


Systems & Control: Foundations & Applications

Series Editor

Tamer Basar, University of Illinois at Urbana-Champaign

Editorial Board

Karl Johan /‘istr'dm, Lund Institute of Technology, Lund, Sweden
Han-Fu Chen, Academia Sinica, Beijing
William Helton, University of California, San Diego
Alberto Isidori, University of Rome (Italy) and
Washington University, St. Louis
Petar V. Kokotovi¢, University of California, Santa Barbara
Alexander Kurzhanski, Russian Academy of Sciences, Moscow
and University of California, Berkeley
H. Vincent Poor, Princeton University
Mete Soner, Koc University, Istanbul



Daniel Liberzon

Switching in
Systems and Control

Springer Science+Business Media, LLC



Daniel Liberzon

Coordinated Science Laboratory

University of Illinois at Urbana-Champaign
Urbana, IL 61801

US.A.

Library of Congress Cataloging-in-Publication Data

Liberzon, Daniel, 1973
Switching in systems and control / Daniel Liberzon.
p. cm. — (Systems and control)
Includes bibliographical references and index.
ISBN 978-1-4612-6574-0 ISBN 978-1-4612-0017-8 (¢Book)
DOI 10.1007/978-1-4612-0017-8
1. Switching theory. 2. Automatic control. I. Title. I1. Series.

TK7868.S9L53 2003
621.3815372—dc21 2003050211
CIp

AMS Subject Classifications: Primary: 93B12, 93D0S5, 93D09, 93D15, 93D20; Secondary: 34D20,
34D30, 34HO5

Printed on acid-free paper

© 2003 Springer Science+Business Media New York B®
Originally published by Birkhduser Boston in 2003

Softcover reprint of the hardcover 1st edition 2003

All rights reserved. This work may not be translated or copied in whole or in part without the written
permission of the publisher (Springer Sciencet+Business Media, LLC), except for brief excerpts in
connection with reviews or scholarly analysis. Use in connection with any form of information storage
and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology now
known or hereafter developed is forbidden.

The use in this publication of trade names, trademarks, service marks and similar terms, even if they
are not identified as such, is not to be taken as an expression of opinion as to whether or not they are
subject to proprietary rights.

ISBN 978-1-4612-6574-0 SPIN 10888361

Typeset by the author.

987654321



Contents

Preface

I Introduction

1 Basic Concepts

1.1

1.2

Classes of hybrid and switched systems. . . . . .. .. ...
1.1.1 State-dependent switching . . . . . .. ... ... ..
1.1.2  Time-dependent switching . . . . ... ... .. ...
1.1.3  Autonomous and controlled switching . . . . .. ..
Solutions of switched systems . . . . .. ... ... .....
1.2.1  Ordinary differential equations . . . . ... .. ...
122 Zenobehavior. . . ... ... ... ... ... ...
1.23 Slidingmodes . . . .. .. ... ... .. .......
1.2.4 Hysteresis switching . . . . . ... ... .. ... ..

II Stability of Switched Systems

2 Stability under Arbitrary Switching

2.1

Uniform stability and common Lyapunov functions . . . . .
2.1.1  Uniform stability concepts . . . . . .. ... ... ..
2.1.2 Common Lyapunov functions . . . .. .. ... ...
2.1.3 A converse Lyapunov theorem . . ... ... .. ..
2.1.4 Switched linear systems . . . . . ... ... .. ...

ix

17

21
21
21



vi Contents

2.1.5 A counterexample . . . ... ... ... 28

2.2 Commutation relations and stability . . . .. ... ... .. 30
2.2.1 Commuting systems . . . . . . ... .. ....... 30

2.2.2 Nilpotent and solvable Lie algebras . . . . . . . . .. 34

2.2.3 More general Lie algebras . . . ... ... ... ... 37

2.2.4 Discussion of Lie-algebraic stability criteria . . . . . 41

2.3 Systems with special structure . . . . ... o000 0L 42
2.3.1 Triangular systems . . . . ... ... .. ... .. .. 43

2.3.2 Feedback systems . . . . . ... ... ... 45

2.3.3 Two-dimensional systems . . . ... .. .. ... .. 51

3 Stability under Constrained Switching 53
3.1 Multiple Lyapunov functions . . . . . ... ... ... ... 53
3.2 Stability under slow switching . . . . .. ... ... .. ... 56
321 Dwelltime ... ... ... ... ... . ....... 56

