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Abstract. In [1], we studied the problem of reconstructing a discrete
set S from its horizontal and vertical projections. We defined an al-
gorithm that establishes the existence of a convex polyomino A whose
horizontal and vertical projections are equal to a pair of assigned vectors
(H,V), with H € IN™ and V € IN™. Its computational cost is O(n*m?*).
In this paper, we introduce some operations for recontructing convex
polyominoes by means of vectors H’s and V’s partial sums. These oper-
ations allows us to define a new algorithm whose complexity is less than
O(n*m?).

1 Introduction

A cellis a unitary square [§,2+ 1] x [§,7+ 1] in which 4,7 €ENy. Let S be a finite
set of cells. A column (row) of S is the intersection of S with an infinite vertical
strip [¢,i+1] xR (horizontal Rx [z, i+1]) in which i €Ny. The i-th row projection
and the j-th column projection of S are the number of cells in S’s i-th row and
j-th column, respectively. We dealt with the reconstruction of objects from their
projections: with regard to establishing the existence of an S set of cells in which
the i-th row projection and the j-th column projection are equal to h; and v;,
respectively, and H = (hy, ha, ..., hp) EN™ and V = (v1,vs,...,v,) EN" are
two assigned vectors. In [1], we studied the problem with respect to some cell
set classes on which we imposed some connection constraints and devised an
algorithm for convex polyominoc reconstruction. This algorithm establishes the
existence of a convex polyomino A having projections equal to (H, V). Moreover,
if there is at least one convex polyomino having projection (H, V), the algorithm
reconstructs one of them in a maximum of O(n*m?) time. In this paper, we
deduce some operations (called partial sum operations) for the reconstruction of
convex polyominoes, from some properties of H and V’s partial sums. We use
these operations to define a new algorithm in which it is not necessary to find
out feet’s positions, whereas the ”old” algorithm has to examine all of them (i.e.
O(n?m?) positions). Since the computational cost of a partial sum operations
is O(n m), new algorithm’s complexity is less than O(n?m?) and is therefore
smaller than the previous algorithm’s. At the moment, however, we only have
experimental evidence to support the fact that our algorithm establishes the
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existence of a convex polyomino A whose projections are equal to (H, V), for
all instances (H, V). We wish to point out that Woeginger [3] proved that the
reconstruction problem in the classes of horizontally and vertically convex sets
(h,v) and polyominoes (p) is an NP-complete problem. In [1], we showed that the
reconstruction is NP-complete in the classes (p,h), (p,v), (h) and (v). Therefore,
the problem can be solved in polynomial time only if all three properties p, h
and v, are verified by the cell set. This, in turn, means that the set is a convex
polyomino.

2 Preliminaries

A polyomino is a connected finite set of adjacent cells lying two by two along a
side and it is defined up to a translation. A polyomino is convez if all its columns
and rows are connected. We denote the class of convex polyominoes by (p,h,v).
Let H = (h1,hy, ... hy) €N and V = (v1,v3,...,v,) €EN". The pair (H,V)
is said to be satisfiable in class (p,h,v) if there is at least one convex polyomino
S such that S’s i-th row projection and j-th column projection (starting from
the upper-left corner) are equal to h; and v;, respectively, for i = 1,2,...,n
and j = 1,2,...,m. We also say that S satisfies (H,V) in (p,h,v). From the
definition, we can deduce that if (#, V) is satisfiable in (p,h,v), then:
m L

Vie[l.m]1<h;<n, VYVje[ln]l<wv<m, > hji=)> v. (2.1)
j=1 =1

Consequently, if a convex polyomino S satisfies a pair (H,V) having H € N™
and V € IN", S is contained in a rectangle R of size n x m (see fig. 1).

3 Some convex polyomino properties

Let us take two vectors H € IN™ and V € IN” and a convex polyomino A that
satisfies (H, V). A is contained in a rectangle R of size n x m. Let [S, S'] ([N, N'],
[E, E'], [W, W']) be the intersection of A’s boundary on R’s lower (upper, right,
left) side. Segment [S, S’] is the base of a set made up of h,, consecutive columns
of A, called A’s foot, denoted as Ps. In the same way, we define A’s other three
feet Py, Pe and Py by referring to intersections [N, N'], [F, E'], [W, W']. We
denote feet Ps’s, Py’s, Pg’s and Py ’s by [s1..82], [n1..n2], [e1..€3] and {wi..wo],
respectively. Lét c(u;,j) and ¢(d;, j) be the upmost and lowest cells of A’s j-th
column (see fig. 2). Let W; be the set of columns denoted by Ay, with k € [1..5],
and let and N; be the set of rows denoted by A, with k € [1..2].

