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When the kind invitation of Ron Graham and Jaroslav Nesetril, to write in honour of
Paul Erdos about aspects of his work, reached us, our first reaction was to follow it
with great pleasure. Our second reaction was not as clear: Which one among the many
subjects in mathematics, to which he has made fundamental contributions, should we
choose?

Finally we just followed the most natural idea to write about an area which just had
started to fascinate us: Density Theory for Integer Sequences.

More specifically we add here to the classical theory of primitive sequences and their
sets of multiples results for cross—primitive sequences, a concept, which we introduce.
We consider both, density properties for finite and infinite sequences. In the course of
these investigations we naturally come across the main theorems in the classical theory
and the predominance of results due to Paul Erdos becomes apparent. Several times
he had exactly proved the theorems we wanted to prove! Many of them belong to his
earliest contribution to mathematics in his early twenties.

Quite luckily our random approach led us to the perhaps most formidable period in
Erdds’ work. It reminds us about a statement, which K. Reidemeister ([18], ch. 8) made
about Carl Friedrich Gauss:

“... . Aber das Epochale ist doch die geniale Entdeckung des Jiinglings: die Zahlentheorie.”



1. CLASSICAL RESULTS

At first we set up our notation.

N denotes the set of positive integers and P = {py1,p2,...} = {2,3,5,...} denotes
the set of all primes. For the number u,v € N we write wu|v ,if w divides v . Further
(u,v) stands for the largest common divisor and < w,v > denotes the smallest
common multiple of v and v .

Incase (u,v) =1 wu and v aresaid to be relatively prime (or coprimes). The greatest
prime factor of w is written as p*(u). For i < j [i,j] equals {i,i+ 1,...,5}
and (i,j] equals {i+1,...,i} . Any set A C N can also be viewed as an increasing
sequence (a;)$2, ,where A = {a;:i € N} , and vice versa. We reserve the letter A for
such sets or sequences. It is convenient to use the abbreviations A(z) = AN[1,z] and
|B| for the cardinality of any set B . We also use ¢(z,y) = |[{n € [1,z] : P'(n) > y}| .

The lower and upper asymptotic density of A are
A — A
QA:liminfM and d A:limsupM . (1.1)

T—00 X T—00 x

If dA=d A, then A possesses the asymptotic density d A =d A =d A . Related
quantities are

- 1 1 < : 1 1
0 A= hxnilolgf gz agx o and 0 A= h:IL‘ILSolip gz a;m " (1.2)

the logarithmic lower and upper density of A . If ¢ A = 0 A, then A possesses
logarithmic density 6 A=0 A=6§ A.

In the first half of the century there was noticeable interest in the study of density
properties of the set of multiples

M(A)={meN: forsome a€cA alm} (1.3)

of infinite sequences A of positive integers. This naturally relates to the study of
primitive sequences.

A sequence A = (a;)$2, is primitive, if

a;ta; for i#j. (1.4)

One readily verifies that every A contains a unique subsequence P(A) which is
primitive and satisfies

M(P(A)) = M(A) . (1.5)



Actually,

P(A)={ac€A:Abe Ajb#a, and bla} . (1.6)

One question of Chowla (see [2]) opened the subject: Does d M(A) exist for every
ACN?

This can readily be shown to be the case for all finite A , however, was open for a
longer time and finally settled in the negative by Besicovitch [2] in the infinite case.
Theorem 1. (Besicovitch [2])

For every € >0 there is an A C N with

d M(A) > and d M(A)<e.

N | —

Actually, the A’s are constructed as unions of suitable intervals. The primitive sequence
P(A) generating the M(A) of Theorem I gives the next famous result.

Theorem II. (Besicovitch [2])

For every € > 0 there is primitive sequence A’ with

This shows that a question of Davenport and Erdés (see [7], [13]), whether every
primitive sequence has asymptotic density 0 , has a negative answer.