3.2.2 Averagedwell time . . . . .. .. .. ... ... ... 58

3.3 Stability under state-dependent switching . . . . .. .. .. 61
3.4 Stabilization by state-dependent switching . . . . . . . . .. 65
3.4.1 Stable convex combinations . . . . . .. ... .. .. 65

3.4.2 Unstable convex combinations . . . ... ... ... 68

IIT Switching Control 73
4 Systems Not Stabilizable by Continuous Feedback 77
4.1 Obstructions to continuous stabilization . . . . . . . .. .. 77
4.1.1 State-space obstacles . . . . . . ... ... ... .. 77

4.1.2 Brockett’s condition . . ... ... ... ... 79

4.2 Nonholonomic systems . . . . . .. .. .. ... 81
4.2.1 The unicycle and the nonholonomic integrator . . . 83

4.3 Stabilizing an inverted pendulum . . . . . .. ... ... .. 89

5 Systems with Sensor or Actuator Constraints 93
5.1 The bang-bang principle of time-optimal control . . . . . . 93
5.2 Hybrid output feedback . . . . . .. ... 96
5.3 Hybrid control of systems with quantization . . . . . . . .. 100
5.3.1 Quantizers . . . . . .. ... ... 100

5.3.2 Static state quantization . . . . . .. ... .. ... 103

5.3.3 Dynamic state quantization . . . . . .. .. ... .. 108

5.3.4 Input quantization . . . . .. ... ... .. ... 116

5.3.5 Output quantization . . . . . . ... ... ... ... 121

5.3.6  Active probing for information . . . .. .. ... .. 124

6 Systems with Large Modeling Uncertainty 129

6.1 Introductory remarks. . . . . . ... ... ... 129



Contents

6.2 First pass: basic architecture . . . ... ... ... ... ..
6.3 An example: linear supervisory control . . . . . .. ... ..
6.4 Second pass: design objectives . . . . .. ... ... ...
6.5 Third pass: achieving the design objectives . . . . ... ..
6.5.1 Multi-estimators . . . . . ... ... L.
6.5.2 Candidate controllers . . . . . ... ... ......
6.5.3 Switching logics. . . . . . ... ... ...
6.6 Linear supervisory control revisited . . . . . . ... ... ..
6.6.1 Finite parametric uncertainty . . . . . . .. ... ..
6.6.2 Infinite parametric uncertainty . . .. ... .. ...
6.7 Nonlinear supervisory control . . . . . ... ... ... ...
6.8 An example: a nonholonomic system with uncertainty

IV  Supplementary Material

A Stability

A.1 Stability definitions . . . . . . .. ... ..
A.2 Function classes K, Koo, and KL . . . . . . ... ... ...
A.3 Lyapunov’s direct (second) method . . . . .. ... ... ..
A.4 LaSalle’s invariance principle . . . ... ... ... .. ...
A.5 Lyapunov’s indirect (first) method . . . ... ... .. ...
A.6 Input-to-state stability . . . . . . ... ... ... ... ...

Lie Algebras

B.1 Lie algebras and their representations . . . . . ... . ...
B.2 Example: sl(2,R) and gl(2,R) . . . . . .. .. ... .. ...
B.3 Nilpotent and solvable Lie algebras . . . . .. ... .. ...
B.4 Semisimple and compact Lie algebras. . . . . .. ... ...
B.5 Subalgebras isomorphic to sl{(2,R) . .. ... ... .. ...
B.6 Generators for gl(n,R) . . . . ... ... L.

Notes and References
Bibliography
Notation

Index

vii

167

169
169
170
171
173
174
175

179
179
180
181
181
182
183

185
203
229

231



Preface

Many systems encountered in practice involve a coupling between contin-
uous dynamics and discrete events. Systems in which these two kinds of
dynamics coexist and interact are usually called hybrid. For example, the
following phenomena give rise to hybrid behavior: a valve or a power switch
opening and closing; a thermostat turning the heat on and off; biological
cells growing and dividing; a server switching between buffers in a queueing
network; aircraft entering, crossing, and leaving an air traffic control region;
dynamics of a car changing abruptly due to wheels locking and unlocking
on ice. Hybrid systems constitute a relatively new and very active area of
current research. They present interesting theoretical challenges and are
important in many real-world problems. Due to its inherently interdisci-
plinary nature, the field has attracted the attention of people with diverse
backgrounds, primarily computer scientists, applied mathematicians, and
engineers.