Propositionl. i) Ny,_1 CW;_1, forns <j <,
“) VV] - Ndj; fOT‘l SJ < 8y,

1) Nyj-1 C A=W, for 1 <j <ny,

w) A—W;_q C Ny, for sz <j<n.

Proof. (i) Let c(i, k) € Nu,-1, with ny < j < n. We have to prove that k¥ < j.
As we proceed from left to right starting from ns-th column, the ordinates of
the columns’ upmost cells increase progressively. Therefore, if & > j, upmost
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Fig. 1. A convex polyomino that satisfies (H, V') and its vertical projection
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Fig. 2. A convex polyomino’s feet

c(ux, k) and c(uj,j) cells’ ordinates are such that u; > u;. This is impossible
because c(ug, k) is the k-th column’s upmost cell and so uj < i and we obtain
i < uj from c(i, k) € Ny, _1. Therefore, we get k < j.

In the same way we can prove the properties (ii), (iii) and (iv).

k k m n

Let Hy = Y hj, Vpu; = Y v; and A = 5 hj = > v;. From the previous
j=1 i=1 j=1 i=1

Proposition we get:
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Corollary 2. 1) Hy,_1 < Vj_1, forng < j <nm,
i) V; < Hg,, for1 <j< sy,

i) Hy,o1 < A=V;, for 1< j <ngy,

w) A—V;_1 < Hy,, for sa <j < n.

We can deduce the same properties for the rows.

3.1 The feet’s positions

From the definition of convex polyomino, it follows that two pairs of consecutive
feet have a non-empty intersection. In other words,

(PNNPw # 0 and PsNPg #0) or (PyNPg # 0 and PsN Py # 0) (3.2)
Let us now assume that v; < m for all j € [l.n]. Then, Py N Ps = §.
Moreover, from A’s convexity, we deduce that lengths v,,,vn,41,...,Un, and
Vsy, Usi41, - - -, Us; Of Py’s and Pg’s columns are such that:

- if Py is to the left of Ps (n2 < s1), then vy, < vp,41 < ... < vp, and v, >
Vs, 41 = - .. > Vs, (see fig. 1),

- if Py is to the right of Ps (53 < nq), then vy, < w41 < ... < v, and vy, >
Unydtl 2 -+ 2 Unge

Let I and r be | = max{j € [1..n] : vy < vg41, Vg € [1..j — 1]}, and r = min{j €
[1.n] 1 vg > vgy1, Vg € [j..n — 1]} (see fig. 1). If Py is not contained in A’s first
[ columns or last n — 7 — 1 columns, then we have the disconnection shown in
fig. 3(a). Therefore, from the convexity property we obtain:

Ry ... 1y ny...n,

@ (b)

Fig. 3. Two illegal positions of A’s foot Py

Proposition 3. If there is a conves polyomino A that satisfies (H, V) with v; <
m for all j € [1..n], then the positions {ny..ny] and [s1..s2] of A’s feet Py and
Ps are such that: (ny <1 and sy >r) or (s3 <1 and ny >7).

Let us now assume that there is a set C of adjacent columns having the same
length (always less than m), with C C W; (or 4 — W;_1). If C’s columns are
more than the number h; of Py’s columns and Py N C # @, then Py N C is
contained in C’s first or last h; columns. If this condition does not occur, then
we obtain the disconnection illustrated in fig. 3(b). Therefore, if we denote Iy
and 7y as I; = min{j € [1.n] : v; = v}, 1y = max{j € [L.n] : v; = v, }, (see
fig. 1) being Py C Wy and 1 + by — 1 <, we can deduce that Py C Wy, 4p,-1.
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Consequently, by setting: Iy = min{ly + hy — 1,1}, ls = max{l; + hp, — 1,1},
rs = max{r; + by — 1,7}, and ry = max{r; + hy — 1,7}, we obtain:

Proposition4. If a convex polyomino A exists that satisfies (H, V) withv; < m
for all § € [1..n], then positions [ni..ns] and [s1..s5] of A’s feet Py and Ps are
such that: (ng < Iy and sy >rs) or (s3 <ls and ny > ry).