We derive next an upper bound on d A because it is instructive and beautiful. For
any primitive A = {a1,...,an} C [1,2n] let d; denote the greatest odd devisor of
a; . Then necessarily di,...,d, are all distinct and hence

|Al=a<n. (1.7)

Theorem III. (Behrend [3])

. oy . -3 1
For every primitive A d A< 5 -

Example IV (Everybody)
. e e . 1
{n+1,...,2n} is primitive and has density 5 .

This simple fact is very relevant in the analysis of infinite primitive sequences.

Now Paul Erdos enters the scene.



Theorem V. (Erdds [5])
For a primitive A 2 {1}

(0. @)

1
Z < 00 .
— a log a;

o0 oo

1 1
It is an open problem of Erdés whether g og < E ogp:
a; a; — Di bi
=1

By Abel summation it can be shown that for any set B C N

0<dB<§B<éB<dB<1. (1.8)
) 1 1 s
Since g — < E , by Theorem V § A =0 for primitive A .
logn i a;log a;
N<a;<n N<a;<n

Also by (1.8) d A = 0. We state this result.

Theorem VI. (Erdds [5])
For every primitive sequence A d A=30A =0 or (equivalently)

1 1
Z—:o(l) as n — oo . (1.9)
logna‘<n a;

Logarithmic density has turned out to be an appropriate measure!
Also, what can be said about the speed in (1.9)?

Theorem VII. (Behrend [3])

There is a constant ~ such that for every primitive sequence A

1 1 1
2—3771 for n>3. (1.10)
logn = ai (loglogn)2

In the proof the general case is reduced to A’s consisting entirely of square—free
integers and their analysis is based on Sperner’s Lemma [1]! This gave a strong impetus
also to combinatorial extremal theory starting with [12] and continuing with [24],...,[30]
and many, many others.

Theorem VII is best possible in the sense that ~ cannot be replaced o(n) .



Theorem VIII. (S. Pillai [8])

There exists a positive constant c , such that to every x > 3 corresponds a primitive
set A, with

1 1 c
s
log z a;x ai ~ (loglogx)z

Subsequently Erdés, Sarkozy, and Szemerédi [20] showed that ¢ can be choosen as
(27)"2 —e for any &> 0 and that this is best possible.

The last three theorems concern in essence only finite primitive sequences. Related to
infinite primitive sequences in the true sense is
Theorem IX. (Erdds, Sdrkiozy, Szemerédi [21])

For every infinite primitive sequence A

and this bound is best possible.

We draw attention also to a survey paper of Erdés, Sarkozy, and Szemerédi [22] and
to a related paper of Pomerance and Sarkozy [23].

Concerning d A there is the following improvement of Theorem III.

Theorem X. (Erdds [14])

Let A be an infinite primitive sequence, then for every a € A of the form a =
2%2v4+1)<n; u,v>0,

Hence, d A < % i

After Besicovitch’s negative answer to Chowla’s question, it is natural to adress the
next question:

Under which conditions on A does d M(A) or d M(A) or 6 M(A) exist?
Davenport/Erdés and Erdés answered all these questions:

We derive here the simplest and most transparent result, Theorem XI below, in order
to explain the important role of a quantity, which we consider to be a density concept
for sets of multiples and denote as u .

Since A is fixed, we write M for M(A) . Furhter we denote by M,, = M,,(A)
the set of multiples of the first m elements of A , namely aq,as,...,a,, . M,, can
6



be represented as the union of a finite number of congruence classes, and therefore
possesses asymptotic density. If we denote by M®(n) the natural numbers, not
exceeding n , which are divisible by a; but not diversible by any one of aq,...,a;,_1,
then we have

m

My (n) =] M (n) . (1.11)

=1

By inclusion—exclusion for every +=1,2,3,...,

woor= 2] Sl 5 L]

j<i <j<i
and
. M® 1 1
AMO = i MU 1~ 1
n—00 n a; — < aj,a; >
1<t
Therefore by (1.11)
d My, => dM?. (1.12)
i=1

Since 0<» d MW <1 and d M@ >0, lim d M, =» d M exists.
=1 =1

We define now the “density” u by

uwA= lim d M,,(4), ACN. (1.13)

m—00

Since M,,(A) C M(A) , we see immediately that

pA<dM(A) . (1.14)
o0 - o 1

Suppose now that Za;l < o00.Then d M(A) <d M,,(A4) + Z - and thus
i=1 i=m1

d M(A) < p A< d M(4).
Theorem XI. ([17])

If Za;l < oo, then dM(A) exists and equals pA .
i=1

Here are the high—lights.



