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Hilbert space

A Hilbert space H is a normed complex vector space with a Hermitian
scalar product. If ¢, 1 € H the scalar product between ¢ and v is written
as (¢,%) = (¥, p)* and is taken to be linear in ¢ and antilinear in ¢: if
a, b € C, the scalar product between a ¢ and by is a*b(¢, ). The norm of )
is defined as ||¢|| = /(¥, ). With respect to the norm || - ||, H is a complete
metric space. In the following H will be assumed to be separable, that is any
complete orthonormal set of vectors is countable.

States and observables

In quantum mechanics the states of a system are represented as vectors
in a Hilbert space H, with the convention that proportional vectors repre-
sent the same state. Physicists mostly use Dirac’s notation: the elements
of H are represented by |-) (“ket”) and the scalar product between |¢)
and |1 ) is written as (¢ | ) (“braket”). The observables, i.e. the physical
quantities that can be measured, are represented by linear Hermitian (more
precisely: self-adjoint) operators on H. The eigenvalues of an observable are
the only possible results of the measurement of the observable. The observ-
ables of a system are generally the same of the corresponding classical sys-
tem: energy, angular momentum, etc., i.e. they are of the form f(q,p), with
q=(q¢1, " ,qn),p = (p1,* -, pn) the position and momentum canonical vari-
ables of the system: ¢; and p; are observables, i.e. operators, which satisfy the
commutation relations [g;, ¢;] = ¢:q; — ¢;¢ = 0, [pi,pj] =0, [¢:,pj] = iRy,
with A the Planck’s constant A divided by 2.

Representations

Since separable Hilbert spaces are isomorphic, it is always possible to
represent the elements of H as elements of [, the space of the sequences
{w;}, w; € C, with the scalar product (v,u) = ). viu;. This can be done by
choosing an orthonormal basis of vectors e; in H: (e;,e;) = d;; and defining
u; = (e;,w); with Dirac’s notations |A) — {a;}, a; = (e; | A). Linear



operators £ are then represented by {&;}, & = (ei,€ej) = (e | € | e;).
The &;; are called “matrix elements” of ¢ in the representation e;. If T is
the hermitian-conjugate of &, then (£7);; = & If the e; are eigenvectors of
¢ then the (infinite) matrix §;; is diagonal, the diagonal elements being the
eigenvalues of &.

Schrodinger Representation

A different possibility is to represent the elements of H as elements of
L?[R™], the space of the square-integrable functions on R", where n is the
number of degrees of freedom of the system. This can be done by assigning
how the operators ¢; and p; act on the functions of L?[R"]: in the Schrodinger
representation the ¢; are taken to act as multiplication by x; and the p; as
—1h0/0z;: if |A) — Ya(zy,- - x,), then

qi | A) - xi¢A<$1a o '$n)> Di | A> - _iha¢A($1, e 'l"n)/al"i-

Schrodinger Equation
Among the observables, the Hamiltonian H plays a special role. It
determines the time evolution of the system through the time dependent
Schrédinger equation
zha—w = Hy
o

and its eigenvalues are the energy levels of the system. The eigenvalue equa-
tion Hy = E is called the Schrodinger equation.

1 Definition of the Subject

In the investigation of natural phenomena a crucial role is played by the
comparison between theoretical predictions and experimental data. Those
practicing the two arts of the trade continuously put challenges to one an-
other either presenting data which ask for an explanation or proposing new
experimental verifications of a theory. Celestial mechanics offers the first
historical instance of this interplay: the elliptical planetary orbits discovered
by Kepler were explained by Newton; when discrepancies from the elliptical
paths definitely emerged it was necessary to add the effects of the heavier
planets to the dominant role of the sun, until persistent discrepancies be-
tween theory and experiment asked for the drastic revision of the theory of
gravitation put forth by Einstein, a revision which in turn offered a lot of
new effects to observe, some of which have been verified only recently.

In this dialectic interaction between theory and experiment only the sim-
plest problem, that of a planet moving in the field of the sun within Newton’s



theory, can be solved exactly. All the rest was calculated by means of per-
turbation theory. Generally speaking, perturbation theory is the technique
of finding an approximate solution to a problem where to a dominant factor,
which allows for an exact solution (zero™ order solution), other “perturb-
ing” factors are added which are outweighed by the dominant factor and are
expected to bring small corrections to the zerot" order solution.

Perturbation theory is ever-pervasive in physics, but an area where it
plays a major role is quantum mechanics. In the early days of this discipline,
the interpretation of atomic spectra was made possible only by a heavy use
of perturbation theory, since the only exactly soluble problem was that of the
hydrogen atom without external fields. The explanation of the Stark spectra
(hydrogen in a constant electric field) and of the Zeeman spectra (atom in
a magnetic field) was only possible when a perturbation theory tailored to
the Schrédinger equation, which rules the atomic world, was devised. As
for heavier atoms, in no case an exact solution for the Schrodinger equa-
tion is available: they could only be treated as a perturbation of simpler
“hydrogenoid” atoms. Most of the essential aspects of atomic and molecu-
lar physics could be explained quantitatively in a few years by recourse to
suitable forms of perturbation theory. Not only did it explain the position
of the spectral lines, but also their relative intensities, and the absence of
some lines which showed the impossibility of the corresponding transitions
(selection rules) found a convincing explanation when symmetry consider-
ations were introduced. When later more accurate measurements revealed
details in the hydrogen spectrum (the Lamb shift) that only quantum field
theory was able to explain, perturbation theory gained a new impetus which
sometimes resulted in the anticipation of theory (quantum electrodynamics)
over experiment as to the accuracy of the effect to be measured.

An attempt to describe all the forms that perturbation theory assumes in
the various fields of physics would be vain. We will limit to illustrate its role
and its methods in quantum mechanics, which is perhaps the field where it
has reached its most mature development and finds its widest applications.

2 Introduction

An early example of the use of perturbation theory which clearly illus-
trates its main ideas is offered by the study of the free fall of a body [29].
The equation of motion is

T=G+20xQ+Qx (FxQ) (2.1)



where ¢ is the constant gravity acceleration and Q) the angular velocity of the
rotation of the earth about its axis. (2 is the parameter characterizing the
perturbation. If we wish to find the eastward deviation of the trajectory to
first order in 2 we can neglect the third term in the RHS of (2.1), whose main
effect is to cause a southward deviation (in the northern hemisphere). The
ratio of the second term to the first one in the RHS of (2.1) (the effective
perturbation parameter) is 24/h/g ~ 107" for the fall from a height h ~
100 m, so we can find the effect of Q2 by writing ¥ = ¥y + ¥ in (2.1), where
Ty is the zero™ order solution (7, = gt if 75(0) = 0) and ¥} obeys

¥ = 20 x Q = 2t§ x €. (2.2)

The solution is ¥ = h + %ﬁtQ + %t?’g x (). The eastward deviation is the
deviation in the direction of g x O and its value is § = %f 3gQ cos 6, where 0
is the latitude and ¢ the zero™ order time of fall, t = \/2h/g.

While the above example is a nice illustration of the main features of
perturbation theory (identification of a perturbation parameter whose powers
classify the contributions to the solution, existence of a zero' order exact
solution) the beginning of modern perturbation theory can be traced back
to the work of Rayleigh on the theory of sound [33]. In essence, he wondered
how the normal modes of a vibrating string

v 0%

p(x)ﬁ =92 v(0,t) =v(m,t) =0 (2.3)

are modified when passing from a constant density p = 1 to a perturbed
density p+ eo(x). To solve this problem he wrote down most of the formulae
[33, 10] which are still in use to calculate the first order correction to non-
degenerate energy levels in quantum mechanics.

The equation for the normal modes is

u”’(z) + Ap(x)u(z) = 0, u(0) = u(m) = 0. (2.4)

Let u1(10) = \/2/7sinnx be the unperturbed solution for the n'® mode, \, =
n?, and u? +eult) the perturbed solution through first order, corresponding
to a frequency A\, + €u,,. By writing the equation for ull

d? us)
dx?

+ 2t + p,u® 4 X oul® =0 uV(0) =uM(r) =0 (2.5

after multiplying by u” and using Green’s theorem he found

o, = —)\n/ o(z)(u®)? dz, (2.6)
0

D



™ An s
Uy, = / uOul dx = / ouOu® dx (r #n) (2.7)
0 Ar = An 0

/ uPuM dz = 0. (2.8)
0

As an application Rayleigh found the position 7/2 + dx = 7/2 + er of the
nodal point of the perturbed mode n = 2 when the perturbation to the
density is 0 = ké(x—mn/4). The vanishing of ugo)+eu§1) determines 21/2/m7T =
ugl)(w/Q). By (2.7) the function uél) has an expansion uél) = D o anott,

(py = % sinnm/4. The result for 7 is

(The series in brackets is equal to fol iiii de = 3 OOO iizz
calculated by contour integration.)

Perturbation theory was revived by Schrodinger, who introduced it into
quantum mechanics in a pioneering work of 1926 [44]. There, he applied the
concepts and methods which Rayleigh had put forth to the case where the
zero'" order problem was a partial differential equation with non-constant
coefficients, and he wrote down, in the language of wave mechanics, all the
relevant formulae which yield the correction to the energy levels and to the
wave functions for the case of both non-degenerate and degenerate energy
levels. As an application he calculated the shift of the energy levels of the
hydrogen atom in a constant electric field by two different methods. First
he observed that in parabolic coordinates the wave equation is separable
also with a constant electric field, which implies that in the subspace of the
states with equal zero™ order emergy the perturbation is diagonal in the
basis of the parabolic eigenfunctions, thus circumventing the intricacies of
the degenerate case. Later, he used the spherical coordinates, which entails
a non diagonal perturbation matrix and calls for the full machinery of the
perturbation theory for degenerate eigenvalues.

It is of no use to repeat here Schrodinger’s calculations, since the meth-
ods which they use are at the core of modern perturbation theory, which is
referred to as the Rayleigh-Schrédinger (RS) perturbation theory. It rapidly
superseded other approaches (as that by Born, Heisenberg and Jordan [7],
who worked in the framework of the matrix quantum mechanics), and will
be presented in the following sections.

dx, which can be



3  Presentation of the Problem and an Example

The most frequent application of perturbation theory in quantum me-
chanics is the approximate calculation of point spectra. The Hamiltonian H
is split into an exactly solvable part Hy (the unperturbed Hamiltonian) plus
a term V' (the perturbation) which, in a sense to be specified later, is small
with respect to Hy: H = Hy + V. In many cases the perturbation contains
an adjustable parameter which depends on the actual physical setting. For
example, for a system in an external field this parameter is the field strength.
For weak fields one expects the spectrum of H to differ only slightly from the
spectrum of Hy. In these cases it is convenient to single out the dependence
on a parameter by setting

H(\) = Hy+ \V. (3.1)
Accordingly we will write the Schrodinger equation as

HA)Y(A) = EQA)YA). (3-2)

We will retain the form (3.1) of the Hamiltonian even when H does not con-
tain a variable parameter, thereby understanding that the actual eigenvalues
and eigenvectors are the values at A = 1.