We now examine the case in which there is at least one j € [1..n] such that
v; = m: the j-th column belongs to both feet Py and Ps. It follows from A’s
convexity that if there is a set M of m-long columns, these columns are adjacents
and are contained in Py and Ps. Moreover, V’s elements are a unimodal sequence
and we have the three cases are illustrated, in fig. 4 (a), (b) and (c):

Proposition5. The numbers h; and hy, of Py and Ps’s columns are such that
hi>l—r+1and hy, > 1 —r+ 1. Moreover,

a)ifhy >l—r+1and hpy >1—r+1, then:ny =l—h1+1,n3=1 and s; =
r8y=r+hn—-1,orni=r,ng=r+h,—1 and sy =l—h1+1, s5 =1

b) If hy =l—r+1 and hyy, > 1 -7+ 1, then:ny = r, ny = | and s; >
l—hy,+1,s9<r+h, —1.

¢)Ifhy > l—r+1 and hy, = I—r+1, then: ny > I—hy+1,n3 < r4+hy—~1 and 51 =

r, s = 1.
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Fig. 4. Some convex polyominoes containing a set of m-long columns

In the same way, by using the vector H, we can deduce that feet Pyy’s and Pg’s
position have analogous limitations.

4 Partial sum operations

In this section, by using the properties of partial sums H;, V; and the feet’s
positions, we define some operations for reconstructing convex polyominoes A
from their projections (H,V). We call any set o of cells such that « C A a
kernel, and we call any set § of cells such that A C 8 C R a shell , where R
is the rectangle containing A. Assuming that o« := 0 and 8 := R, we define the
partial sum operations for A’s reconstruction that reduce the shell and expand
the kernel. We reduce the shell by eliminating the cells not belonging to A from
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B. Vice versa, we expand the kernel by putting the cells belonging to A into a.
We label a’s cells 71”7 and the ones not belonging to 7 70”.

Let us take two vectors H € IN™ and V € IN". From Corollary 2’s condi-
tions we can deduce a lowest (upmost) bound of the upmost (lowest) cells of A’s

columns, where A satisfies (H, V). Let Uj(l) = max¢ such that H;_; < A -V},
.(2) = maxi such that H;_y < V;_; where i € [2..m+1], and D(l) = min¢ such
that A-V_1 < Hy, D( ) = mini such that Vi < H; where i € [1 .m].

If we know the p0s1tlon ny and ny of A’s foot Py, from conditions (i) and (iii)
of Corollary 2, the ordinate u; of the upmost cell ¢(u;, j) is:

u; < U]-(l), for1 <j<mn;andu; < U;z), for ny < j < n.
Likewise, if we know the positions s; and sy of A’s foot Pg, then from conditions
(i) and (iv) of Corollary 2, we deduce that the ordinate d; of the lowest cell

e(dj, g) is: dj > Dgl), for 1 <j < sy andd; > D](-2), for s5 < j < m.
Therefore, U}P) with p = 1,2, is the lowest bound of u;, while DJ(-q) withgqg =1, 2,

is the upmost bound of d;. For instance, some positions of U. () and Dg.l) are
illustrated in fig. 5. Since the length of the j-th column is v;, we obtain the
following shell reduction from these bounds:

1)if 1< j <ny and i > U + vy, then cfi, §) € 4;

2)ifnyg<j<mnandi> Uj(z) + v;, then (i, j) ¢ 4;

3)if 1 <j < s andi < D —v;, then c(i,5) ¢ A;

4yif sy < j<nandi< D](.z) - vj, then ¢(4,7) ¢ A.

We now consider a column in which there are both bounds U;p ) and D§q). More-
over, we assume that this column’s bounds are such that: U-(p) < D(.Q)

If D(Q) U(p) +1 > vj, then d;j — u; > v;. Consequently, there is no a convex
polyommo A that satisfies (H, V)
If D(q) U(P) +1 < v;, then we get an expansion of the kernel, that is ¢(4, j) € 4,
for U(p) <i< D(q) because U(p) is the lowest bound of ¢(u;, j)’s position and,
therefore, we have i1 < U(p) such that ¢(é1,7) € A. Likewise, since D(‘Z) is the
upmost bound of ¢(d;, j)’s position, we obtain is > ng), such that c(zz, ) € A.
By means of A’s convexity, we deduce that c(z,5) € 4, for i3 < i < ¢ and
U(p) <i< D(q) Therefore:
5) if § exists such that D(Q) U(p) +1 > vj, there is no convex polyomino that
satisfies (H,V); otherwise, if 1 < DEQ) Uj(p) + 1 < v, then ¢(3,5) € A, for
U(P) < i < D(’I)
It is worth noting that if ng) < U , we cannot expand the kernel, but we can
reduce the shell by means of steps (1) (4). Steps (1)-(5) are called partial sum
operations. Unfortunately, we do not usually know the feet’s positions and so if