Theorem * XII. (Davenport/Erdés [7], also [13])
For any ACN M(A) has logarithmic density and

Theorem * XIII. (Erdds [11])

A necessary and sufficient condition for d M(A) to exists is

1 X
. . - (’L) .
gm% hrrlnsup - 16§< _ IM*(n)]=0. (1.15)

Eventhough condition (1.15) looks complicated, it yields a useful sufficient condition.

Theorem * XIV. (Erdds [11])

If A C N satisfies for some constant ¢ |A(n)| < oan Jor m =2, then dM(A)
ex1sts.

The case A =P is included here.

The result is best possible in the following sense.

Theorem XV. (Erdds [12])

For any monotonically increasing function ¥ : N — Ry with lim ¥(n) = oo there

n—oo
exsists an A C N such that

V(n)

|A(n)] < constn1 for large n,
ogn

but dM(A) does not exist.

We present now two further results with many applications.

The first of them was probably motivated by Example IV. It shows how the set of
multiples of certain intervals behaves in density. This is the key idea in Besicovitch’s
construction [2]. Erdés improved the length of the intervals.

Theorem * XVI. (Erdés [5])
The intervals (T*~,T] C N satisfy lir% dM((T*~=,T]) =0.

T—o0

The second result is the famous Behrend Lemma in a dual formulation, that is, for
X CN weuse M(X) instead of N~ M(X) .



Lemma XVII *. (Behrend [10])
Let A, B C N be finite, then

dM(A)-dM(B) <d(M(A)NM(B)) .

Moreover, equality holds exactly if the primitive sets P(A) and P(B) satisfy (a,b) =
1 forall a € P(A),be P(B) .

Finally there are also several papers concerning the growth of ¢(z,y) ([15]). We use
later only the following result.

Theorem XVIII *. (Chowla and Vijayaraghavan [15])

L O@,a?)

1 1
= log — — <0 <1.
Jim . og 7 for 5 = <
Remark:

We apologize for not including in our sketch several results of basic nature such as
Rogers inequality [17] and others. Our selection is guided by our present research
interest. The reader may consult the books by Halberstam and Roth [17] and Hall and
Tenenbaum [19].

Results marked with a star are applied in subsequent sections.

2. NEW RESULTS

We introduce a seemingly basic and new concept.

The pair of sets (or sequences) (A, B) with A, B C N is called cross—primitive, if

atb and bta forall a€AbeB. (2.1)

It is convenient to denote the set of all cross—primitive pairs (A, B) with A, B C
N(z) (resp. N ) by Cross(z) (resp. Cross(oco) ). We are again interested in density
properties.

We begin with the finite case and define

c(z) = max Al Bl
= 5 -
(A,B)€eCross(x) x



Theorem 1.

Forall x € N ¢(z) <1 and

N

1
lim ¢(z) = - .

Remark: As analogue for a primitive sequence see the simple Example IV and (1.7).
We believe that our construction is optimal for large z . Erdos thinks that the deviation

of max |A||B| from % is of the order z® for some a >1.
(A,B)€eCross(x)

The infinite case shows more complex behaviour and that’s the case where also several
classical results on primitive sequences are used.

Theorem 2.

1
max dA-dB=—.
(A,B)€eCross(oo) 16

The mazximum is assumed for a pair with densities.
One auxiliary result for proving this Theorem deserves special attention. It is an infinite
form of Behrend’s Lemma XVII, but by no means an easy extension. On the opposite,

it involves the essence of the Davenport/Erdés Theorem XIV and expresses it in an
elegant way.