The basic idea of the RS perturbation theory is that the eigenvalues and
eigenvectors of H can be represented as power series

[e.9]

PA) =) A B =) Me, (3.3)

0

whose coefficients are determined by substituting expansions (3.3) into (3.2)
and equating terms of equal order in A. Generally, only the first few terms
of the series can be explicitly computed, and the primary task of the RS
perturbation theory is their calculation. The practicing scientist who uses
perturbation theory never has to tackle the mathematical problem of the
convergence of the series. This problem, however, or more generally the
connection between the truncated perturbation sums and the actual values
of the energy and the wave function, is fundamental for the consistency of
perturbation theory and will be touched upon in a later section.

Before expounding the technique of the RS perturbation theory we will
consider a simple (two-dimensional) problem which can be solved exactly,
since in its discussion several features of perturbation theory will emerge
clearly, concerning both the behavior of the energy E(\) and the behavior
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of the Taylor expansion of this function. From the physical point of view a
system with two-dimensional Hilbert space C? can be thought of as a particle
with spin 1/2 when the translational degrees of freedom are ignored.

Let us write the Hamiltonian H = Hy+ AV in a representation where H,
is diagonal:

_(EY 0 Vin Via \ [ EY+ AV Vi
H‘( 0 Eg>+)\(v21 Ve )T\ A B )0 O
We consider first the case EY # EY, Viy # 0. The exact eigenvalues
Ej5(\) of H are found by solving the secular equation:

o) = 5 [(BY 4 V) + (B + W) = VADY],  (85)
A(N) = ((BY + AVi) = (B + Vo)) + 4N Vo, (3.6)

The corresponding eigenvectors, in the so called intermediate normalization
defined by (1(0),%(\)) =1, are

Expanding Ej 5()\) through order A3 we get:

Via|® [Via|2(Viy — Vi)

Ey(\) = E°+ ) >\2|1—2—)\3 2 .

1(A) = EY + AViy + B G +0\Y (3.9
Vial? |Via|2 (Vi1 — Vo)

Ey(\) = E° + \V. —A2L+/\3 + 0. (3.10

At order 1 only the diagonal matrix elements of V' contribute to E; 5. The
validity of the approximation requires A|Vis| < |EY — E9|. If this condition
is not satisfied, that is if the eigenvalues E?, EY are “quasi-degenerate”, all
terms of the expansion can be numerically of the same order of magnitude
and no approximation of finite order makes sense.
Note that, within the first order approximation, “level crossing” (F1(\) =
E5()N)) occurs at
A= —(B) = B3)/(Vi1 — Vas). (3.11)

On the other hand Eq. (3.5) shows that level-crossing is impossible, unless
Via = 0, in which case the first order approximation yields the exact result.

8
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Figure 1: The behavior of the exact eigenvalues E}2(A) when Vi = 0 (blue
lines) and when Vio # 0 (red lines).

If V1o # 0 the behavior of the levels E;()\) and Fy()\) near A is shown in
Figure 1: the two levels “repel” each other [49].
At first order the eigenvectors ¢ 2(\) are
Vo= (L e - BY)) (3.12)
)= (/B - B), 1) (3.13)

The expectation value ( P, H wﬁ”) /( P, El]) of the Hamiltonian over wﬁ”,
for example, is

Viel? s [Viel(Vin = Vo) (4 [Viol*
EY — Ej (EY — E3)? (EY — E3)

EY 4+ AVi + )2 =+0(X°) (3.14)

which agrees with E;(\) up to the A3 terms (the correct fourth order term
contains also [Via[?(Viy — Va2)?/(EY — E9)* ). This is an example of Wigner’s
(2n + 1)-theorem [52], see Section 4.2.

The power expansions of Ej2(A) and 9 2(\) converge in the disk |A| <
|EY — E9|// (Vi1 — Vag)? + 4|Vi5]2. The denominator is just twice the infi-
mum over a of the operator norm of V' — al. Since adding to V' a multiple
of the identity does not affect the convergence properties of the Taylor’s se-
ries of E()), we see that the convergence domain always contains the disk
IA| < |EY — E9]/2||V]|, a property which holds true for any bounded pertur-
bation in Hilbert space (see Sec. 8).

If Hy is degenerate, that is EY = EY = E° then the eigenvalues are
obtained by diagonalizing V. The degeneracy is removed and the corrections
to the eigenvalues are of first order in A:

1
Bia) = B+ 5 (Vi + Vi £/ (Vir = VP + 4Vl ) (3.15)

9



while the eigenvectors are A\ independent.

The infinite dimensional case is much more involved. In particular, in
most cases the perturbation series does not converge at all, that is its ra-
dius of convergence vanishes. However, we shall meet again the three situa-
tions discussed above: the case of non-degenerate eigenvalues EY such that
|EY — EX | > |AVinl, the case of degenerate eigenvalues and finally the case
of “quasi-degenerate” eigenvalues, i.e. groups of eigenvalues Egi such that
|Ep. — Ep.| < |AVin,|. As discussed above, in this last case H,,,, must be
diagonalized exactly prior to applying perturbation theory.

4  Perturbation of Point Spectra: Nondegenerate Case

In this section we consider an eigenvector vy of Hy belonging to a non-
degenerate eigenvalue Fy and apply the RS theory to determine the power
expansions (3.3) such that Eq. (3.2) is satisfied, the Hamiltonian H(\) being
given by (3.1). The case of a degenerate eigenvalue will be considered in Sec-
tion 5. For both cases the starting point is the substitution of the expansions
(3.3) into (3.2), which, upon equating terms with equal powers, yields the
following system of equations

n—1
(Hy — E0)¢(”) + V?/J(n_l) = Z w(k)én_k, n=12.. (4.1)
k=0

A perturbative calculation of the energy and the wave function through order
h amounts to calculating €, and ¥ up to n = h and truncating the series
in (3.3) at n = h.

4.1 Corrections to the energy and the eigenvectors

In the following let v, Fj) be the normalized eigenvectors and the eigen-
values of Hy, and let AFEyy = Ex, — Ey, Vig = (¢, Vibi). The correction €, is
recursively defined in terms of the lower order corrections to the energy and
the wave function: by left multiplying (4.1) by ¢y we find

[y

n—

€n = (Yo, Vq/)(n_l)) - (@Z)Ov@b(h))en—h- (4.2)

1

>
Il

Similarly, the components (¢, ¥™), k # 0, are found by left-multiplying by

10



Ui, k #0:
n—1
(@, ™) = = (U, V") AER ™+ (k0 M)en nAB . (4.3)
h=1

Note that, even if the functions 1)*)’s for k < n were known, still (1o, ™)
is intrinsically undefined, since to any solution of (4.1) we are allowed to
add any multiple of ¢)y. The reason of this indeterminacy is that Eq. (3.2)
defines ¥ () only up to a multiplicative factor a(\). Even the normaliza-
tion condition (¢ (), (X)) = 1 leaves ¢(\) undetermined by a phase factor
exp(ip(N)), ¢(A) € R. On the contrary, the corrections €, as well as all the
expectation values (up to order n) are unaffected by these modifications of
the wave function ¢ (\) [16].

We can turn to our advantage the indeterminacy of (¢, ™) by requiring
that in the expression of €,, Eq. (4.2), the dependence on the values of
(0, ™"), k < n — 1, disappears. For example, after writing

(th0, V&™) = Vo (vo, ") + > Vo (¢, ")

h£0

the independence of (1o, 1) implies ¢; = V. Next, requiring ¢, to be
independent of (1, %™ ?) determines €5 and so on, until finally (4.2) gives
€n- As an example we carry through this procedure for n = 3. Starting from

= Voo (1o, @) + Z Vo (¥, @) — €1 (100, @) — € (b, p™)
k20

we first find
€1 = Voo. (4-4)

Next, from (4.3) for n = 2, we get

Vorl® o Vo 1)
=" AL = (Yo, M) = Y AEkOth(@Dh,@/) )+
k£0 h,k£0
Vi
Ok (¢k7 ¢(1))El - 62(¢07 ¢(1))
AEjy
k£0
The independence of (1, ")) implies
|Vor|?
€2 Z AEs (4.5)



Finally, by using (4.3) for n = 1 we find

€3 = Z Vor Vi Vho — &1 Z Vorl (4.6)
— 5 .
o AEy AEp o AEy

Note that if €, is required, the lower order corrections being known, one
can use a simplified version of Eqs. (4.2) and (4.3) where the terms (¢, 1*))
are omitted since the beginning. Once the values of ¢, & < n, have been
determined, Eq. (4.3) yields (1, ™). For example, for the first order cor-
rection to the wave function we have

Vig

(tr, ) = m

(4.7)

By suitably choosing the arbitrary factor a(A\) we referred to after Eq.
(4.3) we can impose (¢g, (X)) = 1. With this choice (known as the “inter-
mediate normalization”, since ¢/(\) is not normalized) we have (1, *)) = 0
for any k£ > 0. As a result, for the wave function through order n we find

P = o + Z Np®) = 4 + 6,0 (4.8)
with
(o, ") = 1. (4.9)
Using the intermediate normalization the expression of ¢, is
€n = (1ho, Vp), (4.10)

while the value of (v, gb(”_l)) can be read immediately in the expression of
€n: (Y1, ™ V) is obtained from ¢, by omitting in each term the factor Vg
and the sum over k. For example the wave function ¥ = 1)y + Ay 4 \2q)(2)
in the intermediate normalization by Equations (4.5) and (4.6) is

v
[2] o N /\ kO
(0 (2 Z:; Uy, N +
th VhO VkO
A2 — N2 : 4.11
h%; Py, NN 1 ; Py, N (4.11)

In order to calculate expectation values, transition probabilities and so on
one needs the normalized wave function

DR = NY2(4g + 8,1)) (4.12)

12



with Nt = 1 + (6,%,8,1). N can be chosen real. Note that the wave
function ¥ is correctly normalized up to first order.

From the above equations one sees in which sense the perturbation V'
must be small with respect to the unperturbed Hamiltonian H,: the sepa-
ration between the unperturbed energy levels must be large with respect to
the matrix elements of the perturbation between those levels and the total
correction 0F to Fy should be small with respect to |E; — Ey|, E; standing
for any other level of the spectrum of H.