we want to perform any partial sum operation, we have to use the properties
of the feet’s positions as determined in the previous section. We start out by
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Fig. 5. Bounds UJ(-z), Dg-l) and the shell reduction obtained by operations (2) and (3)

assuming that v; < m for all j € [1..n]. From Proposition 4, we get the following
two cases:

a) Py is contained in the first /; columns and Ps in the last n ~rg — 1 columns;
b) Ps is contained in the first {5 columns and Py in the last n —ry —1 columns.

In the first case, we have ny < Iy and s; > rg. Consequently, by determining
Uj(z) for Iy < 7 < n, and D](l) for 1 < j < rs, we get the lowest bound of u; (i.e.
u; < Uj(z)) and the upmost bound for d; (i.e. d; > D](l)). Foot Py is made up
of by columns and so j-th column, with Iy — hy +1 < j < Iy, belongs to Py or
is on its right. Therefore, u; = 0 or u; < UJ-@), and so U]-(Z) is the lowest bound

of u;, for Iy —h1+1 < j < n. Analogously, D§1) is the upmost bound of d;, for

1<j £ rs+ hm— 1. Consequently, we can perform partial sums operations (2)
and (3) as follows:

a.2)if Iy —h1 + 1< j<nandi> U +uj, then c(i, j) € 4;
2.3)if 1< j <rs+hpm—1and i< DY — v, then (i, j) ¢ 4.
Bounds UJ-(Z), D§1) and the consequent shell’s reduction are illustrated in fig. 5.
Let us now consider the j-th columns, with Iy —h; +1 < j < rg+ h,, — 1
(i.e., the columns having both bounds Uj(z) and D](l)). By means of Uj(z)’s and



302

D](-l)’s definitions, we get: HUJ(z)_l < V-1 < V; < Hp), and consequently:
Uj(z) < Dgl). We then perform the partial sums operationj(5) as follows:

a.5) if there is j € [[y — hy + 1..rg + Ay, — 1] such that DJ(-l) - Uj(z) +1 > v;, then
there is no convex polyomino that satisfies (H, V); otherwise, if D(l) U; 1<

vj for all j € [Iy — h1 + 1..r5 + hyy — 1], then c(i, j) € A for U(z) <i< Dgl)
This kernel’s expansion is shown in ﬁg 6, and cells ¢(, §) Wlth j€E [lN —~hy +
1..r¢ + hpy — 1] belong to A.
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Fig. 6. The expansion of kernel obtained by operation (5)

Let us now consider the j-th column, with 2y +1 < j < Iy — k1. It is either
to the right or left of Py, or belongs to it. If it is to the right of Py or belongs

to it, then u; < U(2) or u; = 0. If the j-th column is to the left of Py, then

we obtain the column s lowest position when Px is in the rightmost position
(i.e., [n1..n9] = [IN = h1 + 1..Ix]). From A’s convexity we deduce that the or-
dmate d; of the j-th column’s lowest cell cannot be greater than vy —p, 41 (see

fig. 6). As a consequence, u; < U(z) where U( ) = = Uiy -hy+1—j +1. Therefore, if
hi+1<j<ly~—hy,then max{U(z) U(z)} is the lowest bound of u;. By perfom-
ing partial sum operation (5), we obtain that, if max{U; @ U(Z)} < D{l) the cells
between D( ) and max{U(z) U(z)} belong to A, while, if D( ) < max{U(Z) U(Z)}