Lemma 1. For arbitrary A,B C N
d M(A)-d M(B) <d(M(A)n M(B)) .

We use another auxiliary result, which should be known to the experts, but we could
not find stated in the literature.

1

Lemma 2. For any 0 < A <1, and any ¢ € P, o =< A there exists a set of

primes Q ={q1 < q2...} CP with

d M(Q)=\.

Finally, we enter the world of pathologies discovered by Besicovitch.

10



Theorem 3.

sup dA-dB=1.
(A,B)€eCross(oo)

The supremum cannot be assumed: For A= {ay,...} dB<1- % .

Remark: The construction in the proof of this Theorem can be used to show that in
Lemma 1 d cannot be replaced by d .

3. PROOF OF THEOREM 1

Since for (A, B) € Cross(x) A and B must be disjoint and 1 ¢ AU B , necessarily
|A| + |B| < x and Mgt# < 1. Therefore also c(z) < 1 forall z €N.

To complete the proof, we have to construct a sequence (A,, B;)52, with (4., B,) €
Cross(z) and

Azl |Bs 1
g MelfEl 1 o

We define for a 6, % <0 < 1, which we adjust later,

Ay ={aeN:z'7? <a <z and p*(a) <2},
B,={beN:b<z and pT(b) > '},

and observe that for a 6 in the specified interval (A, B,) € Cross(z) . Hence

1A, >z — 210 — |B,] . (3.2)

Now Theorem XIIT * says that lim M

=log — and si 1-0 —
Jim — og 5 and since x o(x)

1 1
Bl ~ log 3, 4] Z 21~ log ) (3.3)

We choose nor 6 such that 1og% =1- log% = % , that is, 0 = ez ~ 0.6065 > % .
Clearly, (3.3) implies now (3.1).

Remark: A good estimate of |B,| is possible, because B, can be partitioned
according to the biggest prime in the decomposition of its members. These biggest
primes are essentially known in magnitude by the Prime Number Theorem. Our first
proof followed this line. Then we learnt about [15].

11



4. PROOF OF LEMMA 1

Behrend’s Lemma implies that for every n € N

AM (A(n)) - M (B(n) < d(M(A(n)) N M (B(n)) (1)
Since A(n), B(n) and thus also A(n) N B(n) are monotonically increasing in n ,

we have
M (A(n)) N M(B(n)) C M(A)N M(B)

and therefore
d(M(A(n)) N M (B(n))) < d(M(4) 0 M(B)) . (4.2)

Since d(M (A(n)) N M (B(n))) =d(M(A(n)) N M(B(n))) , (4.1) and (4.2) imply
dM (A(n)) -dM (B(n)) <d(M(A)NM(B)) . (4.3)
Now by Theorem XII

lim dM (A(n)) = dM(A), lim dM(B(n)) = dM(A)

n—oo n—oo

and therefore

5. PROOF OF LEMMA 2
Forany Q = {q1 < g2 < ...} C P by the Prime Number Theorem (or weaker versions)

|@Q N [1,n]| < const -

logn

Therefore by Theorem XIV M (Q) possesses asymptotic density and by Theorem XII

dM(Q) =dM(Q) = Z g,

where

q(n:é_z Loy Lo (5.1)

TG S, B
because @@ C P . Therefore

0 1 TT(1_ L
;q 1 H<1 qi)

i=1
12



and now the statement follows from > .-, z% = 00, because —log (1 — qi> > % and

for any nullsequence {a;}2; of positive numbers with >~ a; = co any real number
r>0 equals > 77 a;; for a suitable subsequence {a;;}22; .

