centered at zero of 773 for the Lee distance (see [3]). x + B1 is the sphere of 
radius 1 centered at x and it also contains the neighbours of x in G union x. 

D e f i n i t i o n  6 [3]. The c o d e  C is the set of vertices such that  C = { (x l , x2 ,x3)  E 

7731xl + 2x2 + 3x3 = 0}. 

Remark [3]. C is a linear code of length 3 defined over 777. As 7737 = C + B1, then 
C is a perfect Lee code. Note that  C has 49 elements like (0,0,0), ( 2 , - 3 , - 1 ) , . .  �9 

To describe the gossiping protocol of proposition 5 we introduce an additional 

notation. 
Let x be a vertex of a digraph G and A C V(G). The notation x -+ A (resp. 

x +- r is used when the vertex x sends its message towards all the vertices of 
A (resp. all the vertices of A send their own message towards the vertex x). 

1 Vertex (xlel + x2e2 + xaea) will be denoted as the vector x2 �9 
X3 
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We have found (see [1]) a 3 -d imens iona l  matr ix  M0 which performs the 
following algorithm as a gossiping protocol. 
Begin  Gossiping Algorithm in TM(7) 3. 

- R o u n d  1 - Concent ra t ion :  Vx E C, x +-- {x + B1} . . . . . . . .  [Cost: a + 5 + LT]. 
- Step  2 - Gossiping b e t w e e n  t h e  ver t ices  of  C 

�9 R o u n d  2-a: Vx E C, x --+ {x + MOB1} . . . . . . . . . . . . . . .  [Cost: a + 55 + 7LT]. 
�9 R o u n d  2-b: Vx e C, x -+ {x + MgB1} . . . . . . . . . . . . . .  [Cost: (~ § 55 + 72L7]. 

- R o u n d  3 - Final  broadcas t ing:  Vx �9 C, x --+ {x + B1} �9 [Cost: a + 5 + 73Lv]. 

End Gossiping Algorithm in TM(7)  3. 
With a precise analyse of the algorithm we have been able to exhibit a set of 

dipaths in G realizing each round of communication of the algorithm. 

5.2 G e n e r a l i z a t i o n  for  t o r u s  T M ( 7 ~ )  3 

Here Gi denotes the symmetric  digraph T M ( 7 i )  3. We have generalized the pre- 
vious result to the T M ( 7 i )  3 torus digraph. 

P r o p o s i t i o n  7. There exists a gossiping protocol on the symmetr ic  digraph Gi = 
73 -~T. T M ( T i )  3 with t ime g(Gi)  = 4i(~ + !~D(Gi )5  + t ~ -  7-~ 

The main idea of this section is to apply recursively the gossiping protocol 
designed for the torus TM(7)  3 to the torus T M ( 7 i )  3. For this we use the c o d e  
Ci which is the subset of the vertices of Gi defined as Ci = { (Xl ,X2 ,X3)  e 
~73~ ]Xl A- 2x2 A- 3x3 ------ 0 (mod 7)}. The recursion is possible because this code 
is once again a perfect code for the Lee distance. Indeed, spheres of radius 1 
centered at each vertex of the code Ci cover completely the digraph Gi. Tha t  is 
V ( G i )  = 77~ = B1 + Ci. The code Ci has 73/-1 elements. 
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