(because U(z) < D(l)) we obtain U(z) = max{U](Z) U(z)} In this case, the ordi-
nate d; cannot be greater than va hi+1, that ] 1s c(z,J) g Afor i > Uy—pi41-
Sequences {Uh1)+1’U1(12-'n . ,(]3) n, ) and {Dh 1 211)4_2, . D(l) h,} are tWo
increasing sequences with D; ) > U( )for each j, while {Uh1+1: ,(13_2, . U,(I? h
is a decreasing sequence. Hence there is a k € [(h1 +1)..hipy—n,] such that
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Ul < DY < TP, 5 € [(h1 +1).-(k = 1)), max{UP, TP} < DM, j € [kohiyon,),
(see fig. 6) and by performing operations (2) and (5), we obtain the following
shell reduction and kernel expansion:

a.2) c(i,j) € A, for i > vy _p, 41 and j € [(hy + 1)..(k — 1)};

a.5) c(i, j) € 4, for max{U?, 01"} < i < DV and j € [k..hip—n,];

(see fig. 7). Finally, we consider the j-th column, 1 < j < hy, which is ei-
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Fig. 7. Kernel expansion and shell reduction by means of operations (2), (3) and (5)

ther to the left of Py or belongs to it. Therefore, the ordinate d; is such that
d; < viy—h,+1 and we obtain the shell reduction:
a.3) c(i,7) € A, for i > vy _p, 41 and j € [1..hq].
We now deal with the columns that contain the foot Ps (i.e., j-th columns, with
rs + by < j < n) as we did for the columns that contain the foot Py. We

have the lowest bound of u; (i.e., u; < Uj(z)) and the upmost bound of d; (i.e.,
d; > min{D](l), D](-l)}, where DJ(-I) =M — VUpg4h,.—1+ vj) (see fig. 6). Moreover,
the position ng of Py is smaller than Iy and so the cells of the first row to the
right of Iy do not belong to A. Likewise, since s; position of Ps is greater than
rs, we have that the cells of the m-th row to the left of ry do not belong to A.
Figure 7 illustrates the kernel and shell obtained by performing the partial sum
operations on the columns.

By symmetry, case (b) (Ps is contained in the first 5 columns and Py in
the last n — ry — 1 columns), is analogous to the previous one. We perform the
partial sum operations (1), (4) and (5) by using Uj(l) and DJ(-Z) (instead of Uj(z)
and DJ(-I)).

Let us now assume that there is a set M of columns having length m. From
Proposition 5, we deduce that if these columns are adjacent (v, = vp4qy = =
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v = m) and V’s elements are a unimodal sequence, then M belongs to A and
we can expand the kernel by setting « := M. Otherwise, there is no convex
polyomino that satisfies (H, V). Therefore, we verify that M is made up of some
adjacent columns and V’s elements are a unimodal sequence and sizes hy and
hm of Py and Ps have to be greater than the number ! - r+ 1 of M’s columns.
We have the three cases described in Proposition 5. In the first one Py is to the
left of Ps or vice versa, and we know the two feet’s positions. In both cases, we
can expand the kernel by putting Py and Ps into «. Since we know positions
n1, na, 51 and sz, we can perform the partial sum operations (1)-(5).

In case 3.6 (b) we know the positions n; and ny of Py and so we perform the
partial sum operations (1), (2). Foot Py is made up of A, columns and so the
j-th column, with r — A, + 1< j < r—1, belongs to Ps or it is to the left of
Pg. Therefore, d; = m or d; > D](-l), and so D](-l) is the upmost bound of d;, for

1 < j < r—1. Analogously, D;Z) is the upmost bound of d;, for [+ 1< j < n.
Consequently, we can perform partial sum operations (3), (4) and (5) on the
columns not belonging to M. Case 3.6 (c) is symmetric to the previous one.

We wish to point out that, we have to perform some partial sum operations
on the columns twice (except 3.6 (b) and 3.6 (c) cases): the first time we assume
that Py is to the left of Ps; the second time, we assume that Py is to the right
of Ps . We proceed in the same way for the rows and use H instead of V. From
condition (3.2) (i.e., two pairs of consecutive feet have a non-empty intersection),
we can deduce some limitations of feet Py ’s and Pg’positions, in addition to
the ones obtained from Propositions 4 and 5. As for the columns, we have to
perform the partial sum operations on the rows twice: the first time, we assume
that Py is north of Pg; the second time, we assume that Py is south of Pg.
Fig. 8 illustrates the kernel and shell obtained by performing the partial sum
operations on the columns and rows, where we assume that Py is north of Pg.
These operations produce a kernel that can be considered as a "spine” of the
convex polyomino.