6. PROOF OF THEOREM 2

We show first that for (A, B) € Cross(oo)

1
dA-dB < — . 1
dA-dB < (61

We associate with (A, B) the sets

A" = M(A) ~ (M(A)NM(B)),
B* = M(B) ~ (M(A)n M(B)),
and observe that also (A*, B*) € Cross(c0) .
Moreover, we notice that
AcCA” and B C B” (6.2)
and that
M(A)NM(B) = M(C), (6.3)
where
C={<ab>acAbeB}. (6.4)

By our definitions and properties (6.2) and (6.3) we have also

AN[L 2] (M(A)N[1,2]) ~ (M(C)N[1,2]) (6.5)

and therefore
AN [1z]] < |M(A)N[L,z]] - [M(C)N[L,z] . (6.6)

Let now (x;)$2; be an increasing sequence of positive integers with

fim MOl grreay (6.7)
71— 00 113@'
Then by (6.6) and (6.7)
dA < liminf Aozl dM(A) — liminf (MC) L] dM(A) — dM(C
i—00 €X; 1—00 Zq

13



Now we lower bound dM(C) by Lemma 1:

dM(C) = d(M(A)N M(B)) > dM(A) - dM(B)

and conclude that
dA < dM(A) — dM(A) - dM(B) = dM(A)(1 — dM(B)) . (6.9)

Symmetrically

dB <dM(B)(1—dM(A)) (6.10)
and thus finally

dA-dB < dM(A)(1 - dM(A)) - dM(B)(1 — dM(B)) <
We construct now (A, B) € Cross(co) with

1
dA-dB=—. 11
16 (6.11)

By Lemma 2 thereis a Q ={q1 Cgq2...} CP with

d M(Q) = % and Q1 >2. (6.12)
Set
A={aeN:2|a and ¢ ta forall ¢ €Q},
B={beN:2¢b and be M(Q)}.
Equivalently

A=M{2H)~ (M{2})nM(Q)) and B=M(Q) (M({2}) " M(Q)) .
Also, it is clear that (A, B) € Cross(co) and that M({2}) N M(Q) = M(C) , where
C={2:¢:€Q}.

Obviously [C'N[1,n]| < const % and again by Theorem XIV M(C) has asymptotic

density and is given by the formula dM (C) = Z qg) , where
i=1

) (7)
2q; ; 2q;q; k%;l 24199 2
= 5 dM 1
Hence dM(C) = %Zq(” = 2(Q) =7
i=1

14



Therefore

dA = dM({2}) — d(C) =

and (6.11) holds.

7. PROOF OF THEOREM 3

Let usfix 6 >0, 0; >0 for 1 € N; 25125 and 0<6<1.

=1

By Theorem XVI for a d; > 0 there are positive numbers 7'(§;) and A(J;) such that

d M([T'"2,T]) <6 for T >T(5;),\ < A(S;) . (7.1)
We fix arbitrary A; € (0,A(6;)) for i € N and A* € (0,1) .
Now (7.1) and the definition of density tell us that for 7; > T'(6;) (j = 1,2,...,19)
and S > S\, Ty, To,...,T;, A1, ..., X\i, 01,...,0;) (suitable) simultaneously

(M ([T}, 1y]) N [SP, S]]

/ G gin <§; for j<i. (7.2)

Now let R; be an integer with the properties
1
Ry > T((Sl) and X <. (73)
R
We fix the interval [Ri™*, R].
Let L; be an integer with the properties
LI™ >R, and L™ > S\, Ri, A1, 01) . (7.4)

We choose the interval [L1™*' L] .

Furthermore, we choose Ry, Ls such that [ < R%_)‘Q,Rg < L§_>‘2 ,
Ry > max{T(d2), S(Aa, L1, A1, 01) }, R% <0 and Li™* > S(\o, Ry, Ro, A1, Mo, 01,03)
We fix now intervals [Ri™*2, Ry] and [Li™*2,Ly]. Continuing this procedure, for
every i € N we choose R;,L; such that L; | < R}_’\i < Lglﬂ\m ,

R > max{T(6:), S(Ni, L1y ooy Lict, Aty e ooy Nim1, 0140, 0im1) b, = < 0,

and L1~ > S\, Ri,...,Ri, A,y N, 01,...,0) .
15



We fix intervals [RI™™ R;] and [L1™*' L;] .
By our construction one has for every ¢ € N

‘M([Rl Aj

J

LRj)) 0L L))
L— L~

<6; forall j<i
and analogously

IM (LY, L)) N [Ry™, Ry
R Rl Ai

<6; forall j<i-—1.