4.2 Wigner’s theorem

From Eq. (4.1) it follows that
HylM = iyl 4 O\,

whence one should infer that, if F is the exact energy, F — (wj[s], H %[3]) =
O(A™1). Tt is therefore remarkable Wigner’s result that the knowledge of
Y allows the calculation of the energy up to order 2n + 1 (Wigner’s 2n + 1
theorem) [52]. Indeed, he proved that, if E is the exact energy,

(W, HYl) s
gy O
To this purpose, let
[n]
N —gy
(il plnl)

where 1) is the normalized exact wave function, HyY = E1. Then
X(n-i—l) _ O()\n+1), (w’ X(n—i—l)) + (X(n—&-l)’ w) _ _(X(n+1)7X(n+1)) _ O()\2n+2).

As a consequence

(w[nL Hw[n]) _ 2n+2
W—(%H?ﬂ)—O(A ).
We make explicit this point with an example. Since
n_ Yo + AV

?

VAR CERNTE)
by using (4.7) and recalling (4.5) and (4.6) we have

A€y + Neg

(1] (y _
( N’HwN) = Lo+ Aer + 1 +)\2(¢(1);¢(1))

= Eo + )\61 + )\262 + )\363 + O()\4)

13



4.3 The Feynman—Hellmann theorem

The RS perturbative expansion rests on the hypothesis that both the
eigenvalues F(A) and the corresponding eigenvectors 1 (A) admit a power
series expansion, in short, that they are analytic functions of A\ in a neigh-
borhood of the origin. As we shall see in Sec. 8, as a rule it is not so and the
perturbative expansion gives rise only to a formal series. For this reason it is
advisable to derive the various terms of the perturbation expansion without
assuming analyticity. If we need E(\) and () through order n it is suffi-
cient to assume that, as functions of ), they are C™"*!, that is continuously
differentiable (n + 1) times. The procedure consists in taking the derivatives
of (3.2) [15, 28]: at the first step we get

HY!(X) + Vi (A) = By (A) + B (V) (4.13)
and by left multiplication by 1(X), with (¥(X), (X)) = 1, we get
E'(N) = (¥(X), VoY), (4.14)

which is a special case of the Feynman—Hellmann theorem [23, 17]:

oF OH
2 = ), ). (115)
For A =0 we find
E'(0) = Vo, (4.16)

whence €; = Vjy, in agreement with (4.4). Next, after left multiplying (4.13)
by ¢ and taking A = 0 we get

-
(o, Y) = _Ag;;o (4.17)

which, again, agrees with (4.7). Taking now the derivative of (2) at A = 0
and using (4.16) we obtain

1" / |V0k|2
E"(0) =23 Vot o) = 2 (4.18)
; 0k k ; AEkU

whence e; = $E”(0), in agreement with (4.5).

It is clear that the procedure can be pursued to any allowed order, and
that the results for the energy corrections, as well as for the wave functions,

14



are the same we obtained earlier by the RS technique. However, the concep-
tual difference, that no analyticity hypothesis is required, is important since
in many cases this hypothesis is not satisfied.

As to the relation of B = Ey + Aep + -+ + A, with E(\) we recall
that, since by assumption E()\) is C", we can write Taylor’s formula with
a remainder:

E(\) = A 0<h< . (4.19)

i E® v EMHD(9)N)

~ p! (n+1)!

As observed in [28], since for small A the sign of the remainder is the sign
of EM+D(0)A"*! Eq. (4.19) allows to establish whether the sum in (4.19)
underestimates or overestimates F/(A). Moreover, if two consecutive terms,
say ¢ and ¢ + 1, have opposite sign, then (for sufficiently small \) E()\) is
bracketed between the partial sums including and excluding the ¢'" term. It
is a pity that no one can anticipate how small such a A should be. (Of course
these remarks apply to the RS truncated series as well.)

9  Perturbation of Point Spectra: Degenerate Case

The case when the unperturbed energy FEj is a degenerate eigenvalue of
HQ, 1 e. in the Hilbert space there exists a subspace W, generated by a set
{% +, 1 <i < ny, of orthogonal normalized states, such that each vy in W)
obeys (Hy — Eo)1o = 0, deserves a separate treatment. The main problem is
that, if ©)(\) is an eigenstate of the exact Hamiltonian H = Hy + AV, we do
not know beforehand which state of Wy 1(0) is

In order to use a more compact notation it is convenient to introduce the
projection Py onto the subspace Wy and its complement ()

Pyyp = Zwo” ¥ Qu=1-R, (5.1)
where 1/18), 1 < i < ngp, is any orthonormal basis of W,. The Hamiltonian

H = Hy + AV can be written as

H = (Py+ Qo)(Ho+ A\V)(Py+ Qo) =
EyFPy+ AVpp + )\VPQ -+ )\VQP -+ )\VQQ + Qo HyQo, (5.2)

where

Vpp = PV Py, Veg = PoVQo, Var = QoV Ry, Voo = QoV Q. (5.3)
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After projecting the Schrodinger equation onto W, and its orthogonal com-
plement Wj-, we find

(Eo + AVpp)Poth + AVpoQotp = EPyy (5.4)
ANVoprPo + QoHoQo + AVooQo = EQo. (5.5)
Letting
HQQ = QoHQo = QoHoQo + )\VQQ (5.6)
Qo can be extracted from (5.5):
Qo = ME — Hoq) ™ 'VorPoy. (5.7)

Note that in (5.5) the operator Hgg acts on vectors of W3- and that

E — Hgg does possess an inverse in Wj-. Indeed, the existence of a vector ¢
in W3 such that

(Hoq — E)C =0 (5.8)

contradicts the assumptions which perturbation theory is grounded in: the

separation between F(\) and E(0) should be negligible with respect to the

separation between different eigenvalues of Hy. Actually, if ¢ is such that
Hoy, = Exhg, Ex # Ey, by left multiplying (5.8) by v we would find

(E — Ei)(¥r, ¢) = Athy, V()

where the LHS is of order 0 in A, whereas the RHS of order 1.
By substituting (5.7) into (5.4) we have

(Eo + \Vpp) Pyt + N Vpo(E — Hgqg) 'Vop Py = EPy. (5.9)

The energy shifts AE = E — FEy appear as eigenvalues of an operator A(FE)
acting in W)
A(E) = A\Vpp + NVpo(E — Hog) 'Vor (5.10)

which however still depends on the unknown exact energy E. A calculation
of the energy corrections up to a given order is possible, starting from (5.10),
provided we expand the term (E — Hgg) ! as far as is necessary to include
all terms of the requested order.

5.1 Corrections to the energy and the eigenvectors
The contributions ¢; are extracted from (5.9) by expanding
E=E0+)\61+)\262+"' P0¢2§00+/\g01+)\2902+
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and equating terms of equal order. At the first order, since the second term
in the LHS of Eq. (5.9) is of order 2 or larger, we have

Vpppo = €190. (5.11)

The first order corrections to the energy are the eigenvalues of the matrix
Vpp and the corresponding zero™ order wave function is the corresponding
eigenvector.

In the most favorable case the eigenvalues of Vpp are simple, and the
degeneracy is completely removed since the first order of perturbation theory.
In this case, in order to get the higher order corrections, we can avail ourselves
of the arbitrariness in the way of splitting the exact Hamiltonian into a
solvable unperturbed Hamiltonian plus a perturbation by putting

H = (Hy+ AVpp) + A(V — Vpp) = H) + AV’ (5.12)

The eigenvectors of H|) are the solutions of Eq. (5.11), with eigenvalues
Ey+ )\egi), 1 <7 < ng, plus the eigenvectors v; of Hy with eigenvalues F; #
Ejy. Since the eigenvalues E0+/\e§i) are no longer degenerate, the formalism of
non-degenerate perturbation theory can be applied, but a warning is in order.
When in higher perturbation orders a denominator AFEy, occurs with the
index k referring to another vector of the basis of Wy, this denominator is of
order A and consequently the order of the term containing this denominator is
lower than the naive V-counting would imply. In each such term, the effective
order is the V-counting order minus the number of these denominators. As
shown below, this situation occurs starting from terms of order 4 in the
perturbation V. Note that, also in the case of non-complete removal of the
degeneracy, the procedure outlined above, with obvious modifications, can
be applied to search the higher order corrections to those eigenvalues which
at first order turn out to be non-degenerate.

If a residual degeneracy still exists, i.e. an eigenvalue €; of Eq. (5.11) is
not simple, we must explore the higher order corrections until the degeneracy,
if possible, is removed. First of all we must disentangle the contributions of
different order in A from (F — Hgg)™'. Since

E— Hgg = (E — QoHoQo)[1 — M(E — QoHoQo) ' Vaql,

we have

(B~ Hgo)™' = Z N'(E = QoHoQo) Vool™(E — QoHoQo) ™. (5.13)
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As the energy E still contains contributions of any order, the operator (E —
QoHoQp)™! must in turn be expanded into a series in A\. To make notations
more readable, we define

% = (EO — Q()H()Q())_n. (514)

The second order terms from Egs. (5.9) and (5.13) give
Qo _
Vpppr + VPQ?‘/QPQOO = €20 + €11. (5.15)

Let Péi) be the projections onto the subspaces Wo(i) of Wy corresponding to

the eigenvalues €!” :

P=Y R’ Vep=2Y 'RV P=RY, a=dY. (5.16)

By projecting onto W; = Wél) and recalling that ¢q is in W7 we get

P1VPQ%VQPQDO = €200, (517)

whence €, is an eigenvalue of the operator

‘/i = P1VPQ%VQPP1 == Pﬂ/%VPl (518)

Again, if the eigenvalue €, is non-degenerate, we can use the previous
theory by splitting the Hamiltonian as

H = (Ho + AVpp + /\Vi) + )\(V — Vpp — Vl) = H(/)/ + AV, (519)

The vectors which make V; diagonal belong to non-degenerate eigenvalues
of H{/, hence the non-degenerate theory can be applied. If, on the contrary,
the eigenvalue €, of V] is still degenerate, the above procedure can be carried
out one step further, with the aim of removing the residual degeneracy. We
work out the calculation for €3, since a new aspect of degenerate perturbation
theory emerges: a truly third order term which is the ratio of a term of order
4 in the potential and a term of first order (see (5.25) below).
From (5.9) and (5.13) we extract the contribution of order 3:

Q Q
Vppps + VPQf‘@P‘Pl —eaVpo OVQP@O +

a?
VPQ%VQQ%VQPSOO = €12 + €201 + €3000. (5.20)
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We want to convert this equation into an eigenvalue problem for e;. In
analogy with (5.16) we have

P=>P" vi=> P P=P" a=d. (5.21)
Since P,Vpp = €1 P, first we eliminate s by applying P to (5.20):

PZVPQ%VQP%Ol - €1P2VPQ%VQP(PO +

P2VPQ%VQQ%VQPSDO = e3P0 + 21 (5.22)

Writing 1 = ), Péi)gpl, since P,V| = €95 the contribution with 7 = 1 of the
first term in the LHS of (5.22) is PoVip1 = e2Pap1. Hence, Eq. (5.22) reads

Q i Q
Z PQVPQFOVQPP(S o1 — €1P2VPQa—20VQPs00 +
i#1
Qo Qo _ (i)
PoVpg=—Vaq=—Varpo = esPapo + €2 ) Py 1. (5.23)
a a ~
Finally, Péi)gol, i # 1, is extracted from Eq. (5.15) by projecting with
Péz), t # 1, and recalling that Péz)gpo =0ifi# 1

Péi)% = P()(i)VPQ%VQPSDO/(El - Ggi)% 17 L. (5.24)

Substituting into (5.23) we see that €3 is defined by the eigenvalue equation
for the operator
Qo , Qo Qo

‘/2 = PQV—V—VPQ - €1P2V—2VP2 +
a a a

(1)
ZPQV%V Fy (i)v@vpg. (5.25)

i#1 @ e —€ a
Despite the presence of four factors in the potential, the last term is actually
a third order term due to the denominators €; — eﬁ”.