Researchers with a background and interest in continuous-time systems
and control theory are concerned primarily with properties of the contin-
uous dynamics, such as Lyapunov stability. A detailed investigation of the
discrete behavior, on the other hand, is usually not a goal in itself. In fact,
rather than dealing with specifics of the discrete dynamics, it is often use-
ful to describe and analyze a more general category of systems which is
known to contain a particular model of interest. This is accomplished by
considering continuous-time systems with discrete switching events from a
certain class. Such systems are called switched systems and can be viewed
as higher-level abstractions of hybrid systems, although they are of interest
in their own right.



X Preface

The present book is not really a book on hybrid systems, but rather a
book on switched systems written from a control-theoretic perspective. In
particular, the reader will not find a formal definition of a hybrid system
here. Such a definition is not necessary for the purposes of this book, the
emphasis of which is on formulating and solving stability analysis and con-
trol design problems and not on studying general models of hybrid systems.
The main goal of the book is to bridge the gap between classical math-
ematical control theory and the interdisciplinary field of hybrid systems,
the former being the point of departure. More specifically, system-theoretic
tools are used to analyze and synthesize systems that display quite nontriv-
ial switching behavior and thus fall outside the scope of traditional control
theory.

This book is based on lecture notes for an advanced graduate course on
hybrid systems and control, which I taught at the University of Illinois at
Urbana-Champaign in 2001-2002. The level at which the book is written is
somewhere between a graduate textbook and a research monograph. All of
the material can be covered in a semester course, although the instructor
will probably need to skip some details in the treatment of more advanced
topics and assign them as supplementary reading. The book can also serve
as an introduction to the main research issues and results on switched
systems and switching control for researchers working in various areas of
control theory, as well as a reference source for experts in the field of hybrid
systems and control.

It is assumed that the reader is familiar with basic linear systems the-
ory. Some results on existence and uniqueness of solutions to differential
equations, Lyapunov stability of nonlinear systems, nonlinear stabilization,
and mathematical background are reviewed in suitable chapters and in the
appendices. This material is covered in a somewhat informal style, to allow
the reader to get to the main developments quickly. The level of rigor builds
up as the reader reaches more advanced topics. My goal was to make the
presentation accessible yet mathematically precise.

The main body of the book consists of threc parts. The first part in-
troduces the reader to the class of systems studied in the book. The sec-
ond part is devoted to stability theory for switched systems; it deals with
single and multiple Lyapunov function analysis methods, Lie-algebraic sta-
bility criteria, stability under limited-rate switching, and switched systems
with various types of useful special structure. The third part is devoted
to switching control design; it describes several wide classes of continuous-
time control systems for which the logic-based switching paradigm emerges
naturally as a control design tool, and presents switching control algorithms
for several specific problems such as stabilization of nonholonomic systems,
control with limited information, and switching adaptive control of uncer-
tain systems. At the moment there is no general theory of switching control
or a standard set of topics to discuss, and the choice of material in this part
is based largely on my personal preferences. It is hoped, however, that the
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book will contribute to creating a commonly accepted body of material to
be covered in courses on this subject.

Typically, results are first developed for linear systems and then ex-
tended to nonlinear systems. Complete proofs of most of the results are
provided, other proofs are given in sketched form. A few exercises are scat-
tered throughout the text. Since the book focuses on theoretical develop-
ments, students interested in applications will need to study other sources.
In the course that I taught at the University of Illinois, the students were
required to do final projects in which they could apply the theory developed
in class to practical problems.

I would like to call special attention to the Notes and References section
at the end of the book. It complements the main text by providing many
additional comments and pointers to a large body of literature, from re-
search articles on which this book is based to a variety of related topics not
covered here. The reader should remember to consult this section often, as
references in the main text are kept to a minimum. The literature on the
subject is growing so rapidly, however, that the bibliography supplied here
will quickly go out of date.

I am indebted to many people who influenced my thinking and offered
valuable advice on the material of this book. I would especially like to thank
my former advisors: Andrei Agrachev, Roger Brockett, and Steve Morse.
This book would not have been possible without the research contributions
of Joao Hespanha. It has also benefited greatly from my interactions with
Eduardo Sontag. I am grateful to my colleagues at the University of Illi-
nois for creating a very stimulating environment, and particularly to Tamer
Basar who encouraged me to teach a course on hybrid systems and to pub-
lish this book. I am thankful for the numerous corrections and comments
that I received from students while teaching the course. The support of the
National Science Foundation and the DARPA/AFOSR MURI Program is
gratefully acknowledged.

Daniel Liberzon Champaign, IL
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