Now we introduce (disjoint) sets

A — G[Rzl—M,RZ]’B* _ [OJ[L}_)\Z,LZ]
=1 =1

and consider the sets

A= A* < M(B*),B = B*~ M(4%) .

(7.5)

(7.6)

(7.7)

(7.8)

It is clear from this definition that (A, B) € Cross(co) . The upper densities dA and

dB are lower bounded now with the help of (7.5) and (7.6).

For every i € N the number of integers in A , which do not exceed R; is at least

(R, ™, Rl ~ (M(B*)ﬂ (R, ™, Ri))|

> (R — Rj™) Z|M Ly L)) N[R; T, Ry
> (R; — RI™M) — (R — R ™™ 25 > (R; — RI7M)(1-9) .

Therefore, for every i > 1

ANJL,R; ;— RN 1
| O[R.aR]|>R RRz (1_5):<1_

7

Hence, dA > (1 —6)(1 —9) . Similarly dB > (1 —6)(1 —§) and therefore

dA-dB > (1 -60)*(1—6)?

The result follows, because 6 and ¢ can be made arbitrarily small.
16



8. CONCLUDING REMARKS

The notion of cross—primitive pairs can be generalized to that of cross—primitive k—
tuples of sets (Ai,...,Ax) . The understanding here is that any pair (A;, A;) (i # j)
is cross—primitive. Cross(z) then becomes Crossg(x) .

We guess that

k k
. |Ail (1)
1. 1 =\
xl—{go (Al,...,AIBEé}érossk(x) H X k

i=1
k k k(k—1)
1 k—1
2. max dA; = [ - —_
(Al,...,Ak)GCrossk(oo)il:[_ (k) < k )
k J—
3. sup H dA; =1.

(A1,...,Ar)€Crossi(00) ;74

17



1]

2]

3]

[4]

[11]

[12]

[13]

[14]

[15]

[16]

REFERENCES

E. Sperner, “Ein Satz iiber Untermengen einer endlichen Menge”, Math. Z. 27,
544-548, 1928.

A.S. Besicovitch, “On the density of certain sequences of integers”, Math. Annal.
110, 336-341, 1934.

F. Behrend, “On sequences of numbers not divisible one by another”, J. London
Math. Soc. 10, 42-44, 1935.

P. Erdés, “On primitive aboundant numbers”, J. London Math. Soc. 10, 49-58,
1935.

P. Erdés, “Note on sequences of integers no one of which is divisible by any
other”, J. Lond. Math. Soc. 10, 136128, 1935.

P. Erdés, “Generalization of a theorem of Besicovitch”, J. London Math. Soc. 11,
92-98, 1936.

H. Davenport and P. Erdds, “On sequences of positive integers”, Acta Arithm.
2, 147-151, 1937.

S. Pillai, “On numbers which are not multiples of any other in the set”, Proc.
Indian Acad. Sci. A 10, 392-394, 1939.

P. Erdos, “Integers with exactly k prime factors”, Ann. Math. IT 49, 53-66,
1948.

F. Behrend, “Generalization of an inequality of Hulbrom and Rohrbach”, Bull.
Ann. Math. Soc. 54, 681684, 1948.

P. Erdés, “On the density of some sequences of integers”, Bull. Ann. Math. Soc.
54, 685692, 1948.

N.G. De Bruijn, C. van E. Tengbergen, and D. Kruyswijk, “On the set of divisors
of a number”, Nieuw Arch. f. Wisk. Ser II, 23, 191-193, 1949-51.