The procedure outlined above, which essentially embodies the Rayleigh-
Schrodinger approach, can be pursued until the degeneracy is (if possible,
see below Sec. 7) completely removed, after which the theory for the non-
degenerate case can be used. Rather than detailing the calculations, we
present an alternative iterative procedure due to Bloch [4] which allows a
more systematic calculation of the corrections to the energy and the wave
function.
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5.2 Bloch’s method

In equations (5.9) and (5.10) we have seen that the energy corrections
AFE and the projections onto Wy of the vectors () are eigenvalues and
eigenvectors of an operator acting in W,. This observation is not immedi-
ately useful since the operator depends on the unknown exact energy E(\).
However, it is possible to produce an operator B(\), which can be calculated
in terms of known quantities and has the property that, if Ex(\), ¥r(\) are
eigenvalues and eigenvectors of Eq. (3.2) such that Ei(0) = Ej, then

BN Poypi(A) = AER Pty (A). (5.26)

First of all, note that the vectors Pyi(\) are a basis for the subspace Wj.
Indeed, it is implicit in the assumption that perturbation theory does work
that the perturbing potential should produce only slight modifications of the
unperturbed eigenvectors of the Hamiltonian, so that the vectors Py, () are
linearly independent (although not orthogonal). Since their number equals
the dimension of Wy, they are a basis for this subspace.

Following [4], we define a A\ dependent operator U in this way:

UPyi(A) = tr(N); UQo = 0. (5.27)
As a consequence we have

U — UP,  PU~=R, (5.28)
Uhe(A) = ¥r(N). (5.29)

The former of Egs. (5.28) follows immediately from the definition of U.
Hence PyU = PyU Py, which implies the latter of (5.28). Equation (5.29) is
verified by applying the former of Egs. (5.28) to % ().
Let
B(X) = A\RVU. (5.30)

We verify that, if AE, = E, — Ep, then
BN Poyi(A) = AERPotpi(A). (5.31)
Indeed, by (5.27) we have PyVU Py (A) = PoVbi(X). Writing (3.2) as
(Hyo — Eo + A\V)Ui(N) = AE(N)
and multiplying by Fy we find
AP V(X)) = AE Pyi(A), (5.32)
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hence Eq. (5.31) is satisfied.
A practical use of (5.31) requires an iterative definition of U in terms of
known quantities. From (5.27) and (5.28) we have

U=PFPU+ QU =P+ QUF,. (5.33)
We calculate the latter term of (5.33) on the vectors FPytbx(\). Since

(AV = AER )Yy = (Eo — Ho)r,
recalling (5.27) we have

Qo

QoU Py (N) = Qor(A) = ()\V ALp)Uk(A) =

Qo Qo

Doyt (3) — 2B LU = Nt

VUW( ) — AEk@UPO¢k< A).

By (5.32)

QU P () = XLV () - A LU RV i) =

A@vwk( A) — A@UPOVUW( )—A@(VU UVU) Py (N).

As a consequence the desired iterative equation for U is

Qo

U= Py+A=t(VU = UVU). (5.34)

Equation (5.34) in turn allows an iterative definition of the operator B(\)
of (5.30) depending only on quantities which can be computed in terms of
the known spectral representation of Hy. Knowing U through order n — 1
gives BM(\) = Y | BO()X), whose eigenvalues are the energy corrections
through order n. In fact if B=>5" B and Py = Y20, \ps, the order
r contribution to (5.31) is

s T

» B = g (5.35)
=1

i=1

Defining PO@/)[ "= = >0 A, = M AER = 37T \e,., we see that the sum of
(5.35) for values of r through n gives

Bl = AEM LM 4 0N+, (5.36)
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Once PO@/),[;](/\) has been found, Eq. (5.27) gives the component of 1;()) in
W4t through order n + 1. As an example, for n = 3 we have

Ul =py+ )‘%VPO + )\Q%V%VPO - /\2%VPOVP07 (5.37)

a a?

BBl = AP,V Py + AQPOV@VPO +

a
Qo , Qo Qo

)\3P0V7V7VPO - )\3P0V§VPOVPO. (5.38)

If Wy is one dimensional, (5.38) gives for Ae; + A€y + A%e3 the same result
as Eqgs. (4.4), (4.5) and (4.6).

The main difference between the RS perturbation theory and Bloch’s
method is that within the former the energy corrections through order n are
calculated by means of a sequential computation starting from e;, with the
consequence that at each step the dimension of the matrix to be diagonalized
is smaller. Conversely, within Bloch’s method one has to diagonalize the
matrix B ()), which has the dimension of W,. However, as noted above, for
n > 1 the eigenvalues of B"()) are different from Ae; 4+ A€y 4 - - - + A%, by
terms of order at least n+ 1. Similarly, the eigenvectors of (5.36) differ from
the component in Wy of " = 1py + Ap™ + ... 4 X"p(™ by terms of order
larger than n.

It is instructive to reconsider the calculation of €5 and €3 in the light of
Bloch’s method. If Py = P, + P, then PV Py = ¢, P, + PV P| and

BPI(X) = Xey P + APV P + A2P1V%VP1+

AQP{V@VP{ + AQplv@VP{ + A2P{V@VP1.
a a a

The last two terms represent off-diagonal blocks which can be omitted for the
calculation of \e; +M\2es, since the lowest order contribution to the eigenvalues
of a matrix X from the off-diagonal terms X;; is |X;;[*/(Xi — Xj;). For a

second order expansion as B this yields third order contributions of the
type
P/
X”PIV@V L @VPl.
a

a € —€

These are just the contributions to €3 which we met in the RS approach: the
expression of V5 given in (5.25) combines the block-diagonal term of order 3
with the off-diagonal terms of order 2 giving a third order contribution.
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5.3 The quasi—degenerate case

There are cases, in both atomic and molecular physics, where the energy
levels of Hy present a multiplet structure: the energy levels are grouped into
“multiplets” whose separation AF is large compared to the energy separation
0FE between the levels belonging to the same multiplet. For instance, in
atomic physics this is the case of the fine structure (due to the the so called
spin—orbit interaction) or of the hyperfine structure (due to the interaction
of the nuclear magnetic moment with the electrons); in molecular physics
typically this is the case of the rotational levels associated with the different
and widely separated vibrational levels.

If a perturbation V' is such that its matrix elements between levels of the
same multiplet are comparable to J E/, while being small with respect to AF,
then naive perturbation theory fails because of the small energy denominators
pertaining to levels belonging to the same multiplet. To solve this problem,
named the problem of quasi-degenerate levels, once again we can exploit the
arbitrariness in the way of splitting the Hamiltonian H into an unperturbed
Hamiltonian and a perturbation. Let

E{) = Ey+6ED, EY = Eg+ 6E®, ... EY = Ey 4 6E™,

be the unperturbed energies within a multiplet, with Ey any value close to
the Eéz)’s (for instance their mean value), and Péz) the projections onto the
corresponding eigenspaces. Let

HY)=Hy—» EVRY V=24 sE0R,

so that B
H=H)+V. (5.39)

We consider H{ as the unperturbed Hamiltonian and V as the pertur-
bation. From the physical point of view this procedure, if applied to all
multiplets, is just the inclusion into the perturbation of those terms of H
that are responsible for the multiplet structure. With the splitting of the
Hamiltonian as in (5.39) we can apply the methods of degenerate perturba-
tion theory. The most efficient of these techniques is Bloch’s method, which
yields a simple prescription for the calculation of the corrections of any order.
If for example we are content with the lowest order, we must diagonalize the
matrix PyV Py, or equivalently PyH Py, that is the energies through first order
are the eigenvalues of the equation

PyHPyp = EPy, (5.40)
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where Py = ), Péi) is the projection onto Wy, the eigenspace of H{ corre-
sponding to the eigenvalue Ey. These eigenvalues are algebraic functions of
A, and no finite order approximation is meaningful, since all terms can be
numerically of the same order, due to the occurrence of small denominators
(6EC) — sEG)",

6 The Brillouin-Wigner Method

Equations (5.10) and (5.13) yield an alternative approach to the calcula-
tion of the energy shift AF due to a perturbation to a non-degenerate energy
level Ey, the so called Brillouin-Wigner method [9, 52, 22]. In this case W,
the space spanned by the unperturbed eigenvector 1y, is one-dimensional.
The correction AE obeys the equation

E = (o, A(E)¢o), (6.1)

where the operator A(F) is defined in (5.10).
Substituting into the expression of A the expansion (5.13) for (E—Hgg) ™"
and noting that, if {Ex} is the spectrum of Hy,

Vorl*

(Yo, Vea(E = QuHoQo) ™ Vorte) = ) 7= b

k=0

(1ho, Vpo(E — QoHoQo) ' Voo (E — QuHoQo) ™ 'Vort) =

> Vou(E — Ep) ™ 'Vin(E — Ey) Vi
k,h+£0

and so on, we find the following implicit expression for the exact energy E:
Vor|? 1% Vien
B = Byt Ao, Vi) 223 oy Vo Viot--- (6.2

o E—E o E—-E.E—-E,

Consistently with the assumption that perturbation theory does work,
the denominators in (6.2) are non-vanishing. The equation can be solved by
arresting the expansion to a given power n in the potential and searching a
solution iteratively starting with £ = Ey. However, the result differs from
the energy E" = Ey + ey + X2ey + - - + A\, calculated by means of the
RS perturbation theory, by terms of order n + 1 in the potential. The result
of the RS perturbation theory can be recovered from the Brillouin-Wigner
approach by substituting in the denominators £ = Eq+\e;+M2eg+- - -+ A",
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expanding the denominators in powers of M\e,/FEy and equating terms of
equal orders in both sides of (6.2).