5 The reconstruction algorithm

In [1], we defined an algorithm that establishes the existence of a convex poly-
omino A satisfying a pair of assigned vectors (H,V), with H € N™ and V € IN™.
The number of possible positions of the four feet is (n— hy +1)(n — by + 1)(m —
vy + 1)(m — v, + 1) < n?m?. For each, the algorithm attempts to construct a
convex polyomino A satisfying (H,V) by means of a procedure that performs
some operations (called filling operations) and then links our problem to the
2-SATISFIABILITY problem [2], which can be solved in linear time. The pro-
cedure’s complexity is less than O(n?m?) and, since we perform it for each of
possible feet’s positions, we can deduce that the algorithm’s complexity is less
than O(n*m?). In this section, we define a variant of this algorithm by means
of the partial sum operations. We start out by performing the partial sum op-
erations on the columns and rows and then apply the previous construction
procedure to the kernel and shell obtained by our partial sum operations. The
new algorithm’s main steps are the following:
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Fig.8. The kernel and shell obtained by performing the partial sum operations on the
columns and rows.

1.
2.
3.

4.

4.1

We check to see if (H, V) verifies the conditions (2.1).
We calculate the partial sums H;, V; fori=1,...,mand j=1,...,n.

We determine the feet’s limitations ( denoted by Iy, ls, 7y and rgs for Py
and Pg,).

If V’s elements satisfy the 3.6 (b) or 3.6 (c) condition of Proposition 5 we
perform the partial sum operations on the columns. Otherwise, we perform
the following two steps: in the first, Py is assumed to be to the left of Pg; in
the second, Py to the right of Ps. We perform the partial sum operations
on the columns in both cases and we proceed as follows:

if H’s elements satisfy the same conditions 3.6 (b) or 3.6 (c), we perform
the partial sum operations on the rows and use the ”old” algorithm’s con-
struction procedure. If these conditions do not hold, in the first, we assume
that Pw is north of Pg, in the second we assume that Py is south of Pg.
We deduce some other limitations of these two feet by also using condition
(3.2). For each substep, we perform the partial sum operations on the rows
and use the "old” construction procedure.

Therefore, the feet have a maximum of four combinations and we perform the
partial sum operations on the columns and rows for each; then we apply the
construction procedure of the "old” algorithm. Performing the partial sums on
the columns and rows involves a computational cost of O(n m), while the com-
plexity of the construction procedure is less than O(n?m?). Consequently, new
algorithm’s complexity is less than O(n?m?).
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6 Conclusions

In this paper, we defined a new algorithm that establishes the existence of a
convex polyomino A satisfying a pair of assigned vectors (H, V). The algorithm’s
first step consists of performing the partial sum operations on the feet’s four
combinations. For each combination, these operations reduce shell 8 and expand
kernel « (see fig. 8). We obtain a convex polyomino "spine”. By performing the
filling operations on this ”spine” we further reduce § and expand «. For instance,
by performing the filling operations on the "spine” illustrated in fig. 8 we obtain
a = f = A. From the "old” algorithm’s results (see [1]), it follows:

- if & and § produced by the filling operations are such that « ¢ g, then there
is no convex polyomino A that satisfies (H, V).

- If we obtain « and 3 such that & = f and « is a convex polyomino, then o = A;
that is, there is at least one convex polyomino that satisfies (H, V) and we have
reconstructed one of them.

- If we obtain « and f such that « and § are two convex polyominoes, with o C 3,
and the length of the j-th column (the i-th row) is equal to, or smaller than, 2v;
(2h;) for all j € [1..n] (¢ € [1..m]), then we can refer to the 2-SATISFIABILITY
problem, that can be solved in linear time.

In [1] we proved that the ”old” algorithm always produces « and § that ver-
ify one of the preceeding conditions, whereas we only have some experimental
evidence that the new algorithm produces these results. We ran it up to thou-
sands of cases and found that for each of them, the & and § produced by the
partial sum and filling operations verify one of the three conditions. Moreover,
this algorithm is much faster than the old one and allows us to reduce the feet
combinations to be examined down to four (with the ”old” algorithm, we have
to examine all the positions of the four feet (i.e., O(n?>m?) positions). We wish
to point out that, if polyomino 4 is "oblong”, that is the length of its columns
and rows are small with the respect to m and n, then the partial sum operations
produce a good expansion of the kernel, that is a big ”spine” of the polyomino.
On the contrary, if there are some columns and rows of A having length about
equal to m and n, then the partial sum operations determine a small "spine” of
the polyomino. But, in this case the filling operations produce a good expansion
of the kernel and a good reduction of the shell.
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