H. Davenport and P. Erdés, “On sequences of positive integers”, J. Indian Math.
Soc. 15, 19-24, 1951.

P. Erdos, Aufgabe 395 in Elem. Math. Basel 16, 21, 1961.

S.D. Chowla and T. Vijayaraghavan, On the largest prime divisors of numbers,
J. of the Indian Math. Soc. 11, 31-37, 1947.

L.E. Dickson, “Finiteness of the odd perfect and primitive abundant numbers
with n distinct prime factors”, American J. of Math. 35, 413426, 1913.

18



[17] H. Halberstam and K.F. Roth, “Sequences”, Oxford University Press, 1966, Springer—
Verlag, New York, Heidelberg, Berlin 1983.

[18] K. Reidemeister, “Raum und Zahl”, Springer—Verlag, Berlin, Géttingen, Heidelberg
1957.

[19] R.R. Hall and G. Tenenbaum, “Divisors”, Cambridge Tracts in Mathematics 90,
Cambridge University Press, Cambridge, New York, 1988.

[20] P. Erdés, O. Sérkozy, and E. Szemerédi, “On an extremal problem concerning
primitive sequences”, J. London Math. Soc. 42, 484-488, 1967.

[21] P. Erdds, A. Sarkozy, and E. Szemerédi, “On a theorem of Behrend”, J. Australian
Math. Soc. 7, 9-16, 1967.

[22] P. Erdds, A. Sarkozy, and E. Szemerédi, “On divisibility properties of sequences
of integers”, Coll. Math. Soc. J. Bolyai 2, 35-49, 1970.

[23] C. Pomerance and A. Sarkozy, “On homogeneous multiplicative hybrid problems
in number theory”, Acta Arith. 49, 291-302, 1988.

[24] K. Yamamoto, “Logarithmic order of free distributive lattices”, J. Math. Soc.
Japan 6, 343-353, 1954.

[25] L.D. Meshalkin, “A generalization of Sperner’s theorem on the number of subsets
of a finite set”, Theor. Probability Appl. 8, 203—204, 1963.

[26] D. Lubell, “A short proof of Sperner’s theorem”, J. Combinatorial Theory 1, 299,
1966.

[27] B. Bollobés, “On generalized graphs”, Acta Math. Acad. Sci. Hungar. 16, 447—
452, 1965.

[28] R. Ahlswede and Z. Zhang, “An identity in combinatorial extremal theory”, Adv.
in Math., Vol. 80, No. 2, 137-151, 1990.

[29] R. Ahlswede and N. Cai, “A generalization of the AZ-identity”, Combinatorica
13 (3), 241-247, 1993.

[30] R. Ahlswede and Z. Zhang, “On cloud-antichains and related configurations”,
Discrete Mathematics 85, 225-245, 1990.

[31] R. Ahlswede and L.H. Khachatrian, “On extremal sets without coprimes”, Acta
Arithmetica, LXVI 1, 89-99, 1994.

[32] R. Ahlswede and L.H. Khachatrian, “Towards characterising equality in correlation
inequalities”, Preprint 93-027, SFB 343 “Diskrete Strukturen in der Mathematik”,
Universitét Bielefeld, to appear in European J. of Combinatorics.

19



33]

[34]

[35]

R. Ahlswede and L.H. Khachatrian, “Optimal pairs of incomparable clouds in
Multisets”, Preprint 93, SFB 343 “Diskrete Strukturen in der Mathematik”,
Universitét Bielefeld.

R. Ahlswede and L.H. Khachatrian, “The maximal length of cloud—antichains”,
Discrete Mathematics, Vol. 131, 9-15, 1994.

R. Ahlswede and L.H. Khachatrian, “Sharp bounds for cloud—antichains of length
two”, Preprint 92-012, SFB 343 “Diskrete Strukturen in der Mathematik”, Universitét
Bielefeld.

H. Heilbronn, “On an inequality in the elementary theory of numbers”, Cambr.
Phil. Soc. 33, 207-209, 1937.

H. Rohrbach, “Beweis einer zahlentheoretischen Ungleichung”, J. Reine u. Angew.
Math. 177, 193-196, 1937.

20