As for the perturbed wave function, if the intermediate normalization is
used, by (5.7) we have:

¥ =1+ Qo = Yo + A(E — Hgq) ™ 'Vort. (6.3)
Again, using the expansion (5.13) we find
VIR ST L Cl o
E — E; E

k0 k,h#0

Vien Vo
—E,E—-E

oL (64)

As for the energy, if we arrest this expression to order n and substitute for
E the value calculated by using Eq. (6.2), the result will differ from the one
of Rayleigh-Schrodinger perturbation theory by terms of order n + 1.

A major drawback of the Brillouin-Wigner method is its lack of size-
consistency: for a system consisting of non-interacting subsystems, the per-
turbative correction to the energy of the total system is not the sum of the
perturbative corrections to the energies of the separate subsystems through
any finite order. This is best illustrated by the simple case of two systems a,
b with unperturbed eigenvectors, energies and interactions v, Ef, AV* and

b, ES, A\V? respectively. If for example the expansion (6.2) is arrested at
order 2, by noting that the matrix elements V4 ;; between the unperturbed
state and the states ¢f¢§’ are

Voas = (5w, (VO + VOuiyl) = (45, VUi do; + (v, V'5)d0i,

for the second order equation defining £ we find

2 Veil®
+A ZE—ES—Eg . (6.5)

Vo;”

E = E§+ ES+ Al + A 4+ )2 —_—

j i
On the other hand, for the energy of each system at second order we find

Vail?
E,— EY

b b b 2 |‘/0b]|2
E' = Ej+ X\l + N> —— (6.6)

a __ a a 2
E" = E§+ Al + 7Y By B

? J
It is apparent that the sum of the expression reported in (6.6) does not equal
the expression of the energy reported in (6.5). This pathology is absent
in the RS perturbation theory, where for non-interacting systems FE(\) =
E*(X) 4+ E*()), hence, for any j, €; = (1/7)DIE(X)|x=0 = €] + €.
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7 Symmetry and Degeneracy

In section 5 we applied perturbation theory to the case of degenerate
eigenvalues with special emphasis on the problem of the removal of the de-
generacy at a suitable order of perturbation theory. The main problem is to
know in advance whether the degeneracy can be removed completely, or a
residual degeneracy is to be expected. The answer is given by group theory
[51, 53, 21].

The very existence of degenerate eigenvalues of a Hamiltonian H is inti-
mately connected with the symmetry properties of this operator. Generally
speaking, a group G is a symmetry group for a physical system if there ex-
ists an associated set {T'(¢g)} of transformations in the Hilbert space of the
system such that [(T'(g)e, T(9)¥)|* = |(p,¥)|*, g € G [53]. Tt is proven that
the operators T'(g) must be either unitary or antiunitary [53, 2]. We will
consider the most common case that they are unitary and can be chosen in
such a way that

T(g1)T(g92) = T(9192), 91,92 € G, (7.1)

so that the operators {T'(¢g)} are a representation of G.

A system described by a Hamiltonian H is said to be invariant under the
group G if the time evolution operator commutes with 7'(¢). Under fairly
wide hypotheses this implies

H,T(g)] =0, geG. (7.2)
A consequence is that, for any g € G,
Hiy = Ey = HT(g) = ET(9)¥, (7.3)

that is the restrictions T'(g)|w of the operators T'(g) to the space W corre-
sponding to a given energy E are a representation of G. Given an orthonor-
mal basis {¢;} in W, we have

T(g)i = thi(g)@bj (7.4)

and the vectors 1; are said to transform according to the representation of
G described by the matrices t;;.

This representation, apart from the occurrence of the so called accidental
degeneracy (which in most cases actually is a consequence of the invariance
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of the Hamiltonian under additional transformations) is irreducible: no sub-
space of W is invariant under all the transformations of the group. As a
consequence, knowing the dimensions d; of the irreducible representations
of G allows to predict the possible degree of degeneracy of a given energy
level, since the dimension of W must be equal to one of the numbers d;. If
the group of invariance is Abelian, all the irreducible representations are one
dimensional, and degeneracy can only be accidental.

Two irreducible representations are equivalent if there are bases which
transform with the same matrix ¢;;(¢). Otherwise they are inequivalent. The
following ortho%{onahty theorems hold. If a and b are inequivalent represen-
tations and w(a , gpéb) transform according these representations, then

[

@ ) =0 (7.5)
while, if a, and a, are equivalent, for the basis vectors 1/12(‘”), cpg.%) we have
(W), o)) = K6, (7.6)

Moreover, if A, is a matrix which commutes with all the matrices tz(»?) of an
irreducible representation b, then A,; = ad,s (Schur’s Lemma).

7.1 Symmetry and perturbation theory

If H = Hy+ AV, let Gy be the group under which Hj is invariant. Al-
though it is not the commonest case, we start with assuming that also the
perturbation V' commutes with T'(g) for any element g of Gy. As a rule Wy,
the space of eigenvectors of Hy with energy FEj, hosts an irreducible rep-
resentation 7'(g) of Gy. In this case the degeneracy cannot be removed at
any order of perturbation theory. While this follows from general principles
(for any value of A, 1(A) and T'(g)¥(\) are eigenvectors of H(A), and by
continuity the eigenspace W, will have the same dimension as Wj), it is in-
teresting to understand how the symmetry properties affect the mechanism
of perturbation theory.

If {9} is a basis of Wy transforming according to an irreducible repre-
sentation a of Gy, then the matrix V;; = (¢?, V@/}?) commutes with all the

matrices t§?) (9) and, according to Schur’s Lemma, (47, V49) = vd;; = €10;;.
No splitting occurs at the level of first order perturbation theory, neither
can it occur at any higher order. Indeed, when V' commutes with the op-
erators T'(g), then Bloch’s operator U, and consequently the operator B(\)

of (5.30), both commute with the 7'(g)’s too. Again by Schur’s Lemma, the
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operator B()) is a multiple of the identity. At any order of perturbation the
degeneracy of the level is not removed.

In most of the cases, however, the perturbation V' does not commute with
all the operators T'(g). The set

G={g:g€Go, [T(g),V]=0}

is a subgroup G of Gy and the group of invariance for the Hamiltonian H is
reduced to G. Wy generally contains G-irreducible subspaces W;, 1 <1 < n:
the operators T'(g)|w, are a reducible representation of G. The decomposition
into irreducible representations of GG is unique up to equivalence.

The crucial information we gain from group theory is the following: the
number of energy levels which the energy Ej is split into is the number of
irreducible representations of G which the representation of Gy in Wy is split
into. The degrees of degeneracy are the dimensions of these representations.
What is relevant is that we only need to study the eigenspace W, of Hy,
which is known by hypothesis.

In fact, let W () be the space spanned by the eigenvectors 1 (\) of H(\)
such that ¥, (0) € Wy. W(A) is invariant under the operators 7(g), g €
G, since Bloch’s operator U commutes with the operators T'(g), g € G.
W () can be decomposed into G-irreducible subspaces Wi (), and in each
of them by Schur’s Lemma the Hamiltonian H () is represented by a matrix
Er(AN)Iw,»)- The projections Py Wj(X) span the space W, and transform with
the same representation of G as Wy (\), since Py commutes with 7'(g) for any
g in G, hence for any ¢ in GG. Thus, the space Wy hosts as many irreducible
representations of G as W (). Assuming that the eigenvalues Ej () are dif-
ferent from one another, we see that the decomposition of the representation
of Gy in Wy into irreducible representations of G determines the number and
the degeneracy of the eigenvalues of H(\) such that the corresponding eigen-
vectors () are in W, for A = 0. The possibility that some of the Fy(\) are
equal will be touched upon in the next subsection.

Examples where the above mechanism is at work are common in atomic
physics. When an atom, whose unperturbed Hamiltonian Hj is invariant
under O(3), is subjected to a constant electric field E = E2 (Stark effect), the
invariance group G of its Hamiltonian is reduced to the rotations about the 2
axis (SO(2)) and the reflections with respect to planes containing the z axis.
The irreducible representations of this group have dimension at most 2, and
the G-irreducible subspaces of W, (the space generated by the eigenvectors
Yggm of Hy corresponding to the energy Fy) are generated by g0 (one
dimensional representation) and ¥ g+, (two dimensional representations).
Hence, the level Ej is split into [ + 1 levels, the states with m and —m
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remaining degenerate since reflections transform a vector with a given m into
the vector with opposite m. Instead, if the atom is subjected to a constant
magnetic field B = B2 (Zeeman effect), the surviving invariance group G
consists of SO(2) plus the reflections with respect to planes z = zy. G being
Abelian, the degeneracy is completely removed and this occurs at the first
order of perturbation theory.

In the rather special case that W, contains subspaces transforming accord-
ing to inequivalent representations of Gy, also a Gg-invariant perturbation V'
can separate in energy the states belonging to inequivalent representations.
For example, the spectrum of alkali atoms can be calculated by considering in
a first approximation an electron in the field of the unit charged atomic rest,
which is treated as pointlike. In this problem the obvious invariance group
of the Hamiltonian of the optical electron is O(3), the group of rotations
and reflections, and the space W, corresponding to the principal quantum
number n > 1 contains n inequivalent irreducible representations which are
labeled by the angular momentum [ < n — 1. When the finite dimension of
the atomic rest is taken into account as a perturbation, its invariance under
O(3) splits the levels with given n and different [ into n sublevels. A more
careful consideration, however, shows that also the Lenz vector commutes
with the unperturbed Hamiltonian [5], and that the space W is irreducible
under a larger group, the group SO(4) [18], which is generated by the angular
momentum and the Lenz vector. As a consequence the [ degeneracy is by no
means accidental: a space irreducible under a given group can turn out to
be reducible with respect to one of its subgroups.

Group theory is a valuable tool in degenerate perturbation theory to
search the correct vectors 1;(0) which make the operator P,V P, diagonal.
In fact, let 1/)1@ be vectors which reduce the representation 7" of G in W)
into its irreducible components T(®. The vectors ¢§“> and Vwi(a) transform
according to the same irreducible representation 7@ . Hence, by (7.5) and
(7.6) we find that the Py)V Py is a diagonal block matrix with respect to
inequivalent representations:

("), Vi) = K96,0m, D

with d,, = 1 if representations a and b are equivalent, 6, = 0 otherwise.
The matrices K2 are generally much smaller than the full matrix of the
potential. Thus, the operation of diagonalizing V' is made easier by finding
the G-irreducible subspaces W,. Conversely, the reduction of an irreducible
representation of a group G in a space Wy into irreducible representations
of a subgroup G can be achieved by the following trick: find an operator
V' whose symmetry group is just G and interpret W, as the degeneracy
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eigenspace of a Hamiltonian H,. The G-irreducible subspaces of W, are the
eigenspaces of PyV F,.

7.2 Level crossing

As shown in the foregoing section, the existence of a non-Abelian group of
symmetry for the Hamiltonian entails the existence of degenerate eigenvalues.
The problem naturally arises as to whether there are cases when, on the
contrary, the degeneracy is truly “accidental”, that is it cannot be traced
back to symmetry properties. The problem was discussed by J. Von Neumann
and E.P. Wigner [49], who showed that for a generic n x n Hermitian matrix

depending on real parameters Aj, Ao, - - -, three real values of the parameters
have to be adjusted in order to have the collapse of two eigenvalues (level
crossing).

When passing to infinite dimension, arguments valid for finite dimen-
sional matrices might fail. Moreover, often the Hamiltonian is not sufficiently
“generic” so that level crossing may occur. As a consequence, we look for
necessary conditions in order that, given the Hamiltonian H(\) = Hy + AV,
two eigenvalues collapse for some (real) value A of the parameter \: Ej()\) =
E5()\) = E. In this case, if ¥;(\) and 95()\) are any two orthonormal eigen-

vectors of H(\) = Hy + AV belonging to the eigenvalue E, the matrix
must be a multiple of the identity:

Hi1 (M) = Hy(N) (7.8)

His(\) = 0. (7.9)
Equations (7.8) and (7.9) are three real equations for the unknown \; hence,
except for special cases, level crossing cannot occur.

The condition expressed by Eq. (7.9) is satisfied if the states correspond-
ing to the eigenvalues E;(\) and F(\) possess different symmetry properties,
that is if they belong to inequivalent representations of the invariance group
of the Hamiltonian or, equivalently, if they are eigenvectors with different
eigenvalues of an operator which for any A commutes with the Hamiltonian
H(\) (hence it commutes with both Hy and V). In this case Hjs = 0 and the
occurrence of level crossing depends on whether Eq. (7.8) has a real solution.
This explains the statement that level crossing can occur only for states with
different symmetry, while states of equal symmetry repel each other. Indeed,
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Figure 2: The effect of a magnetic field on the doublet 2p; /5, 2p3/2 of the
lithium whose degeneracies, in the absence of the magnetic field, are respec-
tively 2 and 4. p is the magnetic moment of the electron and uB/JF = 1 for
B~14T.

if (7.9) is not satisfied, the behavior of two close eigenvalues as functions of
A is illustrated in Figure 1 (Sec. 3).

Figure 2 illustrates the behavior of the quasi-degenerate energy levels
2p1/2, 2p3/2 of the lithium atom in the presence of an external magnetic field

B. In the absence of the magnetic field they are split by the spin-orbit
interaction, with a separation 0F = Ej5 — Eyjp = 0.4 X 10~%eV, to be
compared with the separation in excess of 1eV from the adjacent 2s and 3s
levels. This justifies treating the effect of the magnetic field by means of the
first order perturbation theory for quasi-degenerate levels.

When the magnetic field is present, the residual symmetry is the (Abelian)
group of rotations about the direction of B. Hence, the Hamiltonian com-
mutes with the component of the angular momentum along the direction of
B , whose eigenvalues are denoted with m. In Figure 2 the energies of states
with equal symmetry, that is with the same value of m, are depicted with the
same color. No crossing occurs between states with equal m, while the level
with m = —3/2 does cross both the levels with m = 1/2 and with m = —1/2
which the 2p, /; level is split into.

8 Problems with the Perturbation Series

So far we have assumed that all the power expansions appearing in the
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calculations were converging for |A\| < 1, that is we assumed analyticity in
A of E(X). Actually, it is only for rather special cases that analyticity can
be proved. For most of the cases of physical interest, even if the terms of
the perturbation series can be shown to exist, the series does not converge,
or, when it converges, the limit is not F()). In spite of this, special tech-
niques have been devised to extract a good approximation to £(\) from the
(generally few) terms of the perturbation series which can be computed. We
will outline the main results existing in the field, without delving into math-
ematical details, for which we refer the reader to the books of Kato [25] and
Reed-Simon [34] and the references therein.

The most favorable case is that of the so called regular perturbations
[36, 37, 38, 39], where the perturbation series does converge to F(\). More
precisely, if Ej is a nondegenerate eigenvalue of Hy, for A in a suitable neigh-
borhood of A = 0 the Hamiltonian H = Hy + AV has a nondegenerate
eigenvalue F(A) which is analytic in A and equals Ey for A\ = 0. The same
property holds for the eigenvector ¥(A). A sufficient condition for this prop-
erty to hold is expressed by the Kato-Rellich Theorem [36, 37, 38, 39, 26],
which essentially states that if the perturbation V' is Hy-bounded, in the
sense that constants a, b exist such that

VY[l < al Ho|| + bl || (8.1)

for any 1 in the domain of V' (which must include the domain of Hy) then
the perturbation is regular. A lower bound to the radius r such that the
perturbation series converges to the eigenvalue E(\) for |A\| < r can be given
in terms of the parameters a, b appearing in (8.1) and the distance § of the
eigenvalue Ej from the rest of the spectrum of Hy. We have
-1

r=[at S+ a(lBs] + )] 82)

It must be stressed, however, that the constants a and b are not uniquely
determined by V and Hy. If the perturbation V' is bounded (a =0, b = ||V]|)
condition (8.2) reads r = 6/(2||V||), which implies that the perturbation
series for H = Hy+ V with V' bounded converges if ||V]| < §/2 (Kato bound
[26]).The analysis of the two-level system (Sec. 3 ) shows that the figure 1/2
cannot be improved. Still, Kato bound is only a lower bound to 7.

A similar statement holds for degenerate eigenvalues [34]: if Ey has mul-
tiplicity m there are m single valued analytic functions Ex(A\), k = 1,...,m
such that Fy(0) = Ey and, for A in a neighborhood of 0, Ej(\) are eigenval-
ues of H(\) = Hy+ AV. Some of the functions Eji(\) may be coincident, and
in a neighborhood of Ej there are no other eigenvalues of H(\).
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Regular perturbations are in fact exceedingly rare, a notable case being
that of helium-like atoms [47]. Actually, there are cases where, although
on physical grounds Hy + AV does possess bound states, the relationship
between F(\) and the RS expansion is far more complicated than for regular
perturbations. As pointed out by Kramers [27], with an argument similar
to an observation by Dyson [12] for quantum electrodynamics, the quartic
anharmonic oscillator with Hamiltonian

P muwla? m2w®

H:Ho—l—)\VE%—{— 5 + A Pt (8.3)
is such an example. In fact, on the one hand bound states exist only for
A > 0; on the other hand, if a power series converges for A > 0, then the
series should converge also for negative values of A. But for A < 0 no bound
state exists. Still worse, by estimating the coefficients of the RS expansion
it has been proved that the series has vanishing radius of convergence [3].

In spite of this negative result, in this case it has been proved [46] that
the perturbation series is an asymptotic series. This means that, for each n,
if > exAF is the sum through order n of the perturbation series, then

L Sh et — B
A—0 AT

~0. (8.4)

We recall the difference between an asymptotic and an absolutely converging
series, such as occurs with regular perturbations. For the latter one, given any
) in the convergence range of the series, the distance | Y €xA\*— E(\)] can be
made arbitrarily small provided n is sufficiently large (so that a converging
series is also an asymptotic series). On the contrary, for an asymptotic series
| >0 exA¥ — E()\)] is arbitrarily small only if X is sufficiently near 0, but
for a definite value of A the quantity | > g exA* — E(\)| might decrease to
a minimum, attained for some value N, and then it could start to oscillate
for n > N (this is indeed the case for the anharmonic oscillator). As a
consequence, for asymptotic series it is not expedient to push the calculation
of the terms of the series beyond the limit where wild oscillations set in.
Any C* function has an asymptotic series, as can be seen by inspection
of the Taylor’s formula with a remainder (see (4.19)). By this means Krieger
[28] argued that, if ¢, (or equivalently the k™ derivative of E())) exists for any
k, the RS series is asymptotic. However, generally there is not a range where
the series converges to E(\), that is E()\) is not analytic. An asymptotic
series may fail to converge at all for A # 0, as noted for the anharmonic
oscillator. The asymptotic series of a function, if it exists, is unique, but the
converse is not true. For example, for the C'* function defined for real x as
f(x) =exp(—1/2?) if z # 0, f(0) = 0, the asymptotic series vanishes. There

33



are also cases when the perturbation series is asymptotic for arg A lying in a
range |, 3]. This occurs for example for the generalized anharmonic oscillator
with perturbation V oc Az?". It has been proved that its perturbation series
is asymptotic for | arg A| < 6 < 7 [46] (note that the domain does not include
negative values of \). The result was later extended to multidimensional
anharmonic oscillators [19]. General theorems stating sufficient hypotheses
for the perturbation series to be asymptotic can be found in the literature.
As a rule, however, they do not cover most of the cases of physical interest.

Even in the felicitous case when the perturbation series is asymptotic, it is
only known that a partial sum approaches E()\) as much as desired provided
A is sufficiently small. This is not of much help to the practicing scientist,
who generally is confronted with a definite value of the parameter A\, which
can always be considered A = 1 by an appropriate rescaling of the potential
V. Recalling that different functions can have the same asymptotic series, it
seems hopeless to try to recover the function E(\) from its asymptotic series,
but this is possible for the so called strong asymptotic series. A function E(\)
analytic in a sectorial region (0 < || < B, |argA| < m/2+4) is said to have
strong asymptotic series > o° ayA® if for all A in the sector

[E() =Y apdf| < Co™ A" (n+ 1) (8.5)
0
for some constants C, . For strong asymptotic series it is proved that the
function E(A) is uniquely determined by the series. Conditions that ensure
that the RS series is a strong asymptotic series have been given [34].

The problem of actually recovering the function E()) from its asymptotic
series can be tackled by several methods. The most widely used procedure
is the Borel summability method [6], which amounts to what follows. Given
the strongly asymptotic series Y’ ap\¥, one considers the series F()\) =
> (ag/k!)AF. This is known as the Borel transform of the initial series,
which, by the hypothesis of strong asymptotic convergence, can be proved
to have a non-vanishing radius of convergence and to possess an analytic
continuation to the positive real axis. Then the function E()\) is given by

E\) = / F(A\x) exp(—x) dz. (8.6)
0
The above statement is Watson’s Theorem [50]. Roughly speaking, it yields

the function F(\) as if the following exchange of the series with the integral
were allowed:

E(\) ~ Zak)\k = Z %/0 exp(—z)a® de\F =
0 (U
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/ " exp(—z i:: by = /O " FOw) exp(—a) dz.

A practical problem with perturbation theory is that, apart from a few
classroom examples, one is able to calculate only the lower order terms of the
perturbation series. Although in principle it is impossible to divine the rest
of a series by knowing its terms through a given order, a technique which in
some cases turned out to work is that of Padé approximants [32, 1]. A Padé
[M, N] approximant to a series is a rational function

Qn(z)

whose power expansion near z = 0 is equal to the first M + N terms of the
series. It has been proved [31] that the Padé [V, N| approximants converge to
the true eigenvalue of the anharmonic oscillator with z* or z% perturbation.
The Padé [M, N| approximant to a function f(z) is unique, but its domain of
analyticity is generally larger. Even for asymptotic series whose first terms
are known one can write the Padé approximants. One can either use directly
the Padé approximant as the value of F(\) for the desired value of A, or
can insert it into the Borel summation method. For the case of the quartic
anharmonic oscillator (Eq. (8.3)) both methods have been proved to work
(at the cost of calculating some tens of terms of the series).

Another approach to the problem is the method of self-similar approxi-
mants [55], whereby approximants to the function £()) for which the asymp-
totic series is known are sought by means of products

p

Fop(N) = [ [ (1 + A2)™ (8.8)

=1

The 2p parameters A;, n;, 1 < i < p, are determined by equating the Tay-
lor expansion of fs,(A) with the asymptotic series through order 2p (ap = 1
can be assumed, with no loss of generality, see [55]). Also, odd order ap-
proximants fo,+1 are possible. For the anharmonic oscillator (Eq. (8.3)) the
calculations exhibit a steady convergence to the correct value of the energy
of both the even order and the odd order approximants also for A = 200.

The problem with the above approaches is that their efficiency seems
limited to toy models as the anharmonic oscillator. For realistic problems it
is difficult to establish in advance that the method converges to the correct
answer.
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9  Perturbation of the Continuous Spectrum

In this section we consider the effect of a perturbing potential V' on
states belonging to the continuous spectrum. Since the problem is inter-
esting mainly for the theory of scattering, we will assume that the unper-
turbed Hamiltonian Hj is the free Hamiltonian of a particle of mass m. Also,
assuming that the potential V(7) vanishes at infinity, the spectrum of the
free Hamiltonian Hy and the continuous spectrum of the exact Hamiltonian
H = Hy + \V are equal and consist of the positive real semi-axis. Given an
energy E = h?k?/2m, the problem is how the potential V affects that par-
ticular eigenfunction ¢y of Hy which would represent the state of the system
if the interaction potential were absent.

Letting 1) = 1y + 01, the Schrédinger equation reads

(E — Hy)St = AV (v + 6¢) (9.1)

In the spirit of the perturbation approach, d) can be calculated by an itera-
tive process provided we are able to find the solution of the inhomogeneous
equation

(B — Ho)oy =¢ (9.2)
in the form

0 = GoC. (93)
Go being the Green’s function of (9.2). Assuming that G is known, we find

St = NGV = AGoViby + ANGoV iy =
AGoViby +X2GoVGoViby + NGoVGVap = ---,  (9.4)

that is dv is written as a power expansion in A in terms of the free wave
function .

9.1 Scattering solutions and scattering amplitude

One has to decide which eigenfunction of Hy must be inserted into the
above expression, and which Green function GGy must be used, since, of course,
the solution of (9.2) is not unique. The questions are strongly interrelated,
and the answers depend on which solution of the exact Schrédinger equation
one wishes to find. Since the study of the perturbation of the continuous
spectrum is relevant mainly for the theory of potential scattering, we will
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focus on this aspect. In the theory of scattering it is shown [24] that, for a
potential V() vanishing faster than 1/r for r — 0o, a wave function v which
in the asymptotic region is an eigenfunction of the momentum operator plus
an outgoing wave

0= expliF -7 + (0, ) SR

(9.5)
(0, ¢ being the polar angles with respect to the k axis) is suitable for de-
scribing the process of diffusion of a beam of free particles with momentum
k which impinge onto the interaction region and are scattered according the
amplitude fz(0,¢). (The character of outgoing wave of the second term in
(9.5) is apparent when the time factor exp(—iEt) is taken into account.)
The differential cross section do/dS2 is the ratio of the flux of the probability
current density due to the outgoing wave to the flux due to the impinging
plane wave. One finds

do
=150, )P (9.6

In conclusion, we require that 1y is a plane wave, and that the Green function
G has to be chosen in such a way as to yield an outgoing wave for large r.
Thus we need to solve the equation

(K2 + A)oyp = A%V(exp(ié. 7) 4 0¢) = U(7)(exp(ik - 7) + 0¢)  (9.7)

with the asymptotic condition 6 — frexp(ikr)/r for r — oco. In terms of
the Green’s function G(7,7"), which satisfies the equation

(A + KD Go(F, 7)) = 6(F — 7'), (9.8)

the solution of (9.7) can be written as

(r) = /GO(F, FOYU(F")[(exp(ik - 7') + 6 (7" di (9.9)

which is a form of the Lippmann-Schwinger equation [30]. The integral op-
erator G with kernel Go(7,7’) is connected to the operator Gy of (9.3) by
the equation Gy = 2mGy/h2.

The leading term of dy for r — oo is determined by the leading term
of Go(7,7"), so we look for a solution of (9.8) with the behavior of outgoing
wave for 7 — oo. Due to translation and rotation invariance (if both the
incoming beam and the scattering potential are translated or rotated by the
same amount, the scattering amplitude f7(6, ¢) is unchanged), we require for
the solution a dependence only on |77 — 7|
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Recalling that A 1/r = —4nd(7), we look for a solution of (9.8) with
T

7" = 0 of the form —F(r)/(4nr), with F'(0) = 1. The function Gy(7,7”) then
will be Pl )
L 7=
Go(T,T,) = W (910)

The equation for F(r) is
F' +K*F =0, (9.11)

whose solutions are exp(zikr) (outgoing and incoming wave respectively).
In conclusion for Gy we find
1 exp(ik|r —7"|)
47 |7 — 7|

Go(7,7) = (9.12)

The solution of the Schrodinger equation with the Green function given
in (9.12) is denoted as 1[1}15 and obeys the integral equation known as the
Lippmann-Schwinger equation [30]:

exp(itk|r —7')

() = expliF - 7) - % / UGG A (913)

e

The behavior for r — oo can be easily checked to be as in (9.5) by
inserting the expansion

— H/‘

|7~ 7 +0(1/r) (9.14)

into the Green function Go. We find (7 = 7/r)

1 exp(tk|7—7"|) roo 1 explik(r —7-7")] 77
_— e | 1
N 47 r [+ r2 ] (9.15)
which yields for zﬁg(f’) (ks = ki)
() "= exp(ik - 7) - E—expgf ") / exp (—iky - 7)U (7 )y (7') di”.

(9.16)
The solutions wg(F) are normalized as the plane waves exp(ik - 7):

(F,0t) = 2m)°6(k — k). (9.17)

In addition, they are orthogonal to any possible bound state solution of the
Schrodinger equation with the Hamiltonian H = Hy + AV. Together with
the bound state solutions they constitute a complete set. On a par with
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the solutions wg(F) one can also envisage solutions 1 (7) with asymptotic
behavior of incoming wave. They are obtained using for H (see (9.11)) the
solution exp(—ikr). The normalization and orthogonality properties of the
functions ¢ (7) are the same as for the wg (7) functions.

From (9.16) we derive an implicit expression for the scattering amplitude

flg(ev@): ]
fr(b,¢) = i /exp (—iky - F’)U(F’)wg(f") dr’ (9.18)

where the unknown function 1/15(7’_’) still appears. Letting ¢ = exp (z/gf -7,
Eq. (9.18) can also be written as

1

J0.9) = = (o7 Uw}). (9.19)

9.2 The Born series and its convergence

Equations (9.13) and (9.19) are the starting point to obtain the expression
of the exact wave function 205(77) and the scattering amplitude f(0,¢) as a
power series in A, in the spirit of the perturbation approach. Recalling that

U = (2m/h2)V (see (9.7)), if o = exp(ik - 7) for W (7) we find

1/1+ = ¥r + )\Go Vgok + /\2G0 VGO VQOk (920)
2 -
= exp(ik - 7) + )\/GO(F, F’)h—TV(F') exp(ik‘ 7 dF +

2 -
3 [ar [ G )V Gl ) GV () epliE ) o

Inserting the above expansion into (9.19), for the scattering amplitude

f7(0,¢) we find
= > 170,9) (9-21)
n=1

where flén), the contribution of order n in A to fz(f,¢), is obtained by sub-
stituting @/JE in (9.19) with the contribution of order n — 1 of the expansion

(9.20). The term of order 1 is called the Born approximation [8], and is given
by

20,0) = £7(0,9) = _ﬁ (QZZA) /exp[@'(/%— kr) -7V (i) di. (9.22)
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The term of order 2 is

1 /2mA\>
2

and the general term of order n is

n 1 /2mA\" .
fii‘ '(0,¢) = e < 72 ) (0r, VGV ---GoVg) (ntimes V). (9.24)

The scattering amplitude through order n is
Wo,0) =3 10, ¢) (9.25)
i=1

with fél)(e, @) = ff(@, ¢), and the series > |° fg)(Q, ) is known as the Born
series [8]. Of course, when using (9.25) for calculating the differential cross
section do/dS) only terms of order not exceeding n should be consistently
retained.

For a discussion of the range of validity and the convergence of the expan-
sions (9.20) and (9.21) it is convenient to pose the problem in the framework
of integral equations in the Hilbert space L? [40, 54], which provides a natural
notion of convergence. To this purpose, since 1/1% (7) is not square integrable,
we start assuming that the potential V(7) is summable

/IV )|dr < o0 (9.26)

and multiply Eq. (9.13) by |V(7)|2 [41, 20, 45]. Letting ey (7) = V(7)/|V (7)]
(ey () = 0 if V(7) = 0) and defining

G = VAP (9.27)
K(7.7) =~ Gol IV Ve (7), (929

Eq. (9.13) reads:
GHI = V@I exp (F-7) X [ K/ dr (9.20)

Now the function in front of the integral is square integrable and the
kernel K'(r,7") is square integrable too

V(m)||V (7
[ [ - [ /w VAV o o



provided the potential V' (7) obeys the additional condition
L V(™)
/d?“/m < Q. (931)

Equation (9.29) can be formally written as
CF =G+ AK'CE, = V()| exp (ik - 1), (9.32)

K’ being the integral operator with kernel K’ given in (9.28). The function
I.;f is formally given as

G =(I- XK' (9.33)

where the inverse operator (I — AK’)~! exists except for those values of A
(singular values) for which 7 — AK” has the eigenvalue 0.

Since by (9.30) K is a compact operator, the singular values are isolated
points which obey the inequality [A| > ||K’|~!, since the spectrum of an
operator is contained in the closed disc of radius equal to the norm of the
operator. Thus, when ||AK’|| < 1 the inverse operator (I — AK”)~" exists and
is given by the Neumann series

(I -AK) "' =T+ MK+ NK?+... =1+ R, (9.34)

which is clearly norm convergent. By the inequality

MK < A2 Te(R R )\Z/dr/d NK'FEFE(9.35)

g/ VOV )]
712714/ / e <L (9.36)

the condition ||)\_f( "Il < 1 is satisfied and consequently the inverse operator
(I — AK")7! exists. In conclusion, a sufficient condition for the convergence
of the expansion

we see that, if

A2

G = Go+ AK"Go+ N K" (o + -+ (9.37)

in the L? norm is that (9.36) holds [43]. Since |K'||* < Tr(K'TK'K'TK"),
by the Riemann-Lebesgue Lemma it is possible to prove [56] that for any
given X the condition |[AK’|| < 1 is satisfied provided the energy h2k?/2m is
sufficiently large.

The implications for the convergence of the expansion (9.21) of the scat-
tering amplitude are immediate, once Eq. (9.19) is written in the form

m

17(0.9) = N (VO o Dev (), VAP GE). (039)
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The Born series converges whenever the iterative solution of (9.32) converges,
that is if (9.30) is satisfied. As noted above, for any given A this happens
for sufficiently large energy. An additional useful result is that the Born
approximation fEB (0, ¢) (or the expansion flén](ﬁ, ) through any n) converges
to the exact scattering amplitude f;(6, ¢) when the energy grows to infinity.
More precisely [48], if (9.26) holds then

1:(0.0) — 120, 0)] == 0. (9.39)

If ||AK’|| > 1 the Neumann series (9.34) does not converge and the per-
turbation approach is no longer viable. However, if A is not a singular value
Eq. (9.32) can be solved by reducing it to an integral equation with a kernel
D of norm less than 1 plus a problem of linear algebra [54]. In fact, for
any positive value L the operator K’ can be approximated by a finite rank
operator F’

F¢= Z%(?*)(@(F’),C(F’)) (9.40)

such that, if D = K’ — F, |D|| < 1/L. Equation (9.32) then reads
(I = AD)CE = G+ AFCH (9.41)

Since for |A| < L we have [|AD]|| < 1, Cg can be written in terms of the
appropriate Neumann series I + RY (see (9.34)):

G =+ RPG+ F¢E + RYFCE. (9.42)

The unknown quantities (/3;, Cg ) which appear in the RHS of (9.42) are de-
termined by solving the linear-algebraic problem obtained by left-multiplying
both sides of the equation by §., 1 < r < n. The values of X in the range
|A| < L for which the algebraic problem is not soluble are the singular values
of (9.32) in that range. Thus, Eq. (9.32) can be solved for any non-singular
value.

10 Time Dependent Perturbations

A rather different problem is presented by the case that a time indepen-
dent Hamiltonian Hy, for which the spectrum and the eigenfunctions are
known, is perturbed by a time dependent potential V' (¢). This occurs, for
example, when an atom or a molecule interacts with an external electromag-
netic field. For the total Hamiltonian H = Hy + AV (t) stationary states no
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longer exist, and the relevant question is how the perturbation affects the
time evolution of the system. We assume that the state ¢ is known at a
given time, which can be chosen as t = 0, and search for ¢(¢). Obviously,
any time ¢ prior to the setting on of the perturbation AV (¢) could be chosen
instead of ¢t = 0.
The time dependent Schrodinger equation reads
o

zha Hy(t) = Hoto(t) + AV (1)(t). (10.1)
At any ¢, 1(t) can be expanded in the basis of the eigenfunctions ¢, (t) of
H(] .

Hopn(t) = Enpn(t)
©n(t) = pn(0)exp(—iEnt/h) = (,exp(—iE,t/h). (10.2)
For the sake of simplicity we treat Hy as if it only had discrete spectrum,
but the presence of a continuous component of the spectrum does not create

any problem.
We can write [11, 42]

V() =D an(t)pn(t). (10.3)

Note that the basis vectors ¢, (t) are themselves time dependent (by the phase

factor given in(10.2)), whereas the vectors (, are time independent. The

isolation of the contribution of Hy to the time evolution as a time dependent

factor allows a simpler system of equations for the unknown coefficients a,,(t).
Substituting expansion (10.3) into (10.1) we find

i an(t)enlt —I—Zan Enpn(t) =
Z an (1) Enon(t —f-)\Zan Yon(t).

n

By left multiplying by ¢ (), for the coefficients a(t) we find the system of
equations

ihag(t) = A Z an(t (t)en(t)) = A Z VL (t)an(t), (10.4)
where we have defined
Vi) = (x(1), V() on(t)). (10.5)
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The matrix elements V}! (¢) are the matrix elements of an operator V/(t)
between the time independent vectors (x, (,. Indeed, since

On(t) = Cuexp(—iE,t/h) = exp(—iHgt/h)Cp, (10.6)
Eq. (10.5) can be written as
Vi (t) = (exp(—iHot /R)Cy, V(1) exp(—iHot/B)Cn) = (G, VI (£)Ca),  (10.7)
where the operator V(t) is defined as follows:
VI(t) = exp(iHot/R)V (t) exp(—iHot /). (10.8)

System (10.4) must be supplemented with the appropriate initial condi-
tions, which depend on the particular problem. The commonest application
of time dependent perturbation theory is the calculation of transition proba-
bilities between eigenstates of Hy. Thus, we assume that at t = 0 the system
is in an eigenstate of the unperturbed Hamiltonian Hy, say the state ¢;. In
this case a1(0) =1, a,(0) =0 if n # 1.

In the spirit of perturbation theory, each a, is expanded into powers of A

ar(t) =1+)_ Na"(t), an(t)=> XNal(t) n#1, (10.9)

and terms of equal order are equated. For a,(;) we find

ihal”) =3 "Vial™, r>0. (10.10)

(r)

By (10.9), for any r > 0, a,’(0) = 0. As a consequence, for r = 1 we have

—i [t —i [* .
ap) = — / Vi(t)dt = - / (Ges V(11)G1) exp(iA Eyaty /) dtr, - (10.11)

0

where AFE,; = E), — E,. For r = 2 we find

- t
s —3
haf? = SV = 7 SV [ Vi
whose solution is

a/(f)(t) = (%)2 /Ot dts /Ot2 dt, Z VL (t) V() =
( %Z )2 /Of dty /0” dty Y (G, V(£2)Ga) exp (i Egyta /1)

(Cn,v(tl)CI)eXp(iAEnltl/h)- (1012)
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It is clear how the calculation proceeds for higher values of . The general
expression is

—7/ r t tr t3 to
G](J)(t) = (— / dtr/ dt'r—l"'/ dtQ/ dt, x
kan V6 (o) VL () V(1) (10.13)

By the completeness of the vectors (,,, the sums over the intermediate states
can be substituted by the identity and the expression of a,(:) is simplified into

al(t _2 / dt, / dt, ;- / dt, / dt,

(g“k,vf DV (tea) - V)V (1) G). (10.14)

It is customary to write (10.14) in a different way. The r-dimensional
cube 0 <t; <t, 1 <i<r, can be split into ! subdomains

0<ty <ty <t, , <t, <t (10.15)

Pr—1

with {p1,p2, - pr_1,pr} a permutation of {1,2,--- r — 1,r}. The time or-
dered product of 7 (non-commuting) operators VZ(t,,), VI(t,,), - VI(t,.)
is introduced according to the definition

T[Vity) - Vit,)] =Vit) - Vit), t<ta<-<t. (10.16)

If (—iX/R)" (G, T [V (tpy) -+~ VI(t,,)] C1) is integrated over the r-cube, then
each of the r! subdomains defined by (10.15) yields the same contribution.
As a consequence Eq. (10.13) can be written as

o (t) = T' _Z /dt / dt,_, - /dtQ/ dty
(G, T [ t )V (tor) - V) VIt)] G) - (10.17)

The amplitudes ax(t) can then be written as

ax(t) = (gk,T[exp (_TM) /0 t vf(t')dt’} gl) (10.18)

with obvious significance of the T-exponential: each monomial in the V7!

operators which appear in the expansion of the exponential is to be time

ordered according to the T-prescription. If the initial state is given at time

to the integral appearing in the T-exponential should start at ;. We define
—iA

Ul(t,ty) = T[exp <T> /tt Vf(t’)dt’] (10.19)
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The expansion of the T-exponential into monomials in the V! operators is
called the Dyson series [13, 14]. It is extensively employed in perturbative
quantum field theory.

From (10.18) and (10.19) it is easy to derive an expression for the time
evolution operator U(t,ty) such that

Ul(t, to)¥(to) = ¥(t). (10.20)

Indeed, ¥ (t) and ¥(ty) can be expanded in the basis of the vectors ¢, (t) and
©n(to) respectively as in (10.3). By the linearity of the Schrédinger equation
it suffices to determine (¢ (t), U(t, to)¢n(to)), which we already know to be

(G UL (t,t0)¢n). We have
(@k(t)7 Ul(t, to)@n(to)) = (eXp(—iHot/h)Ck, Ult, to) eXp(_iHOto/h)Cn) _

(Ch, exp(iHot/R)U (¢, to) exp(—iHoto/1)Cy) -

As a consequence we find the equation

U(t, ty) = exp(—iHot/h)T[exp (‘TM) /t t vf(t’)dt'] exp(iHoto/R), (10.21)

which provides the perturbation expansion of the evolution operator U(t,ty)
in powers of \.

It can be proved that if the operator function V() is strongly continuous
and the operators V (t) are bounded, then the expansion which defines the 7-
exponential is norm convergent to a unitary operator, as expected [35]. The
restriction to bounded operators V'(t) does not detract from the range of
applications of Egs. (10.18) and (10.21), since time dependent perturbation
theory is almost exclusively used for treating interactions of a system with
external fields, which generate bounded interactions.

11 Future Directions

The long and honorable service of perturbation theory in every sector of
quantum mechanics must be properly acknowledged. Its future is perhaps
already in our past: the main achievement is its application to quantum field
theory where, just to quote an example, the agreement between the mea-
sured value and the theoretical prediction of the electron magnetic moment
anomaly to ten significant digits has no rivals.

Despite its successes, still perturbation theory is confronted with funda-
mental questions. In most of realistic problems it is unknown whether the
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perturbation series is convergent or at least asymptotic. In non-relativistic
quantum mechanics this does not represent a practical problem since only a
limited number of terms can be calculated, but in quantum field theory, where
higher order terms are in principle calculable, this calls for dedicate investi-
gations. There, in particular, conditions for recovering the exact amplitudes
from the first terms of the series by such techniques as the Padé approxi-
mants or the self similar approximants, and the estimate on the bound of the
error, deserve further investigation.

Somewhat paradoxically, it can be said that the future of perturbation
theory is in the non-perturbative results (analyticity domains, large coupling
constant behavior, tunneling effect...) - an issue where much work has al-
ready been done - since they have proved to be complementary to the use of
perturbation theory.
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